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Abstract. Penning traps offer unique possibilities for storing, manipulating
and investigating charged particles with high sensitivity and accuracy. The
widespread applications of Penning traps in physics and chemistry comprise
e.g. mass spectrometry, laser spectroscopy, measurements of electronic and
nuclear magnetic moments, chemical sample analysis and reaction studies. We
have developed a method, based on the Green’s function approach, which
allows for the analytical calculation of the electrostatic properties of a Penning
trap with arbitrary electrodes. The ansatz features an extension of Dirichlet’s
problem to nontrivial geometries and leads to an analytical solution of the
Laplace equation. As an example we discuss the toroidal hybrid Penning
trap designed for our planned measurements of the magnetic moment of the
(anti)proton. As in the case of cylindrical Penning traps, it is possible to
optimize the properties of the electric trapping fields, which is mandatory for
high-precision experiments with single charged particles. Of particular interest
are the anharmonicity compensation, orthogonality and optimum adjustment of
frequency shifts by the continuous Stern—Gerlach effect in a quantum jump
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spectrometer. The mathematical formalism developed goes beyond the mere
design of novel Penning traps and has potential applications in other fields of
physics and engineering.
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1. Introduction

Penning traps are very suitable for precision experiments with charged particles since they
provide long storage and observation times. Radial confinement is realized by a homogeneous
magnetic field B; axially the particles are trapped by an electrostatic field £ || B in a harmonic
trapping potential. Besides being able to confine a single charged particle, it is possible to detect
it non-destructively with an electronic detection technique [1]. Currently, two types of Penning
traps for measurements with relative uncertainties down to 10713 [2] are being used: hyperbolic
and cylindrical traps [3, 4]. The hyperbolic one has found a wide range of applications in
mass spectrometry [5]. Cylindrical traps have been used for determining the g-factor of an
electron bound in hydrogen-like carbon and oxygen [6, 7] as well as of the free electron [2, 8].
Moreover, Penning traps have been used to measure e.g. the antiproton’s mass [9], masses of
stable particles, atoms [10]—[12], and short-lived radioactive ions [13]-[16]. Furthermore, they
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have been implemented in molecular electric dipole moment experiments [17], antihydrogen
production [18, 19] or the most accurate test of the CPT symmetry in the lepton sector [20].
Such high-precision experiments depend critically on the correct design of the trap being used.
Furthermore, novel kinds of Penning traps are coming into use: because of its scalability, for
example, the planar Penning trap [21]-[23] offers possibilities for quantum computation with
ions or electrons.

Our planned high-precision measurement of the magnetic moment of a single
(anti)proton [24, 25] demands a Penning trap different from any existing one. The determination
of the g-factor results from a precise measurement of the particle’s cyclotron and Larmor
frequencies [6, 7]. Since the latter is an internal degree of freedom, a magnetic bottle is
exploited to imprint the spin state information onto an external degree of freedom, namely
the axial eigenmotion of the particle. This so-called continuous Stern—Gerlach effect is used to
detect the resulting frequency shift and thus the spin state non-destructively [26, 27]. Using a
conventional cylindrical trap, like the one in [26], the continuous Stern—Gerlach effect would
shift the axial frequency of a single (anti)proton on a relative 10~7 scale, making it almost
impossible to detect efficiently. To this end, a novel Penning trap is introduced, which we call
the hybrid Penning trap: a combination of electrodes of different shape, basically cylindrical
end caps and correction electrodes and a toroidal or hyperbolic ring. In particular, the curved
shape of a toroidal ferromagnetic ring enhances the curvature of the magnetic bottle by more
than one order of magnitude compared with a cylindrical ring of similar dimensions and the
same material, therefore making the resolution of the phase-sensitive Stern—Gerlach quantum
jump spectrometer [28] big enough for the efficient determination of the spin state of a single
(anti)proton.

In section 2, a ‘quasi’-Green’s function method is presented which will render the
analytical calculation of a hybrid Penning trap (figure 1) possible. An analytical calculation of
the entire electrostatic properties of a toroidal hybrid Penning trap consisting of two cylindrical
end caps, two cylindrical correction electrodes and one toroidal ring (figure 3) will be presented
in section 3. This trap is used to illustrate the ‘quasi’-Green’s function method developed
in section 2. In section 4, detailed analytical expressions for the design of a toroidal hybrid
Penning trap for high-precision experiments are given. Those formulae make the design of such
traps considerably easier than any numerical approach. In section 5, further applications of
the mathematical formalism developed to other fields of experimental physics are discussed
focusing on ion-trapping technology and microwave engineering. Besides being our motivation
for the measurement for the (anti)proton’s g-factor, the power of this calculation technique
goes beyond the design of the hybrid Penning trap and could be used in many other problems
involving the Laplace equation.

2. The ‘quasi’-Green’s function solution to Dirichlet’s problem

2.1. Definition of the hybrid Penning trap

The Green’s function formalism is a well-known and powerful technique for calculating
electrostatic potentials. In the case of ion traps, the electrostatic potential ®(X) usually
has to be calculated within a closed volume defined by some electrodes to which arbitrary
voltages are applied. Mathematically, this problem simply corresponds to solving the Laplace
equation with Dirichlet boundary conditions: if the adequate Green’s function is available, the
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Figure 1. Inner surface of a three-pole hybrid Penning trap. The trap is made up
of axially symmetric electrodes each with a different geometry. For simplicity of
the figure, the upper and lower regions, 2; and Q;, respectively, are drawn to be
cylindrical.

computation of ®(x) becomes straightforward. Green’s functions for electrodes with various
shapes (hyperboloids, oblate and prolate spheroids, toroids, flat-ring cyclide discs, etc) are well
known in the literature [29, 30]. These kinds of electrodes can be put together in many different
ways, so that a vast class of well-defined trapping volumes can theoretically be envisaged with
them. Any such combination of differently shaped electrodes defining a closed trapping region
is what we call a hybrid Penning trap.

2.2. The potential problem in a hybrid Penning trap

Most hybrid traps, even if they are relatively simple like the one outlined in figure 1, do not have
a known analytic expression for the Green’s function fulfilling Dirichlet boundary conditions
on their entire surface. If, however, for each electrode forming the trap, the corresponding
Green’s function, which does meet those conditions on the electrode’s surface, is known, then
it is possible to construct a ‘quasi’-Green’s function for the entire hybrid trap which delivers
an analytic expression for ®(x). The next paragraphs show formally how to construct such a
‘quasi’-Green’s function and how to calculate the electric potential with it. For simplicity, we
will restrict the discussion to the trap sketched in figure 1, which is defined by two external
cylindrical electrodes and one central ring with arbitrary but rotationally invariant surface
around the u.-axis. Generalization of the presented formalism to other trapping geometries
and/or to a higher number of electrodes will become apparent.

In general, the electrostatic boundary-value problem is defined by the following integral
equation [31]:

/d3x’ [PE VPG |X)— GE X))V ()]
Q
/ odli a el =/ - ol a -/
=f ds |:d>(x)—G(xlx)—G(x|x)—d>(x)i|, (1)
a0 an’ 87’1’
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where €2 is the trapping volume under consideration, <2 the surface delimiting that volume,
and ®(x") the electrostatic potential. G(x | x’) represents the Green’s function for the Laplace
equation. It is symmetric with respect to interchanging the source, x’, and field coordinates,
x: G(X | X') = G(x'|X). Further, it satisfies

VG |X)=V" G |X)=—4ns (¥ —X); G(x|x) = + F(x | X)). ()

¥ — x|
F(X|X') represents any arbitrary function satisfying V2F(X |x') = V?F(x|x') =0,
V{x,x’} € Q . In the case of Dirichlet boundary conditions, F(x | x’) is chosen such that the
Green’s function becomes equal to zero at the surface of the trap: GP(X | X)) =0V x’' € 9Q.
The function F (X | x") is thus a solution of the Laplace equation and it represents the potential
of a (mirror) charge distribution external to the volume €2 [31]. Further, assuming the absence of
free charges within the region where the potential is calculated, V2® (xX") x p(x') =0, VX' € Q,
equation (1) simplifies to

/d%’ [@E)V?GP (| 1)) :% ds’ [CD()?’)i/ G°(x | x ] (3)
Q Q on

The validity of equation (3) is not restricted to pure Green’s functions satisfying
equation (2), but it applies whenever the volume Q2 is free of charges and for any function
being equal to zero at its surface, G°(X | X') =0V x’ € 3Q2. However, if the proper Green’s
function satisfying Dirichlet boundary conditions is known, then exploiting V2GP(x | x") =
—478 (¥ —x'), equation (3) simplifies to the conventional expression ®(x) = —ﬁ 51539 ds’-

P (f’)%. The boundary conditions, ®(x”), are provided by the applied voltages at the trap
electrodes. Thus, the explicit knowledge of GP(x | ") formally solves the potential problem,
reducing it to a simple integral.

2.3. Definition of the ‘quasi’-Green’s function

For the hybrid trap of figure 1, we introduce a ‘quasi’-Green’s function, GP(x | %), defined as
GP(x|x) xeQ; x'e
GPF|X)={GRE|X) ¥eQ X' eQu, (4)
Gﬁl()?|.f/) )?EQ, )?/EQH],

Each volume 2; denotes one of the i-regions into which the trapping volume of figure 1 is
divided (see also figure 3). This partition of space is in principle arbitrary but must satisfy the
condition that inside each €2; the Green’s function satisfying Dirichlet boundary conditions on
the physical part of that €2;-region (i.e. the metallic electrode) must be known. Thus, a set of
functions GP(x | x") must be provided satisfying V>GP (¥ | x') = V2GP(X | ') = 4n8(X — X')
and GP(x | x") = 0 on the corresponding part of the trap’s surface. In the example of figure 1,
the partition is chosen such that there are three €2;-regions delimited by the ‘contact’ planes
z' = £z. In principle, many different ‘quasi’-Green’s functions, GP (X | x"), can be constructed;
the most convenient choice, however, depends on the actual geometry of the trap being
considered.

For the ‘quasi’-Green’s function introduced, the interchange symmetry of the arguments
is broken: GP(x | ') # GP(x'|x). Our focus is on the properties of GP with respect to the
source x . Since the constituting functions GP()? | ') are chosen such that each separately
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Figure 2. Illustration of the Gaussian box enclosing the point X' = {r’, <~p/,
z' = +z,} which lies on the contact plane separating the regions Q; and Q. G°
has a finite step discontinuity at any point on that contact plane.

satisfies Dirichlet boundary conditions for the corresponding electrode, the ‘quasi’-Green’s
function satisfies Dirichlet boundary conditions on the entire surface of the trap: GP(x | ¥") = 0,
VX' € 0Q. As a consequence of this, equation (3) still holds and will be used in the following
to calculate the potential ® (x).

2.4. Solution with the ‘quasi’-Green’s function

In order to obtain ¢ (x) from equation (3), the Laplacian of the ‘quasi’-Green’s function with
respect to the source coordinates, V?GP(x | X’), has to be evaluated. For source points within
the trap not lying on any of the contact planes separating the €2;-regions, this immediately
yields: V2GP(x | ') = —4n8(x —X')Vx' = {x', ¥/, 2/ # £z}, simply due to the definition of
the ‘quasi’-Green’s function. The case of the contact surfaces has to be considered separately.

Note that GP (X | X’) has a finite-step discontinuity at the planes separating the €2;-regions,
x'={x', ),z = +z;}. This discontinuity has to be taken into account when calculating the
Laplacian V2GP(X | X') at any of those points. Since V' represents a derivative operator and
since the derivative of the Heaviside step-function results in the Dirac-delta, we assume the
following ansatz for V2GP(x | x):

VAGP(R | X)) = —4n8(X —X)+8( —2) (X | XN +8(E +2) fF | X)), (5)

With this ansatz, the Laplacian of the ‘quasi’-Green’s function for points not lying on
the contact planes, z’ # +z,, is trivially recovered. The functions fi(x | x’) still have to be
determined.

It is obvious from equation (5) that it suffices to evaluate f.. for points lying on the contact
planes; in cylindrical coordinates: X' = {r’, ¢, z’ = £z} for f., respectively. On the one hand,
consider an infinitesimal volume dV enclosing the point of interest {r’, ¢’, z’ = z;} as shown in
figure 2. The divergence theorem applied to GP(x | x”) at dV states that

/ &Ex' - V2GR (| 7)) = fd?-V/GD(;? |57 (6)
dv S

In the limit € — 0, the lateral surface of the Gaussian box does not contribute to the
surface integral in equation (6), thus §;dS’- V'GP (X | ") = 9551 ds. L G®(x | x"). The top and
bottom surfaces of the Gaussian box of figure 2 are denoted by S, ; only these contribute to the
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surface integral. The integral on the top surface is performed while z' =z, +€ = 2z’ € Q; and
GP(x | X') = GP(x | x). For the bottom plane, z' = z; — € and GP(x | x’) = GP(x | x’). Further,
dS. has the opposite orientation in the latter case as compared with the former, hence leading to

s jpd - - . a - -
%ds/.v/GD(x |x/):h]’% dS;F[G?(x |,,/’g0/’21+6)—Gﬁ(x |;,«/, (p’,Zl—G)]' (7
S €—> SL Z
On the other hand, with the ansatz of equation (5) and assuming that X # X’ (thus X is
outside of dV), the volume integral in equation (6) yields

dz' - dS.8(z—z) fi(X | r, ¢, 2)) = / ds (x|, ¢, z1).

Sy

f d3x/ . V/ZGD()? | )Z/) —
dav drv

(8)

Now, we can obtain the explicit form of f; by comparing equation (7) with (8). Taking
into account that GP (X | ") = ﬁ + FP(x | X’), while taking the limit € — 0 in equation (7),
results in:

> / / a = / / = / /
f+(x|r,¢),21)=£[FID(x|r,g0,zl)—FI]I)(x|r,g0,zl)]. (9)

The same considerations carried out for the contact plane between regions €2 and 2y deliver
the function f_:

= !/ / a = / !/ = / /
f—(-x |l" ,(/)’_Zl):@[FI]I)(x |r9¢a_zl)_F'HDI(x |7",§0,—Zl)]. (10)

Finally, computing the integral of equation (3) and resolving for ®(X), we obtain the
electrostatic potential inside the trap:

-. l -/ a jod - -/
P(X)=—— @ dS O — G (X | X))
47'[ a0 on’
1 fo /i / a D/ 2 / D/ 2 1
+— drrq)(razl)_[ﬂ (xlr’Zl)_F'H(x|rvzl)]
2 0 BZ/
1 Ro /3 / 8 D,z l D/ 2 ’
+§ drir ®(r, _ZI)Q[FH & |r,—z)) = FR& | v, —zp)]. (11)
0

In equation (11), R, represents the radius of the contact surface delimiting the different
Q;-regions. Note that the integral over ¢’ has been assumed to deliver the value 27 in the last
two summands of equation (11). This assumption is valid only if the electrostatic potential is
axially symmetric. If this is not the case, those summands become surface integrals and the
integration over ¢’ € [0, 277] still has to be performed. In the usual case of the trap having point
symmetry with respect to its central plane z = 0, the function f~ becomes identical to f. except
for the negative sign. The opposite sign results from the opposite direction of the surface vector
dS’” when calculating the integral on the right-hand side of equation (6). Taking this symmetry
into account the calculation of the electrostatic potential simplifies to

- 1 / -/ 8 ~]) - -/
O(x)=—— dS"d(x)-— G (x| x)
47 a0 on’

Ry a
+ / r'dr’ ®', zy) - o [FID(x |7, z1) — FP (X |r/,zl)]. (12)
0
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2.5. Properties of the solution

Equation (12), or more generally equation (11), represents the formal solution of the boundary-
value problem defined by the stack of electrodes of figure 1. With explicit knowledge of
FP(xX | x7), the electrostatic potential inside the trapping volume can be obtained by integration
of equation (12). The main features of equation (12) are as follows.

1. It represents an integral equation: the potential ® (X) appears not only as the pre-specified
boundary conditions on the trap’s surface but also in the second integral over the contact
planes where ® (x) is a priori unknown.

2. The first integral in equation (12) represents the zeroth-order approximation to the
potential, ®,(x). It is the linear superposition of the potentials created individually by each
electrode with the corresponding voltage. However, ®((x) does not fulfill the boundary
conditions on the surface of the entire trap. Upon putting the electrodes together to form
the trap, the superficial charges induced by each electrode on all others arrange in such
a way that the final electric potential, ® (x), fulfills the boundary conditions on the entire
trap’s surface. The influence of these mutually induced charges on the final potential ® (x)
is given by the second integral in equation (12) denoted by A®(x). The mathematical
expression for the process described is an integral equation: ® (X) = ®((X) + AP (x).

3. If all electrodes have the same shape, the functions F;” become the same F° = F? = F})
and hence GP simplifies to the usual Green’s function. Furthermore, equation (12) reduces
to the well-known expression of the electrostatic potential for the simple Dirichlet’s
problem.

In principle, equations (12) and (11) may be applied to many different problems. Their
generalization to situations where axial symmetry is broken and/or where the shape of
the electrodes is non-cylindrical is straightforward as long as a ‘quasi’-Green’s function as
introduced in equation (4) can be constructed. In order to illustrate the power of the presented
method, the complete calculation of the foroidal hybrid trap is performed with the help of
equation (12) in the next section. The properties of such a trap will be discussed in detail in
section 4. Other possible applications of equation (12) will be briefly presented in section 5.

3. Application of the method: the toroidal hybrid trap

As an example of the formalism presented, we calculate the electrostatic potential within a
Penning trap formed by a toroidal ring of circular cross section and cylindrical correction
electrodes and end caps, which fits exactly in the kind of hybrid trap considered in the previous
section and outlined in figure 1. The toroidal hybrid trap is sketched in detail in figures 3 and 4.
Applying equation (12) to the toroidal hybrid trap is straightforward; the first step consists of
constructing the appropriate ‘quasi’-Green’s function.

3.1. Construction of an appropriate ‘quasi’-Green’s function

The basic Green’s function for the Laplace equation, ﬁ, has been calculated in cylindrical
coordinates elsewhere [29, 31, 32]. A simple modification of that basic function leads to the
Green’s function inside a cylindrical box satisfying Dirichlet boundary conditions, employing
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Figure 3. Inner surface of a hybrid Penning trap with toroidal ring electrode
and cylindrical correction electrodes and end caps. Region I includes the upper
correction electrode and end cap, region II includes the toroidal ring, and region
III the lower correction and end cap electrode.

the coordinate system of figure 3:

Gen(r 217, 2)
4 & /
= 7 123: cos(k,z) cos(k,z')

Here, «, = nm /L with L being the total length of the trap given by L =4d +21.+2 I +1..
The notation 7. () means the bigger (smaller) of (r, 7). The different letters denote the lengths
of the different electrodes as shown in figure 3: /. = length of the end cap, /x = length of the
correction electrode, /; = length of the ring (/; = 2z;), and d = the small gap between electrodes.
The inner radius of the electrodes is given by R, which coincides with the parameter R, defined
in section 2. The symbols 7, and K, represent the modified Bessel functions of zeroth order, first
and second kind, respectively. In equation (13) we have assumed axial symmetry (rotational
invariance around u.); hence the azimuth angle ¢ does not appear. Further, we have assumed
the electric potential to be point-symmetric with respect to the trap’s center (z = 0); thus only
cos(k,z)-functions appear in the series.

For equation (13) to be strictly valid, the trap should be closed by a grounded disc on
each side allowing for the basic Green’s function in cylindrical coordinates to be simplified
to a series with the summation index «, running over odd » only in contrast to an integral
form with continuous summation index «. Usually, the traps used in experiments are not closed

I()(K,,V<)

Io(k. Ro) [lo(KnRo)Ko(Knr>) — Io(K,,r>)KO(KnRO)]_ (13)
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Figure 4. Parameters of the toroidal ring. The outer radius of the torus Ryo,s does
not necessarily coincide with the inner radius of the cylindrical electrodes, Ry.
This is reflected by the (arbitrarily chosen) upper and lower cut-off planes of the
torus at P, and P|, respectively: in this example, below the actual north and south
poles of the torus.

by such grounded discs. This issue has been investigated mathematically in [33]: an end cap
three times longer than the inner radius suffices for minimizing deviations (below 1%) of the
trap’s electrical properties calculated with equation (13) compared with those calculated with an
infinitely long open end cap. In addition, the measurement of the electronic g-factor on carbon
and oxygen [6, 7] has shown deviations as low as one part in a million in the experimental
values of the coefficients ¢;, ¢, and d, [34] from the theoretical predictions of equation (13) (see
section 4). In this latter case, the measurements have been performed with a cylindrical trap
with /. >~ 2 R,. For the toroidal hybrid trap a similar or even better accuracy can be assumed due
to the enhanced shielding of the trap’s center from outside by the toroidal ring.

The basic Green’s function in toroidal coordinates has also been calculated elsewhere
[29, 32, 35]. With it, the Green’s function satisfying Dirichlet boundary conditions on the surface
of a torus with circular cross section can be obtained employing standard techniques [31]; the
result is:
Gur(u, v u',v) = ﬁx/cosh v — cos u +/coshv’ — cosu’ - Z €, cos(mu) cos(mu')

m=0

P_q2(cosv.) -
Pyi—1/2(cosh vg)

—Py—qy2(coshv-) Qm_q2) (coshvy)) . (14)

(Pm—(l/Z) (cosh vg) Qm—(1/2) (coshv.)
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Pyu_12 and O,,_«1,2 denote the Legendre functions of first and second kind, respectively.
For the case discussed here with m € N, they are also known as foroidal functions [29, 36].
The Neumann factor [29] is given by €, =2 —§,, 0. The toroidal coordinates {u, v, ¢} relate
to the Cartesian coordinates via: {x, y, z} = a/(cosh v — cosu) {cos ¢ sinh v, sin ¢ sinh v, sin u}
[29, 35]. In this coordinate system, a toroidal ring is defined by v = vy, with vy = constant > 0,
u€[0,2r] and ¢ € [0, 2r]. The notation v.(.) in equation (14) again means the bigger
(smaller) of (v, v"). As before, axial symmetry is assumed and hence the azimuth ¢ does not
appear in equation (14). Moreover, the electric potential is assumed to be invariant across
the equatorial plane of the torus; thus only cos(mu)—but no sin(mu)—functions appear in
equation (14).

For further calculation, we set the upper and lower points of the torus looking into the
inner trap’s surface as the points P, and P/, respectively (see figure 4). In toroidal coordinates
they are given by: P, = (u = /2, vy, ¢) and P| = (u =37 /2, vy, ¢). The choice of P, and P,
is completely arbitrary; the reason for that specific choice is purely technical: since they are
localized slightly below the ring’s north and south poles, more of the correction electrodes
is seen from the trap’s center, and thus shielding due to the toroidal ring is reduced. An
additional free parameter is the length of the ring seen from the inner side of the trap, /; = 2z;.
Having specified z;, Py, P{ and R, the toroidal ring is completely defined yielding the toroidal

parameters: a = ,/ R2 +z2 and vy = sinh™' (Ry/z)).

3.2. Potential of the toroidal hybrid trap in zeroth-order approximation

With the geometry of figure 3 chosen, it is obvious that GP(x | X') = G (X | ¥') = Geu(X | X7)
and GP(xX | x') = Gior(X | X7). Using Abel’s identity, the Wronskian of the Bessel functions of
equation (13) is evaluated to [36]: 7(x)4E& — LW K (x) =1 and similarly for the toroidal
functions of equation (14): P(x)% — %Q(x) = )lc With these Wronskian determinants,
the derivative dGP(x, x’)/dn’ on the trap’s surface is greatly simplified. Using the boundary
conditions of figure 3, the electric potential ®o(x) = Deye(x) + Pyor(¥) is obtained:

0 chl(l",Z | I"/, Z/)

1 2 L/2
o=~ [ Rt 2 [ @ @R
0 z1

or’ V' Re
2 & 1 L/2
=7 —F |2 dz' ®(Ry, z') cos(k, z’)] Io(ic, ) - cos (K, 2)
L n:;: Io(k, Ro) [ . 0 0
. (15)
2 3m/2 1 9G L /, )
Pror (1, V) = —7— hy - dw,/ hy - du’ @ (v, u,)h_ t (uB:/| )
0 /2 o -

du’

U, > |: ) +/cosh vy — cos u/

=—4/coshv —cosu €m z/ =P, _ coshv) - cos(m u).
T Z a2 ) - cos(m u)

m=0,1,... Py—1/2)(cosh vy)

/3”/2 cos(mu’)

The factor of 2 appearing in front of the integral [ Ll/ ? dz’ arises from the symmetry of the
trap around the z = 0 plane. In the case where the voltages applied to lower correction electrode
and/or end cap differ from those applied to the corresponding upper electrodes, a further integral

__Lz}z dz’ would have to be evaluated instead. The scale factors of the toroidal coordinates, /4,
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and h,, are equal [35] and in the expression for calculating @, they just simplify. On the
other hand, the scale factor /4, = % has to be included in the integral. Furthermore, it
has been assumed that the ring has a constant voltage Uy — & (u/, vo) = Uy, Vu' € [0, 21r]. As
mentioned before, the latter integral [ : ! du’ is delimited to the surface ‘looking’ inside the trap’s
volume. Finally, the toroidal coordinates (u, v) can be transformed into the cylindrical ones

(r, z). The transformation is given by v = 2 Re[coth ™! (’ZJ)] and u = —2 Im[coth™! (%)] [35].

3.3. The electric potential of the toroidal hybrid trap

Having obtained the zeroth-order approximation ®(r, z), we are now in a position to solve the
integral equation:

(16)

Ro aFC , /’ aFor 7 /’
©0.2) = 0r2)+ W%Mﬂm){ Az 1rz) t(rﬂrzo]_
0

0z’ 0z’

Se(r.zlr’ z1)

The explicit forms of the functions Fgy,(r, z|r', z') and Fi.(r, z|r’, z’) result from the
corresponding Green’s functions from equations (13) and (14), as defined in equation (2):

o0

Fuplryz | #,2) = =2 Kolkn R0)  ose,2) cosenz’) Toeur) Iohenr”)
i z|r,z)=—— ——— cos(k,z) cos(k,z KT Kl
! L n=13... Lo(k Ro) " '
o (17)
1
Fior(u, v |1/, v) = ——+/cosh v — cosu v/cosh v’ — cos u/
aT

> — coshv
X Z €m On-a/( 0) -cos(mu) cos(mu') - Py_(1/2)(cosh v) P, _(1/2)(coshv’).
m=0

Pr—(1/2)(cosh vg)

The structure of the integral equation (16) itself already suggests the solution: the zeroth-
order approximation ®,(r, z) has to be substituted into the integral on the right-hand side of
equation (16) to get the first-order correction: A®(r, z) = fORO dr'r' @o(r', zy) fo(r,z | ¥/, z1),
which leads to the first-order approximation ®,(r, z) = ®y(r, z) + AD(r, z). The complete
solution of the integral equation is obtained by iteration: ®(r,z) =lim;_, ., ®;(r, z), where
®;(r, z) denotes the jth-order approximation to the potential given by:

Ro
%Mﬂ=®WﬂH/ & D (2 Sl 2 |2 (18)
0

A(Dj (r,z)

The zeroth-order approximation of the potential ®(r, z) consists of linear combinations
of the sets of functions {/y(k,r)-cos(k,z)} and {P,_2 (coshv)-cos(mu)} as can be seen
from equation (15). These sets both form a basis of the linear space including the solutions
to the Laplace equation in the appropriate coordinate systems. Additionally, the propagator
fi(r, z|r', z) from equation (17) also consists of a linear combination of {/y(x, ) - cos(k, z)}
and {P,,_a2(coshv)-cos(m u)}. Hence, the corrections A®;(r, z) can be written as linear
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combinations of these sets, and the electric potential can be expanded as follows:

o, z) = U, Z A, Iy, 7) - cos(k, z)

n=1,3...

+ Uy a/coshv —cosu Z By Pu—q2)(coshv) - cos(mu). (19)

m=0,1,2,...

In order to obtain an explicit form of the potential ®(r, z), the coefficients 4, and B,, have
to be determined iteratively following the scheme presented above. Therefore, the expansion
coefficients of the jth iteration of the potential ®;(r, z) are given by 4 and B/). According to
equation (19) their value is related to the coefficients of the zeroth-order approximation through
the correction terms AA4Y) and ABY) such that: 4Y) = A9 +AA4Y) and BY) = BO +AB\.
The zeroth-order approximation of the expansion coefficients can be taken from equation (15).
The correction terms of the jth order are obtained by substituting ®;_,(r, z) in equation (18).
Resolving for the expansion coefficients yields, with the boundary conditions taken from
figure 3,

4O _ 8 (K d+220)\ . (Kknd\ knd o)
" T Tod k2 I Ro) sin > sin | =3 o sin (i, 21

+ 2d+2z,+
+2Tsin<w)cos (Kn( d 221 Zk))sin<K';d>]; n=1,3,5,...,

(20)
312
21 P,z (coshvg) Jy J/cosh vy — cosu

In equation (20) the tuning ratio is defined as: 7' = U,/ U,. The potential at the isolating
gaps between neighboring electrodes has been approximated by a linear interpolation of the
constant voltages applied at those electrodes. This approximation is valid whenever those gaps
are small compared with the lengths of the trap’s electrodes.

The jth-order correction terms of the expansion coefficients are given by

. 1 Ro 4k, Ko(k,R
AA§”=—anf & r @1 2) Tolkar); oty = o S0t o)
Uy 0 ' L Iy(k,Ro)

sin(k, z1),
(21)
€n  Om—q,2 (coshvy)
4ra® P,_ 2 (coshuvg)

‘ 1 Ro
AB,;”=Uoﬁmf drr®; 1(r,2)Yu(r,21);  Bu=
0

The iteration order ; obviously starts at j =1 and should theoretically go up
to infinity. The function Y,(r,z) is given by Y, (r,z) =+/coshv —cosu {(4m —2)
cos(mu) P,,_3/2)(coshv) sinu +4m P,,_( 2)(cosh v) [sin(mu) — cosh v sin((m + 1)u)]}, which
results from the derivation of the Green’s function of the torus d Fi, (7, z|r’, z;)/0z’ as indi-
cated in equation (16). In the expression for Y, (r, z) the toroidal coordinates (u, v) must be
transformed into the cylindrical ones (7, z;).

If for each new iteration the integrals in equation (21) had to be evaluated, the process
of calculating the correction coefficients would be extremely cumbersome. Fortunately, this
is not the case: equation (21) shows that the correction terms AAY), ABY) are related to the
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expansion coefficients 4V~ BY~D through a simple linear relation, enabling us to write in
matrix notation:

)1 8) ) v )
(ABq(f) Van Wym BY~D J> u Vin Wym) "~ (22)

The matrices for the correction terms and expansion coefficient are column vectors of
dimension (N + M) x 1, where N and M denote the number of terms used in the expansion
of the cylindrical and toroidal part of @ (r, z), respectively, as can be seen from equation (19).
Theoretically, an exact solution demands N, M — +oo. Moreover, the (N + M) x (N + M)
square matrix U depends only on the geometry of the hybrid trap: & = U(L, Ry, z1). It depends
neither on the iteration order j nor on the applied voltages Uy, U.. Its elements are integrals

which need to be evaluated once. The explicit form of ¢/ is obtained after some tedious algebraic
calculations; here we just present the result:

n=p IR} [I (ks R0 — I (ku Ro)].
Sp.n =0, cos(k,zy) - Ry
n# P ——— [ Jolen Ro) 1i(cp Ro) =16 Io(cp Ro) 1y (oen Ro)]
p n
Ro
Tym=0ap- f drr Iy(kpr) v/ coshv —cosu P, _ 2 (coshv) cos(mu),
0

(23)

Ro
Vq,n ::81] COS(KnZI)'/ d]"l"Yq(V,Zl)[()(Knl"),
0

Ro
Wym= By /0 drr Y,(r, z1)vcoshv —cosu P, (12 (coshv) cos(mu).

In general, the sub-matrices of U/ each have a different dimension: S= N x N,
T=NxM,V=MxNand W= M x M. The expansion coefficients 4,, B, of the potential
are thus given by

A\~ (A9
(B ) =y u- (B(O))' (24)

m =0 m
Now, the iteration coefficient j starts from j =0 since the zeroth-order coefficients
AV B have to be included in the above summation. Technically, the matrix ¢/ together with

the initial zeroth-order coefficients A, B(”) delivers the solution of the potential ®(r, z) inside
the toroidal hybrid trap.

3.4. Comments on the solution

The main features of the solution for the hybrid trap obtained in the preceding section are the
following:

1. The solution is analytical; the function ®(r, z) is obtained as given in equation (19).
However, the coefficients 4,, B,, will be in general numerical, with no closed symbolic
expression. The analyticity of ®(r, z) has decisive advantages over a pure numerical
approach when designing the trap. This will become clear in section 4.
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Potential at the z-axis (» = 0) Potential on the trap’s surface (r = R,))
Volt Volt
L z (mm) -8 -6 2
10 b e ———— - AV?,? z (mm)
N amaon
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-0.6
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UL ‘\/l,-\\/"\/’\\/"
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14} Ry
End cap Correction electrode

®,4(7,2)

— — — Zeroth-order ®(r,z)

Figure 5. Example of the potential of a toroidal hybrid trap. The ring voltage is
set to Uy = —1V with a tuning ratio of 7 = 0.96 and grounded end caps. The
roughness of the zeroth-order approximation ®(r, z) is visible: the boundary
conditions are not fulfilled, neither at the correction electrode nor at the end
cap. On the contrary, the ‘exact solution” ® (7, z) fulfills them. All graphs are
calculated with Ry = 2mm, z; = 0.46 mm, L = 20.44mm and N = M = 40.

2. ®(r, z) is a linear combination of functions obeying the Laplace equation; therefore it itself
satisfies V2@ (r, z) = 0 inside the trapping volume. A plot of ® (7, z) on the surface of the
trap showing that it also satisfies the boundary conditions confirms ex post its validity. This
is demonstrated in figures 5 and 6.

3. An exact calculation of the potential would theoretically require infinite terms and
summands. In practice though, we observe that setting N = M = 20 suffices for calculating
the potential close to the i.-axis, which is usually the region of interest.

4. The main difficulty in the calculation is the computation of &/, which requires (N + M)?
numerical integrations. The complexity of the problem increases quadratically with the
number of terms N, M.

3.5. Convergence of the iterative solution

The convergence of equation (24) is guaranteed by the fact that lim 4/ = 0. This can be proved

j—oo
for any geometrical parameters L, Ry, z; and exploiting that jli)ngo o) = jli)ngo Bl =0Vn,m.

Convergence is provided by the fact that K({ (k,Ro) and Qf,;_l j2(coshvy) tend very rapidly to
zero for increasing j and n, m, respectively. Upon exponentiating, any element of the matrix
U; ,, contains products of the form «f - B, with k+1 < j which tend to zero while k, ! — oo;

therefore lim ¢/ = 0 holds. In figure 7, the convergence of the particular 4/ for the example
j—oo ’

considered in figures 5 and 6 is shown.
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Potential at the edge of the ring (r=7))

Volt Optimal tuning ratio

1'0 z (mm)

-10

/mm

1 1 1 1 1 'l
08 1.0 12 \‘IT 6 1.8 20 *

Potential at the ring=-1V Optimal tuning ratio becomes unity

Figure 6. Left: the curve shows that the boundary conditions are fulfilled at the
ring. Right: optimal tuning ratio as a function of the length of the correction
electrode. For one specific length, /x = 1.25, the optimal tuning ratio can even be
setto 1.

3.6. The electric potential of the cylindrical Penning trap

As a corollary of the calculation of ®((r, z) in the previous section, the potential of the
cylindrical Penning trap is obtained by adding a further integral of the form | f'ZI dz’ Uy cos(k, z')
to &y (7, z) from equation (13), where Uj is the applied voltage to the (cylindrical) ring. With
the boundary conditions shown in figure 3, the potential of the cylindrical Penning trap is given
by:

S 8 (e d\ . (ad+1)
chylmder("" z) = Uy Z {L d-x,2 Io(k, Ro) Sln( > ) |:Sll’1 (T)

n=1,3,...

+2 T sin (@) cos (W)] Iy (kc,7) -cos(/c,,z)} . (25)

Here, [, =2z, is now the length of the cylindrical ring. All electrostatic properties of the
cylindrical five-electrode Penning trap can be deduced from equation (25). Of special relevance
for precision experiments are compensation and orthogonality, which will be investigated for
the toroidal hybrid trap in section 4.

3.7. The electric potential of a toroidal ring

As in the case of the cylindrical trap, the electric potential created by a ring of circular
cross section at a constant voltage is obtained as a corollary of the calculation of ®(r, z) for

the toroidal hybrid trap. Taking into account that fozn du/#ﬁosu, = 2+/2 Oyu—12)(cosh vy)
[29, 37], we have

2 > m— cosh
Diorus (U, v) = Uoix/ coshv —cosu Z €m On-a/n( %) Py—2(coshv) - cos(mu).
b4

MO 1. Pm_(l/z)(COSh 'U())

(26)
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Figure 7. Example of the convergence of Zj‘;o U’. The semilogarithmic plot
on the left shows how the norm of the ¢/ vanishes with increasing exponent:
| U/ |— 0. The graph on the right shows the convergence of an arbitrary element
of Z;io U’ after having added a few summands to the series. All elements of
that matrix satisfy this behavior.

This expression is valid for points outside the torus. It can be converted to Cartesian (x, y, z)
or cylindrical coordinates (r, ¢, z) with the transformations given in sections 3.1 and 3.2,
respectively.

4. Anharmonicity compensation and orthogonality of the toroidal hybrid trap

Precision experiments with ion traps depend critically on the electrostatic performance of the
trap. For example, the compensation of electrostatic anharmonicities of a Penning trap was first
achieved by Dehmelt [38] in the context of his famous g —2 experiment [4]. The so-called
c¢;j- and d-coefficients determine systematically the electrostatic properties of any Penning trap
and are essentlal for its accurate design. These coefficients have been extensively investigated
for both truncated hyperbolic [39] and cylindrical traps [3]. Their meaning and relevance for
high-precision Penning trap experiments is also described in [40]. In this section, we will
derive analytic expressions for ¢;- and d;-coefficients for the toroidal hybrid trap. This will
clearly illustrate the power of the method developed in section 3. The task of designing a
suitable toroidal hybrid trap for high-precision experiments, like the planned measurement
of the g-factor of the (anti)proton, is enormously simplified having analytic expressions for
the fundamental coefficients ¢, ¢4, ¢ and d,. Higher-order coefficients can also be calculated
without any additional numerical effort.

4.1. Determination of c,, c4 and ce for the toroidal hybrid trap

Close to the center of the trap (r =z = 0) the electrostatic potential of equation (19) can be
expressed as a Taylor expansion of the form:

od AP 23D 2?2 9%d > /i '
O (r, Gptr — Az .= T T g 27
(2= ot o T2 ]ZZ<>arazw” @7)

1
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where all derivatives are evaluated at » = z = 0. We define the c¢;-coefficients as

1 1 /&, 2)
=TT
Uy j! az/
These coefficients are solely functions of the trap geometry and the applied tuning ratio:
cj=cjle, Ik, I, d, Ry, T). From equation (19) the determination of c; is straightforward
through direct derivation. The first most relevant ones are given by

02:_%< Z AnKy%—i_g Z Bm(_l)m(4m2+1)),

n=1,3,... m=0,1,...

(28)

0,0)

1 e V2 &
04:—( D At Y Bm<—1>m<16m4+56m2+9>>, (29)

3
1 = V2
06:72—0( > Apky+—= > Bm(—l)m(64m6+512m4+1756m2+225)>.
=1,3,... m=0,1,...

Note that due to the symmetry of the potential across z = 0, all odd coefficients vanish.
Thus, with the coefficients 4, and B,, of equation (24) already computed, the c¢;-coefficients
can be found without loss of accuracy.

4.2. Optimal tuning ratio and orthogonality

The c;-coefficients can be written as the sum of two terms: c¢; =e;(l;, I, d, a)
+T-d;(le, Ik, I;,d,a), which can be seen from equation (20). If the applied tuning ratio
T =U./U, is chosen such that T = —e4/d,, then ¢, is automatically canceled. The biggest
electric anharmonicity is normally represented by that coefficient. With ¢4 = 0 the trap is said
to be compensated and T = —ey4/d, is the optimal tuning ratio. Compensation is absolutely
necessary for many high-precision experiments since, as a result, the frequency of the trapped
particle does not depend on its oscillation amplitude. Thus, uncontrolled or systematic errors
are substantially reduced and the frequency can be treated as a constant for many applications.
The specific optimal tuning ratio for the toroidal hybrid trap in the example of figure 5 can be
taken from figure § after having computed ¢, with equation (29) for different values of 7.

An additional property usually desired in precision Penning traps is the orthogonality [3].
A trap is said to be orthogonal when the curvature of the trapping potential is independent of the
applied tuning ratio: ¢; # ¢,(T) or d, = 3—3% = 0. As before, the d,-coefficient is received from
equation (29) through derivation:

1 < 94 V2 & 9B
dy=—= K+ — (=D @m*+1) |. 30
=3 R B Treren) “
To compute 242, 222 the zeroth-order coefficients 4%, B’ from equation (20) first have

to be derived and, subsequently, equation (24) is used to achieve the desired level of precision.

In figure 8, d, has been calculated as a function of the length of the correction electrode /;,
while keeping all other geometric parameters constant. It can be seen that for one specific /; the
d,-coefficient is equal to zero and the trap of the example becomes orthogonal.
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Figure 8. Left: the ¢4 term can be canceled by applying the optimal tuning ratio.
Right: a specific /; makes d, = 0 and the trap becomes orthogonal.

Table 1. Parameters of an orthogonalized and compensated foroidal hybrid trap.

Geometric and electrical properties

4.02797 x 1075 mm™2
0.913088
—2.51735 x 10~ ¥ mm~*
—3.43197 x 1075 mm~¢

Ro 3.600 mm dz
z;  0.200mm T.,
L 1279mm  cu(Ty,)
Il 8741mm ¢¢(T,)

4.3. Numerical example for an orthogonal and compensated toroidal hybrid trap

Table 1 shows a numerical example for an orthogonal and compensated toroidal hybrid trap.
To achieve this, the trap is first made orthogonal for a specific thickness of the ring /; via the
corresponding length of the correction electrode /. Subsequently, the coefficient ¢4 is tuned
to zero with the appropriate tuning ratio. Finally, the value of the coefficient ¢4 is determined.
Since machining of the parts sets a limit of some micrometres to the accuracy achievable, the
coefficients will never be identical to zero. As a measure of how well the trap is orthogonalized,
it is therefore convenient to examine the change of axial frequency v, as a function of the tuning
ratio. With the calculated d,-coefficient of d> = 4.02797 x 107> mm~2, a micro-unit change in
the tuning ratio shifts v, by 0.1 mHz at an axial frequency in the case of a singly trapped proton
of roughly 700 kHz, which is negligible.

Thus, we have demonstrated that the parameters of the toroidal hybrid trap can be tuned
in such a way as to yield a harmonic potential and an orthogonal trap, where the axial
frequency depends neither on the axial energy nor the voltage applied to the correction electrode.
Finally, the hybrid traps offer all the tuning possibilities for which cylindrical Penning traps are
exploited.

5. Further applications

The calculation of the toroidal hybrid trap for the measurement of the g-factor of the
(anti)proton [24, 25] has been the main motivation for the general method developed in
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Hyperbolic hybrid trap Toroidal hybrid trap

Figure 9. The hyperbolic hybrid trap is an interesting possibility which can be
calculated analytically with the ‘quasi’-Green’s function method of section 3.

section 2. Beyond that, the method can solve the Laplace equation analytically in many other
situations. Here, we want to comment briefly on some possibilities.

5.1. Other possible hybrid traps

Different hybrid traps can be thought of just by replacing the toroidal ring by other electrodes
with more convenient shapes depending on the goal of the experiments. For example, in
high-precision mass measurements with experimental setups at room temperature, like those
of [15, 41], traditional hyperbolic Penning traps are commonly used. This is due to the larger
volume in which the potential is harmonic as compared with cylindrical traps. However, no
analytic formulae have been known for these traps until now. A hyperbolic hybrid trap with a
(truncated) hyperbolic ring and cylindrical correction electrodes and end caps would have a very
similar harmonicity volume plus the advantages of being open, and therefore easily accessible
for beam-lines. Moreover, it would be much easier to design with the method of section 2
and easier to machine. The basic Green’s function ﬁ is well known in oblate spheroidal
coordinates [29, 30, 32], with which the ‘quasi’-Green’s function for the hyperbolic hybrid
trap can be constructed, and hence application of equation (12) becomes straightforward. A
comparison between the hyperbolic and toroidal hybrid trap is shown in figure 9.

Additionally, with the method employed for the toroidal trap, an appropriate ‘quasi’-
Green’s function for the classical hyperbolic trap (hyperbolic ring and end caps) might be
constructed using oblate spheroidal coordinates; with it an analytical solution to that trap might

be obtained.

5.2. Applications to planar traps

Another interesting problem that can immediately be solved with the ‘quasi’-Green’s function
method of section 2 is the propagation of microwaves in quasi-TEM modes [42] in planar
structures like micro strips, coplanar waveguides and slot lines. For instance, coplanar
waveguides (short CPW) have been used recently for building planar cavities in circuit-QED
experiments [43]. Experiments where the electromagnetic field of a CPW cavity is coupled
to ions, neutral atoms [44] or even polar molecules [45, 46] have been proposed or are under
construction. The problem of calculating the propagating quasi-TEM modes arises through the
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different dielectric constant (¢) of the substrate and the ‘air side’ of the transmission line [47].
This can be easily overcome just by partitioning the space into two regions with different
Green’s functions, each with the corresponding € and again applying equation (12). With the
Green’s function in rectangular Cartesian coordinates, the problem can in principle be solved
easily. It must be mentioned that analytical solutions for the micro strip, CPW and slot lines
have been found already [47]-[49]. However, extensions to situations with multiple substrates,
partial filling with other dielectrica, etc can be handled conveniently with the ‘quasi’-Green’s
function method of section 2 while being inaccessible by other means.

6. Conclusion

Within this article, we have presented an analytically solvable extension of Dirichlet’s problem.
The analytical calculation of the electric potential distribution of a novel kind of Penning trap,
the hybrid trap, has been performed. The hybrid Penning trap introduced represents a new
powerful tool in high-precision experiments. Intricate mass and g-factor measurements, such as
our planned measurement of the (anti)proton’s magnetic moment, appear feasible by using this
novel type of trap. As mentioned before, in order to make use of the continuous Stern—Gerlach
effect, a strong magnetic bottle with a high curvature B, is required. The magnetic bottle
is superimposed onto the homogeneous magnetic field B, needed for radial confinement
yielding a net magnetic field along u. of the form: B. = By+ B,z*. For our measurement
of the (anti)proton’s magnetic moment, we have manufactured a toroidal hybrid trap with
B, ~ 400 mT mm™2, resulting in a frequency shift of about 200 mHz for a single (anti)proton
at ~ 700 kHz axial frequency, thus enabling the non-destructive detection of the (anti)proton’s
spin state [28]. This has been our main motivation for developing the hybrid Penning trap. A
complete discussion on all the advantages of this toroidal trap over other conventional designs
with hyperbolic or cylindrical traps for the measurement of the (anti)proton’s magnetic moment
goes beyond the scope of this paper and will be reviewed in future publications.

Another type of hybrid trap can be realized by replacing the center ring by a hyperboloid,
as seen in figure 9. The hyperbolic hybrid Penning trap is an attractive alternative to classical
hyperbolic traps with truncated electrodes. Avoiding the difficult manufacturing process of the
hyperbolic end caps and correction electrodes used in pure hyperbolic Penning traps is only one
of the advantages of the hybrid hyperbolic trap worth mentioning. Additional advantages are
the open access for particle injection and the good anharmonicity behavior. Furthermore, other
shapes can be thought of, with which hybrid traps could increase the range of applications of
Penning traps in experimental physics.

Finally, the ‘quasi’-Green’s function formalism developed can be extended to other
problems of interest in physics and engineering. Future experiments with planar traps using
microwave guides might profit from this technique.
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