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order unitarity. However, the modern point of view considers the Standard Model as the leading order
approximation to an effective field theory. As tree-order unitarity is in any case violated by higher-order
terms in an effective field theory, it is instructive to investigate a formalism which can be also applied
to analyze higher-order interactions. In the current work we consider an effective field theory of massive

Keywords: vector bosons interacting with a massive scalar field. We impose the conditions of generating the right
Effective field theory number of constraints for systems with spin-one particles and perturbative renormalizability as well as
Quantization the separation of scales at one-loop order. We find that the above conditions impose severe restrictions
Constraints on the coupling constants of the interaction terms. Except for the strengths of the self-interactions of the
Renormalization scalar field, that can not be determined at this order from the analysis of three- and four-point functions,

we recover the gauge-invariant Lagrangian with spontaneous symmetry breaking taken in the unitary
gauge as the leading order approximation to an effective field theory. We also outline the additional
work that is required to finish this program.
© 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction of the S-matrix in Refs. [2-5]. This result could be considered as
a (more or less) satisfactory answer to the above raised question,
The standard model (SM) is widely accepted as the established however, the modern point of view considers the SM as an effec-

consistent theory of the strong, electromagnetic and weak inter-  tjve field theory (EFT) [1] which inevitably violates the tree-order
actions [1]. Invariance under Lorentz and local gauge SUB3)c X unitarity condition at sufficiently high energies. This motivates us
SU(2); x U(1) transformations is taken as the underlying symmetry to revisit the problem.

of the SM. Despite the tremendous success of the SM its structure In the current work we address the issue of deriving the

leaves some unanswered questions. In particular, the electromag-
netic and gravitational forces are long-ranged and therefore if they
are indeed mediated by massless photons and gravitons, then the
corresponding local Lorentz-invariant quantum field theories must
be gauge theories [1]. On the other hand, as the weak interaction
is mediated by massive particles, one might wonder why it should
be described by a gauge theory with the spontaneous symmetry
breaking? A gauge-invariant theory with the spontaneous symme-
try breaking has been derived by demanding tree-order unitarity

most general theory of massive vector bosons by demanding self-
consistency in the sense of an EFT. The Lagrangian of an EFT
consists of an infinite number of terms, however, the contribu-
tions of non-renormalizable interactions in physical quantities are
suppressed for energies much lower than some large scale. Renor-
malizability in the sense of a fundamental theory is replaced by
the renormalizability in the sense of an EFT, i.e. that all diver-
gences can be absorbed by renormalizing an infinite number of
parameters of the effective Lagrangian. Notice that the condition
of perturbative renormalizability in the sense of EFT is not equiv-
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unitarity implies renormalizability in the traditional sense, per-
turbative renormalizability in the sense of EFT is a much weaker
condition and it does not imply tree-order unitarity. On the other
hand for an EFT to be “effective” it is crucial that the scales are
separated, i.e. the contributions of higher order operators in phys-
ical quantities are suppressed by powers of some large scale. This
condition is much more restrictive than just renormalizability in
the sense of EFT. Renormalizability alone can be achieved with-
out introducing scalars, i.e. considering a theory of massive vector
bosons and fermions [6]. However, in such theory divergences gen-
erated from the leading order Lagrangian are removed by renor-
malizing the parameters of higher order interactions. This leaves
the scales of the renormalized couplings of the higher order terms
much too low to explain the tremendous success of the SM. There-
fore, in what follows we analyze the constraint structure and the
conditions of perturbative renormalizability and scale separation
for the most general Lorentz-invariant effective Lagrangian of mas-
sive vector bosons interacting with a scalar field. The performed
analysis is similar to that of Refs. [7-9] but here we do not assume
parity conservation.

The most general Lorentz-invariant effective Lagrangian con-
tains an infinite number of interaction terms. It is assumed that all
coupling constants of “non-renormalizable” interactions, i.e. terms
with couplings of negative mass-dimensions, are suppressed by
powers of some large scale. Massive vector bosons are spin-one
particles and therefore they are described by Lagrangians with
constraints. To have a system with the right number of degrees of
freedom, the coupling constants of the Lagrangian have to satisfy
some non-trivial relations. Additional consistency conditions are
imposed on the couplings by demanding perturbative renormaliz-
ability in the sense of EFT and the separation of scales. Restrictions
on the couplings appear because while all loop diagrams can be
made finite in any quantum field theory if we include an infinite
number of counter terms in the Lagrangian, it is by no means guar-
anteed that these counter terms are consistent with constraints of
the theory of spin-one particles and that the scale separation is
not violated.

The paper is organized as follows: In section 2 we specify the
assumptions and conditions imposed on the effective Lagrangian.
In section 3 we give the effective Lagrangian and carry out the
analysis of the constraints. The conditions of perturbative renor-
malizability and scale separation are obtained in section 4. We
summarize and discuss the obtained results in section 5.

2. Starting assumptions and required constraints

The aim of the current work is to construct the most general
consistent Lorentz-invariant EFT Lagrangian of three! interacting
massive vector bosons and a scalar. The free massive vector bosons
are described by the Proca Lagrangian which incorporates the sec-
ond class constraints such that the right number of independent
dynamical degrees of freedom are left (three coordinates for each
particle). To have a consistent theory of interacting massive vector
bosons, the pertinent interaction terms have to be consistent with
the second class constraints. This generates some non-trivial rela-
tions between the coupling constants of the interaction terms of
the most general Lorentz-invariant Lagrangian of a scalar and vec-
tor bosons. The next condition we impose is the renormalizability
in the sense of an EFT, i.e. that all divergences can be absorbed
by renormalizing an infinite number of parameters of the effective
Lagrangian. As (some of) the couplings of the effective Lagrangian

1 The number of massive vector bosons is taken as an input here.

are already related due to the second class constraints, the con-
dition of perturbative renormalizability cannot be satisfied unless
the coupling constants satisfy further restricting conditions. Fur-
ther constraints on our EFT Lagrangian are imposed by the follow-
ing considerations: in an EFT, in which the divergences generated
by the leading order Lagrangian are removed by renormalizing the
parameters of higher order interactions, the scale of renormalized
couplings of higher order interaction terms is set by the mass of
the vector bosons. The SM is considered to be the leading order
approximation to an EFT. One expects that in this EFT the con-
tributions of higher order operators in physical quantities are sup-
pressed by powers of some large scale. The value of this large scale
is determined by new physics, that is physics beyond the SM. This
leads us to the next condition imposed on our EFT - the separation
of scales. That is, we demand that the divergences of the loop dia-
grams contributing to physical scattering amplitudes generated by
the leading order Lagrangian should be removable by renormaliz-
ing the parameters of the leading order Lagrangian. This condition
is much more restrictive than just renormalizability in the sense of
EFT. It is actually equivalent to demanding renormalizability of the
leading order EFT Lagrangian in the traditional sense, however, not
for off-shell Green functions but for the on-shell S-matrix. Notice
here that perturbative renormalizability in the sense of EFT in gen-
eral does not lead to tree-order unitarity. Indeed, renormalizability
alone can be achieved without introducing scalars, i.e. considering
an EFT of massive vector bosons (and fermions) [6]. However, as
is well known, massive Yang-Mills theory is not renormalizable in
the traditional sense and it violates tree-order unitarity condition.

To illustrate the problem with the scale separation when diver-
gences are removed by renormalizing the couplings of higher-order
operators let us consider an EFT specified by the following La-
grangian

1 a auy M2 a a
L= Flp P 4 - WEW o Ly, (1)

where Wfl is the triplet of SU(2) vector bosons, Ffw =0, W) —
Wy + geﬂbcwzwg is the corresponding field strength tensor
and Ly, contains all possible local terms with coupling constants
of inverse mass dimensions which are invariant under local SU(2)
gauge transformations. The quantum field theory specified by the
Lagrangian of Eq. (1) is perturbatively renormalizable in the sense
of EFT, i.e. all divergences can be absorbed in the redefinition
of fields and an infinite number of coupling constants [10]. It is
well known that massive Yang-Mills theory is perturbatively non-
renormalizable. Therefore to get rid of the divergences of loop
diagrams generated by interaction terms with dimensionless cou-
pling constants, contained in the first term in Eq. (1), one needs to
renormalize the couplings of Ly, i.e. couplings with inverse mass
dimensions. This has the consequence that even if these couplings
are suppressed by some scale much larger than the mass of the
vector boson - M for some fixed renormalization condition, slight
changes of the renormalization scale will lead to renormalized cou-
plings suppressed only by powers of M divided by some power of
the dimensionless coupling g. To be more specific let us consider
an example of the vector boson self-energy. Calculating divergent
parts of two one-loop diagrams generated by interactions with di-
mensionless coupling g we obtain

gzsab
9672M4(n — 4)

x (p“p” - ng"”) , )

2:ab,;w

DIV () = [84M4 —14M?p? — p4]
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where we have used dimensional regularization (see, e.g., Ref. [11])
with n spacetime dimensions. The divergence, corresponding to the
first term in the square brackets is absorbed in the renormaliza-
tion of the vector field. The second term in the square brackets is
removed by renormalizing the coupling constant of the following
term (contained in Lp)?:

Lup = gZD D?Lng/\DaC’MFCM , (3)

where Dﬂ’ = 5aba,L - ge”bCWfL. Renormalization of the coupling
gyp by absorbing the divergence corresponding to the second
term in Eq. (2) leads to the following renormalized coupling:

7g%In &

2 MK (4)
96m2M2 "’

Even if the renormalized coupling gyp (o), corresponding to u =
Mo is suppressed by some large scale A > M, for ,u ~e X o
the renormalized coupling will become gyp (1) ~ 16”2 MZ Anal-

ogously, for all other couplings with inverse mass dimensions the
scale of the renormalized couplings is set by M2,

gHp (W) = gHp (Ko) —

3. Constraint analysis of an EFT Lagrangian of massive vector
bosons and a scalar

We start with the most general Lorentz-invariant effective La-
grangian of a scalar and three massive vector boson fields respect-
ing electromagnetic charge conservation (even though we do not
consider the explicit coupling to the U(1) gauge field in the fol-
lowing). Two charged vector particles are represented by vector
fields Vi: = (V) FiV})/~/2, the third component, V3, and the
scalar ﬁeld d are charge neutral. The effective Lagranglan contains
an infinite number of interaction terms and hence depends on
an infinite number of parameters. We assume that coupling con-
stants with negative mass dimensions are independent from those
of positive and zero mass dimensions. Below we analyse the La-
grangian containing only interaction terms with coupling constants
of non-negative dimensions (as explained in detail below). Thus,
the effective Lagrangian under consideration can be written as fol-
lows:
gabc va Vltjap, Ve

1 a auy Mg ay/ap __

_ g%bc euvaﬂvzveaa VE _ hadeVZVVVCMVdU

1 m?2 b A
+ PP — — PP —ad— — > - —~ *
2 2 3! 4
— Guss O VI OE — g VIV — gl VIV, (5)

where Vl“w =0, Vy - 8VVM, M, are vector boson masses (M =
My = M), m is the mass of the scalar and the summation over
all repeated indices runs from 1 to 3. The non-interacting part of
the vector fields, i.e. the first two terms in Eq. (5), are given by
the well-known Proca Lagrangian. This guarantees that free mas-
sive vector bosons have the right number of dynamical degrees
of freedom corresponding to spin-one particles. Note that since
the vector bosons are not related to some gauge symmetry, the
three- and four-boson couplings have independent coupling con-
stants. We did not include the mixed term 9, V31® as it can be
eliminated by a suitable field redefinition. Due to the electromag-
netic charge conservation not all coupling constants of the above

2 We will not consider the third term of the square brackets here.

Lagrangian are independent from each other. The interaction terms
of the scalar field with two vector fields can be written in terms
of four real parameters

P § )
81,5 = 8yvs = 8vvs» 82,5 = gvvsv 81,55 = gvvss

g2,ss = ga?/ssv (6)

gVVSS’

and all other g% and g% . couplings do not contribute in the ef-
fective Lagrangian. The coefficient of the linear term a vanishes at
tree order and further corrections can be fixed by demanding that
the vacuum expectation value (vev) of the scalar field vanishes.

The three-boson interaction term of the Lagrangian depends on
ten real parameters,

g =g, &=2 & =-8 & =g

g7 =8 &'=g &' =-2. &' =g,

g/ =8 & =& & =8, & =8&. & =8,
T S O (L - | -
gAl=—g) = —gr =8 =8n3. (7)

Electromagnetic charge conservation relates the coupling constants
of the four-boson interaction h®<? to each other as follows

Rl 2222 _ di jl‘dZ P2 o 1121 _piain 21
R1122 — g, _ p2112 _ p1221 _ p2211,
1
1212 _ 1 (4 _ g, _ 5 p2121
W22 = 2 (d - dy —207121),
R1323 _ _p2313 _ 3132 _ p3231
R2122 _ _p1222 _ p2212 _ p2221
1
2323 _ 1 (g 5p3232
W22 = = (ds — 2072,
R3113 — % [d3 _9 <h1133 L RI331 h33“)],
R3223 _ % [d3 _9 (h2233 L p2332 h3322)] ’
R3123 _ _p1233 _ 1332 _ p2133 _ 2331 _ 3213 _ 3312 _ 3321
1
R3131 — > (d4 _ 2h1313> . n33B =4y, (8)

and the effective Lagrangian of Eq. (5) depends only on dy, - -- , ds.

Details of the canonical formalism followed below can be found
in Ref. [12]. Our analysis is closely related to that of Ref. [6], which
considered an EFT without the scalar field, and it is similar to the
one of Ref. [7], with the difference that in Ref. [7], parity conser-
vation has been taken as an input.

The canonical momenta corresponding to @, V§ and V{ are
defined as

aL .
=—=0, 9
P=7% 9)
L
JTS = a‘-/a = _gl\J/ng V6 — 8vssla3 @2, (10)
T = E =V bcavbvc + bcaeijkovbvc (11)
i _8\7“ oi T8v VoVi T8a iVk-

Eq. (10) leads to the primary constraints

¢1 —7To +gbcaV8V6+gvssc3a3 2. (12)
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On the other hand, from Eqgs. (9) and (11) we solve

ya __ ._.a ya bcay;by,c bca _ijkOy;by,c
Vi=mi +0iVo—gy VoVi —8a €7 ViVy,

b=p. (13)
For the total Hamiltonian [12] we have:
H = / P (97 + H) (14)
with
7l 1 M?

— gVt — gtV avas

— gPVEVEVE — g VEVEa VS + g vivEa Ve
1 'l / /

+ o8y VvV vy
] I ‘e P ’ /

+ Egl/J\caggc a€1]k061] kK'0 V? V?, szvlf/

+ gaAbch‘J/’c/cEijkO V;l V]l() Vg’ Vic’

bc _ijkO b bc ijkO b

+gj Cel V(C)'ij),'Vlf - g‘/" Cel¥ V;’Voaiv,f

+ hadeVZVEVCMVdV

2 aiq)Z
2 2 2 3! 4!

+ Guss VP2 + g VIV D+ g VI VIR, (15)

VA2

and the z% are arbitrary functions which must be determined.

The primary constraints ¢$ have to be conserved in time, i..
their Poisson brackets with the Hamiltonian must vanish for each
a=1, 2, 3. Calculating the Poisson brackets we obtain

(. Hr) = (&b + 80 — g — &) Vi + o

+ g vin + (g + ) viavg

— ghray (VEVE) - g (vEvE) + M2V

—gpegirevivg vy

_ g%bcgc‘z/c Cel]ko V;l V,l:ViC _ g%bceljlcov?aivﬁ

— (habcd + pbade + pcbad + hdcba) v/bL VSVdM

+28yssba3 p P — Zgﬁ/s ngD - 28%53 ng>2

EAabe—i-Xa- (16)
The 3 x 3 matrix A is given by

0 -2y1Vg Y2V —nivi

A= 2y1V3 0 nvi+nve |,

—(nVE—nVd) —nVi+nvd) 0
(17)

where y1 = g5 + g7 and y» = g4 + g6 — 282. The determinant of A
vanishes and therefore the system of equations

Aabzbz—xa (18)

can be satisfied only if the right-hand side satisfies the secondary
constraint

b2=x"NV§+12VY) + x> 1V — 12V — x> 2y1 Vg =0.
(19)

If at least one of y; or y» is non-zero then for non-vanishing V(}
and/or VCZ, we obtain from Eq. (18) that

o X3+ J/122 V(; + szzvg

23_x1+2y1zzvg
2 1
4! VO_VZVO

B V2Vy— 1 Ve

(20)

and z2 can be solved from time conservation of the constraint b2,
{¢2, H1} = 0. However, in this case we obtain four constraints of
the second class instead of six for our system of three massive
vector fields, i.e. we would have two extra degrees of freedom.
Therefore, for a self-consistent theory we must require

=y2=0= g7=-85, 282=84+ &6 (21)
Thus we are left with secondary constraints:
(08, Hu} =i + gpevims + (g + g) Vs

— gheay, (vg v,.f) — gihay, (vg vf) + M2VE

— ge g VEVE VY — gEeg e Vi vEv

_ g%bceijko V;-Jai V}g + ggaceijko V?ai VIS

_ (habcd + pbade + pcbad + hdcba) Vlbl V(C)let

+28yssba3 p D — Zg?/l:/s ng> - Zg%/ss ng)z

=¢5, a=1,2,3. (22)

If no more constraints appear then our Lagrangian describes a sys-
tem with the right number of constraints for three massive vector
bosons interacting with a scalar particle. If this is the case, then
the z* have to be solvable from the condition of the constraints ¢§
being conserved in time.

From the condition of conservation of ¢§ in time we obtain

[¢5. Hi} = M®2 + Y9 =0, a=1,2,3, (23)

where
M® = M5 — <gl‘)/ca n g@ba) yVe
_ [ gice gI‘J/de _ (hacbd 4 peadb 4 pbead 4 hdbca)]vic qul
_ (habcd 4 pbade | pebad  pdcba y padch | pdabe | pcdab
4 pbeda  pachd y peadb | pbead | hdbca)vé Vg
— 48355003053 D% — 2830, @ — 280, P, (24)

and the particular form of Y is not important for our purposes. To
obtain a self-consistent field theory we demand that det M does
not vanish. For small fluctuations about the vacuum this is indeed
the case and we proceed by quantizing these small fluctuations
and deriving further constraints on the couplings by investigating
the conditions of perturbative renormalizability and scale separa-
tion.

Thus, we obtained that consistency with the constraints implies
relationships between the couplings of Eq. (21). As shown in the
next section, these relations applied in combination with the con-
ditions of perturbative renormalizability and scale separation lead
to very non-trivial restrictions on the interaction terms of the lead-
ing order EFT Lagrangian.
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Fig. 1. One-loop contributions to the four-vector vertex function. The dashed and the wiggly lines correspond to the scalar and the vector-boson, respectively. Blobs indicate
the corresponding one-loop two- and three-point vertex functions. In last four diagrams only the one-particle-irreducible parts are taken into account.
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/ \

Fig. 2. One-loop contributions to the three-vector vertex function. The dashed and wiggly lines correspond to the scalar and the vector-boson, respectively.

4. Perturbative renormalizability

Below we analyze one-loop order diagrams using dimensional
regularization. To that end we use the standard procedure of quan-
tizing systems with second class constraints [12]. After lengthy
calculations we obtain the following generating functional

z[j, n

; 4 = apya
=/DVD¢DcDEDAelfd x(l)+[1aux(c,c,k,<l>,V)+] vu+1<1>) 7

(25)

where A% ¢ and c¢® are auxiliary fields. In analogous expres-
sions in standard gauge theories the integration over the A“
variables is usually carried out explicitly and one is left with
“ghost” fields c? ¢ and the original fields.> The particular form
of Laux(C,c, A, @, V) is unimportant as it generates vanishing con-
tributions to Feynman diagrams if dimensional regularization is
applied. This is because due to the absence of field-independent
terms with two derivatives in Eq. (24) the A%, ¢? and c¢“ fields do
not have kinetic parts. In the calculations of the loop diagrams
below we used the programs FeynCalc [13,14] and Form [15] inde-
pendently. The divergent parts of the one-loop integrals have been
checked with the expressions obtained in Ref. [16].

We impose the on-mass-shell renormalization condition, i.e. re-
quire that all divergences in physical quantities should be remov-
able by redefining the parameters of the effective Lagrangian.

We start by calculating the one-loop contribution to the scatter-
ing amplitude V3V3 — V3V3, shown in Fig. 1. The coefficient of
the divergence is a polynomial of the Mandelstam variables (s, t, u)
divided by powers of the vector boson masses. If these divergences
are removed by renormalizing the coupling constants of the higher
order operators, i.e. four-vector interaction terms with derivatives,
then the scale of these couplings will be set by the masses of vec-
tor bosons. This would mean that the contributions of higher order
operators in physical quantities would not be suppressed by pow-
ers of a large scale (but rather by the vector boson mass divided

3 Let us remind the reader that a standard gauge theory also becomes a system
with second class constraints after gauge fixing. Notice further that BRST quantiza-
tion used in gauge theories is not applicable in case of the EFT considered here, as
local gauge invariance is not taken as an input.

by some power of a dimensionless coupling constant). Therefore to
have a self-consistent perturbative EFT with clear scale-separation
divergences generated by interactions with dimensionless (or posi-
tive mass dimension-) couplings should either cancel each other or
be removable by renormalizing this set of leading order couplings.
Notice here that non-pole parts of one-particle reducible diagrams
in Fig. 1 have to be taken into account together with one-particle
irreducible diagrams. The dressed vertices and self-energies of the
scalar and vector particles contributing in one-particle reducible
diagrams are given by respective diagrams in Figs. 2, 3 and 4.* We
do not give very lengthy expressions of the divergent parts of the
loop diagrams but rather write their sum in the form of a polyno-
mial in terms of the Mandelstam variables:

4
o 3
YHVAO Z UISJCS'U o 7 (26)
i,j=0

. Py
where the coefficients C/;"*” depend on the momenta, masses and

coupling constants. Consider first the term proportional to u* in
the coefficient of g"¥g*? in Eq. (26),
ir? (gt 2g3

ﬁmg Ve

utghoghv, (27)

where w, v, A and o are Lorentz indices corresponding to the ex-
ternal vector lines. Demanding that the factor in the round brack-
ets vanishes leads to

giM5 +2g3M8 =0, = g1 =0, g2 =0. (28)

Notice further that if the conditions of Eq. (28) are not satisfied,
then the divergent piece of Eq. (27) has to be cancelled by some
higher-order term which generates a tree-order contribution in the
vertex function:

icugh gh, (29)

where ¢ is a coupling constant of mass dimension minus eight.
As discussed in section 2, the scale of the renormalized coupling

4 In all figures only those diagrams are shown which contribute to the divergent
parts of the corresponding scattering amplitudes.
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Fig. 3. One-loop contributions to the vector-boson and the scalar self-energies. The first and second lines represent the vector boson and scalar self-energies. The dashed and

the wiggly lines correspond to the scalar and the vector-boson, respectively.

Fig. 4. One-loop contributions to the scalar-vector-vector vertex function. The dashed and the wiggly lines correspond to the scalar and the vector-boson, respectively.

cg will be set by M and/or Ms. This will clearly upset the scale
separation according to which higher order terms have to be sup-
pressed by some large scale, large in comparison to the M and M3
scales.

The next condition is obtained by demanding that the term pro-
portional to u? also vanishes. This leads to the following condition
on certain couplings:

2
1
[Z (—20(gn1 +2ns)? — 2083, — 583 — 108583 — % — £2) +da]
1 2
+ 75|40 (4483, + 9683 + 1185 + 11 (g3 +85)?) (gm1 + £a3)

32M* 4
+ —7—d5 +880(ga1 + ga3)
M3

2
+55 (4g%, + 8+ (83 + £5)?) } =0. (30)
Eq. (30) leads to

ds=0, g4=0, g5=—g3,
ga2=0, ga3=—ga1, d3=—g3. (31)

Further, demanding the vanishing of the term proportional to s?,
we obtain

d4:g%. (32)

Taking into account Egs. (28), (31) and (32) the full expression of
the divergent part of the amplitude V3V3 — v3V3 becomes pro-
portional to

(M (2M3g2.5s+ 83 ) 2+ M3 (£3M4 — 4M2g15825) ? |
% (g)\ogpw + g)\vg;l.a + g)\ugwr)' (33)

For d5 = g1 = 0, the one-particle-irreducible tree-order contri-
bution to V3V3 — V3V3 amplitude vanishes and therefore we
have to demand that the expression in Eq. (33) also vanishes. Do-
ing so we obtain:

g3M$
2
32M4g?

gM3

— 34
4M2 gy 5 (34)

82,55 = — , 825=
Next, as there is no tree order one-particle irreducible contribution
in the amplitude V1V! — V1V we have to demand that the di-
vergent part of the corresponding one-loop contribution vanishes
(diagrams shown in Fig. 1). By demanding that the terms propor-

tional to s and st vanish, we obtain the following conditions:

2
(dy +dp) d2+73 =0,

2\ 2 4
dy+ 22 di +d - 1-—]=0. 35
<2+2)+(1+2)+4g3< W (35)

Considering the amplitude of the scalar boson decaying into two
vectors and requiring that the divergences of corresponding dia-
grams, shown in Fig. 4, do not contribute in the renormalization
of the couplings of the higher-order operators, i.e. that they do not
violate the scale separation, we find that the following condition
has to be satisfied:

2
((dl Ydy) +do + gz ) (m? —10M%) =0. (36)

The coupling g1 s cannot be vanishing due to the condition of
Eq. (34) and therefore from Egs. (35) and (36) we obtain
2
g2_3’ Ms =M. (37)

Using all conditions imposed on couplings so far and analyz-
ing the vertex function V1V,V3 and demanding that the divergent
part of the sum of loop diagrams, shown in Fig. 2, has the same
Lorentz structure as the tree one, we obtain

dy=—dy =

81,s=82;s- (38)
Egs. (34) and (38) lead to

1M
gls—g2s=ig— (39)



D. Djukanovic et al. / Physics Letters B 785 (2018) 543-550 549

Going back to the V1V{ — V1V amplitude and taking into ac-
count Egs. (37) and (39), the condition of the vanishing of its
divergent part reduces to

2\2
(8gl,ss+g3) =0, (40)
from which we obtain
2
g
g],ss:_§3~ (41)

Next, we have calculated the divergent parts of one-loop dia-
grams contributing to the ®V3 — ®V3 scattering amplitude. As
the coupling constant of the V3 V3“®? interaction term is given

by g2 = —g§/8, i.e. in terms of the coupling of the three-vector
and four-vector interaction terms, the divergent pieces of the cor-
responding amplitudes have to be correlated. In a self-consistent
theory the renormalized value for the coupling g3 should be inde-
pendent from the process that was used to fix it. After a lengthy
one-loop calculation we found that this consistency condition re-
quires that the coupling g,ss has to vanish.

We checked in explicit calculations that all one-loop diver-
gences appearing in processes with three and four particles are ab-
sorbed in a redefinition of the coupling constants and the masses
and no further conditions on the couplings are obtained.

To summarize, all obtained relations among couplings and
masses can be written as

Mi=My=M3=M, gif=—g3e® gih¢=gys e,

1 3 M
hobed — — g‘\l/begflde , 8vss=0, Z1s=gs= g—7
4 2
2
g
gl,ss:g2,55:_§3- (42)

The sign of the couplings g1 s and g» s can be changed to the op-
posite by redefining the scalar field. We have chosen the positive
sign displayed above.
For the couplings in Eq. (42) the effective Lagrangian can be
written in a compact form, denoting g3 = g,
2
L= —}1 G, G + % vever (m-S o)

— gare® e Py vha, v,

1 m? b A
+§auq>a“q>—7¢2—a¢—§<b3—5¢4, (43)
where
Gﬂ _Va _ avava 44
nwy — VY uv g€ n'lv: (44)

This Lagrangian coincides with the SU(2) locally gauge invariant
Lagrangian of scalars and vector bosons with spontaneous sym-
metry breaking in the unitary gauge except for the self-interaction
terms of the scalars. The coefficient of the term linear in & is fixed
by the condition that the vacuum expectation value (i.e. one-point
function) of ®-field vanishes. Note in particular the gauge-type
form of the vector boson field strength. We checked by explicit
calculations that no further constraints on couplings are generated
by the condition of perturbative renormalizability of the three-
and four-point functions of scalar and vector bosons. This leaves
the two scalar self-interaction couplings unfixed. Notice here that
to fix the couplings of the scalar self-interaction terms tree-order
unitarity conditions of five-point functions have been analysed in
Refs. [3,4]. “Squaring” the tree order diagrams to obtain the loop

contributions to the scattering amplitudes we expect that the in-
vestigation of the one-loop diagrams contributing in five and six-
point functions and/or two-loop order analysis of four-point func-
tions will fix the couplings of three and four scalar self-interactions
such that the Lagrangian with spontaneous symmetry breaking
taken in unitary gauge results as an unique self-consistent EFT of
a massive scalar and massive vector bosons. Notice further that
the most general leading order Lagrangian of Eq. (43) does not
include the well known “chiral electroweak Lagrangian” (see e.g.
Refs. [17,18] and references therein). This is because to remove the
one-loop divergences generated by the leading order chiral effec-
tive Lagrangian one needs to renormalize couplings of the next-to-
leading order Lagrangian, i.e. the condition of separation of scales
is not satisfied by this EFT.

5. Summary and discussions

In the current work we revisited the problem of the unique-
ness of a theory with spontaneously broken gauge symmetry as a
consistent framework for describing the electroweak interactions.
Following the modern point of view of the Standard Model being
the leading order approximation of an effective field theory we an-
alyzed the most general Lorentz-invariant leading order effective
Lagrangian of massive vector bosons interacting with a massive
scalar field. Here, under leading order we mean interaction terms
with couplings of non-negative mass dimensions.

Massive spin-one particles are described by theories with con-
straints. The interaction terms of the effective Lagrangian have to
be consistent with the constraints so that the theory describes the
dynamics of the right number of degrees of freedom. Using the
standard canonical formalism, we analyzed the constraint structure
of our effective Lagrangian and obtained consistency conditions
which must be satisfied by the various coupling constants. Further
conditions are obtained by requiring perturbative renormalizabil-
ity. In particular, using dimensional regularization we calculated
the divergent parts of one-loop Feynman diagrams contributing to
various physical quantities and analyzed the conditions of renor-
malizability.

By applying dimensional regularization we can keep track of
only logarithmic divergences. However, this is sufficient as we are
looking for necessary conditions of perturbative renormalizability.
We imposed the condition that all logarithmic divergences gen-
erated by the interaction terms of the leading order effective La-
grangian should be removable from physical quantities in such a
way that the perturbative contributions of higher-order operators
remain suppressed by large scales. In combination with the rela-
tions between the coupling constants obtained from the constraint
analysis these conditions impose severe restrictions on the cou-
pling constants such that we end up with the Lagrangian of spon-
taneously broken gauge symmetry in unitary gauge except that the
coupling constants of the self-interactions of the scalar field re-
main unfixed. These are not pinned down by the analysis of the
UV divergences of all three- and four-point functions at one-loop
order. We expect that the condition of perturbative renormalizabil-
ity for three- and four-point functions at two-loop order or/and
one-loop order amplitudes with more external legs will fix these
two free couplings such that the Lagrangian with spontaneously
broken SU(2) gauge symmetry taken in unitary gauge appears as
an unique leading-order Lagrangian of a self-consistent EFT of a
massive scalar interacting with massive vector bosons. As it is well
known, the S-matrix generated by such a Lagrangian is ultravio-
let finite being identical to the one of the renormalizable gauge
[19]. Extending our analysis to pin down the couplings of self-
interactions of the scalar fields together with the inclusion of the
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electromagnetic interaction (analogously to Ref. [8]) and fermions
is relegated to forthcoming publications.
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