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Second order coherent oscillation modes in intense particle beams play an important role for beam
stability in linear or circular accelerators. In addition to the well-known second order even envelope modes
and their instability, coupled even envelope modes and odd (skew) modes have recently been shown in
[Phys. Plasmas 23, 090705 (2016)] to lead to parametric instabilities in periodic focusing lattices with
sufficiently different tunes. While this work was partly using the usual envelope equations, partly also
particle-in-cell (PIC) simulation, we revisit these modes here and show that the complete set of second
order even and odd mode phenomena can be obtained in a unifying approach by using a single set of
linearized rms moment equations based on “Chernin’s equations.” This has the advantage that accurate
information on growth rates can be obtained and gathered in a “tune diagram.” In periodic focusing we
retrieve the parametric sum instabilities of coupled even and of odd modes. The stop bands obtained from
these equations are compared with results from PIC simulations for waterbag beams and found to show
very good agreement. The “tilting instability” obtained in constant focusing confirms the equivalence of
this method with the linearized Vlasov-Poisson system evaluated in second order.

DOI: 10.1103/PhysRevAccelBeams.20.104201

I. INTRODUCTION

Coherent modes in intense charged particle beams are
intrinsic properties of these beams, which characterize the
beam’s response to external perturbations or—as in our
case—to parametric excitation or instability. In the latter
case the modes can be excited by a small initial mismatch
and amplified by the periodic focusing structure or by
anisotropy, resulting eventually in emittance growth and/or
beam loss. Theoretical understanding and accurate calcu-
lation of the corresponding stopbands is essential for the
identification of suitable working points in accelerators for
high intensity. Based on the linearized Vlasov-Poisson
system of equations, coherent modes can be well-described
analytically (see, for example, Refs. [1–3] as well as in
simulations (for example Ref. [4,5] and a recent review
[6]). Among these modes, the second order even modes, or
envelope modes, are of importance since they can be
observed in mismatched beams and may result in the
well-known envelope instability [2,7,8]. The second order
odd or “skew” modes [2] can drive the resonant emittance
exchange by space charge coupling and trigger the “tilting
instability” for sufficiently large anisotropy [9–11]. More
recent studies have revealed that in periodic focusing the

second order odd mode can be excited by a parametric
instability, likewise a coupled sum mode of two even
envelope modes [12,13]. Application of these findings to a
transverse-longitudinal sum envelope instability in high
intensity linear accelerators has been discussed in Ref. [14].
The present study reviews the complete set of second

order instabilities, including even and odd modes and their
sum effects, by employing a unified second order approach.
This is possible by using the self-consistent set of equations
derived by Chernin [15] (written as “Chernin equations” in
the following). Note that these equations are equivalent to
forming second order moments of the full Vlasov-Poisson
equations in 4d phase space. In the absence of skew terms
—either external, or self-skewing—the 10 Chernin equa-
tions reduce to the well-known 2d envelope equations of
even modes.
The paper is organized as follows. We first extract the

second order moment equations without external skew
terms from Chernin’s equations. This is followed by
calculating odd or skew mode coherent frequencies in
the case of both symmetric and asymmetric beams in a
constant focusing structure; furthermore a comparison with
earlier results derived from Vlasov’s equation as well as a
Fourier analysis of noise spectra from a 2d particle-in-cell
(PIC) simulation. Finally, we explore the theoretical
mechanism of sum envelope instabilities, including both
the coupled even mode sum instability and the odd mode
sum instability. Full stop bands are calculated and com-
pared with PIC simulation results including particle evo-
lution in real space.
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II. SECOND ORDER MOMENT EQUATIONS

In the following we assume x and y are the transverse
degrees in horizontal and vertical direction, respectively; s
the longitudinal coordinate; and k0;x;y, kx;y are the phase
advances per focusing cell without and with space charge,
respectively. ϕ1 and ϕ2 denote the phase shifts of slow even
and fast evenmodes (also called, “quadrupolar” and “breath-
ing” modes, see Ref. [3]), while ψ1, ψ2 (ψ1 > ψ2) are the
phase shifts of the two second order odd modes, respec-
tively. We first consider a lattice including an external
skew focusing force. Following Chernin, the evolution of
second order moments of the beam can be written in matrix
form [15]

Σ0 ¼ MΣþ ðMΣÞT; ð1Þ
with

M ¼

0
BBB@

0 1 0 0

−κxðsÞ 0 −qxyðsÞ 0

0 0 0 1

−qxyðsÞ 0 −κyðsÞ 0

1
CCCA: ð2Þ

Here, “ 0” denotes the derivative with respect to s, the
superscript T means the transposed matrix, Σ represents
the 4 × 4matrix of the second ordermoments, with elements
Σij defined by Σij ≡ hνiνji − hνiihνji, where the averages
are taken over the phase space variables and the sub-
scripts i, j run from 1 to 4 representing x; x0; y; y0.
κx ¼ κx0 − Δκx, κy¼κy0−Δκy and qxy¼qxy;0−Δqxy, with
κx0¼ð1=BρÞð∂By=∂xÞ, κy0 ¼ −ð1=BρÞð∂Bx=∂yÞ the exter-
nal focusing gradients and qxy0 ¼ ð1=BρÞð∂Bx=∂xÞ the
external linear coupling, (Bρ is the magnetic rigidity) and
Δκx, Δκy and Δqxy the space charge induced shifts, defined
by

Δκx ¼
K
2

Sy
S0ðSx þ SyÞ

; Δκy ¼
K
2

Sx
S0ðSx þ SyÞ

;

Δqxy ¼
K
2

Σ13

S0ðSx þ SyÞ
; ð3Þ

using

S0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Σ11Σ33 − Σ2

13

q
;

Sx ¼ Σ11 þ S0; Sy ¼ Σ33 þ S0: ð4Þ

HereK is the space charge perveance parameter, defined by
K ¼ 2NLrc=ðβ2γ3Þ, with NL the number of particles per
length, rc the classical proton radius, β and γ the relativistic
factors.
Clearly, Σ13, Σ14, Σ23 and Σ24 denote the coupling

moments between x and y. Equation (1) can be also written
in concise form [16]

Σ0 ¼ GðΣðsÞ; sÞ: ð5Þ

For a lattice with constant focusing and coupling, Eq. (5)
can be readily solved with a given initial generalized
emittance [17]. For an alternating focusing lattice, matched
solutions Σ0ðsÞ can be obtained numerically from Eq. (5)
with periodic conditions Σ0ðsÞ ¼ Σ0ðsþ LÞ, where L is
the periodicity.
Let us assume a slightly mismatched case, where the

moments can be written as ΣðsÞ ¼ Σ0ðsÞ þ ΣpðsÞ (“p”
denoting a small perturbation of the matched solution).
After Taylor expanding and keeping only first order terms
we have

Σ0 ¼ ðΣ0 þ ΣpÞ0 ¼ GðΣ0Þ þ JðΣpÞ; ð6Þ

which can be divided into two parts

Σ0
0 ¼ GðΣ0Þ; Σ0

p ¼ JðΣ0ÞΣp: ð7Þ

Here J represents the Jacobian matrix of G with elements
Jk;l ¼ ∂GkðΣlÞ=∂Σl (k, l run from 1 to 10 along the
possible combinations of the second order moments Σij.).
Next we consider a lattice without external coupling

force (qxy;0 ¼ 0). Furthermore, we note that the moments
Σ22 and Σ44 can be replaced by the rms emittance with
εx ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Σ11Σ22 − Σ2

12

p
and εy ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Σ33Σ44 − Σ2

34

p
[18]. With

these conditions the equations of the matched moments in
Eqs. (7) can be simplified to

Σ0
11 ¼ 2Σ12 ¼ G1;

Σ0
12 ¼

ϵ2x þ Σ2
12

Σ11

− kxΣ11 ¼ G2;

Σ0
13 ¼ Σ23 þ Σ14 ¼ G3;

Σ0
14 ¼ Σ24 − kyΣ13 þ qxyΣ11 ¼ G4;

Σ0
23 ¼ Σ24 − kxΣ13 þ qxyΣ33 ¼ G5;

Σ0
24 ¼ −kxΣ14 − kyΣ23 þ qxyðΣ12 þ Σ34Þ ¼ G6;

Σ0
33 ¼ 2Σ34 ¼ G7;

Σ0
34 ¼

ϵ2y þ Σ2
34

Σ33

− kyΣ33 ¼ G8: ð8Þ

Here G1 to G8 denote the row elements of the matrix G,
respectively. For the matched case we assume that the
coupling moments are zero: Σ13;0 ¼ Σ14;0 ¼ Σ23;0 ¼
Σ24;0 ¼ 0 [19] (In Ref. [19], it is alternatively assumed
that non-zero value for Σ14;0 and Σ23;0 with Σ14;0 ¼ −Σ23;0),
and Eqs. (7) are simplified to the envelope equations
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Σ0
11;0 ¼ 2Σ12;0;

Σ0
12;0 ¼

ϵ2x þ Σ2
12;0

Σ11;0
− kxΣ11;0;

Σ0
33;0 ¼ 2Σ34;0;

Σ0
34;0 ¼

ϵ2y þ Σ2
34;0

Σ33;0
− kyΣ33;0; ð9Þ

with the corresponding perturbation equations

Σp0
11 ¼ 2Σp

12

Σp0
12 ¼

�∂G2

∂Σ11

�
0

Σp
11 þ

�∂G2

∂Σ12

�
0

Σp
12 þ

�∂G2

∂Σ33

�
0

Σp
33

Σp0
33 ¼ 2Σp

34

Σp0
34 ¼

�∂G8

∂Σ11

�
0

Σp
11 þ

�∂G8

∂Σ33

�
0

Σp
33 þ

�∂G8

∂Σ34

�
0

Σp
34: ð10Þ

The two second order even modes (fast and slow modes)
can be obtained from the above equations. In order to
calculate the odd modes, we need to derive the perturbation
equations of coupling moments. Based on Eqs. (8) we
obtain

Σp0
13 ¼ Σp

14 þ Σp
23;

Σp0
14 ¼

�∂G4

∂Σ13

�
0

Σp
13 þ Σp

24;

Σp0
23 ¼

�∂G5

∂Σ13

�
0

Σp
13 þ Σp

24;

Σp0
24 ¼

�∂G6

∂Σ13

�
0

Σp
13 þ

�∂G6

∂Σ14

�
0

Σp
14 þ

�∂G6

∂Σ23

�
0

Σp
23: ð11Þ

Note that in the matched case, Σ13;0 ¼ Σ14;0 ¼ Σ23;0 ¼
Σ24;0 ¼ 0, and from Eqs. (3) and Eqs. (4) we have

�∂Δqxy
∂Σ11

�
0

¼
�∂Δqxy

∂Σ33

�
0

¼ 0;

∂Δqxy
∂Σ13

¼ K
2

1

S0ðSx þ SyÞ
: ð12Þ

The Eqs. (12) mean that the space charge coupling term has
no influence on the matched solution, but on the perturba-
tion second order odd modes. With the matched beam
moments from Eqs. (9), the perturbations in Eqs. (10) and
Eqs. (11) can be used to calculate the two even as well as
the two odd modes.

III. ODD MODES AND TILTING INSTABILITY IN
CONSTANT FOCUSING

As an application and a test of the above set of equations,
we calculate the two odd mode phase advances for a
constant focusing structure. In constant focusing Eqs. (11)
take the form

d2

ds2
Σp
13 ¼ a1Σ

p
13 þ a2Σ

p
24;

d2

ds2
Σp
24 ¼ a3Σ

p
13 þ a4Σ

p
24; ð13Þ

with the coefficients

a1 ¼
�∂qxy
∂Σ13

ðΣ11 þ Σ33Þ − ðkx þ kyÞ
�
0

;

a2 ¼ 2;

a3 ¼
�
−
∂qxy
∂Σ13

ðkxΣ11 þ kyΣ33Þ þ 2kxky

�
0

;

a4 ¼ −ðkx þ kyÞ0: ð14Þ

The two odd modes with the corresponding phase shifts
ψ1;2 can be readily decoupled and obtained from Eq. (13).
For a round beam under a symmetric focusing with
k0;x ¼ k0;y ¼ k0, the results of odd modes ψ1;2 calculated
numerically from Eq. (13), along with the even ones ϕ1;2

from Eq. (10), are shown in Fig. 1 for different beam
currents in units of the space charge tune depression
ηx ≡ kx=k0x. It can be seen that due to the axial symmetry
the fast branch of the odd modes ψ1 is always identical with
the slow branch of the even mode, while the slow odd mode
ψ2 is zero (not shown in the plot). This is in agreement with
the results obtained from Vlasov’s equation for the round
beam case in Ref. [3].
For a nonaxisymmetric focusing case, where the trans-

verse beam shape becomes elliptical, the slow branch of the
odd modes becomes nonzero. An example with k0;x ¼ 60°
and k0;y ¼ 66.7° and ϵx=ϵy ¼ 2 is shown in Fig. 2. It is seen
that the slow odd mode ψ2 is close to ky − kx for increasing
beam current up to the point, where both become zero. In
this region the slow odd mode is called a “difference
mode.” To the right side of this point in Fig. 2, ðψ2Þ2
becomes negative, hence unstable, and the imaginary part is
shown. This “tilting instability” is discussed in detail

FIG. 1. Round beam case, k0;x ¼ k0;y ¼ k0 ¼ 60°: Phase shifts
ϕ1;2, ψ1 versus tune depression in x in a constant focusing
channel.

MODELING OF SECOND ORDER SPACE … PHYS. REV. ACCEL. BEAMS 20, 104201 (2017)

104201-3



further below. For the fast odd mode ψ1 ≥ kx þ ky, hence
this mode can be called “sum mode.”
PIC simulations using PYORBIT [20] are performed to

compare with results from this analytical framework. To
this end 50 000 particles are tracked over 1000 periodic
FODO cells, and a Fourier analysis is employed on the
coupling moment hxyi at various beam intensities in terms
of ηx. As shown in Fig. 3, the beam spectra of hxyi for a KV
and a waterbag distribution agree well with the results of
the second order odd mode phase advances ψ1;2 in Fig. 2
obtained from the theoretical approach of Eq. (13).
Note the minor bump to the left-hand side (l.h.s.) of the

sum mode, which has a downward shift from ψ1 increasing
roughly linearly with space charge. This might be asso-
ciated with single particle tunes and numerical noise of the
PIC code.
An interesting property of the second order odd modes

shown in Ref. [3] is found for ϵx ≠ ϵy and sufficiently large
anisotropy. With an external focusing stronger in y than in x
(or vice versa), but reverted due to space charge, the beam is
subject to the tilting instability with periodical exchange of
emittances as indicated above in Fig. 2. In this case the
solution of Eq. (11) shows that the squared phase shift of
the difference mode becomes negative, ðψ2Þ2 < 0, indicat-
ing instability. As an example, Fig. 4 illustrates the
imaginary part of ψ2 for constant ky=k0;y ¼ 0.8 and
εx=εy ¼ 2, as a function of the betatron tune ratio, hence
the stop band of the tilting instability. We find that the
values of growth rates as well as the width of the stop band
are in excellent agreement with the curve of the second
order odd mode in Fig. 4 in Ref. [5], which is based on the

linearized Vlasov-Poisson approach—thus confirming the
equivalence of these two models. Note that following
Ref. [5] the tilting instability is accompanied by a—
usually—dominant fourth order resonance in an adjacent
stop band, which is the well-known Montague instability
(see also Ref. [11]).

FIG. 2. Elliptical beam case, k0;x ¼ 60°, k0;y ¼ 66.7° and
ϵx=ϵy ¼ 2: Phase shifts of coherent even modes ϕ1;2 and odd
modes ψ1;2 versus tune depression in x in a constant focusing
channel.

FIG. 3. Elliptical beam case, k0;x ¼ 60°, k0;y ¼ 66.7°: Beam
spectrum of hxyi from PIC simulation of KV distribution (red
solid) and waterbag (WB) distribution (blue solid), compared
with the analytical results (dotted black lines) of phase shifts of
second order odd sum and difference modes ψ1;2, for different
values of ηx in a constant focusing channel.

FIG. 4. Growth rate of difference odd mode (normalized) for
constant ky=k0;y ¼ 0.8 and εx=εy ¼ 2 as a function of the betatron
tune ratio, indicating the tilting instability in a constant focusing
channel.
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IV. STOP BANDS OF SUM ENVELOPE
INSTABILITIES IN PERIODIC FOCUSING

The recently discovered parametric sum envelope beam
instability in periodical, unsymmetrical focusing can be
classified into two essentially distinct modes [12]:
i. Coupled (even) mode sum instability. Based on space
charge coupling between even envelope modes and their
parametric resonance with the lattice, the stop band of
coupled even modes is theoretically illustrated in Figs. 1,
2 of Ref. [12]. ii. Skew mode sum instability. This instability
is based on parametric resonance of the odd sum mode as
shown by the PIC simulation in Fig. 3 of Ref. [12]. In the
following, we explore the theoretical mechanisms of both
modes by using the formalism of Eqs. (11). Analogous to the
treatment of the usual envelope instabilities [7,21], the four
eigenvalues can be calculated by integrating Eqs. (10) and
Eqs. (11): ζmþ1 ¼ Mζm, where M is the map for the
perturbation vector ζ¼ðΣp

11;Σ
p
12;Σ

p
33;Σ

p
34;Σ

p
13;Σ

p
14;Σ

p
23;Σ

p
24Þ

over one periodic cell. The eight eigenvalues of M,
λi ¼ jλijeiϕiði ¼ 1; 2;…8Þ, exist only as reciprocal or as
conjugate. One of themoduli larger than unity can be used as
growth factor per lattice period of the sum envelope
instabilities.
The example in Fig. 5 shows the second order even and

odd modes as a function of beam intensity in an

unsymmetrical FODO lattice with k0;x ¼ 60° and
k0;y ¼ 145°. For convenience of plotting, in Fig. 5(a) the
curves of 360° − ψ1 and 360° − ϕ1 are plotted instead of ψ1

and ϕ1. In the region kx ¼ 44.2° to 39.6° (corresponding to
ηx ¼ 0.737 to 0.66) one branch of the odd mode is locked
to 180°, with the corresponding eigenvalue larger than
unity, indicating the skew mode sum instability. It is
characterized by the parametric resonance between the
focusing structure and the odd sum mode branch ψ1.
Further increasing the beam current, ϕ2 and 360° − ϕ1

(the curves in red color) become confluent, i.e.,
ϕ1 þ ϕ2 ¼ 360°, which means the two even modes are
coupled and the coupled mode sum instability is excited.
Note that the width of the stop band of the
skew mode sum instability is wider than the one of the
coupled mode sum instability, and both stop bands are only
separated by a thin gap.
The above second order theory results provide no

information on rms emittance growth. This requires PIC
simulation with results shown by the dashed (green) lines in
Fig. 5(b). The simulation results show ϵx=ϵx0 after 500
focusing periods, at which time the emittance growth
caused by the instability is already saturated. The initial
particle distribution is chosen as rms-matched transverse
waterbag. Two “sawtooth” like emittance growth phenom-
ena are observed, with a width that agrees well with the stop
bands obtained from perturbation theory stop bands. The
shape of a “sawtooth” is caused by the self-detuning
process, which is a remarkable feature of the second order
coherent instabilities [6,21]. Note that the saturated PIC
emittance growth factor for the coupled mode sum insta-
bility is larger than that of the skew mode sum instability,
whereas the mode amplitude growth factor (per period) of
the latter exceeds that of the former. Figures 6 and 7 show
the PIC simulation results in real space projections at three
consecutive periods at early stages of the two modes of
instability. In the case of the coupled even mode sum
instability the beam shows a coupled modulation of
envelopes in x and y. In contrast, the beam performs skew

(a)

(b)

FIG. 5. Perturbation theory results for both types of sum
envelope instabilities in a periodic focusing system. Upper plot
(a): Phase shifts of ϕ1;2, ψ1;2 verses tune depression in x; Lower
plot (b): Corresponding growth factors per lattice period (con-
tinuous lines), and comparison with final emittance growth
factors (dashed lines, normalized to initial values) for PIC
simulation of same cases.

FIG. 6. Real space distributions for three consecutive cells
at early stage of coupled even mode sum instability with
initial ηx ¼ 0.6.
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“swinging” in real space as a characteristic of the skew
mode sum instability.
Figure 8 shows the change of phase shifts of the second

order even and odd modes (in solid and dashed lines,
respectively), with fixed k0;y ¼ 145° and varying k0;x ¼
40°; 50°; 60° and 70°. The curves of 360° − ψ1 and 360° −
ϕ1 are plotted instead of ψ1 and ϕ1. Two main properties
can be observed and discussed as follows: First, with k0;x
increasing from 40° to 70°, the sum instability starts to
appear (in the case of k0;x ¼ 50°) and then becomes
enhanced (in the case of k0;x ¼ 60°); finally it becomes
very weak (k0;x ¼ 70°). Second, with k0;x getting larger, the
stop band moves toward the direction of stronger space
charge.
In order to present an overview on the appearance of the

two kinds of sum envelope instabilities, with the

corresponding two stop bands, a tune diagram of pertur-
bation theory eigenvalues λ is worked out by scanning k0;x
and k0;y from 60° to 150° based on integrating Eqs. (10) and
Eqs. (11), as shown in Fig. 9. Enlargements of the two
diagonal blocks in Fig. 9 within the region of k0;x; k0;y from
130° to 150° and 60° to 80° (marked by white dashed lines
in Fig. 9) are shown in Fig. 10. We retrieve both stop bands,
where the narrow one is representing the coupled even
mode sum instability, and the broader one the skew mode
sum instability as follows from detailed calculations of
eigenvalues. Comparing with Fig. 2 in Ref. [12], the
positions of stop bands for the even mode envelope
instabilities and the coupled even mode sum instability
are similar: the horizontal and vertical stop bands mark the
90° even mode envelope instabilities, and the diagonal with
negative slope denotes the stop band of the coupled even
mode sum envelope instability. Note that the scan in
Ref. [12] is based on envelope mismatch values, which
explains the absence of the skew mode sum instability.

FIG. 7. Real space distribution for three representative con-
secutive cells at early stage of skew mode sum instability with
initial ηx ¼ 0.67.

FIG. 8. Phase shifts of ϕ1;2, ψ1;2 verses tune depression in x
with fixed k0;y ¼ 145° and varying k0;x ¼ 40° (yellow), 50° (red),
60° (blue) and 70° (green).

FIG. 9. Tune diagram as scan of growth factor λ obtained from
perturbation matrix.

FIG. 10. Enlarged scans of the two opposite corner zones in
Fig. 9.
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V. CONCLUSIONS

In summary, we have shown that the linearized second
order moment equations derived from Chernin’s equations
offer a unified framework to study the stability properties of
all possible second order modes, even and odd ones, in
constant or periodic focusing quadrupole lattices without
bending. Results are compared with earlier results on mode
frequencies obtained from the linearized Vlasov-Poisson
equation. Excellent agreement is found in the case of the
tilting instability of odd (skew) modes in anisotropic beams
and constant focusing, which confirms the equivalence of
both models—on the level of second order perturbations.
Comparing moment spectra from the perturbation equa-

tions with PIC spectra for KV and waterbag beams, peaks
pertaining to odd modes are retrieved at similar locations.
Hence this suggests that these modes also exist for more
realistic beam distributions, like waterbag.
In periodic focusing structures the stop bands of the

parametric coupled even mode sum instability and the skew
mode sum instability are obtained and found in very good
agreement with PIC simulations, which completes the
picture of second order coherent modes in 2d high intensity
beams. Future studies might have to include the effects of
external skew magnets as well as of synchrotron motion.
Correlations with the recently discovered instabilities
induced by the dispersion mode in bent lattices in
Ref. [21] also warrant further work.
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