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1 Introduction

The AdS/CFT correspondence [1–3] has become a valuable method for studying strongly

coupled gauge theories. In its original form, the correspondence asserts that string theory

of type IIB on an anti-de Sitter space, AdS5 × S5, provides an equivalent description of a

particular conformal field theory, namely N = 4 supersymmetric SU(Nc) Yang-Mills theory

(SYM) in four spacetime dimensions. This holographic duality is particularly useful in the

limit of large Nc and large ’t Hooft coupling λ = g2
YMNc in the gauge theory, as then the

dual description reduces to (super)gravity on AdS5 × S5. Remarkably, the weak-coupling

limit of the gravity side corresponds to the strong-coupling limit of the gauge theory side.

A finite temperature T of the gauge theory corresponds to a black brane with Hawking

temperature T in the AdS5 space. AdS/CFT hence offers an intrinsically nonperturbative

framework that allows one to study strongly coupled gauge theories both at vanishing

and at finite temperature. The original AdS/CFT correspondence has been extended in

various ways and by now has found applications to strongly coupled systems in many

areas of physics. One of the most promising applications of the AdS/CFT correspondence

(or more generally gauge/gravity correspondence) concerns the physics of hot, strongly

coupled gauge theory plasmas, see for example [4, 5] for recent reviews. The plasmas

described in this way are expected to have many properties in common with the actual

quark-gluon plasma created in heavy-ion collisions, and the latter has indeed been found
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to be strongly coupled at the experimentally accessible temperatures somewhat above the

critical temperature [6–12].

Heavy quarkonia are among the most sensitive probes used in the experimental study of

the quark-gluon plasma and its properties. Depending on the size of the quarkonium state

and on the temperature of the plasma, the heavy quark and antiquark may be screened

from each other, affecting the production rates of heavy quarkonia in heavy-ion collisions,

see [13] for an early, influential reference. The static potential of two infinitely heavy quarks

and their free energy play a central role in the theoretical description of color screening and

its consequences for heavy quarkonia. These two quantities arise naturally in effective field

theories which, due to the separation of different energy scales, provide a systematic way of

dealing with phenomena involving heavy quarks both in vacuum and at finite temperature,

see for instance [14, 15]. A static pair corresponds to the simplest equilibrium situation

one can address in this context: a quark and an antiquark, both infinitely heavy, at a given

distance and being at rest with respect to an infinitely extended plasma. Even for this

simple situation, the ab initio calculation of the free energy or the potential is not a simple

task since the presence of a strongly coupled plasma requires a nonperturbative framework.

Lattice gauge theory has been used to calculate the free energy of a static quark pair for

QCD and quenched versions of it, see for example [16–20].

The AdS/CFT correspondence offers a new and simple method to calculate the free

energy of a heavy quark-antiquark pair and various related quantities in gauge theory

plasmas. Besides the simplicity of the calculation, which can even be done analytically in

some cases, the advantage of the holographic description is that it can be applied also to

situations which are in general prohibitively difficult to attack using lattice gauge theory.

Examples include dynamical processes with moving quarks, hydrodynamic properties of

the medium like transport coefficients, or plasmas with a finite chemical potential. Al-

though an exact holographic dual of QCD is not known, the method promises considerable

insight into the dynamics of strongly coupled gauge theory plasmas in general, not least

because many strongly coupled systems appear to share universal features. The calculation

of the free energy of a static pair in an N = 4 SYM plasma [21, 22] was among the first

applications of the AdS/CFT correspondence. In the meantime, the free energy of a heavy

quark-antiquark pair has been addressed in the AdS/CFT framework for various theories

and kinematic situations in different approximations, mostly following the ideas and pre-

scriptions of those two early studies. The corresponding papers are far too numerous to be

cited here comprehensively; for a partial list of references see for example [4].

In the AdS/CFT framework, heavy quarks have a simple description as endpoints of

macroscopic open strings. These endpoints can move on the 3+1 dimensional boundary of

the five-dimensional AdS space, which can be identified with the physical Minkowski space.

The string connecting the quark and antiquark hangs down into the bulk, that is into the

fifth dimension of the AdS space. (The S5 factor in the metric does not play an important

role for the observables that we consider here.) A single heavy quark at rest corresponds

to an open string hanging down from the boundary into the black hole horizon. The dy-

namics of the quark-antiquark pair or of a single quark is then determined by the classical

dynamics of the open string in the AdS background, encoded in its Nambu-Goto action.
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In the present work, we reconsider the holographic calculation of the free energy of

the heavy quark-antiquark pair in a thermal medium. In particular, we point out an issue

with the most commonly used prescriptions for the UV renormalization in that calcula-

tion. Following [21, 22], the UV divergence in the action of a string connecting a heavy

quark pair is usually cured by subtracting the action of two strings hanging down into the

horizon, corresponding to two non-interacting quarks. However, this prescription leads to

an unphysical temperature dependence of the free energy at small distances. The same

is true for several other prescriptions commonly used in the literature. We will discuss

how the temperature dependence enters through the corresponding subtraction terms. We

will then advocate a different, consistent subtraction which avoids this problem. Let us

note here that essentially equivalent consistent subtractions have been used before in the

finite-temperature context, see1 [23–30], and the authors of [31] comment as a side remark

that using a temperature-dependent renormalization is not correct. However, to the best

of our knowledge the full implications of the details of the renormalization procedure and

the distinctions between the quantities resulting from different procedures have not yet

been discussed before. Here, we fill this apparent gap in the literature and, in particular,

we study thermodynamic quantities related to the free energy that crucially require the

use of a temperature-independent renormalization, namely the entropy and the internal

energy of the pair. We will show that with the consistent UV subtraction the free energy

as calculated in the AdS/CFT framework is in good qualitative agreement with the lattice

results. We will also point out that the most commonly used subtraction procedure gives

rise to the binding energy of the pair rather than its free energy, and we will discuss the

marked differences between these two quantities. As a byproduct of our study we obtain

a consistent definition of the free energy, the entropy, and the internal energy of a single

heavy quark in the holographic framework. We will also compare the AdS/CFT results for

these quantities to lattice results.

We will consider the observables just described in various theories. At finite tempera-

ture, despite their different particle content, QCD in the deconfined phase and N = 4 SYM

share some essential properties, see for example [4]. This is in stark contrast to the situation

at vanishing temperature where these two theories are very different. In the following, we

will therefore always have the quark-gluon plasma phase of QCD in mind when we apply

the holographic duality. But also in the plasma phase, QCD differs from N = 4 SYM in

various respects. The most important difference has its origin in the conformal invariance

of N = 4 SYM. Although the conformality of N = 4 SYM is broken at finite temperature,

the temperature is the only dimensionful scale. The behavior of such a plasma at different

temperatures therefore obeys a scaling of all dimensionful quantities with the appropriate

powers of temperature. In QCD, the properties of the plasma depend on temperature

in a more complicated way due to the presence of other energy scales characterizing the

dynamics, in particular up to temperatures of several times the critical temperature. In

holography, non-conformal theories closer to QCD can be obtained by introducing defor-

mations of pure AdS space. We will in this paper only discuss bottom-up approaches of this

1Although we have thoroughly searched the literature that list may be not exhaustive.
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kind. The simplest way of constructing a non-conformal theory is to supplement, in an ad

hoc way, the AdS-black hole metric dual to N = 4 SYM with suitable factors, often chosen

of soft-wall type [32], see for example [33, 34]. In general, such a metric does not solve the

equations of motion of any five-dimensional Einstein-Hilbert action, and thus may lead to

inconsistencies. A more consistent method is to introduce additional scalar fields in the

five-dimensional bulk of the AdS space. Early examples for this procedure include [35, 36]

for vanishing temperature and [37] for non-vanishing temperature. These models can be

constructed such that the backreaction of the scalar field on the metric changes the behavior

only in the IR region of the dual field theory, and the metric remains asymptotically AdS.

One can in fact design specific holographic models of strongly coupled QCD along these

lines. In the present work, instead of considering one specific model resembling QCD, we

want to take a different approach by studying families of consistent non-conformal models.

In these models one can investigate the general effect of non-conformal deformations and

look for universal properties common to large classes of non-conformal theories at strong

coupling. We will indeed find indications for such universal behavior in the observables

that we study.

Our paper is organized as follows. In section 2 we review the holographic calculation of

a temporal Wegner-Wilson loop corresponding to a macroscopic string connecting a static,

heavy quark-antiquark pair in a thermal medium. We use a general AdS-type metric

that encompasses the holographic dual of N = 4 SYM and the non-conformal models we

want to consider. Section 3 deals with the computation of the free energy of the heavy

quark-antiquark pair in the holographic framework. Here, we discuss in particular the

temperature dependence of different renormalization prescriptions used in this framework

and argue that the free energy should be independent of temperature at small distances.

We then show how the free energy and the binding energy are obtained as results of different

renormalization procedures. We illustrate these general considerations for the case of N = 4

SYM in section 4 where we compare the free energy to lattice QCD calculations on the

one hand and to the binding energy on the other hand. Next, in section 5, we investigate

how the introduction of non-conformality affects the free energy and the binding energy of

the pair. In section 6 we use the fact that the free energy is a thermodynamic potential

and compute the associated entropy and internal energy for N = 4 SYM and for the non-

conformal models. Finally, in section 7 we study the free energy and the associated entropy

and internal energy of a single heavy quark in the strongly coupled plasmas described by

our models. In particular, we look for universal effects of non-conformal deformations. We

present our conclusions in section 8. Appendix A contains some technical details concerning

the calculation of the entropy of the heavy pair.

2 String in general AdS-type metric

Let us first review the calculation of the string configuration holographically corresponding

to a heavy quark-antiquark pair in a thermal medium. We will do this using a general form

of the metric of the five-dimensional AdS-type space. The results for particular holographic

theories, i.e. N = 4 SYM and non-conformal models, are later obtained as special cases.
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The most general form of the five-dimensional, asymptotically AdS metric gMN com-

patible with translation invariance in the boundary directions (t, ~x) = (t, x1, x2, x3) = (xµ)

and SO(3) invariance in ~x is given by

ds2 = e2A(z)
(
−h(z) dt2 + d~x2

)
+

e2B(z)

h(z)
dz2 , (2.1)

where ds2 = gMN dXM dXN , and z is the fifth-dimensional, holographic coordinate.

All our model spacetimes are asymptotically AdS. This implies boundary conditions

at z = 0 for the functions A, B, and h in the ansatz (2.1), namely

A(z) ∼ log

(
LAdS

z

)
as z → 0 , (2.2)

B(z) ∼ log

(
LAdS

z

)
as z → 0 , (2.3)

h(z = 0) = 1 . (2.4)

LAdS sets the curvature scale of the AdS space. A zero in the ‘blackening’ function h(z)

signals the presence of a black hole (more precisely, a black brane extended in the t and

~x directions), and we denote its horizon position by zh, that is h(zh) = 0. For the general

metric (2.1) the Hawking temperature is [37, 38]

T =
eA(zh)−B(zh)|h′(zh)|

4π
. (2.5)

For simplicity, we will generically refer to asymptotically AdS spaces given by metrics with

the above properties as ‘AdS spaces’.

Already here we point out that the metric (2.1) will later be called the Einstein-frame

metric. Some of our non-conformal models will contain a non-trivial dilaton field which

affects the coupling of the macroscopic string to the background. In those cases the action

for the macroscopic string needs to be evaluated in the so-called string-frame metric which

differs from the Einstein-frame metric by a factor involving the dilaton, as we will discuss

in more detail in section 5. The calculation of the string configuration that we will perform

in the rest of the present section will assume that the dilaton is absent (or trivial) such

that the string-frame metric coincides with the Einstein-frame metric. It is straightforward

to repeat this calculation for a non-trivial dilaton as will be needed for some of the non-

conformal models that we consider in section 5. In this context we note that the dilaton in

our models will always be such that also the string-frame metric has asymptotics analogous

to (2.2)–(2.4). More precisely, a multiple of the dilaton field will be added to the functions

A(z) and B(z) in (2.1) without changing their leading behavior for z → 0.

For the quantities that we want to compute, we will need to evaluate the expectation

value of a rectangular Wegner-Wilson loop in the boundary theory. The holographic calcu-

lation of this quantity by means of a dual macroscopic open string with both endpoints on

the boundary (representing an infinitely heavy quark-antiquark pair) is well known and can

by now be found in textbooks such as [4]. In the following we present a brief outline of the

calculation, concentrating on the points relevant for the discussion in the following sections.
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Figure 1. Sketch of a static quark-antiquark pair separated by a distance L along the bound-

ary coordinate direction x1. The quarks’ worldlines are parallel to the time direction t, and the

connecting string extends into the bulk coordinate direction z. Spacelike slices of the string world-

sheet and the integration contour CL,T used in the integration for the Wegner-Wilson loop (2.6) are

shown. The timelike edges of CL,T are of length T and coincide with the worldlines of the quarks.

Eventually, the limit T → ∞ will be taken.

The Wegner-Wilson-loop operator in the gauge-theory medium is defined as

W (C) = trP exp

i

∮
C

dxµAµ(x)

 . (2.6)

Here, C is a closed contour in spacetime, Aµ(x) = Aaµ(x)T a is the non-Abelian gauge field

where T a are the generators in the representation that the trace is taken over. P denotes

path ordering. For our purposes, the integration contour to consider is a rectangular

contour CL,T , composed of the timelike worldlines of length T of the heavy quarks and two

small segments along the spacelike direction in which they are separated by the distance

L. We choose the separation L to be in the x = x1 direction. The limit T → ∞ of

infinite temporal extension is required for the quantities we want to study. In this limit

the contribution from the spacelike edges to the integral can be neglected. Figure 1 shows

a sketch of this setup.

In the holographic description, the Wegner-Wilson loop is related to the Nambu-Goto

action of an open string that hangs down into the bulk (fifth) dimension of the AdS space

and whose endpoints trace out the contour of the loop situated at z = 0. The Nambu-Goto

action is given by

SNG = − 1

2πα′

∫
d2σ

√
− det gab . (2.7)

The integral extends over the worldsheet of the string. 1/(2πα′) is the string tension and

gab the induced metric on the worldsheet,

gab = gMN
∂XM

∂σa
∂XN

∂σb
, a, b = 0, 1 , (2.8)
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where XM = (t, x, 0, 0, z(x)) are the five-dimensional coordinates of the string worldsheet

in the AdS space. We work in static gauge with σ0 = t and σ1 = x.

In the following we will always assume that the Nambu-Goto action (2.7) captures

the relevant dynamics of our problem to a good approximation.2 Depending on the model

under consideration or on the approximation to full 10-dimensional string theory there

can occur various corrections, among them couplings of further bulk fields to the string

worldsheet. Our considerations would then obviously need to be modified correspondingly.

Here, we consider only cases in which the Nambu-Goto action is a good approximation.

For the general metric (2.1), we derive the following explicit form of the Nambu-Goto

action (2.7) for the string worldsheet bounded by CL,T ,

SNG[CL,T ] = − T
2πα′

∫ L/2

−L/2
dx e2A

√
h

(
1 +

e2B−2A

h
z′2
)
, (2.9)

where A, B, and h depend on z(x) and we have performed the trivial t-integration. The

function z(x) describes the shape of the string hanging into the bulk, and z′ denotes the

derivative with respect to x. The endpoints of the string are located at the boundary,

z
(
−L

2

)
= z

(
L
2

)
= 0, and the solution is symmetric with respect to x = 0. From the

above action one readily derives the equation of motion for the embedding z(x), which for

x ≥ 0 gives

z′(x) = −eA(z)−B(z)

√
h(z)

(
e4A(z)h(z)

e4A(zt)h(zt)
− 1

)
. (2.10)

One finds that the string descends into the bulk, reaching a turning point at z = zt for

x = 0, that is zt = z(0), before symmetrically ascending again towards the boundary. This

simple string configuration is sketched in figure 1. Using (2.10), the distance L can be

expressed as a function of the turning point zt,

L(zt) = 2

∫ L/2

0
dx = 2

∫ zt

0

dz

−z′ = 2

∫ zt

0
dz eB−A

[
h

(
e4Ah

e4Atht
− 1

)]−1/2

. (2.11)

Here, functions with a subscript ‘t’ are to be evaluated at the turning point zt.

As first observed in [21, 22] for the case of N = 4 SYM, real-valued solutions of this

type for the string configuration can only be found for distances L up to a certain value

Ls that depends on the temperature. The same holds in non-conformal models where the

value of Ls then also depends on the chosen metric. The situation is qualitatively similar

in all models and we want to describe and illustrate it now for the N = 4 SYM case. The

relevant string configurations are shown in the left panel of figure 2 and in more detail in

figure 3.One can uniquely parametrize the possible string configurations by their turning

point zt. For each L with 0 ≤ L < Ls there are two possible string configurations. The

one staying further away from the black hole horizon turns out to have the smaller free

energy, while the one coming closer to the horizon has a larger free energy and is thus

energetically disfavored and unstable as we will discuss in more detail in section 4 below.

2Possible corrections to this include thermal fluctuations of the string, as addressed for example in [39]

or [40, 41].
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Ls

L → ∞

Figure 2. String configurations for the description of a heavy quark-antiquark pair in a thermal

medium. The left panel shows string configurations for a bound pair. For each distance L < Ls

there are two string configurations. The one staying further away from the horizon (thick line) is

energetically favored over the one protruding further into the bulk (thin line). At the screening

distance Ls the two configurations merge into one. For distances L > Ls there are no real-valued

solutions of this type. The right panel shows the string configuration for a quark and an antiquark

at asymptotically large separation, given by two separate straight strings hanging into the black

hole. See the text for a discussion of intermediate distances and further string configurations

relevant there.

As L is increased the two solutions approach each other and at L = Ls merge into a single

solution. None of the solutions touches the horizon except for the unstable configuration

in the limit L → 0 (although the contrary is sometimes claimed in the literature). In the

following, we will concentrate on the energetically favored string configurations, but our

general considerations will apply also to the energetically disfavored configurations.

Ls is the maximally possible distance at which the quark and antiquark form a bound

state connected by a string of the type described above. For larger distances they become

screened by the thermal medium, and we hence call Ls the screening distance. It should

not be confused with the Debye screening length that characterizes the exponential falloff

of the interaction between the quark and antiquark at still larger distances. The screening

distance Ls can in a first approximation be considered as the point where the transition

from an approximately Coulombic to an exponentially damped interaction between the

quark and antiquark takes place. We will in our calculations in the present study only

consider inter-quark distances smaller than Ls in the respective models.

Before we proceed, we want to briefly discuss the behavior of the QQ̄ free energy for

distances L > Ls. In general, at these distances one needs to take into account more com-

plicated string configurations, see for example the discussions in [31, 42]. More precisely,

the path integral over all string configurations connecting the quark and antiquark is dom-

inated by different configurations at different inter-quark distances. At small distances,

as we have discussed before, the dominant string configuration is a simple string hanging
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Figure 3. Detailed view of the string configurations for a heavy quark-antiquark pair in a thermal

medium of N = 4 SYM at distances L below the screening distance Ls. For illustration we have

chosen zh = 1. The solid lines show the energetically favored configurations, the dashed lines the

energetically disfavored configurations.

down into the bulk, see the left panel of figure 2. At asymptotically large distances, on the

other hand, the dominant string configuration is given by two disconnected strings hanging

into the black hole, see the right panel of figure 2. Going from this configuration towards

smaller distances L, the two strings in the bulk interact via the exchange of certain super-

gravity modes, cf. the discussion in [31]. As elaborated there, the mass of the lowest-lying

(CT-odd) of these modes is the Debye mass mD, which equals the inverse Debye screen-

ing length. It determines the exponentially attenuated approach of the free energy to its

asymptotic value at L→∞. At intermediate but large distances, also higher supergravity

modes contribute, giving rise to a damping of the schematic form
∑

i exp(−miL). This

behavior has been quantitatively investigated for the case of N = 4 SYM in [31]. For non-

conformal bottom-up models, however, such an analysis appears far more difficult, as it

would require, among other things, knowledge of the full field content of a UV-completed

(super)gravity action for the respective model. Finally, at distances just above Ls, the

situation appears to be more intricate, as the aforementioned configurations below Ls and

the configurations including supergravity exchange cannot be matched continuously. It

appears likely to us that other string configurations contribute significantly, see also the

related discussion in [42]. Note however, that in [31] it is argued that this transition region

has a very small extent in L for large ’t Hooft coupling λ. In section 4 below we will make

an observation related to the distinction between the free energy and the binding energy

which indicates that the derivation of that result in [31] might need to be reconsidered. An
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additional complication related to that derivation arises in bottom-up models where the

parameter λ does not necessarily retain its strict interpretation as the ’t Hooft coupling, as

we will see momentarily. In view of these difficulties we refrain from making any quantitive

statements about the region above Ls in the present study. In concluding this discussion

for the moment, we should point out that also other approaches have been suggested in

order to treat the region beyond Ls, see for example [53] where the string configuration at

L ≤ Ls is analytically continued to distances above Ls and becomes complex-valued there.

Now we turn back to our main discussion. Below we will evaluate the Nambu-Goto

action (2.7) for a macroscopic string propagating in the five-dimensional AdS spacetime.

It contains the parameter α′, and our general metric (2.1) always includes a factor L2
AdS

due to the boundary conditions (2.2) and (2.3) satisfied by all our models. We define

√
λ =

L2
AdS

α′
(2.12)

for the combination of LAdS and α′ that will generically appear in our observables. In

the holographic dual of N = 4 SYM, λ coincides with the ’t Hooft coupling λ = g2
YMNc.

However, when we consider non-conformal models obtained by non-conformal deformations

of the bulk theory we have less precise information about the dual boundary theory. In

particular, we do not know its Lagrangian and its (gauge) field content. As a consequence,

we cannot be sure of the exact meaning of λ in the boundary theory. In any case, it stands

to reason that also in our non-conformal models λ still is a proxy for the coupling strength

in the boundary field theory. In phenomenological applications to the quark-gluon plasma

one would have to dial a particular value for λ in a given model with a non-conformal

deformation. In practice this amounts to treating λ as an additional free parameter of

the model, with the caveat that it should be large for the duality to be applicable in the

approximation that we use. The observables that we consider below will always contain a

factor
√
λ. Since in this work we are mainly interested in their qualitative behavior we will

divide out that overall factor in plots showing these quantities.

3 Free energy versus binding energy of a heavy quark pair

We now turn to the heavy quark-antiquark free energy. From the field-theory perspective,

the Wegner-Wilson loop considered in the previous section is a gauge-invariant object that

in particular encodes the free energy of the QQ̄ pair. To wit, in the limit of infinite temporal

extent of the contour, T → ∞, we have the relation〈
W (CL,T )

〉
∼ exp

(
−iFQQ̄(L)T

)
, T → ∞ , (3.1)

where FQQ̄(L) is the QQ̄ free energy [43–45]. The expectation value is to be taken for a

thermal state of the medium surrounding the quarks. This introduces the dependence of

FQQ̄ in (3.1) on the temperature T of the medium with which the quarks are assumed to be

in thermal equilibrium. The relation (3.1) holds up to an infinite renormalization constant

that we will discuss in the context of the holographic computation below.
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A comment is in order here concerning the distinction between the static potential

VQQ̄ and the heavy-quark free energy FQQ̄. The former is usually defined via the expec-

tation value of a Wegner-Wilson loop as in (3.1) above, while the latter is obtained from

a corresponding expectation value of a Polyakov loop correlator, see for example [46].3 In

our holographic description, we will in the present paper consider the interaction of the

quarks only for distances L up to the screening distance Ls. For this range of distances

and in the approximation that we will use, the free energy FQQ̄ of the pair of infinitely

heavy quarks as computed via (3.1) is real-valued and coincides with the potential VQQ̄.

(This holds up to a temperature-independent constant which can be fixed by demanding

the zero-temperature limit of FQQ̄ to give the zero-temperature potential VQQ̄, see below.)

In the present work, we call the quantity extracted from the real-time Wegner-Wilson loop

via the holographic procedure discussed in the following the QQ̄ free energy, and, in ac-

cordance with the literature, interpret it as such. At distances larger than Ls, the free

energy FQQ̄ and the potential VQQ̄ will differ, for a recent discussion see for example [50].

There, the distinction between the two quantities becomes relevant also in the holographic

description.

Our problem now is to compute the expectation value of the Wegner-Wilson loop on

the gravity side. The basic prescription was given in [51, 52]. From the bulk perspective,

the integration contour C coincides with the boundary of the worldsheet of the string dual

to the quarks, as discussed in the previous section. The expectation value of the Wegner-

Wilson loop is then related to the on-shell string action by〈
W (C)

〉
∼ exp (iSNG[C]) , (3.2)

with SNG[C] the extremal Nambu-Goto action of the string. This is the saddle-point ap-

proximation of the more general statement where on the right-hand side we would have

a path integral over all string configurations in the bulk with the prescribed boundary

conditions [52].

From equations (3.1) and (3.2) it follows that the QQ̄ free energy can be computed

holographically from

FQQ̄(L) ∼ −SNG[CL,T ]

T , T → ∞ . (3.3)

This relation still needs to be renormalized. For that we introduce a regularization on the

gravity side as follows. For our system, an expression for SNG[CL,T ] can be obtained by

plugging z′(x) from the equation of motion (2.10) into the action functional (2.9). After

rewriting the integration over the coordinate x as an integration over the bulk coordinate

z we obtain

SNG[CL,T ] = − T
πα′

∫ zt

0
dz eA+B

√
e4Ah

e4Ah− e4Atht
, (3.4)

3More precisely, recent studies starting with [47] have argued that in QCD the real-time Wegner-Wilson

loop in the limit T → ∞ gives rise to an effective quark potential that is in general complex. However,

the real part of this potential appears to coincide [48] with the QQ̄ (singlet) free energy that is defined

from a Euclidean-time Wegner-Wilson loop. Indeed, this is also observed in lattice QCD calculations which

reconstruct the real-time potential from the Euclidean-time spectral function (see e.g. [49]).
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using again a subscript ‘t’ on functions to indicate their evaluation at the turning point

zt. Recall from (2.11) that the turning point zt is directly related to the QQ̄ distance L.

As it stands, the expression (3.4) is divergent. For all models whose metric approaches

the AdS metric asymptotically, as z → 0, the first factor eA+B is asymptotic to L2
AdS/z

2,

whereas the square root approaches unity asymptotically. Thus, we have a divergence from

the lower integral limit, which can be regularized by restricting the integration to start a

small distance ε away from the boundary. We thus write for the regularized action

S
(reg)
NG [CL,T ] = − T

πα′

∫ zt

ε
dz eA+B

√
e4Ah

e4Ah− e4Atht
∼ −T L

2
AdS

πα′

(
1

ε
+ . . .

)
. (3.5)

The divergence is a pole ∼ 1/ε. It appears because the string endpoints should be situated

at the boundary z = 0, which is the holographic realization of the infinite-quark-mass

limit [52]. Subtracting an appropriate (infinite) quantity ∆S containing the 1/ε pole, we

can write (3.3) in an operational form for the computation of the renormalized free energy,

F
(ren)

QQ̄
(L) = lim

T →∞

(
−S

(reg)
NG [CL,T ]−∆S

T

)
. (3.6)

This expression tacitly includes the limit ε → 0 that removes the regulator. Henceforth,

we will drop the specification ‘ren’ and simply write FQQ̄ for the renormalized free energy;

likewise, we will drop the superscript ‘reg’. It remains to specify the subtraction ∆S.

There are two main choices for ∆S that have been used in the literature:

• Expectation values of Wegner-Wilson loops at finite temperature in AdS/CFT were

first computed in [21] and [22]. There, the subtraction is chosen as twice the action

of a straight string stretching from the boundary at z = 0 to the black hole horizon

at z = zh. This is the commonly used procedure in the literature, it is also used in

non-conformal theories, see for instance [4] and references therein.

• In [53] the real part of the Nambu-Goto action for infinite QQ̄ distance L is sub-

tracted. Given that there are no real solutions to the string equation of motion for

L > Ls, the authors of [53] continue the string configuration described above into the

complex domain.

These two procedures differ from each other only at non-zero temperature. For T → 0 both

reduce to the procedure used in the first papers on the computation of the heavy-quark

free energy (or heavy-quark potential) at T = 0 in AdS/CFT [51, 52].

We argue in the following that neither of these procedures is appropriate for the cal-

culation of the QQ̄ free energy at finite temperature. Let us first discuss our expectations

for this quantity on the field theory side. For small distances L, we expect the temperature

T as well as a possible deformation scale to have negligible effect on the QQ̄ interaction.

The physical reason is that the corresponding scales are widely separated: the thermal

excitations of the medium have typical wavelengths of order 1/T and hence cannot resolve

the interaction of the QQ̄ pair at very small distances L � 1/T . In other words, the
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physics in the UV region of small distances cannot be affected by the thermal scale T .

This consideration is supported by data from lattice QCD, e.g. [19, 20], where indeed for

LT � 1 the free energy becomes independent of T , see also [17]. Now consider (3.6) for the

holographic computation of the free energy. The first term SNG[CL,T ] becomes independent

of any scale other than L for very small L. This is straightforward to see in the bulk picture

for all spacetimes that are asymptotically AdS, which in particular includes all models that

we consider here. Note that small L implies a small turning point zt. (Recall that of the

two string configurations corresponding to a given L we choose the one with the turning

point closer to the boundary, i.e. the one with smaller zt. We will explicitly verify below

that indeed that string configuration is energetically preferred over the one with larger zt.)

Thus, a string corresponding to very small L only probes the part of the spacetime that is

essentially fixed by the boundary conditions and does not depend on the temperature or

a possible deformation parameter, which manifest themselves significantly only deeper in

the bulk. We will numerically confirm this bulk argument when discussing the free energy

in the following sections.

Now, if FQQ̄ should, for small L, not depend on T (nor a potential deformation scale),

then also the subtraction ∆S should not depend on these scales either. Moreover, ∆S

should not depend on L. We therefore advocate a minimal choice ∆Smin that just subtracts

the 1/ε pole in the regularized Nambu-Goto action (3.5). Explicitly, we choose

∆Smin ≡ −
T L2

AdS

πα′

∫ ∞
ε

dz

z2
= −T L

2
AdS

πα′
1

ε
. (3.7)

As the free energy is defined only up to an overall constant offset, one could of course modify

∆Smin by an additive constant as long as it is T -independent, which would correspond to

choosing a different renormalization scheme. Our choice of ∆Smin can be used in all

models that we will consider here, and more generally in any model for which the metric

asymptotically reduces to AdS. The choice (3.7) ensures that the right-hand side of (3.6)

does in fact yield the free energy, and that the latter does not depend on T (and neither

on a possible deformation scale) for small QQ̄ distances L.

Consequently, using formula (3.6) with the subtraction (3.7) we find the following

expression for the free energy in terms of a string in our general AdS metric,

πFQQ̄(zt)√
λ

=

∫ zt

0
dz

eA+B

L2
AdS

√
e4Ah

e4Ah− e4Atht
− 1

z2

− 1

zt
. (3.8)

Here, we have used the abbreviation
√
λ = L2

AdS/α
′, see (2.12).

Our choice of subtraction (3.7) is the holographic implementation of what is known to

be the correct subtraction procedure in field theory. In particular, this subtraction is inde-

pendent of temperature and is determined only by the UV singularity (up to an irrelevant

T -independent constant). Let us now consider the problem of choosing the correct sub-

traction from the holographic perspective. Here, a general theory for the renormalization

of holographic actions has been worked out, see [54]. Subtractions are in general encoded

in covariant local counterterms which can be extracted from the near-boundary region.
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In our case, these counterterms should arise from the string action close to the boundary

where the background metric is arbitrarily close to the pure AdS metric, which in fact

holds for all finite-T metrics that we consider, see (2.2)–(2.4). Therefore, the holographic

counterterms do not depend on the temperature. Neither do they depend on the distance

L as they are local in the boundary coordinates. Both of these conditions are met by our

choice ∆Smin in (3.7). Hence the general holographic counterterm may differ from that

choice only by a T -independent and L-independent constant defining the renormalization

scheme. As we have seen, such a constant is not relevant for the free energy.

In the following we will show that it is indeed possible to express our subtraction

∆Smin of (3.7) in a form exhibiting its invariance under boundary transformations induced

by bulk diffeomorphisms. Similar considerations, although in different contexts, have been

presented for instance in [55, 56]. We consider the string configuration illustrated in figure 1

and treat the descending part and the ascending part of the worldsheet separately. Due to

the symmetry of the string configuration both parts have the same action. We can then

use a parametrization in terms of z rather than x, i.e., our worldsheet coordinates are now

z and t and we obtain x(z) as a function of z. The Nambu-Goto action for our string

worldsheet is twice the action of the part descending from z = 0 to its turning point zt,

SNG = − 1

2πα′

∫
d2σ

√
− det gab = − 1

2πα′
2

∫ zt

0
dz

∫ T /2
−T /2

dt
√
− det gab . (3.9)

We consider the near-boundary region where we have for the horizon function h(z) ' 1.

The bulk metric (2.1) then induces on the worldsheet the metric

ds2
WS '

L2
AdS

z2

(
− dt2 + (x′2 + 1) dz2

)
' L2

AdS

z2

(
− dt2 + dz2

)
.

(3.10)

In the second step we have used that close to the boundary (x′(z))2 ' 0 as a consequence of

the equation of motion for the string in this parametrization due to (2.2) and (2.3). (Note

that (3.10) also holds in the case of a non-trivial dilaton as the corresponding string-frame

metric also satisfies (2.2)–(2.4).) We introduce a regularization of the worldsheet by cutting

it off at z = ε. The boundary of the regularized worldsheet is then parametrized by t, and

the induced metric on this worldsheet boundary is

g
(WS bdry)
tt = −L

2
AdS

ε2
, (3.11)

as we read off from (3.10). We can thus write our subtraction (3.7) as

∆Smin = −T L
2
AdS

πα′

∫ ∞
ε

dz

z2
= −L

2
AdS

πα′

∫ T /2
−T /2

dt

∫ ∞
ε

dz

z2
= −LAdS

πα′

∫ T /2
−T /2

dt
LAdS

ε

= −LAdS

2πα′
2

∫ T /2
−T /2

dt

√
− det g(WS bdry) ,

(3.12)
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where the determinant in the second line is trivial (i.e. of a 1 × 1 matrix). In the limit

ε→ 0 the worldsheet boundary coincides with the contour CL,T and we can formally write

the above expression as

∆Smin = −LAdS

2πα′

∫
CL,T

dξ

√
− det g(WS bdry) . (3.13)

Here again, for T → ∞ the spacelike edges at timelike infinity do not contribute. We have

thus found an expression for the subtraction ∆Smin which in the limit T → ∞ is manifestly

invariant under diffeomorphisms t→ t′(t) on the worldsheet boundary. This confirms that

our choice of subtraction motivated by field theory is consistent with the requirements for

a counterterm in holographic renormalization.

As we have pointed out in the introductory section, there have been studies in the liter-

ature using a subtraction procedure essentially equivalent to the one that we have described

here, see for example [23–30]. However, to the best of our knowledge the consequences of

different choices of subtraction have not been discussed in depth so far. In particular,

the different choices for the subtraction give rise to different physical quantities as we will

describe momentarily. Our aim here is to clarify these differences. In the following sec-

tions, we will then compute further quantities the definition of which crucially depends

on the correct (temperature-independent) subtraction procedure in the computation of the

free energy.

The quantity obtained via the most commonly used subtraction procedure (the first

one in the list above) is the difference of the string action of the ‘U’-shaped string connecting

the quarks and twice the string action of a straight string stretching from the boundary to

the horizon,

EQQ̄(L) = lim
T →∞

(
−SNG[CL,T ]− 2SNG[straight string]

T

)
. (3.14)

In a general metric of the form (2.1) the Nambu-Goto action for a worldsheet corresponding

to a static straight string hanging down from the boundary to the horizon is given by

SNG[straight string] = − T
2πα′

∫ zh

0
dz eA+B . (3.15)

It can be regularized in the same way as SNG[CL,T ] above by cutting off the integral at a

distance ε away from the boundary. Its divergence for ε→ 0 is found in analogy to (3.5),

S
(reg)
NG [straight string] = − T

2πα′

∫ zh

ε
dz eA+B ∼ −T L

2
AdS

2πα′

(
1

ε
+ . . .

)
. (3.16)

Hence, its divergent part equals ∆Smin/2. We will again drop the superscript ‘reg’ in our

notation.

Now the quantity EQQ̄(L) in (3.14) can be understood as a difference of free energies.

Namely, by inserting a zero in the form −∆Smin + ∆Smin with the minimal ∆Smin defined

in (3.7) we can reinterpret this quantity as the difference of two finite quantities,

EQQ̄(L) = lim
T →∞

[
−
(
SNG[CL,T ]−∆Smin

)
−
(
2SNG[straight string]−∆Smin

)
T

]
= FQQ̄ − FQ ; Q̄ ,

(3.17)
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where we have used (3.6) and have defined the free energy of two non-interacting heavy

quarks, FQ ; Q̄, as

FQ ; Q̄ = lim
T →∞

(
−2SNG[straight string]−∆Smin

T

)
. (3.18)

Due to screening in the hot medium the quark and antiquark do not interact at large

separation L → ∞. Hence one expects FQ ; Q̄ to coincide with the large-distance limit of

the free energy FQQ̄(L). (Note, however, that the explicit expressions for FQQ̄(L) given

above are only valid for L ≤ Ls as they are calculated from a particular string configuration

that exists only in that range.) Consequently, we can write FQ ; Q̄ = 2FQ where we may

call FQ the free energy of a single heavy quark, see also [16]. More explicitly, in our general

AdS metric (2.1) we obtain FQ as

πFQ√
λ

=
1

2

[∫ zh

0
dz

(
eA+B

L2
AdS

− 1

z2

)
− 1

zh

]
, (3.19)

where we have again used the abbreviation
√
λ = L2

AdS/α
′. We will discuss this single-quark

free energy further in section 7.

Let us turn back to EQQ̄(L). We see from (3.17) that EQQ̄(L) is an energy difference.

It vanishes when the free energy of the interacting QQ̄ pair equals the free energy of a

pair of non-interacting heavy quarks. We can thus interpret EQQ̄(L) (or more precisely,

its negative) as the binding energy of the QQ̄ pair. Explicitly, for the binding energy we

obtain the relation

πEQQ̄(zt)√
λ

=

∫ zt

0
dz

eA+B

L2
AdS

√ e4Ah

e4Ah− e4Atht
− 1

− ∫ zh

zt

dz
eA+B

L2
AdS

. (3.20)

The binding energy has been extensively studied (often as a ‘finite-temperature quark-

antiquark potential’) by means of the gauge/gravity duality, see for instance [21–23, 57–62].

These references include investigations in N = 4 SYM (in the strict limit of infinite ’t Hooft

coupling λ as well as including first-order corrections in an expansion in 1/λ [61]) and in

models with non-conformal deformation, at vanishing and non-zero temperature, and with

the QQ̄ pair stationary or moving with respect to the rest frame of the background medium

(including analyses of the dependence on the angle of the QQ̄ dipole to its velocity [58]).

Furthermore, EQQ̄ has been studied in holographic models of anisotropic strongly coupled

plasma [63, 64], as well as at non-zero chemical potential in N = 4 SYM [65] and non-

conformal models [66].

We will see in the following sections that the behavior of the binding energy is fun-

damentally different from that of the free energy. Moreover, we will find that the free

energy in N = 4 SYM, as in the non-conformal models, behaves qualitatively like the QQ̄

free energy computed in lattice QCD, whereas the binding energy does not. This corrobo-

rates our general arguments for the use of the subtraction (3.7) for the computation of the

free energy.
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4 Free energy and binding energy in N = 4 supersymmetric Yang-Mills

theory

In the previous section we have obtained expressions for the QQ̄ free energy FQQ̄ and

binding energy EQQ̄ in general holographic models, see (3.8) and (3.20), respectively. Now

we want to study the properties of these two quantities for the simplest case, namely

N = 4 SYM whose gravity dual is given by pure AdS-black hole space. We will find the

general behavior of the free energy to be in qualitative agreement with the behavior found

in lattice QCD.

As is well known, N = 4 supersymmetric Yang-Mills theory at non-zero temperature

in the limits of large number of colors and large ’t Hooft coupling can be described by a

classical gravity theory with the AdS5-Schwarzschild metric

ds2 =
L2

AdS

z2

(
−h(z) dt2 + d~x2 +

1

h(z)
dz2

)
,

h(z) = 1− z4

z4
h

.

(4.1)

In other words, for N = 4 SYM the functions A and B in the general metric (2.1) are

given by A(z) = B(z) = log(LAdS/z). At z = zh there is a planar black-hole (black-brane)

horizon whose associated Hawking temperature,

T =
1

πzh
, (4.2)

is identified with the temperature of the boundary field theory.

In N = 4 SYM, we can evaluate the integrals in the formulae for FQQ̄, EQQ̄, and

L explicitly. Using (3.20) for the binding energy EQQ̄(L) with the AdS-Schwarzschild

metric (4.1), we obtain

πEQQ̄(zt)√
λ

= −
√
π Γ
(

3
4

)
Γ
(

1
4

) 2F1

(
−1

2
,−1

4
;

1

4
;
z4

t

z4
h

)
1

zt
+

1

zh
, (4.3)

where 2F1 is the (Gaußian) hypergeometric function. An equivalent formula has been

obtained in [67]. Note that, working in N = 4 SYM,
√
λ which we defined as a shorthand

for the ratio of bulk quantities L2
AdS/α

′ is in fact the ’t Hooft coupling
√
λ = g2

YMNc.

The temperature-dependent term 1/zh in (4.3) is entirely due to the contribution

2SNG[straight string] of the straight strings stretching from the boundary to the horizon,

see (3.14). It is due to this term that EQQ̄ depends on T for small inter-quark distances.

As discussed above, this should not be the case for the free energy FQQ̄, and FQQ̄ indeed

lacks that term. Explicitly, we find from (3.8) with the metric (4.1)

πFQQ̄(zt)√
λ

= −
√
π Γ
(

3
4

)
Γ
(

1
4

) 2F1

(
−1

2
,−1

4
;

1

4
;
z4

t

z4
h

)
1

zt
. (4.4)

Comparing this to the binding energy EQQ̄ we find that FQQ̄(L) < EQQ̄(L) for any T >

0, as EQQ̄ in (4.3) has an additional positive contribution 1/zh (and L is in one-to-one
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correspondence to zt). In the limit T → 0, which is zh →∞ on the gravity side, FQQ̄ and

EQQ̄ coincide.

We have expressed both the binding energy and the free energy in terms of the turning

point zt. The latter is related to the inter-quark distance L via the explicit relation

L(zt) =
2
√
π Γ
(

7
4

)
3 Γ
(

5
4

) √
1− z4

t

z4
h

2F1

(
1

2
,

3

4
;

5

4
;
z4

t

z4
h

)
zt , (4.5)

derived from the general expression (2.11). This explicit form has also been obtained in [67].

For T = 0 it is possible to explicitly solve (4.5) for zt and to compute VQQ̄(L) ≡
FQQ̄(L) = EQQ̄(L), the heavy quark-antiquark potential, analytically as a function of L,

VQQ̄(L) = − 4π2
√
λ

Γ4
(

1
4

)
L
, (4.6)

which has been first obtained in [52]. The strict proportionality VQQ̄ ∝ 1/L reflects the

absence of any other dimensionful scale at T = 0.

There is another interesting fact that we would like to point out here. In N = 4 SYM,

the zero-temperature limit of the action (3.16) for a straight string stretching from the

boundary to the horizon is, as a consequence of (4.1) and (4.2),

SNG[straight string]
∣∣
N=4,T=0

= −T L
2
AdS

2πα′

∫ ∞
ε

dz

z2
. (4.7)

This quantity receives a contribution only from the lower limit of the integral and is thus

fully given by the UV divergence of the straight string. It exactly coincides with one half of

the minimal subtraction ∆Smin that we advocate for the definition of FQQ̄ in all models and

for all temperatures, see (3.7). One could therefore think of the minimal subtraction for any

asymptotically AdS metric as subtracting the action of two straight strings corresponding

to pure N = 4 SYM at T = 0.4

Let us now consider again general temperature T . In figure 4, we plot FQQ̄(L) and

EQQ̄(L) in N = 4 SYM for varying temperature. We recall that we calculate these ob-

servables only for distances up to the screening distance Ls which we indicate here and

in the following figures by dots at the ends of the respective curves. Both FQQ̄(L) and

EQQ̄(L) actually have two values for every distance L smaller than the screening distance

Ls, i.e., both functions have two branches. This is a consequence of there being two string

4In this context, we should mention that another possible subtraction for the case of general asymp-

totically AdS spaces would be the action of two straight strings in the T → 0 limit of the corresponding

theory. Such a subtraction would be given by (3.16) with zh →∞ and the functions A and B replaced by

their T = 0 forms. This prescription would differ from our minimal subtraction procedure only by a T - and

L-independent constant, and thus correspond to a different renormalization scheme. However, the limit of

vanishing temperature might be difficult to take for some of the bottom-up models proposed in the litera-

ture, for example for models that are constructed aiming mainly at a description of the high-temperature

phase. Some of these models have an accessible range in temperature T which is limited from below. The

minimal subtraction that we advocate here does not require the T → 0 limit and can thus be applied in

any asymptotically AdS metric.
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Figure 4. Free energy (solid curves) and binding energy (dashed curves) in N = 4 SYM for

varying temperature T , restricted to the stable branch (main plot) and including both the stable

and the unstable branch (inset, T > 0), see text. For T = 0, both FQQ̄ and EQQ̄ reduce to the same

Coulombic potential (solid black curve) given by (4.6). In the main plot, we express all dimensionful

quantities in AdS units specified by LAdS = 1, and in the inset in units of temperature. The dots

on the endpoints of the curves mark the screening distance.

configurations for every distance L < Ls, as discussed in section 2. The inset in figure 4

displays the full FQQ̄(L) and EQQ̄(L), showing their lower and upper branches. The lower

branches correspond to the string configurations that stay closer to the boundary. Since

their free energy is smaller than that of the string configurations protruding farther into

the bulk, they are energetically preferred. In addition, it turns out that the solutions that

reach farther into the bulk possess runaway modes when subjected to small perturbations

whereas the string configurations that stay closer to the boundary are stable against such

perturbations [42]. From now on, we will always restrict our discussion to the stable, lower

branches of both FQQ̄ and EQQ̄, and accordingly we have not plotted the upper branches

in the main plot in figure 4.

In figure 4 we observe several characteristic properties of the free energy and the binding

energy. For any value of T , the free energy FQQ̄ becomes Coulombic at small inter-quark

distances. This signals a restoration of conformality in the UV as the medium-induced scale

T decouples. We further observe that the free energy becomes independent of T for small

L. The binding energy EQQ̄, on the other hand, depends on T also for small distances L as

it contains an L-independent but T -dependent contribution. Figure 4 also shows that the

two energies exhibit a qualitatively different dependence on temperature. For T = 0, both

FQQ̄(L) and EQQ̄(L) reduce to the same function, namely the zero-temperature potential

given in (4.6). For increasing T , the free energy at fixed distance L becomes smaller as

compared to the T = 0 limit, as is expected due to the screening of color charges in the

medium. In contrast to that, EQQ̄ increases with temperature. This behavior of EQQ̄ is
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consistent with our interpretation of it as a (negative) binding energy. Due to increasing

T , at a fixed distance L the modulus of the binding energy decreases. In other words, the

binding of the quarks becomes weaker, as is natural in a hotter medium due to stronger

screening of the interaction. Accordingly, also the screening distance becomes smaller for

increasing T .

For any non-zero temperature, at some value Lc < Ls of the inter-quark separation,

the binding energy vanishes, EQQ̄(Lc) = 0. Thus, at this distance the free energy of the

bound QQ̄ pair equals the free energy of an unbound QQ̄ pair, while for larger distances

the free energy of an unbound pair is smaller than that of a bound pair. However, this does

not necessarily imply that the QQ̄ pair dissociates at this length scale. In fact, the dynamic

evolution from a bound state to two separate quarks would in our approach presumably

involve more complicated string configurations similar to those relevant at distances L > Ls,

see the discussion in section 2. Although the relevant string configurations are not known

in detail, we expect the transition from the simple string to these configurations to include

string breaking effects. The dynamical evolution of QQ̄ dissociation is therefore beyond

evaluating the approximation (3.2) for the simple string configuration discussed above.

The QQ̄ pair might well be metastable even beyond Lc. For further discussion of this issue

see, e.g., [42].

At this point we make an interesting observation. In contrast to the binding energy

EQQ̄, the free energy FQQ̄ of the pair does not exhibit a zero at any distance below Ls, see

figure 4. (In that figure we have fixed the overall constant (i.e., the renormalization scheme)

such that FQQ̄ coincides with the zero-temperature heavy-quark potential at small L, see

eq. (4.6). With a different subtraction scheme, a zero could be made occur at an arbitrary

point (below Ls) and thus cannot have any physical meaning.) It is worth pointing out

that the considerations made in [31] concerning the behavior of FQQ̄ just above Ls are

based on a general convexity property of the free energy and make use of a zero of the

putative quark-antiquark free energy (for which EQQ̄ was taken there as a consequence of

not using the correct renormalization). In absence of such a zero in the actual free energy

FQQ̄, the arguments for the smallness of the transition region between different dominant

string configurations around Ls need to be reconsidered, as we have mentioned already in

section 2.

Next, we want to compare the qualitative behavior of the free energy in N = 4 SYM

to that of QCD. We clearly do not expect an exact quantitative agreement of FQQ̄ in these

two theories. However, the qualitative effect of the thermal medium on the heavy quark

pair should be largely independent of the microscopic degrees of freedom present in the two

theories. In lattice QCD, the heavy-quark free energy can be extracted from a correlator

of Polyakov loops. In figure 5 we show lattice QCD results from [68] for 2+1-flavors with

a physical strange quark mass and a pion mass of around 220 MeV using an improved

staggered quark action [69]. For a discussion of the renormalization of the heavy quark

free energies in lattice QCD see [70]. The temperature is varied and all chosen temperatures

are above Tc. We note two characteristics of the behavior of the free energy. First, for

small inter-quark distances L the free energy becomes independent of the temperature.

Second, the free energy decreases with increasing T , i.e., data points for some T2 > T1
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Figure 5. Heavy-quark free energy at various temperatures above Tc from a 2+1-flavor lattice

QCD calculation [68]. The solid line shows the zero temperature heavy-quark potential [69].

always lie below those for T1. Both these characteristics are also present in the free energy

computed in N = 4 SYM, as discussed above. Furthermore, they are also present in our

non-conformal models that will be discussed in the next section. In contrast to this, the

quantity EQQ̄ behaves differently. It rather increases with increasing T . These findings

further substantiate our general arguments regarding the choice (3.7) of the subtraction

∆S. Using it in (3.6) we indeed obtain the proper QQ̄ free energy. We again recall that in

the holographic calculation we consider only interquark distances up to the temperature-

dependent screening distance Ls, see section 2. We therefore cannot expect to reproduce

in these calculations the full transition to a flattening potential at large distances exhibited

in the QCD lattice data in figure 5. At the distances that we can address, the resulting

free energy FQQ̄ shows the correct behavior.

5 Free energy and binding energy in non-conformal models

Next, we want to study the free energy and the binding energy of a heavy quark-antiquark

pair in non-conformal theories, that is in theories in which the conformal symmetry is bro-

ken explicitly and not only by temperature. One can obtain such non-conformal theories

as duals of suitable deformations of the AdS-Schwarzschild metric, typically containing one

or more dimensionful parameters. Various non-conformal metrics have been discussed in

the literature. Many of them aim at reproducing properties of the actual QCD plasma.

Specific properties of QCD and their implementation in holographic models are expected

to become particularly relevant in the infrared, that is at large distances. As explained

in section 2, in our present study we calculate the finite-temperature observables only for

– 21 –



J
H
E
P
0
3
(
2
0
1
8
)
0
8
8

relatively small distances, namely up to the respective screening distance Ls. These ob-

servables are therefore not very sensitive to the infrared properties of QCD-like holographic

models. We therefore take a different approach and look for generic properties or universal

behavior emerging in large classes of non-conformal bottom-up models. To this end, we

consider some prototype models which have been used before to study various observables

in this spirit. In the first family of models (SWT model) the non-conformality is intro-

duced by hand, in the second set of models (consistently deformed 1-parameter models) it

is associated with additional scalar fields in the bulk. In the latter models the metric solves

the equations of motion for a five-dimensional Einstein-Hilbert-scalar action. We will not

assume that these models can be embedded into a higher-dimensional string theory. We

will briefly present the main properties of the models that we consider before we proceed

to discussing the heavy quark pair in these backgrounds.

SWT model. This model has been introduced in [33, 34] and is motivated by the soft-

wall model at zero temperature [32] which had considerable success in describing various

aspects of low-energy hadron physics. In the soft-wall model the AdS metric corresponding

to N = 4 SYM at zero temperature is multiplied by an overall warp factor of the form

ec
2z2

with some deformation parameter c that determines the deviation from conformality.

Applying the same procedure to the AdS-Schwarzschild metric corresponding to N = 4

SYM at finite temperature one obtains the one-parameter family of models [33, 34]

ds2 =
L2

AdS ec
2z2

z2

(
−h(z) dt2 + d~x2 +

1

h(z)
dz2

)
,

h(z) = 1− z4

z4
h

,

(5.1)

which we call the SWT models, for ‘soft wall-like models at finite temperature T ’ [71].

The horizon function h is the same as in the AdS-Schwarzschild metric (4.1), to which the

metric (5.1) reduces in the limit c→ 0. Accordingly, the temperature of the boundary field

theory in these models is defined as in N = 4 SYM,

T =
1

πzh
. (5.2)

Various observables concerning heavy quarks in the medium have been studied in the SWT

model, see for example [24, 33, 34, 59, 72]. A suitable choice for the parameter c of the

model can be made by comparing observables to their phenomenological values in the actual

quark-gluon plasma. In [59] it is argued that 0 ≤ c/T ≤ 2.5 is a reasonable range for that

choice.5 The advantage of the SWT model is its simplicity which even permits to compute

some observables analytically. However, the metric (5.1) does not solve the equations of

motion of any five-dimensional gravity action and is in that sense not consistent. As a

5Note that in our warp factor, exp(c2z2), the deformation parameter enters quadratically while [33]

or [34, 59] have exp(cz2) or exp
(

29
20
cz2
)
, respectively. This is just a different notation, and it is straightfor-

ward to convert the corresponding values of the deformation parameter. The values quoted in the present

paper apply to our choice of warp factor. We also recall that we are interested here in the general behavior

under non-conformal deformations rather than in determining a precise value for the deformation.
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consequence, the corresponding boundary theory does not satisfy general thermodynamic

relations [34]. This problem is solved, though at the expense of a higher computational

effort, by consistently deformed models to which we turn next. Despite its limitations, the

SWT model can be useful as a simple method to obtain a first impression of the behavior

of many observables under non-conformal deformations, as will also be confirmed by our

results below.

Consistently deformed 1-parameter models. In general, it is preferable to study

metrics that solve the Einstein equations of a gravity action, as the dual theories of such

models are expected to exhibit consistent thermodynamic observables. One can construct

non-conformal metrics of this kind by considering a bulk scalar field in AdS and its back-

reaction on the AdS space [37]. This setup is described by the five-dimensional Einstein-

Hilbert-scalar action

S =
1

16πG
(5)
N

∫
d5x
√−g

(
R− 1

2
∂Mφ∂

Mφ− V (φ)

)
, (5.3)

where g is the determinant of the metric gMN , R is the associated Ricci scalar, and G
(5)
N

is the five-dimensional Newton constant. φ is the scalar that will induce the deformation

away from conformality. The potential V (φ) for the scalar is assumed to contain as a

constant term

V (φ = 0) = − 12

L2
AdS

(5.4)

which is twice the cosmological constant of an AdS space with curvature radius LAdS. For

a vanishing scalar φ one obtains from (5.3) a pure AdS space (4.1) corresponding to a

conformal boundary theory, and then only the temperature T is an additional parameter

of the metric. Starting from the ansatz (2.1) for the general metric one can derive a

coupled set of differential equations for the functions A, B, h, and V from the equations

of motion of the action (5.3) [37]. One option is to start by specifying a potential V , see

for example [37]. The coupled equations also permit another possibility, namely to specify

the scalar profile in z and to calculate a suitable potential V [73]. We choose the latter

option as it allows us to study models that come very close to the phenomenologically well-

motivated soft-wall model. Also in this case it is possible to study large classes of metrics

with one or more parameters. A two-parameter model of this kind has been proposed

in [73]. In [71] a simplified 1-parameter version of that model has been devised which

has the advantage that all functions in the metric can be expressed in closed form. We

will in the following work with this 1-parameter model as it captures the main features

relevant for our considerations. Before we describe the model in detail, a comment is in

order concerning its general construction. We fix the same scalar profile in z and then for

each temperature calculate the scalar potential V (φ) from the equations of motion of (5.3).

In general, this leads to different potentials V (φ) for different temperatures, which implies

that we consider different theories for different temperatures. This is, strictly speaking,

an inconsistent procedure. However, it turns out that for the specific models that we

consider here this approach is acceptable from a practical perspective, as was shown for

– 23 –



J
H
E
P
0
3
(
2
0
1
8
)
0
8
8

the 2-parameter model in [73] and for the 1-parameter model in [71]. Our choice of scalar

potential will be quadratic in z as in the soft-wall model, and therefore large values of

the scalar φ correspond to large z. Solving for V (φ) one finds that the potentials for

different temperatures follow a universal curve up to values of φ corresponding to the

respective horizon position for the chosen temperature. Up to the respective horizon, the

deviation from the universal curve is numerically very small. Our observables are computed

from string configurations for which only the region above the horizon is relevant, and the

differences in the scalar potentials at different temperatures have a negligible effect on these

strings. Therefore, we here follow the practical approach to fix the scalar potential as this

method is numerically simpler and allows a better comparison to the SWT model.

To obtain the one-parameter model, one makes in the general metric (2.1) the ansatz

φ(z) =

√
3

2
κz2 ,

A(z) = log

(
LAdS

z

) (5.5)

with a dimensionful deformation parameter κ ≥ 0. The equations of motion of (5.3) then

lead to

B(z) = log

(
LAdS

z

)
− 1

4
κ2z4 . (5.6)

Also h and V can be obtained in closed form. We do not give these somewhat lengthy

expressions as their details will not be relevant for the following discussion. With these

functions one obtains from (2.5) the temperature T in terms of the horizon position zh in

the 1-parameter model,

T =
1

πzh

κ2z4
h

4

eκ
2z4

h/4

eκ
2z4

h/4 − 1
. (5.7)

We will in the following consider typical values of the deformation parameter6 in a similar

range as in the SWT model, 0 ≤ √κ/T ≤ 2.5. In the limit κ → 0 the 1-parameter model

reduces to the pure AdS metric, and hence to a conformal boundary theory. Finally, the

scalar φ in the 1-parameter model can be but need not be the dilaton. In the bottom-up

models that we consider here, this is simply a choice one can make, and this alternative gives

in fact rise to two distinct versions of the 1-parameter model, cf. a similar discussion in [73].

(This choice would no longer exist if the model were derived from a higher-dimensional

string theory in which case the dilaton would be distinguished from other scalars. In

our bottom-up models we assume no such embedding into a string theory.) The difference

between the two versions lies in the metric used in the calculation of the string configuration

as outlined in section 2. The metric (2.1) with the functions A, B, and h just described is

called the Einstein-frame metric, g(E). The string configuration has to be calculated using

the string-frame metric, g(s), which is obtained by multiplying the Einstein-frame metric

6In the 1-parameter model it turns out that for a given temperature there is in fact a maximal deformation

κ beyond which no solution can be found for that temperature [71], given by (
√
κ/T )|max = 2.94. Our choice

of the deformation parameter 0 ≤
√
κ/T ≤ 2.5 covers almost all of the possible range.
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by a factor containing the dilaton,

g(s) = e

√
2
3
φdilaton g(E) . (5.8)

If φ is the dilaton, the string-frame metric hence differs from the Einstein-frame metric

by the warp factor in (5.8) with the scalar profile in (5.5). In a model without a dilaton,

i.e. if φ is some other scalar, the two frames coincide. To distinguish the models, we

therefore speak of the ‘string frame’ version of the 1-parameter model if φ is the dilaton,

and of the ‘Einstein frame’ version if φ is not the dilaton. The additional warp factor of

the string-frame model makes this version of the 1-parameter metric rather similar to the

SWT metric, and the qualitative similarity of these two models will also be seen in our

results below.

Let us now turn to the free energy of the heavy quark-antiquark pair in these non-

conformal models. In figure 6 we show the free energy FQQ̄ at a fixed temperature and a

large value of the dimensionless ratios of the deformation parameters and the temperature,

c/T = 2.5 and
√
κ/T = 2.5 for the SWT model and the 1-parameter models, respectively.

For comparison, we have also plotted FQQ̄ in N = 4 SYM (black curve). Note that here

and in some of the plots below we show all quantities in units of temperature, that is we

use dimensionless ratios on the axes, here FQQ̄/T and LT . For non-conformal theories,

however, the values of the observables for a different temperature T ′ cannot be read off

from the same curve, instead one would have to regard the curve corresponding to an

accordingly changed ratio of deformation parameter and temperature, c/T ′ or
√
κ/T ′. We

show such different curves only in some cases where we vary the deformation parameter.

In spite of this slight complication in the interpretation of the curves, the representation in

terms of dimensionless quantities appears to be the best way to compare different theories,

that is models with different non-conformal deformation parameters c or κ.

For quark separations L somewhat smaller than those shown in figure 6, which we have

left out of the plot to not obscure the details close to the screening distance (marked by the

dots), the free energy approaches a single universal curve even for different models. That

curve is given by the vacuum potential VQQ̄ of N = 4 SYM, see (4.6). This confirms our

considerations concerning the small-distance behavior of FQQ̄ in terms of the bulk picture

in section 3.

Since the curves for all our models approach a single universal curve for small quark

separation, we can sensibly compare the free energy in different theories.7 In particular,

let us compare the different non-conformal models to N = 4 SYM. First we note that

the 1-parameter Einstein-frame model is very robust against non-conformal deformation.

The free energy in this model is only slightly above its value in N = 4 SYM, even at the

relatively large deformation considered here. On the other hand, in both the SWT and

1-parameter string-frame models the free energy increases well above its value in N = 4

SYM upon introducing non-conformality. As a common property we observe that in all our

models the free energy in the non-conformal models is above that in N = 4 SYM. Hence

7A priori, the free energy is only defined up to an overall constant offset. However, by demanding that

the free energy approaches the vacuum potential VQQ̄ for small distances this ambiguity is fixed.
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Figure 6. Free energy FQQ̄ in N = 4 SYM and in the non-conformal models at large dimensionless

deformation-parameter-to-temperature ratios, c/T and
√
κ/T , respectively, for fixed temperature.

To be able to discern details of the free energy close to the screening distance (marked by dots), we

do not show the curves for very small distances. For small LT , all shown curves converge to one

universal curve. All dimensionful quantities are measured in units of the temperature.

FQQ̄ in N = 4 SYM appears to be a lower bound for estimating the free energy of a heavy

quark-antiquark pair, if the latter is normalized such that for small distances it reduces to

the potential at T = 0 given in (4.6). We expect this bound to apply to a large class of

non-conformal holographic theories.

Next, we compare the free energy FQQ̄ and the binding energy EQQ̄ in the 1-parameter

string-frame model, as an example of a consistent non-conformal deformation of N = 4

SYM. This will also allow us to check the statement we just made about the lower bound

for the free energy at smaller values of the deformation. In figure 7 we plot FQQ̄ and EQQ̄
in the 1-parameter string-frame model for varying dimensionless deformation parameter√
κ/T . We see that in this model the free energy gradually increases with increasing

deformation. Thus, it indeed always stays above its value in N = 4 SYM, even for smaller

deformations. The figure also shows that, as mentioned above, the free energy in different

theories (corresponding to different values of the deformation) converges upon a single

universal curve for small quark separations L.

We further observe in figure 7 that, in contrast to the behavior of the free energy,

the binding energy EQQ̄ decreases with increasing deformation. Thus, the binding of

the QQ̄ pair at a given L becomes stronger. (Recall that EQQ̄ is actually the negative

binding energy.) We have studied the behavior of the binding energy with respect to the

deformation also in our other non-conformal models. We find that, as was the case for the

free energy, the binding energy EQQ̄, too, behaves very similarly in the SWT model and in

the 1-parameter string-frame model for which we have shown EQQ̄ in figure 7. Furthermore,

this quantity is very robust in the 1-parameter Einstein-frame model, staying quantitatively
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Figure 7. Free energy FQQ̄ (solid curves) and binding energy EQQ̄ (dashed curves) in N = 4 SYM

and the 1-parameter string-frame model at fixed temperature for varying deformation parameter.

All dimensionful quantities are measured in units of the temperature.

close to its counterpart in N = 4 SYM for all values of the deformation parameter. Also the

feature that clearly distinguishes the two quantities FQQ̄ and EQQ̄ from each other turns

out to be universal in all our non-conformal models: while FQQ̄(L) at fixed L increases with

increasing non-conformality, EQQ̄(L) decreases with increasing non-conformality. EQQ̄(L)

in N = 4 SYM might possibly be an upper bound for the binding energy of a heavy

quark-antiquark pair in a large class of non-conformal theories.

6 Entropy and internal energy of a heavy quark pair

In this section we want to discuss two quantities that can be derived from the free energy

FQQ̄ of the heavy quark-antiquark pair, namely the entropy and the internal energy of the

pair. For the derivation of these observables it is crucial to use the correct (temperature-

independent) subtraction in the renormalization (3.6) of the free energy.

The entropy and the internal energy of the heavy quark-antiquark pair can be com-

puted from the free energy using standard thermodynamic relations. In a given holographic

model the heavy-quark free energy FQQ̄(L, T ) depends on the inter-quark distance L and

the temperature T of the medium. The entropy SQQ̄ of the pair can be computed (following

the definition also used in lattice QCD, see for example [74]) as the derivative

SQQ̄(L, T ) = −
∂FQQ̄(L, T )

∂T
. (6.1)

With the entropy in hand, the internal energy can be obtained from

UQQ̄(L, T ) = FQQ̄(L, T ) + TSQQ̄(L, T ) . (6.2)
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The explicit computation in our holographic models, where we have the parametric ex-

pressions (3.8) for FQQ̄ and (2.11) for the distance L in terms of the bulk length scales zt

and zh, is not entirely straightforward. We give details on the computation and an explicit

formula for the derivative ∂FQQ̄/∂T in appendix A.

Both the free and the internal energy are phenomenologically interesting as candi-

dates for model potentials for the interaction of heavy quarks in a finite-temperature

medium. Model potentials are used for the computation of properties of heavy quarkonia

from Schrödinger-like equations in the spirit of potential non-relativistic QCD (pNRQCD;

see [14] for a review, and e.g. [15] for more recent work including finite-temperature effects).

At zero temperature, pNRQCD provides a systematic framework for the derivation of an

effective QQ̄ potential. At non-zero temperature the choice of a potential to model the

heavy-quark interaction is to some extent ambiguous. The internal and the free energy

differ from each other due to the entropy contribution, and it is thus worth exploring the

behavior of both of these quantities. See also, for instance, [46, 74, 75] for discussions of

heavy-quark energies and potentials in the context of lattice QCD.

Let us first compute the QQ̄ entropy and internal energy in N = 4 SYM. The above

formulae (6.1) and (6.2) can be evaluated explicitly based on the expressions (4.4) and (4.5)

for FQQ̄(zt) and L(zt), plugged into (A.4) in the appendix. We obtain the parametric

expressions

SQQ̄(zt)√
λ

=
2
√
π Γ
(

3
4

)
Γ
(

1
4

) zh

zt

5
(

1− z4
t

z4
h

)
f2

a +
[
3
(

1− z4
t

z4
h

)
fb − 5fa

]
fc

5
(
z4
h

z4
t
− 3
)
fa + 6

(
1− z4

t

z4
h

)
fb

, (6.3)

and

UQQ̄(zt)√
λ

= − 5 Γ
(

3
4

)
√
π Γ
(

1
4

) 1

zt

(
1− z4

t

z4
h

)
fafd

5
(

1− 3
z4
t

z4
h

)
fa + 6

z4
t

z4
h

(
1− z4

t

z4
h

)
fb

, (6.4)

where fa, fb, fc, and fd depend on z4
t /z

4
h: we define them as shorthand notation for the

functions

fa

(
z4

t

z4
h

)
= 2F1

(
1

2
,

3

4
;

5

4
;
z4

t

z4
h

)
, (6.5)

fb

(
z4

t

z4
h

)
= 2F1

(
3

2
,

7

4
;

9

4
;
z4

t

z4
h

)
, (6.6)

fc

(
z4

t

z4
h

)
= 2F1

(
−1

2
,−1

4
;

1

4
;
z4

t

z4
h

)
, (6.7)

fd

(
z4

t

z4
h

)
= 2F1

(
−1

2
,

3

4
;

1

4
;
z4

t

z4
h

)
. (6.8)

The entropy SQQ̄ vanishes identically in the limit T → 0, as can be verified analytically in

N = 4 SYM from formula (6.3). This implies that for T = 0 the internal energy coincides

with the free energy. As we have seen before, in this case the free energy, and thus also the

internal energy, is given by the zero-temperature potential VQQ̄, see (4.6).
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Figure 8. Internal energy UQQ̄(L)/
√
λ (dashed curves) and free energy FQQ̄(L)/

√
λ (solid curves)

for varying temperature in N = 4 SYM. The inset shows the entropy SQQ̄/
√
λ for an arbitrary

fixed T > 0 as a function of LT . In the main plot, we express all dimensionful quantities in units

specified by LAdS = 1. The dots on the endpoints of the curves mark the screening distance. For

very small L, the entropy approaches zero and both UQQ̄ and FQQ̄ approach a universal Coulombic

curve given by (4.6).

In figure 8 we plot the internal energy UQQ̄ and the free energy FQQ̄ in N = 4 SYM

for increasing temperature (in AdS units set by LAdS = 1) starting at T = 0. An inset

shows the entropy SQQ̄ for any T > 0 as a function of the dimensionless product LT . Note

that in N = 4 SYM, due to the absence of any further scales, the dimensionless entropy

SQQ̄ necessarily only depends on LT . The black solid curve in figure 8 shows VQQ̄.

At T > 0, the internal and free energies start to differ from each other and from their

common T = 0 limit VQQ̄ at intermediate L (compared to the screening distance, which

in the figure is marked by a dot on the respective curve’s endpoint). We have discussed

the behavior of the free energy in sections 4 and 5, so let us focus now on the entropy and

the internal energy. As seen in the inset in figure 8, the entropy increases monotonically

with the quark separation L. A heuristic physical explanation of this observation might

be that, as the size of the QQ̄ bound state increases, it has a growing overlap with the

regime of the (thermal) length scales Lth ∼ 1/T of the surrounding medium. Therefore,

the QQ̄ state can couple to an increasing number of modes of the medium, thus increasing

its associated phase-space volume which leads to a rapid increase in entropy. With only

the string configuration connecting the quark and the antiquark we cannot calculate the

entropy of the pair for distances L larger than the screening distance Ls. When L is further

increased above Ls one expects the entropy to grow until it eventually saturates at a value

corresponding to the entropy of two single heavy quarks, 2SQ. We will calculate the latter

in section 7 below. For N = 4 SYM, for example, a comparison of SQQ̄ in figure 8 and SQ
in figure 12 below shows that at Ls the entropy SQQ̄ of the pair has reached about half
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Figure 9. Internal energy UQQ̄(L)/(T
√
λ) at fixed temperature in N = 4 SYM and non-conformal

models at large deformations with c/T = 2.5 and =
√
κ/T = 2.5 for the SWT and 1-parameter

models, respectively. The inset shows the entropy SQQ̄/
√
λ as a function of LT . For very small

L, the entropy approaches zero in all models and UQQ̄ in all models converges to a universal

Coulombic curve.

the expected asymptotic value. In contrast to the free energy, the internal energy increases

for fixed L upon increasing the temperature. It is always larger than the free energy due

to the positive entropy contribution TSQQ̄(L) > 0. Interestingly, the internal energy has

an inflection point and curves upward close to the screening distance. Since the entropy

approaches zero for small distances L, the internal energy approaches the free energy and

shares with it the independence of T for small L.

Having gained an understanding of the behavior of the entropy and internal energy

in N = 4 SYM, next we investigate their behavior in our non-conformal models. Here,

the entropy and subsequently the internal energy are computed numerically from the free

energy. The qualitative dependence on temperature is similar to the one in N = 4 SYM

we discussed above. To study the impact of the deformation in more detail, in figure 9

we show the internal energy as a function of the quark separation at fixed temperature in

our non-conformal models for a large value of the dimensionless ratios of the deformation

parameters and the temperature, c/T = 2.5 and
√
κ/T = 2.5 in the SWT and 1-parameter

models, respectively. In the inset, we plot the entropy as a function of LT using the

same deformation parameters. For comparison, we also display the internal energy and

entropy in N = 4 SYM (black curves). We see that the entropy behaves similarly as in

N = 4 SYM discussed above, cf. the inset in figure 8. While SQQ̄ vanishes for L = 0, it

increases monotonically for increasing L towards its maximum at the screening distance.

The internal energy UQQ̄(L) in the non-conformal models has a shape similar to that in

N = 4 SYM. In particular, its slope increases towards the screening distance Ls, too, which

can be traced back to the strong increase of SQQ̄ towards Ls.
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For small distances L, the behavior of the internal energy is dominated by that of the

free energy because the entropy approaches zero in all our models. Accordingly, like the

free energy discussed in section 5, also the internal energy in all non-conformal models

converges to one universal curve for small L, namely the one in N = 4 SYM given by the

zero-temperature potential VQQ̄ in (4.6).

Differences between the behavior of the internal energy in our non-conformal models

and the behavior in N = 4 SYM generally appear at intermediate and large L. In all of

our non-conformal models the entropy at fixed distance decreases relative to its value in

N = 4 SYM for the chosen degree of non-conformality (and the same holds for smaller

values of the non-conformality parameter, see below). In the overall effect on the internal

energy, however, the increase in the free energy that we have seen in section 5 overwhelms

the decrease in the entropy in UQQ̄ = FQQ̄ + TSQQ̄, such that the internal energy in our

non-conformal models is larger than in N = 4 SYM. This indicates that UQQ̄ in N = 4

SYM might possibly constitute a lower bound on the internal energy for a large class of

non-conformal theories. Looking at the different non-conformal models in more detail,

we find that the 1-parameter Einstein-frame model is very robust against non-conformal

deformation, and both SQQ̄ and UQQ̄ stay very close to their respective values in N = 4

SYM for all distances L. The effect of the non-conformality is larger and again similar in

the SWT and 1-parameter models.

To not clutter the presentation, we have refrained in figure 9 from also showing the

free energy. To gain a better understanding of the relative behavior of the free and the

internal energy in a non-conformal model, we now focus on the 1-parameter string-frame

model as an example of a consistent deformation of AdS5-Schwarzschild. Moreover, in this

way we can check whether the internal energy in the deformed model is larger than the

corresponding internal energy in N = 4 SYM also for smaller values of the deformation. In

figure 10 we show the dependence of the internal energy and free energy on the deformation

parameter in the 1-parameter string-frame model, starting from the undeformed theory,

i.e. N = 4 SYM (black curves). Like the free energy, the internal energy increases with

increasing deformation parameter, and indeed is larger than in N = 4 SYM for all choices

of the deformation parameter. As in N = 4 SYM, also in the non-conformal model the

internal energy approaches the free energy for small quark separation L.

We have performed a similar analysis for the other non-conformal models. We observe

that the change of the internal energy with respect to N = 4 SYM induced by non-

conformality is positive. In the 1-parameter Einstein-frame model it is particularly small

while it is larger and similar in the SWT model and in the 1-parameter string-frame model.

As the entropy approaches zero for small L in all our non-conformal models, cf. the inset

in figure 9, we find that at small quark separations, FQQ̄ and UQQ̄ in all theories approach

as a common limit the free energy in N = 4 SYM, which in turn approaches the zero-

temperature potential VQQ̄ for small L. Thus, in all of our models the internal and free

energy differ only for intermediate and large quark separations. A similar behavior is also

observed in lattice simulations [74].
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for varying deformation parameter. For very small L, both UQQ̄ and FQQ̄ approach a universal

Coulombic curve.

7 Free energy, entropy, and internal energy of a single heavy quark

In the derivation of the holographic formula for the QQ̄ free energy in section 3, we have

obtained as a by-product the definition (3.19) of the free energy of a single quark in the

hot medium described by our holographic models. In this section, we will put that relation

to use and compute the free energy of a single heavy ‘test’ quark. We will also study the

entropy and internal energy associated with the free energy. An analysis of this set of single-

quark quantities in our class of non-conformal models, with a focus on the impact of non-

conformal deformations of N = 4 SYM, has not been performed in the literature so far.8

Let us first point out that the free energy of a single heavy quark is often defined in

terms of the expectation value of a Polyakov loop. This definition is most frequently used

in the imaginary-time formalism where inverse temperature is identified with the size of

the compactified time direction. In our intrinsically real-time formalism, the definition of

the single-quark free energy in terms of a Wilson line as given in section 3 is more natural.

For a general discussion of the relation of the single-quark free energy to Polyakov loops

in holography see [78, 79]. Our result for FQ in N = 4 SYM (see below), for example,

coincides with the result obtained in [78].

8Previous work with different focus includes [28] which studies the single-quark free energy in a bottom-

up framework tuned to model Yang-Mills thermodynamics, and the recent works [76, 77]. For a general

discussion of single-quark thermodynamics in holographic models see [78].
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We have defined the free energy FQ in (3.19), and define the corresponding entropy

and internal energy by standard thermodynamic relations,

SQ = −∂FQ
∂T

, (7.1)

UQ = FQ + TSQ . (7.2)

Let us start withN = 4 SYM. In this case, the expression (3.19) can easily be evaluated

explicitly, using the AdS-Schwarzschild metric (4.1). We obtain for the single-quark free

energy, entropy, and internal energy

FQ = −
√
λ

2
T , SQ =

√
λ

2
, UQ = 0 . (7.3)

These values have also been obtained in [78]. Since N = 4 SYM is a conformal theory, at

T > 0 only the temperature itself is available as a dimensionful quantity for the problem

at hand. Thus, the relation FQ ∝ T already follows from dimensional analysis. The non-

analytic square-root dependence on the ’t Hooft coupling is, however, a non-trivial outcome

of the computation. Interestingly, the free energy is entirely determined by the entropic

contribution, and the internal energy vanishes.

We can analytically compute the above quantities also in the SWT model and the

1-parameter Einstein-frame model. Let us start with the SWT model. Due to the simple

relation of the temperature and the horizon position, zh = 1/(πT ), we can explicitly express

FQ as a function of T and compute the entropy and internal energy. We find

FQ = −
√
λ

2π
exp

(
c2

π2T 2

)[
πT − 2cF

( c

πT

)]
, (7.4)

SQ =

√
λ

2
exp

(
c2

π2T 2

)
, (7.5)

UQ =

√
λ

2
√
π
c erfi

( c

πT

)
, (7.6)

where F is the Dawson integral and erfi the ‘imaginary’ error function defined by erfi(x) =

−i erf(ix).9 We recall that λ denotes the bulk quantity defined by
√
λ = L2

AdS/α
′ and is a

proxy for the coupling strength in the boundary theory, cf. (2.12) and the discussion thereof.

An expression for FQ equivalent to (7.4) had been found in [81]. As we will see explicitly

below, for high temperatures FQ, SQ, and UQ approach their values in N = 4 SYM from

above. However, as T is lowered they significantly increase above the conformal values.

9The Dawson integral is defined by

F(x) = e−x2
∫ x

0

dy ey
2

,

and the error function by

erf(x) =
2√
π

∫ x

0

dt e−t2 ,

see [80]. The latter is related to the Dawson integral by F(x) = −i
√
πe−x2

erf(ix)/2.
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In the 1-parameter Einstein-frame model, we can only find closed-form expressions for

FQ, SQ, and UQ as functions of zh, since we cannot analytically invert the temperature

function T (zh) in (5.7). We find

FQ(zh) = −
√
λ

8
√

2π

√
κ

[
4 Γ

(
3

4

)
+ γ

(
−1

4
,
κ2z4

h

4

)]
, (7.7)

SQ(zh) =
2
√
λ

3

1

κ2z4
h

exp
(
−1

2κ
2z4

h

) [
exp

(
1
4κ

2z4
h

)
− 1
]2

1− exp
(

1
4κ

2z4
h

)
+ 1

3κ
2z4

h

, (7.8)

UQ(zh) =

√
λ

6π

{
1

zh

1− exp
(
−1

4κ
2z4

h

)
1− exp

(
1
4κ

2z4
h

)
+ 1

3κ
2z4

h

− 3
√

2

8

√
κ

[
4 Γ

(
3

4

)
+ γ

(
−1

4
,
κ2z4

h

4

)]}
,

(7.9)

where γ is the incomplete Γ-function.10 Although we are not able to express these quantities

symbolically in terms of the temperature T , it is straightforward to analyze their behavior

numerically.

For the 1-parameter string-frame model, the additional terms in the warp factors

prohibit a solution of the integrals for FQ, SQ, and UQ in closed form. Nevertheless, we

can numerically evaluate the definition (3.19) for the free energy and easily compute the

entropy and internal energy from it.

When we consider a single heavy quark there is no intrinsic length scale in the problem,

and as a consequence we cannot express our results in terms of a dimensionless quantity

similar to LT that we used in the case of the quark-antiquark pair before. Instead, the

results will depend on the temperature in each of the different models. In order to sensibly

compare temperatures in these different theories we choose, among various possibilities,

the following procedure which was discussed for example in [82] in the context a specific

holographic model [83]. We consider the dimensionless trace of the energy-momentum

tensor, (ε − 3p)/T 4, which was calculated in [71] for our non-conformal models. It turns

out to have a pronounced maximum, the position of which is a function of the respective

deformation parameter. At temperatures above the position of the maximum, the behavior

of (ε−3p)/T 4 strongly resembles that found above Tc in lattice studies of QCD, for example

in [69, 82, 84]. We therefore identify the position of the maximum found in our models

with Tc [71], which gives Tc/c ≈ 0.494 and Tc/
√
κ ≈ 0.394 in the SWT model and in the

1-parameter models, respectively. For definiteness, we assume Tc = 176 MeV to introduce

physical units, but the choice of this particular value will not be relevant for our results.11

10The incomplete Γ-function is defined by

γ(a, x) =

∫ ∞
x

dt ta−1e−t ,

see [80]. It is related to the ordinary Γ-function by γ(a, 0) = Γ (a).
11Various other methods to compare the temperatures of different theories or to fix the parameters of

a holographic theory for comparison to QCD have been discussed in the literature, see [33, 34, 85] for

some examples. The values for the deformation parameters that we obtain from fixing the position of the

maximum in (ε− 3p)/T 4 to a particular value of Tc are in the same ballpark as those obtained with other

methods, see for instance [33, 34]. We would like to point out that the qualitative conclusions below do not

change if we vary the deformation parameters around the values given here.
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Figure 11. Single-quark free energy as a function of temperature in N = 4 SYM and our non-

conformal models. We have scaled out the dominant T -dependence of FQ. The scale Tc is explained

in the text.

We emphasize that our non-conformal models do not exhibit an actual phase transition

and hence do not have a ‘critical temperature’. The models are expected to resemble the

high-temperature (deconfined) phase of QCD. With the procedure just described we only

fix the temperature range in which our models should be compared to QCD, T ≥ Tc.

Accordingly, we will show our observables only in this range. Finally, in N = 4 SYM

the trace of the energy-momentum tensor vanishes identically for all temperatures, so that

there is no analogous way to define Tc. Thus, the choice Tc = 176 MeV is completely

arbitrary in this case. In the following, we scale FQ, SQ, and UQ such that the dependence

on T becomes trivial for N = 4 SYM.

We plot the free energy, entropy and internal energy of the heavy quark as functions

of the temperature in N = 4 SYM and in all our non-conformal models in figures 11, 12,

and 13, respectively. We have seen in several observables before that the 1-parameter

Einstein-frame model is very robust and stays quantitatively close to N = 4 SYM. The

quantities FQ, SQ, and UQ are no exception and are very close to their respective values

in N = 4 SYM for almost all T , as seen in the three figures. All three quantities exhibit

a stronger dependence on the temperature in both the SWT model and the 1-parameter

string-frame model. The latter deviates farthest from the behavior seen in N = 4 SYM.

For large temperatures, FQ, SQ, and UQ approach their values in N = 4 SYM from above.

This implies an interesting universal behavior. In all of our non-conformal models, FQ, SQ,

and UQ are larger than their respective values in N = 4 SYM for all temperatures. Even

choosing a different procedure to normalize the temperature scale in each model would not

change this finding. It appears likely that this observation holds in a large class of theories.
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Figure 12. Single-quark entropy as a function of temperature in N = 4 SYM and our non-

conformal models. The scale Tc is explained in the text.
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Figure 13. Single-quark internal energy as a function of temperature in N = 4 SYM and our

non-conformal models. We have scaled out a factor of T . The scale Tc is explained in the text.

Note that the internal energy vanishes identically in N = 4 SYM.

Computations of the single-quark free energy in lattice QCD have been performed for

instance in [17, 18, 68, 74, 86, 87]. In these studies, the single-quark free energy is defined in

terms of the large-distance behavior of the expectation value of a Polyakov loop correlator.

The latter yields the free energy of a heavy QQ̄ pair at large quark separation, where

the QQ̄ free energy in fact approaches a constant value F∞. At least in the deconfined

phase where the far-separated quarks are screened from each other, one can interpret that
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Figure 14. Free energy over temperature (FQ/T , black squares), entropy (SQ, red diamonds), and

internal energy over temperature (UQ/T , blue circles) of a heavy quark obtained from a 2+1-flavor

lattice QCD calculation [68].

free energy as twice the single-quark free energy, F∞ = 2FQ. In a similar way, lattice

results have been obtained for the entropy SQ and the internal energy UQ of a single heavy

quark. In the following, for concreteness, we will compare to 2+1-flavor lattice QCD results

from [68]. The qualitative behavior that we are going to compare to is similar in the other

lattice studies cited above.12 The data for FQ/T , SQ and UQ/T from [68] are shown in

figure 14. For this figure we made use of the freedom to add a constant to FQ and UQ, and

we have chosen this constant as −0.6Tc relative to the data shown in [68].

In the case of the single heavy quark the comparison of our holographic to the lattice

results is not completely straightforward. As we have seen, in the non-conformal models

FQ, SQ and UQ exhibit a universal rise above their values in N = 4 SYM, but their size

strongly depends on the chosen non-conformal model, and for each model on the choice

of the deformation parameter. Further, the free energy and the internal energy are only

defined up to an arbitrary constant shift. This freedom could be fixed for the case of a QQ̄

pair by fixing the small-distance limit of the free energy FQQ̄ to the vacuum potential VQQ̄
of N = 4 SYM, see section 5. There is no analogue of such a condition in the case of a single

quark. Finally, in all our models the results for all three quantities are proportional to
√
λ.

As we have discussed at the end of section 2, especially for the non-conformal models λ

should be considered as a free parameter of the model, and it can even be different for

12The recent study [87] with 2+1 dynamical flavors with physical masses finds deviations from previous

calculations, most clearly visible in a less steeply falling entropy SQ around Tc. These deviations may be

attributed to quark mass dependences and the lack of a continuum extrapolation in previous results. On the

level of the comparison with our generic holographic models, however, this difference is of minor relevance.
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different values of the non-conformal deformation parameter. In view of these caveats,

we restrict the comparison with the lattice results to some qualitative features. Further

detailed study in concrete models is needed to obtain a more complete picture of this

comparison. Obviously, we again concentrate on the region T ≥ Tc as our holographic

models are expected to apply to the deconfined phase only.

The free energy in units of temperature FQ/T from [68] is represented by the black

squares in figure 14. Closely above Tc we observe a decrease of FQ/T which flattens

above about 1.3Tc and approaches a constant.13 The free energy in our non-conformal

holographic models exhibits a similar behavior above Tc, as we can see in figure 11 which

also shows the ratio FQ/T . Note that FQ/T is a constant in N = 4 SYM. Hence the

non-conformality is crucial for obtaining an FQ/T that resembles data from lattice QCD.

The lattice data for SQ are shown as red diamonds in figure 14. SQ from the lattice

is peaked at T = Tc. The entropy is a T -independent constant in N = 4 SYM, again

illustrating the need to introduce non-conformality to model QCD physics at T & Tc.

Indeed, in our non-conformal models we find an increase of SQ as T is lowered towards Tc,

qualitatively similar to the lattice results, see figure 12. A heuristic explanation for the

decrease of the entropy with temperature above Tc might be as follows. As the temperature

increases, the screening length in the medium decreases and the quark interacts with a

smaller volume around it. Thus, its phase space and, accordingly, its entropy decreases (cf.

a related discussion in [18]).

The lattice data for UQ/T are shown as the filled blue circles in figure 14. As in the

case of SQ, they exhibit a strong peak at T = Tc and a subsequent decrease and flattening.

A similar behavior of UQ/T is found in our non-conformal models, see figure 13. Again,

the N = 4 SYM result does not show such a behavior.

In summary, our comparison of the single-quark free energy, entropy and internal

energy shows an agreement of at least some main properties of these quantities in the

deconfined region T ≥ Tc relevant for the application of our holographic models. In par-

ticular, we observe that it is necessary to introduce non-conformality in the holographic

model in order to achieve similarity to the lattice results.

8 Summary and conclusions

The free energy of a heavy quark-antiquark pair in a thermal medium provides important

information about the medium and its interaction with color sources. In this paper we

have reconsidered the calculation of the free energy of the static pair in the framework of

the AdS/CFT correspondence, where it is related to the action of a macroscopic string

connecting the quark and the antiquark and hanging down into the holographic dimension.

We have argued that the UV renormalization required for this action should not introduce

a temperature dependence. With this condition, a consistent picture for the behavior of the

free energy emerges. Applying a temperature-independent renormalization procedure we

13In [87] it is observed that this quantity rises again at very high temperatures. This can be attributed

to the perturbative running of the strong coupling constant. We thus should not expect to see this effect

in a holographic model that is asymptotically AdS in the UV.
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in fact find the free energy from AdS/CFT to be in qualitative agreement with data from

lattice gauge theory. We observe that a temperature-dependent renormalization procedure

widely used in the literature gives rise to the (negative) binding energy of the pair rather

than to its free energy. As we have shown, the free energy and the binding energy have a

markedly different dependence on temperature. We have then computed the entropy and

the internal energy of the static quark-antiquark pair in the medium from the free energy

and have discussed their properties. In order to obtain these observables it is essential to

have the correct temperature dependence of the free energy. Finally, we have also computed

the free energy, the entropy and the internal energy of a single heavy quark in the thermal

medium, and have compared their behavior to that obtained in lattice gauge theory.

We have performed these calculations in several holographic theories, starting with

pure AdS5 space dual to N = 4 SYM. We have also considered deformed AdS-type spaces

holographically dual to non-conformal deformations of N = 4 SYM. The latter theories are

expected to share more properties with the actual quark-gluon plasma studied in heavy ion

collisions than does conformal N = 4 SYM. Our aim in the present paper was explicitly

not to investigate a particular holographic model for QCD. Instead, we have examined

several classes of non-conformal models and have looked for universal behavior of our

observables under non-conformal deformations. We have indeed found hints that, for any

given distance, the free energy FQQ̄ and the internal energy UQQ̄ of a static quark pair in

our non-conformal theories are consistently larger than their respective values in N = 4

SYM. The binding energy EQQ̄, on the other hand, consistently decreases with respect to

its value in N = 4 SYM under non-conformal deformation. We expect similar bounds to

hold in larger classes of holographic theories. Also the free energy, entropy and the internal

energy of single heavy quarks show a universal behavior under non-conformal deformations,

being consistently larger than the respective N = 4 SYM values. For these single-quark

observables, a non-conformality is even necessary in order to obtain a non-trivial behavior.

Our considerations concerning the renormalization of the temporal Wegner-Wilson loop

and the corresponding temperature dependence in holographic theories are very general.

Here we have studied the effects of a temperature-independent renormalization procedure

only for simple classes of holographic theories. It would obviously be interesting to extend

these investigations to more complex plasmas, for example with chemical potential, and to

more sophisticated holographic models for the actual quark-gluon plasma.

The question how heavy quarkonia behave in the quark-gluon plasma is highly relevant

for phenomenology, but difficult to answer for theory. We hope that the holographic cal-

culation of the free energy, entropy and internal energy of a static quark pair in a strongly

coupled medium can give some useful input in this context. In particular, the holographic

results could be helpful for constructing the potential to be used in the Schrödinger equation

describing heavy quarkonia in the medium. Also the discussion whether the dissociation

of heavy quarkonia in the quark-gluon plasma is due to an entropic force (see for exam-

ple [88, 89]) might benefit from our results concerning the temperature dependence of the

entropy and internal energy of the pair at strong coupling.
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A Computation of the entropy of a heavy quark pair

Here we give details on the computation of the QQ̄ entropy SQQ̄ discussed in section 6.

We use the basic thermodynamic formula SQQ̄ = −∂FQQ̄/∂T where it is understood

that the inter-quark distance L is to be kept constant. An implementation of this formula

is not entirely straightforward. The issue that arises is that the free energy FQQ̄, as well

as the distance L, are only known as integrals in terms of the bulk length scales zt and zh,

see (3.8) and (2.11), respectively. Therefore, while these integrals can be readily computed

numerically (or even analytically for N = 4 SYM), the differentiation with respect to the

temperature T while keeping the distance L constant is more involved.

In the following we use a notation in which a vertical bar with a subscripted variable

indicates that this variable is kept constant. We will suppress any dependence on a possible

deformation parameter. If present in the model under consideration, the deformation

parameter is always assumed to be kept constant.

We first note that in N = 4 SYM and in the SWT model the relation between zt and

T is one-to-one, namely T = 1/(πzh). For the consistently deformed 1-parameter models

this relation is modified but indeed remains one-to-one in the parameter range we consider

in this paper, 0 ≤ √κ/T ≤ 2.5. The relation ceases to be one-to-one only for
√
κ/T > 2.94,

see also footnote 6. It is therefore straightforward to obtain zh = zh(T ) for all our models.

We further recall from section 2 that for a given inter-quark distance L smaller than

the screening distance Ls there are two different string solutions connecting the quark and

the antiquark, with the one staying further away from the horizon zh being energetically

favored. Hence for 0 ≤ L ≤ Ls there are two branches of solutions, of which we consider

mainly the energetically favored branch in this paper. In this branch L monotonically

increases with increasing zt, while in the branch with the energetically disfavored con-

figurations L monotonically decreases with increasing zt. Treating each of the branches

separately, we can therefore invert L(zt, T ) to obtain zt = zt(L, T ).

As a consequence of these considerations we can write

∂FQQ̄(zt, zh)

∂T

∣∣∣∣
L

=
∂FQQ̄
∂zh

∣∣∣∣
zt

∂zh

∂T
+
∂FQQ̄
∂zt

∣∣∣∣
zh

∂zt

∂T

∣∣∣∣
L

, (A.1)

where on ∂zh/∂T we may omit the specification of the variable that is to be kept constant

because zh is actually a function of T only. Next, we have to evaluate ∂zt/∂T with L kept

constant. Using

0
!

= dL =
∂L

∂zt

∣∣∣∣
zh

dzt +
∂L

∂zh

∣∣∣∣
zt

dzh =
∂L

∂zt

∣∣∣∣
zh

dzt +
∂L

∂zh

∣∣∣∣
zt

∂zh

∂T
dT , (A.2)
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we derive

∂zt

∂T

∣∣∣∣
L

= −
(
∂L

∂zt

∣∣∣∣
zh

)−1
∂L

∂zh

∣∣∣∣
zt

∂zh

∂T
. (A.3)

Finally, we obtain

SQQ̄ = −
∂FQQ̄(zt, zh)

∂T

∣∣∣∣
L

= −

 ∂FQQ̄
∂zh

∣∣∣∣
zt

−
∂FQQ̄
∂zt

∣∣∣∣
zh

∂L
∂zh

∣∣∣
zt

∂L
∂zt

∣∣∣
zh

 ∂zh

∂T
, (A.4)

which can be directly implemented on the basis of the numerical routines (or analytic

expressions) for FQQ̄ = FQQ̄(zt, zh) and L = L(zt, zh).

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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