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We study the Coulomb excitation of pygmy dipole resonances (PDR) in heavy ion reactions at 100 MeV/

nucleon and above. The reactions 68Ni + 197Au and 68Ni + 208Pb are taken as practical examples. Our 
goal is to address the question of the influence of giant resonances on the PDR as the dynamics of the 
collision evolves. We show that the coupling to the giant resonances affects considerably the excitation 
probabilities of the PDR, a result that indicates the need of an improved theoretical treatment of the 
reaction dynamics at these bombarding energies.

 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

The existence of collective vibrations in neutron-rich nuclei at 
low energies was suggested by Kubono, Nomura, and collabora-
tors in a 1987 proposal for the Japanese Hadron project which 
eventually became the J-PARC facility [1]. This proposal was later 
given theoretical support by Ikeda [2] and collaborators. It took 
nearly two decades for experimental evidences of the existence of 
a collective low energy response to be found in neutron-rich nu-
clei, far from the valley of stability. It is worthwhile mentioning 
that direct breakup of light and loosely-bound projectiles, such as 
11Be and 11Li were initially thought to be indicative of a collec-
tive nuclear response but it was shown to be a direct Coulomb 
dissociation of the weakly-bound valence nucleons [3]. Nowadays 
it is known as the Pygmy Dipole Resonances (PDR), which is the 
strength at low-lying energies due to the fragmentation of the nu-
clear response [4]. The energy spectrum is typically obtained with 
the experimental probe of choice, i.e., relativistic Coulomb excita-
tion of projectiles produced and accelerated in radioactive beam 
facilities (for related reviews, see Refs. [5,6]). In such a process, the 
identification of pygmy resonances is done via their decay modes, 
usually via gamma or neutron emission, and the energy spectrum 
is obtained by invariant mass reconstruction from the energy of 
the fragments [4]. PDRs are typically interpreted as due to the os-
cillation of the excess neutrons against a more tightly bound core.
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Theories for giant resonances date back to when a simple hy-
drodynamical interpretation of protons oscillating against the neu-
trons was used [7,8]. Later on microscopic calculations were devel-
oped based on the linear response theory [9]. Nowadays, an effort 
is being undertaken to describe nuclear collective motion with 
more elaborated models such as the time-dependent superfluid lo-
cal density approximation [10,11]. Similarly, theoretical studies of 
the pygmy resonances have been developed based on the improve-

ments of the hydrodynamical model [12–14], and with microscopic 
theories such as the random phase approximation (RPA) and its 
variants [15–18]. When reactions with radioactive beams became 
the focus of nuclear research in the last decades, it was soon re-
alized that slight modifications of the linear response theory pre-
dict a considerable concentration at low energies of the excitation 
strength in neutron-rich nuclei [19,20]. As a word of caution, the 
amount of the sum rule exhausted by the nuclear response at low 
energies strongly depends on how the nuclear interaction, pair-
ing, and other physical phenomena are incorporated in the theory 
[15–20]. As an example, the public code of Ref. [21] has been used 
to calculate the E1 strength function, defined as

S(E) =
∑

ν

| 〈ν||OL ||0〉 |2δ(E − Eν), (1)

defined for an RPA configuration space in terms of delta-function 
states ν , where OL is an electromagnetic operator. A 1 MeV smear-

ing of the fragmented strength function is introduced to yield a 
continuous distribution, shown in Fig. 1 for the E1 response in 
68Ni. In this case we used the option OL = jL(qr) in Eq. (1), where 
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Fig. 1. Strength function for the E1 RPA response in 68Ni calculated with formalism 
described in Ref. [21]. The calculation is performed for several Skyrme interactions, 
shown in the figure inset. The arrow shows the location of the pygmy resonance.
(For interpretation of the references to color in this figure legend, the reader is 
referred to the web version of this article.)

q = 0.1 fm−1 was taken as representative of the momentum trans-
fer. See Ref. [21] for more details. In this case, the strength function 
has dimensions of MeV−1 and in the long-wavelength approxi-
mation, qr ≪ 1, it is proportional to the usual response for elec-
tric multipole operators. The calculation is performed for several 
Skyrme interactions, as listed in the figure inset. The arrow shows 
the location of the expected pygmy dipole resonance. The results 
presented in the literature, e.g., in Refs. [15–20] show a larger re-
sponse in the PDR energy region due to adaptations in the model 
space and interactions. As of now, there is not a clear prediction 
of the precise location of the pygmy strength. It could be in the 
range of 7–12 MeV for medium mass nuclei such as Ni isotopes. 
The amount of the sum rule exhausted by the pygmy resonance is 
also relatively unknown, although some models based on nuclear 
clusterization can yield up to a 10% of the total strength [22].

One of the effects overseen in the experimental analysis of 
Coulomb excitation of pygmy resonances is the large excitation 
probability in Coulomb excitation at small impact parameters, 
leading to a strong coupling of pygmy and giant resonances. This 
coupling is manifested in dynamical effects such as the modifica-

tion of transition probabilities and cross sections for the excitation 
of the PDR. This has been observed in the past in the context of 
the excitation of double giant dipole resonances (DGDR) [23–25]. 
The observation of the DGDR in experiments is a consequence of 
higher-order effects in relativistic Coulomb excitation and arises 
because the large excitation probabilities of giant resonances in 
heavy ion collisions at small impact parameters. The dynamical 
coupling between the usual giant resonances and the DGDR is very 
strong, as shown, e.g., in Ref. [26]. In the present work we make an 
assessment of this effect on the excitation of the PDR using the rel-
ativistic coupled channels (RCC) equations introduced in Ref. [27].

The S-matrix, Sα (z,b), for Coulomb excitation is obtained from 
the RCC equations [27]

iv
∂ Sα(z,b)

∂z
=

∑

α′

〈

α |MEL |α′〉 Sα′(z,b)e−i(Eα′−Eα)z/h̄v , (2)

where v is the projectile velocity and MEL is the electromag-

netic operator for electric dipole (E1) and quadrupole (E2) tran-
sitions connecting states α and α′ satisfying the selection rules 
of their intrinsic angular momenta and parities. The ground state 
is denoted by |0〉 = |E0 J0M0〉 and the excited states by |α〉 =

|Eα JαMα〉, where |E JM〉 labels intrinsic energy and angular mo-

mentum quantum numbers. In the long-wavelength approximation 
the electromagnetic operators are given by [27]

ME1m =
√

2π

3
ξY1m(ξ̂)

γ ZTe
2

(

b2 + γ 2z2
)3/2

{

∓b (if m = ±1)√
2z (if m = 0)

(3)

where ξ is the intrinsic coordinate of the excited nucleus and Ze
is the charge of the nucleus giving rise to the electromagnetic field 
(in our case, the target). For E2 transitions the electromagnetic op-
erator is [27]

ME2µ =
√

3π

10
ξ2Y2µ(ξ̂)

γ ZTe
2

(

b2 + γ 2z2
)5/2

×







b2 (if µ = ±2)

∓2γ 2bz (if µ = ±1)√
2/3

(

2γ 2z2 − b2
)

(if µ = 0) .

(4)

Note that MELm = f ELm(r)OELm , where OELm = ξ LY Lm(ξ̂) is the 
usual electric operator, and f ELm(r) is a function of the projectile-
target relative position r = (b, z).

The coupled equations (2) are solved by using Sα(z → −∞) =
δα0 . For high energies and very forward angles, the cross sections 
for the |0〉 −→ |α〉 transition are given by

dσα

dE
= 2πwα(E)

∫

db b exp [−2χ(b)] |Sα (z → ∞,b)|2 , (5)

where wα(E) is the density of final states, b is the impact parame-

ter in the collision, and χ(b) is the eikonal absorption phase given 
by

χ(b) = σNN

4π

∫

dq qρ1(q)ρ2(q) J0(qb), (6)

where σNN is the experimental value of the total nucleon–

nucleon cross section with medium corrections added according to 
Refs. [28,29] and ρi(q) is the Fourier transform of the ground state 
densities of the nuclei obtained from fitting to electron scatter-
ing experiments [30] for 197Au and using Hartree–Fock–Bogoliubov 
calculations for 68Ni with the SLy4 interaction. It is worth mention-

ing that the use of the eikonal absorption phase to cut down the 
Coulomb excitation mechanism at small impact parameters has 
been introduced in Ref. [31] for the first time to calculate cross 
sections relevant to GDR and DGDR excitations. The effects of nu-
clear excitation have been subtracted in the experiments [32–34]. 
Therefore, we did not include nuclear excitations, and possible in-
terferences, in these calculations.

We consider the excitation of 68Ni on 197Au and 208Pb tar-
gets at 600 and 503 MeV/nucleon, respectively. These reactions 
have been experimentally investigated in Refs. [32,33]. In the first 
experiment a pygmy dipole resonance in 68Ni was identified at 
E P DR ≃ 11 MeV with a width of ŴP DR ≃ 1 MeV, exhausting about 
5% of the Thomas–Reiche–Kuhn (TRK) energy-weighted sum rule. 
The identification was done with the analysis of the excitation and 
decay via gamma emission. In the second experiment the PDR cen-
troid energy was found to be at 9.55 MeV, with a 2.8% fraction of 
the TRK sum rule, a width of 0.5 MeV, and the PDR identification 
was done by measuring the neutron decay channel of the PDR. In 
this work our objective is to study the effects of the coupling be-
tween the several giant resonances with the PDR, and therefore we 
will only calculate the excitation function dσ /dE without concern 
for the decay channels.

One needs a model for bound and continuum discretized wave-

functions entering the matrix elements 
〈

α |MEL |α′〉 in Eq. (2). 
The wavefunctions can also be used to calculate the response 



N.S. Brady et al. / Physics Letters B 757 (2016) 553–557 555

Fig. 2. Coulomb excitation cross section as a function of the excitation energy of 600 
MeV/nucleon 68Ni projectiles incident on 197Au targets. The filled circles represent 
the calculations using first-order perturbation theory, while the filled squares are 
the results of coupled-channel calculations.

functions, dB EL/dE =
∑

spins wα′
∣

∣

〈

α||OEL ||α′〉∣
∣

2
, with an appropri-

ate sum over angular momentum coefficients. Instead of consid-
ering numerous nuclear structure models for the wavefunctions 
and to dwell on the microscopic properties of the pygmy and 
giant resonances, we assumed Lorentzian forms for the response 
functions dB EL/dE with a given fraction of the sum-rule, and dis-
cretized them in energy bins to obtain the reduced matrix el-
ements 

∣

∣

〈

α||MEL ||α′〉∣
∣

2 ∝ 
Ex(dB EL/dE)|E=Ex , where Ex = Eα′ −
Eα . A phase convention can be found so that the reduced matrix 
elements are real. They are then used to deduce the matrix ele-
ments 

〈

α|MEL |α′〉 in Eq. (2) with proper care of the corresponding 
angular momentum coefficients (see, e.g., Ref. [25]).

The Lorentzian functions are centered at the energies E P DR

for pygmy dipole resonances and EGDR (EGQ R ) for the isovec-
tor (isoscalar) giant dipole (quadrupole) resonances. Their re-

spective widths are denoted by ŴP DR , ŴGDR and ŴGQ R . Further, 
this strength function is subdivided into 35 energy bins cen-

tered around the PDR energy and the same number of energy 
bins centered around the GDR and GQR resonances. We use 
E P DR = 11 MeV, consistent with Refs. [32,33], but a full width 
at half maximum of 2 MeV, which is more in line with theo-
retical calculations [13–20] than with the experimental data [32,
33]. The larger PDR width also allows us to better determine the 
higher-order effects on the modification of the tails of the PDR. 
For the (isovector) 1− giant dipole resonance (GDR) we assume 
EGDR = 17.2 MeV and ŴGDR = 4.5 MeV and for the (isoscalar) 2+

giant quadrupole resonance (GQR) we take EGQ R = 15.2 MeV and 
ŴGQ R = 4.5 MeV. The centroid and width for the GQR are not ex-
perimental, but approximate estimates based on the systematics of 
GQR excitation in nickel isotopes [35]. The total number of chan-
nels are 35 × 3 + 35 × 5 + 35 × 5 + 1 = 456 including all magnetic 
substates and the ground state, assumed to be a 0+ state. The cal-
culations are CPU intensive but can be reduced for the practical 
purposes because the major dynamical effect arises from the cou-
pling of the PDR with the GQR via the dominant E1 interaction at 
relativistic bombarding energies. The number of channels can also 
be reduced by a factor of 2 by means of a coarser binning of the 
PDR and GQR states with a loss of accuracy at the level of 10%. 
With the number of channels mentioned earlier our calculations 
converge to within 1%.

In Fig. 2 we show the first-order Coulomb excitation cross sec-
tions of the PDR and GQR separately, as a function of the exci-
tation energy and for 600 MeV/nucleon 68Ni projectiles incident 
on 197Au targets. The filled circles represent the calculations us-
ing first-order perturbation theory, while the filled squares are the 

results of coupled-channel calculations. As shown in Ref. [23], first-
order Coulomb excitation cross sections can be obtained by means 
of the relation

dσ

dE
=

∑

π L

Nπ L(E)

E
σ

(γ )

π L (E), (7)

where π L denotes the multipolarity, Nπ L are the virtual photon 
numbers, and σ (γ )

π L are the cross sections for real photons with 
multipolarity π L. The virtual photon numbers include the same 
absorption coefficient as in Eq. (5) [31]. The sum runs over the 
relevant multipoles, here E1 and E2 stand for 1− and 2+ exci-

tations, respectively. It is quite evident from the figure that the 
coupling between these states has a visible impact on the en-
ergy dependence of the cross sections. We notice that according 
to the Brink–Axel hypothesis, a giant resonance can be excited on 
top of any other state in a nucleus [36,37]. Therefore, the cou-
plings are in fact a manifestation of (PDR⊗GQR)1− , (PDR⊗PDR)2+ , 
(PDR ⊗ GDR)2+ and (GDR ⊗ GQR)1− states which are of our inter-
est, as they build up components of the PDR, GDR and GQR. The 
importance of our findings lies on the reliability of the experimen-

tal extraction of the PDR strength relative to that of the GDR.
The dynamical calculations show that not only the strength, but 

also the width of the PDR is modified appreciably due to the cou-
pling to the GQR. In Fig. 2 the modification of the population of 
PDR and GQR states are shown separately. Because the 1− states 
in the GDR region are very weakly affected by the coupling to the 
other states, we left them out of the figure as we want to con-
centrate on the PDR excitation spectrum. The GDR excitation dom-

inates in the high energy region by a factor of 2–3 times that of the 
2+ states. The main modifications in the excitation spectrum come

from the couplings PDR ←→ GQR ←→ PDR by E1 fields, while the 
couplings PDR ←→ GDR ←→ PDR by E2 fields contribute very lit-
tle to the 1− states in the PDR energy region. We also see in Fig. 2
that the tails of the PDR, and to a minor extent those of the GQR, 
are appreciably modified. A small shift of the peaks also occurs, 
although barely visible for the PDR, it is evident for the GQR. One 
has to keep in mind that the low energy tail of the GDR will mod-

ify the strength and shape of the PDR. For the case we consider 
here, a GDR strength of the order of 3.8% lies in the region of the 
PDR and the PDR shape with only slightly be influenced by this 
low energy tail. However, these effects have been considered in 
the experimental analyses [32,33]. In this work we are interested 
in the higher-order effects which have been so far ignored.

In Fig. 3 we singled out the energy region of the pygmy reso-
nance and we plot the results of our calculations for two different 
bombarding energies: 100 MeV/nucleon and 2 GeV/nucleon, with 
the same notation as in Fig. 2. The coupling effects change dramat-

ically. At the lower energy the influence of the giant resonances is 
to increase appreciably the response in the energy region of the 
PDR, while at the higher energy the effect of coupling is much 
smaller and the tendency is to slightly decrease the PDR excitation 
cross section. This result is expected because at energies around 
100 MeV/nucleon the E2 field is dominant, with an appreciable 
increase of the excitation of the GQR and a consequently strong 
feedback to the PDR via subsequent E1 transitions.

In Fig. 4 we show the Coulomb excitation cross sections of the 
PDR as a function of the bombarding energy of 68Ni projectiles 
incident on 197Au targets. The filled circles represent the calcula-
tions using first-order perturbation theory, while the filled squares 
are the results of coupled-channel calculations. At lower energies 
the deviation is clearly more pronounced. At 600 MeV/nucleon 
the cross section for excitation of the PDR changes from 80.9 mb 
obtained with the virtual photon method to 92.2 mb with the 
coupled-channels calculation. If this is reflected in the extracted 
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Fig. 3. Coulomb excitation cross section as a function of the excitation energy of 
68Ni projectiles incident on 197Au targets at two laboratory energies. The filled cir-
cles represent the calculations using first-order perturbation theory, while the filled 
squares are the results of coupled-channel calculations.

Fig. 4. Coulomb excitation cross sections of the PDR as a function of the bombarding 
energy of 68Ni projectiles incident on 197Au targets. The filled circles represent the 
calculations using first-order perturbation theory, while the filled squares are the 
results of coupled-channel calculations.

PDR strength from the experimental data, it amounts to an appre-
ciable change of 14%. It implies a reduction by approximately the 
same amount of the strength needed to reproduce the experimen-

tal data.
We have also performed calculations for 68Ni + 208Pb at 503 

MeV/nucleon, corresponding to the experiment of Ref. [33]. The 
Coulomb excitation cross section for the PDR in 68Ni to first-order 
is found to be 58.3 mb, while when couplings to the giant reso-
nances are included, the cross section increases to 71.2 mb, i.e., an 
important 18.1% correction. The dipole polarizability is defined by

αD = h̄c

2π2

∫

dE
σ (E)

E2
, (8)

where σ (E) is the photo-absorption cross section. The value of 
αD extracted from the experiment in Ref. [33] is 3.40 fm3 while 
to reproduce the experimental cross section with our dynamical 
calculations we have αD = 3.16 fm3 , a small but non-negligible 
correction. If a linear relationship between the dipole polarizability 
and the neutron skin is assumed [38], a reduction of the neu-
tron skin from 0.17 fm, as reported in Ref. [33], to 0.16 fm is to 
be expected. Such a correction still lies within the experimental 
uncertainty of 7% for αD and 0.02 fm for the neutron skin [33]. 
However, coupling effects should be taken into consideration in the 
future when more precise data will become available, in particular, 
if the measurement is performed at lower bombarding energies.

We conclude that due to the large Coulomb excitation probabil-
ities of giant resonances in heavy ion collisions at energies around 
and above 100 MeV/nucleon, the excitation of the PDR is also ap-
preciably modified due to the coupling between the 1− and 2+

states. Our calculations are simplified with the use of a Lorentz-
like distribution of the electromagnetic response and sum-rules, 
without a detailed nuclear structure model. In the future it might 
be possible to carry out nearly “ab-initio” calculations based on 
a microscopic theory, coupled with a proper reaction mechanism. 
A known alternative, already used in previous studies of multi-

phonon resonances [39], is to use individual states calculated with 
the RPA or other microscopic models together with higher order 
perturbation theory. Finally, one might also use advanced mean-

field time-dependent method such as that developed in Ref. [11]. 
The relevance to derive rather accurate dipole strength distribu-
tions from electromagnetic excitation of the PDR is mainly due to 
the extraction of the dipole polarizability [33], which is an im-

portant observable to constrain the symmetry energy, and is thus 
also important for the understanding of neutron-star properties. 
The low-energy response is particularly important for the polariz-
ability due to the inverse weighting with energy. This opens re-
ally exciting possibilities for the studies of the pygmy resonance 
in nuclei and using it as a tool for applications in nuclear astro-
physics.

Acknowledgements

This work was supported in part by the U.S. DOE grant DE-

FG02-08ER41533 and the U.S. NSF Grant No. 1415656. We thank 
HIC for FAIR for supporting visits of one of us (C.A.B.) at the 
Technische Universität Darmstadt. This project was also supported 
(T.A.) by BMBF, and GSI Darmstadt.

References

[1] T. Nomura, S. Kubono, Soft giant resonance, Experimental proposal to the 
Japanese Hadron project (now J-PARC), June 1987.

[2] K. Ikeda, INS Report JHP-7, 1988 (in Japanese);
K. Ikeda, Nucl. Phys. A 538 (1992) 355c.

[3] C.A. Bertulani, M.S. Hussein, Phys. Rev. Lett. 64 (1990) 1099.
[4] A. Leistenschneider, et al., Phys. Rev. Lett. 86 (2001) 5442.
[5] T. Aumann, Phys. Eur. J. A 26 (2005) 441.
[6] T. Aumann, T. Nakamura, Phys. Scr. T 152 (2013) 014012.
[7] M. Goldhaber, E. Teller, Phys. Rev. 74 (1948) 1046.
[8] H. Steinwedel, J.H.D. Jensen, Z. Naturforsch. 5A (1950) 413.
[9] M. Baranger, Phys. Rev. 120 (1960) 957.

[10] A. Bulgac, Annu. Rev. Nucl. Part. Sci. 63 (2013) 97.
[11] I. Stetcu, et al., Phys. Rev. Lett. 114 (2015) 012701.
[12] Y. Suzuki, K. Ikeda, H. Sato, Prog. Theor. Phys. 83 (1990) 180.
[13] D. Vretenar, et al., Nucl. Phys. A 692 (2001) 496.
[14] C.A. Bertulani, Phys. Rev. C 75 (2007) 024606;

C.A. Bertulani, Nucl. Phys. A 788 (2007) 366.
[15] N. Paar, D. Vretenar, E. Khan, G. Colò, Rep. Prog. Phys. 70 (2007) 691.
[16] S. Krewald, J. Speth, Int. J. Mod. Phys. E 18 (2009) 1425.
[17] V.Yu. Ponomarev, J. Phys. Conf. Ser. 533 (2014) 012028.
[18] P. Papakonstantinou, H. Hergert, V. Yu Ponomarev, R. Roth, Phys. Rev. C 89 

(2014) 034306.



N.S. Brady et al. / Physics Letters B 757 (2016) 553–557 557

[19] G. Bertsch, J. Foxwell, Phys. Rev. C 41 (1990) 1300;
G. Bertsch, J. Foxwell, Phys. Rev. C 42 (1990) 1159 (Erratum).

[20] N. Teruya, C.A. Bertulani, S. Krewald, H. Dias, M.S. Hussein, Phys. Rev. C 43 
(1991) 2049.

[21] G. Colò, L. Cao, N.V. Giai, L. Capelli, Comput. Phys. Commun. 184 (2013) 142.
[22] Y. Alhassid, M. Gai, G.F. Bertsch, Phys. Rev. Lett. 49 (1982) 1482.
[23] C.A. Bertulani, G. Baur, Phys. Rep. 163 (1988) 299.
[24] T. Aumann, P.F. Bortignon, H. Emling, Annu. Rev. Nucl. Part. Sci. 48 (1998) 351.
[25] C.A. Bertulani, V. Ponomarev, Phys. Rep. 321 (1999).
[26] C.A. Bertulani, L.F. Canto, M.S. Hussein, A.F.R. de Toledo Piza, Phys. Rev. C 53 

(1996) 334.
[27] C.A. Bertulani, Phys. Rev. Lett. 94 (2005) 072701.
[28] C.A. Bertulani, C. De Conti, Phys. Rev. C 81 (2010) 064603.

[29] Mesut Karakoc, A. Banu, C.A. Bertulani, L. Trache, Phys. Rev. C 87 (2013) 
024607.

[30] H. de Vries, C.W. de Jager, C. de Vries, At. Data Nucl. Data Tables 36 (1987) 
495–536.

[31] T. Aumann, C.A. Bertulani, K. Suemmerer, Phys. Rev. C 51 (1995) 416.
[32] O. Wieland, et al., Phys. Rev. Lett. 102 (2009) 092502.
[33] D.M. Rossi, et al., Phys. Rev. Lett. 111 (2013) 242503.
[34] D. Savran, T. Aumannnd, A. Zilges, Prog. Part. Nucl. Phys. 70 (2013) 210.
[35] D.H. Youngblood, Y.-W. Lui, U. Garg, R.J. Peterson, Phys. Rev. C 45 (1992) 2172.
[36] D.M. Brink, PhD thesis, Oxford University, 1955.
[37] P. Axel, Phys. Rev. 126 (1962) 671.
[38] J. Piekarewicz, Phys. Rev. C 83 (2011) 034319.
[39] V.Yu. Ponomarev, C.A. Bertulani, Phys. Rev. C 57 (1998) 3476.


