
 

Chiral theory of nucleons and pions in the presence
of an external gravitational field

H. Alharazin ,1 D. Djukanovic ,2,3 J. Gegelia,1,4 and M. V. Polyakov 1,5

1Ruhr University Bochum, Faculty of Physics and Astronomy, Institute for Theoretical Physics II,
D-44870 Bochum, Germany

2Helmholtz Institute Mainz, University of Mainz, D-55099 Mainz, Germany
3GSI Helmholtzzentrum für Schwerionenforschung, D-64291 Darmstadt, Germany

4Tbilisi State University, 0186 Tbilisi, Georgia
5Petersburg Nuclear Physics Institute, Gatchina, 188300, St. Petersburg, Russia

(Received 17 June 2020; accepted 7 October 2020; published 29 October 2020)

We extend the standard second order effective chiral Lagrangian of pions and nucleons by considering
the coupling to an external gravitational field. As an application we calculate one-loop corrections to the
one-nucleon matrix element of the energy-momentum tensor to fourth order in chiral counting, and next-to-
leading order tree-level amplitude of the pion-production in an external gravitational field. We discuss the
relation of the obtained results to experimentally measurable observables. Our expressions for the chiral
corrections to the nucleon gravitational form factors differ from those in the literature. That might require to
revisit the chiral extrapolation of the lattice data on the nucleon gravitational form factors obtained in the
past.

DOI: 10.1103/PhysRevD.102.076023

I. INTRODUCTION

Three basic global mechanical properties of the nucleon
(mass, spin, and the D-term1) can be obtained as a linear
response of the effective action to the change of the space-
time metric.2 The mass, spin, and D-term correspond to the
hadron gravitational form factors (GFFs) at zero momen-
tum transfer [2,3]. While the mass and spin of the nucleon
are well-studied and well-measured quantities, the third
mechanical characteristics (the D-term) is more subtle, as it
is related to the distribution of the internal forces inside the
nucleon [4] (for a review see Ref. [5]). The nucleon
gravitational form factors are measurable experimentally
in exclusive processes like deeply virtual Compton scatter-
ing (DVCS) [6,7] and hard exclusive meson production [8].
In the QCD description of these hard processes namely the

symmetric energy-momentum tensor (EMT) appears natu-
rally in the operator product expansion and hence these
processes are sensitive to the GFFs, see derivation, e.g.,
in Ref. [6].
The first results of measurements of the D-term in hard

QCD processes became available in Refs. [9,10] for the
nucleon, and in Ref. [11] for the pion. Profound studies of
all subtleties in the extraction of the D-term from hard
exclusive processes can be found in Ref. [12]. The GFFs
have been also studied in lattice QCD, see Refs. [13–17]
and references therein.
The hard exclusive process can be used not only to

access the GFFs of the nucleon, but also one can study
other hadronic processes induced by the gravitational
interaction. For example, the pion graviproduction off
the nucleon [18–21].
For systematic studies of hadronic processes induced by

gravity in the low-energy domain one needs to derive the
effective chiral Lagrangian (EChL) for nucleons and pions
in curved space-time. The corresponding EChL for pions
has been derived in Ref. [22], and the GFFs of the pion
obtained using EChL can be found in Ref. [23]. In the
present work we write down the full EChL of pions and
nucleons in curved space-time up to second order. For that
we couple the standard Lagrangian of chiral EFT up to
order two [24,25] to the gravitational field and introduce
two additional terms which depend explicitly on the
curvature characteristics of the space-time. Although these
additional terms are zero in flat space-time, they contribute
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1The name “D-term” is rather technical, it can be traced back
to more or less accidental notations chosen in Ref. [1]. Nowa-
days, given more clear physical meaning of this quantity, we
might call this term as “Druck-term” derived from the German
word for pressure.

2Just recall that in classical physics our intuitive perception of
the mass is related to the gravity (weighing experiment), also
recall the classical experiment with the Foucault pendulum to
measure the Earth’s rotation.
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to the EMTof pions and nucleons in Minkowski space-time
and hence to GFFs of the nucleon as well as to hadronic
processes induced by gravitational interaction.
In this work we apply the derived EChL to:
(i) manifestly Lorentz-invariant calculations of one-

loop contributions to the nucleon gravitational form
factors up to fourth order according to standard
power counting rules. To remove the divergences
and the power counting violating contributions from
one-loop diagrams we apply the EOMS renormal-
ization scheme of Refs. [26,27]. We obtain the result
which is at variancewith the calculations of Ref. [28]
done to the same chiral order using the heavy baryon
formalism [29,30]. The origin of this difference was
clarified with the authors of Ref. [28]—they agreed
with our results. Our new expressions for the chiral
corrections to nucleon GFFs might require revisiting
the chiral extrapolation of the lattice data on these
quantities obtained in the past.

(ii) derivation of the large distance asymptotic of the
energy, spin, pressure and shear force distributions
in the parametrically wide region of distance
1=Λstrong ≪ r ≪ 1=Mπ .

(iii) calculation of the amplitude of the pion graviproduc-
tion to next-to-leading order. The pion graviproduc-
tion can be accessed in hard exclusive processes
[18–21] and can be used to get additional information
about the new low-energy constants of the EChL.

Surely, applications of the EChL derived here are not
limited to the above physics problems. It can be used for a
wide spectrum of applications, ranging from the physics of

hadronic reactions in recently observed violent events, such
as the neutron stars mergers [31], to the fundamental
questions of general relativity (see, e.g., Ref. [32]), and
to the theory of hard exclusive processes and physics of
exotic hadro-charmonia [33–35].
Our paper is organized as follows: In Sec. II we obtain

the full second order EChL for pions and nucleons in
curved space-time and the corresponding expression for
EMT. Next we calculate the nucleon matrix element of the
EMT in Sec. III. The large distance asymptotic of the
energy, spin, pressure and shear force distributions is
studied in subsection III A. In Sec. IV we discuss the
one-pion graviproduction tree-level amplitude at next-to-
leading order. The results of our work are summarized in
Sec. V. The Appendixes contain definitions of loop
integrals, explicit expressions of GFFs in the chiral limit,
and the pion graviproduction amplitude.

II. EFFECTIVE ACTION IN CURVED SPACE TIME
AND THE ENERGY-MOMENTUM TENSOR

In this sectionwe obtain the full second order EChL for the
pions and nucleons in curved space-time and derive the
corresponding expression for the EMT. The EChL for pions
and nucleons without including the coupling to gravitational
fields can be found in Refs. [24,25]. For the purpose of
obtaining the EMT corresponding to these effective
Lagrangians, analogously to Ref. [22], we consider their
coupling to gravitational fields. The action corresponding to
the leading order effective Lagrangian of pseudoscalar
mesons interactingwith thegravitational field is givenby [22]

Sπ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
F2

4
gμνTrðDμUðDνUÞ†Þ þ F2

4
TrðχU† þUχ†Þ

�
; ð1Þ

where χ ¼ 2B0ðsþ ipÞ,DμU ¼ ∂μU − irμU þ iUlμ and the 2 × 2 unitary matrixU represents the pion field. The parameter
B0 is related to the vacuum condensate and s, p, lμ ¼ vμ − aμ and rμ ¼ vμ þ aμ are external sources.
For the action corresponding to the leading- and next-to-leading order effective Lagrangians of nucleons interacting with

pions and the gravitational field we obtain:

SπN ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

2
Ψ̄ieμaγa∇μΨ −

1

2
∇μΨ̄ie

μ
aγaΨ −mΨ̄Ψþ gA

2
Ψ̄eμaγaγ5uμΨ

þ c1hχþiΨ̄Ψ −
c2
8m2

gμαgνβhuμuνiðΨ̄f∇α;∇βgΨþ f∇α;∇βgΨ̄ΨÞ þ
c3
2
gμνhuμuνiΨ̄Ψ

þ ic4
4

Ψ̄eμaeνbσab½uμ; uν�Ψþ c5Ψ̄χ̂þΨþ c6
8m

Ψ̄eμaeνbσabFþ
μνΨþ c7

8m
Ψ̄eμaeνbσabhFþ

μνiΨ

þ c8
8
RΨ̄Ψþ ic9

m
RμνðΨ̄eaμγa∇νΨ −∇νΨ̄eaμγaΨÞ

�
; ð2Þ

As usual, the action at this chiral order has been reduced to the above (minimal) form by using field redefinitions. In Eq. (2)
gμν and eμa are the metric (we use the signature ðþ;−;−;−Þ) and vielbein gravitational fields, respectively,
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uμ ¼ i½u†∂μu − u∂μu† − iðu†vμu − uvμu†Þ�;
Fþ
μν ¼ u†FRμνuþ uFLμνu†;

FRμν ¼ ∂μrν − ∂νrμ − i½rμ; rν�;
FLμν ¼ ∂μlν − ∂νlμ − i½lμ; lν�;
χþ ¼ u†χu† þ uχ†u;

χ̂þ ¼ χþ −
1

2
hχþi; ð3Þ

and the covariant derivative acting on the nucleon field has
the form

∇μΨ ¼ ∂μΨþ i
2
ωab
μ σabΨþ ðΓμ − ivðsÞμ ÞΨ;

∇μΨ̄ ¼ ∂μΨ̄ −
i
2
Ψ̄σabωab

μ − Ψ̄ðΓμ − ivðsÞμ Þ; ð4Þ

where vðsÞμ is an isoscalar external vector source, σab ¼
i
2
½γa; γb� and

Γμ ¼
1

2
½u†∂μuþ u∂μu† − iðu†vμuþ uvμu†Þ�;

ωab
μ ¼ −gνλeaλð∂μebν − ebσΓσ

μνÞ;

Γλ
αβ ¼

1

2
gλσð∂αgβσ þ ∂βgασ − ∂σgαβÞ;

Rρ
σμν ¼ ∂μΓ

ρ
νσ − ∂νΓ

ρ
μσ þ Γρ

μλΓλ
νσ − Γρ

νλΓλ
μσ;

R ¼ gμνRλ
μλν: ð5Þ

The vielbein fields satisfy the following relations:

eaμebνηab ¼ gμν; eμaeνbη
ab ¼ gμν;

eaμebνgμν ¼ ηab; eμaeνbgμν ¼ ηab: ð6Þ

When calculating f∇α;∇βgΨ and f∇α;∇βgΨ̄ in Eq. (2)
we need to take into account that the purely gravitat-
ional covariant derivative ∇gr

μ acting on a tensor has the
form:

∇gr
μ T

αβ…
ρσ… ¼ ∂μT

αβ…
ρσ… þ Γα

μνT
νβ…
ρσ… þ � � � − Γν

μρT
αβ…
νσ… −…:

ð7Þ

The effective action of Eq. (2) contains low-energy
constants (LECs), c1−7 corresponding to the constants of
the second order πN effective action introduced in
Ref. [25], the values of which are constrained by data
on low-energy physics of pions and nucleons. It also
contains two new LECs, c8 and c9 which are not present
in the theory formulated in flat metric.3 We shall see below
that they can be constrained by GFFs of the nucleon and/or
by the pion graviproduction. It is important that these new
LECs (like all others) are universal—the same constants
enter various hadronic processes induced by gravity.
Using the definition of the EMT for matter fields

interacting with the gravitational metric fields,

Tμνðg;ψÞ ¼
2ffiffiffiffiffiffi−gp δSm

δgμν
; ð8Þ

from the action of Eq. (1) we obtain in flat spacetime

TðπÞ
μν ¼ F2

4
TrðDμUðDνUÞ† þDνUðDμUÞ†Þ − ημν

�
F2

4
TrðDαUðDαUÞ†Þ þ F2

4
TrðχU† þ Uχ†Þ

�
; ð9Þ

where ημν is the Minkowski metric tensor. For the fermion
fields interacting with gravitational vielbein fields we use
the definition [37]

Tμνðg;ψÞ ¼
1

2e

�
δS
δeaμ

eaν þ
δS
δeaν

eaμ

�
; ð10Þ

where e is the determinant of eaμ. The action of Eq. (2)
leads to the following expression for the EMT in flat
spacetime:

3Notice that these couplings are not the same as introduced in
the effective Lagrangian with external tensor sources in Ref. [36].
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TðπNÞ
μν ¼ i

4
ðΨ̄γμDνΨþ Ψ̄γνDμΨ −DμΨ̄γνΨ −DνΨ̄γμΨÞ þ

gA
4
ðΨ̄γμγ5uνΨþ Ψ̄γνγ5uμΨÞ

−
c2
8m2

½huμuβiðΨ̄fDν; DβgΨþ fDν; DβgΨ̄ΨÞ þ huαuμiðΨ̄fDα; DνgΨþ fDα; DνgΨ̄ΨÞ
þ huνuβiðΨ̄fDμ; DβgΨþ fDμ; DβgΨ̄ΨÞ þ huαuνiðΨ̄fDα; DμgΨþ fDα; DμgΨ̄ΨÞ�

þ ic2
16m2

∂ρfhuαuβi½DαΨ̄ðηβνσρμ þ ηβμσρνÞΨþDβΨ̄ðηανσρμ þ ηαμσρνÞΨ�
− huαuβi½Ψ̄ðηβνσρμ þ ηβμσρνÞDαΨþ Ψ̄ðηανσρμ þ ηαμσρνÞDβΨ�g
þ c2
4m2

f∂α½huαuμiDνðΨ̄ΨÞ þ huαuνiDμðΨ̄ΨÞ − huμuνiDαðΨ̄ΨÞ�g

þ c3Ψ̄huμuνiΨþ ic4
8

Ψ̄ðσνβ½uμ; uβ� þ σαν½uα; uμ� þ σμβ½uν; uβ� þ σαμ½uα; uν�ÞΨ

þ c6
8m

Ψ̄ðσνβFþ
μαη

αβ þ σμβFþ
ναη

αβÞΨþ c7
8m

Ψ̄ðσνβhFþ
μαiηαβ þ σμβhFþ

ναiηαβÞΨ

þ c8
4
ðημν∂2 − ∂μ∂νÞΨ̄Ψþ ic9

2m
ðημαηνβ∂2 þ ημν∂α∂β − ημα∂ν∂β − ηνα∂μ∂βÞ

× ðΨ̄γαDβΨ −DβΨ̄γαΨþ Ψ̄γβDαΨ −DαΨ̄γβΨÞ

− ημν

�
1

2
Ψ̄iγαDαΨ −

1

2
DαΨ̄iγαΨ −mΨ̄Ψþ gA

2
Ψ̄γαγ5uαΨ

þ c1hχþiΨ̄Ψ −
c2
8m2

huαuβiðΨ̄fDα; DβgΨþ fDα; DβgΨ̄ΨÞ þ c3
2
huαuαiΨ̄Ψþ ic4

4
Ψ̄σαβ½uα; uβ�Ψ

þ c5Ψ̄χ̂þΨþ c6
8m

Ψ̄σαβFþ
αβΨþ c7

8m
Ψ̄σαβhFþ

αβiΨ�; ð11Þ

where

DμΨ ¼ ∂μΨþ ðΓμ − ivðsÞμ ÞΨ;
DμΨ̄ ¼ ∂μΨ̄ − Ψ̄ðΓμ − ivðsÞμ Þ: ð12Þ

The expression of Eq. (11) can be used for calculations in
the low-energy region of various matrix elements of the
EMT (and of its various products with scalar, pseudoscalar,
vector and axial-vector quark currents) between states
containing one nucleon and an arbitrary number of pions.
Below we apply Eq. (11) for calculations of the one-loop
corrections to GFFs of the nucleon up to fourth chiral order,
and of the pion graviproduction tree-level amplitude in the
leading and next-to-leading chiral orders. The expression
for the EMT of Eq. (11) can be also applied to variety of
low-energy hadronic processes induced by gravity (by
EMT) and to calculations of various corrections to GFFs.

III. ONE LOOP CHIRAL CORRECTIONS TO
NUCLEON GRAVITATIONAL FORM FACTORS

In this section we calculate the tree and one-loop
contributions to the nucleon matrix element of the EMT.
The topologies of the corresponding diagrams are shown in
Fig. 1. Standard power counting rules apply to these
diagrams [38,39], i.e., the pion lines count as of chiral
order minus two, the nucleon lines have order minus one,
interaction vertices originating from the effective
Lagrangian of order N count also as of chiral order N
and the vertices generated by the EMT have the orders
corresponding to the number of quark mass factors and
derivatives acting on the pion fields, derivatives acting on
the nucleon fields count as of chiral order zero. The
momentum transfer between the initial and final nucleons
also counts as of chiral order one, therefore in those terms
of energy-momentum operator which contain full deriva-
tives, these derivatives (although also acting on nucleon

(a) (b) (c) (d) (e) ( f ) (g)

FIG. 1. Tree and one-loop diagrams contributing to the nucleon matrix element of the EMT. Dashed and solid lines correspond to
pions and nucleons, respectively. The circles with crosses represent the EMT vertices. (a)–(g) are used to distinguish between individual
diagrams in the text.
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fields) count as of chiral order one. Integration over loop
momenta is counted as of chiral order four.
Since we are interested in the nucleon matrix element of

order four in the chiral expansion, we need vertices with
two nucleon lines, generated by the EMT, up to order four.
While we have obtained these vertices from the expression
of Eq. (11) for zeroth, first, and second chiral orders, for the
third and fourth order terms we use a parametrization as
specified below. Simple power counting arguments show
that, because the pion-nucleon-nucleon vertices have at
least chiral order one, for all one-loop diagrams except (f)
we only need vertices up to order two. Naively it seems that
for diagrams of topology (f) we need also pion-nucleon-
nucleon vertices of chiral order three, because the nucleon-
nucleon vertex originating from the EMT starts with chiral

order zero. However more careful examination reveals that
the leading order contribution of the diagram with the
mentioned zeroth order vertex is exactly canceled by the
nucleon wave function renormalization constant multiplied
by the tree order diagrams. Therefore the formally zeroth
order vertex in effect starts contributing as a vertex of order
one. As a result of this the diagram with the pion-nucleon-
nucleon vertex of order three starts only contributing at
chiral order five. For this reason we do not consider such
diagrams in this work. Notice here that the above described
power counting is realized in the results of our manifestly
Lorentz-invariant calculations only after performing an
appropriate renormalization.
The one-nucleon matrix element of the EMT is para-

metrized in terms of three form factors as follows [5]:

hpf; sfjTμνjpi; sii ¼ ūðpf; sfÞ
�
AðtÞPμPν

mN
þ iJðtÞPμσναΔα þ PνσμαΔα

2mN
þDðtÞΔμΔν − ημνΔ2

4mN

�
uðpi; siÞ; ð13Þ

where mN is the physical mass of the nucleon, ðpi; siÞ and
ðpf; sfÞ are the momentum and polarization of the incoming
and outgoing nucleons, respectively, and P ¼ ðpi þ pfÞ=2,
Δ ¼ pf − pi, t ¼ Δ2.
The tree-order diagrams up to chiral order four give the

following contributions to the form factors:

AtreeðtÞ ¼ 1 −
2c9
mN

tþ x1M2
πtþ x2t2;

JtreeðtÞ ¼
1

2
−

c9
mN

t;

DtreeðtÞ ¼ c8mN þ y1tþ y2M2
π; ð14Þ

where c8 and c9 terms are generated by the EMT of
Eq. (11), while x1 and x2 (y1 and y2) parametrize the tree-
order contributions of the fourth (the third) chiral orders.
The parameters xi and yi are given as linear combinations
of the coupling constants of the corresponding effective

Lagrangians in the presence of the external gravitational
field, derivation of which is beyond the scope of this work.
In calculations of loop diagrams, shown in Fig. 1 we

applied dimensional regularization (see, e.g., Ref. [40]) and
used the program FeynCalc [41,42]. The one-loop expres-
sions of the form factors are too large to be shown
explicitly. Instead we give the corresponding expressions
in chiral limit in the Appendix.
We perform the renormalization of loop diagrams by

applying the EOMS scheme [26,27] with the renormaliza-
tion scale μ ¼ mN . Notice that the divergent pieces of one-
loop contributions to AðtÞ, as well as to JðtÞ, with
coefficients of chiral orders zero and two, vanish. On the
other hand, there is a power counting violating contribution
to AðtÞ given by 3tg2A=ð64π2F2Þ which is absorbed into the
renormalization of the coupling constant c9 without affect-
ing the power counting for JðtÞ in which c9 also gives a
tree-order contribution. The coupling c8 has to cancel the
divergent part and the power counting violating piece of the
one-loop contribution to DðtÞ given by

−
g2A

16π2F2
½m2

NB0ðm2
N; 0; m

2
NÞ þ A0ðm2

NÞ� −
3c8g2A
32π2F2

ð2m3
N − 3mNA0ðm2

NÞÞ þ
3c9g2AmN

2π2F2
A0ðm2

NÞ; ð15Þ

where the loop integrals A0 and B0 are defined in the Appendix.4

Adding the tree-order contribution of Eq. (14) to the one-loop result we obtain the following expression for the D-term
Dð0Þ expanded in powers of the pion mass:

4Infinite renormalization of c8 implies that, while being a dimensionful coupling constant of an interaction of the gravitational and
nucleon fields, it is only suppressed by hadronic scale(s), because it receives corrections due to pion loops.
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Dð0Þ
mN

¼ c8 þ
g2A

16πF2
Mπ þ

−3g2A=mN þ 2ð−4c1 þ c2 þ 2c3Þ
8π2F2

M2
π ln

�
Mπ

mN

�

þ ð−g2Að3c8 þ 14=mNÞ þ 8c3 − 16c1Þ
32π2F2

M2
π þ

y2
mN

M2
π þOðM3

πÞ: ð16Þ

We notice that our result is at variance with calculations of Diehl et al. [28] done to the same chiral order using heavy baryon
approach. More specifically our coefficients of the nonanalytical ∼M2

π lnðMπ=mNÞ terms proportional to LECs c2;3 are
different from those of Ref. [28]. For the remaining nonanalytical contributions we found agreement with calculations of
Ref. [28] and with other lower order calculations in Refs. [36,43–45]. Mentioned difference might lead to the revision of the
extrapolation of lattice data of nucleon GFFs to the physical point.
Next we define the slopes of GFFs by writing the form factors as:

AðtÞ ¼ 1þ sAtþOðt2Þ;

JðtÞ ¼ 1

2
þ sJtþOðt2Þ;

DðtÞ ¼ Dð0Þ þ sDtþOðt2Þ: ð17Þ

For the chiral expansion of the loop contributions to the slopes we obtain [while the tree-order contributions are included in
Eq. (14)]

sA ¼ −
7g2A

128πF2mN
Mπ þ

ðc2mN − 4g2AÞ
16π2F2m2

N
M2

π ln

�
Mπ

mN

�
−
3g2Að2c9mN þ 1Þ

32π2F2m2
N

M2
π þOðM3

πÞ;

sJ ¼ −
g2A

32π2F2
ln

�
Mπ

mN

�
þ g2Að4c9mN − 5Þ

64π2F2
þ 7g2A
128πF2mN

Mπ þOðM2
πÞ;

sD ¼ −
g2AmN

40πF2

1

Mπ
−
ð5g2A þ 4ðc2 þ 5c3ÞmNÞ

80π2F2
ln

�
Mπ

mN

�
þ g2Að24þ ð15c8 þ 40c9ÞmNÞ

480π2F2

þ ð4c1 − c2 − 7c3ÞmN

40π2F2
þOðMπÞ: ð18Þ

Again the nonanalytic terms ∼c2;3M2
π lnðMπ=mNÞ in our calculation differ from those of Ref. [28]. For other nonanalytical

contributions we find agreement with calculations of Ref. [28] and with other lower order calculations in Refs. [36,43–45].

A. Large distance asymptotics of the energy, spin, pressure, and shear force distributions

The GFFs of the nucleon AðtÞ, JðtÞ and DðtÞ can be related to the energy and spin densities as [4,5]:

ρEðrÞ ¼ mN

Z
d3Δ
ð2πÞ3 e

−irΔ
�
Að−Δ2Þ þ Δ2

4m2
N
½Að−Δ2Þ − 2Jð−Δ2Þ þDð−Δ2Þ�

�
; ð19Þ

ρJðrÞ ¼
Z

d3Δ
ð2πÞ3 e

−irΔ
�
Jð−Δ2Þ þ 2

3
Δ2

dJð−Δ2Þ
dΔ2

�
: ð20Þ

The vector field of the spin distribution in the polarized nucleon has the form Jiðr; sÞ ¼ 3
2
ðδik − rirk

r2 ÞskρJðrÞ [46,47]. The
distribution of the pressure pðrÞ and shear force sðrÞ are obtained through [4,5]:

sðrÞ ¼ −
1

4mN
r
d
dr

1

r
d
dr

D̃ðrÞ; pðrÞ ¼ 1

6mN

1

r2
d
dr

r2
d
dr

D̃ðrÞ; D̃ðrÞ ¼
Z

d3Δ
ð2πÞ3 e

−iΔrDð−Δ2Þ: ð21Þ

The large distance power-like behavior of the distributions in the parametrically wide region 1=Λstrong ≪ r ≪ 1=Mπ is
governed by the singularities of GFFs at t ¼ 0, i.e., by the nonanalytical terms of the GFFs in the chiral limit. From our loop
calculations we can obtain the following small t behavior of the GFFs in the chiral limit, i.e., first taking the limit of
vanishing pion masses, to the accuracy of our calculations:
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AðtÞ ¼ 1 −
2c9
mN

tþ 3g2A
512F2mN

ð−tÞ32 − ðc2mN − 10g2AÞ
320π2F2m2

N
t2 ln

�
−t
m2

N

�
−
ð25g2Að12c9mN − 7Þ − 62c2mNÞ

9600π2F2m2
N

t2 þOðt52Þ;

JðtÞ ¼ 1

2
−

c9
mN

t −
g2A

64π2F2
t ln

�
−t
m2

N

�
þ g2Að12c9mN − 7Þ

192π2F2
t −

3g2A
512F2mN

ð−tÞ32 þOðt2Þ;

DðtÞ ¼ mNc8 þ
3g2AmN

128F2

ffiffiffiffiffi
−t

p
−
ð5g2A þ 4ðc2 þ 5c3ÞmNÞ

160π2F2
t ln

�
−t
m2

N

�

þ ð5g2Að40c9mN þ 15c8mN þ 28Þ þ 94c2mN þ 200c3mNÞ
2400π2F2

tþOðt32Þ: ð22Þ

Performing 3D Fourier transformation of these expressions we obtain the large distance behavior of the spatial distributions
in the parametrically wide region 1=Λstrong ≪ r ≪ 1=Mπ:

ρEðrÞ ¼
9g2A

64π2F2

1

r6
−
3ð10g2A=mN þ ðc2 þ 10c3ÞÞ

16π3F2

1

r7
þO

�
1

r8

�
; ð23Þ

ρJðrÞ ¼
5g2A

64π3F2

1

r5
−

9g2A
64π2F2mN

1

r6
þO

�
1

r7

�
; ð24Þ

D̃ðrÞ ¼ −
3g2AmN

128π2F2

1

r4
þ 3ð5g2A þ 4ðc2 þ 5c3ÞmNÞ

160π3F2

1

r5
þO

�
1

r6

�
: ð25Þ

Using Eq. (25) in Eq. (21) we obtain the large distance behavior of the pressure and shear force distributions:

pðrÞ ¼ −
3g2A

64π2F2

1

r6
þ ð5g2A=mN þ 4ðc2 þ 5c3ÞÞ

16π3F2

1

r7
þO

�
1

r8

�
;

sðrÞ ¼ 9g2A
64π2F2

1

r6
−
21ð5g2A=mN þ 4ðc2 þ 5c3ÞÞ

128π3F2

1

r7
þO

�
1

r8

�
: ð26Þ

The leading terms (∼1=r6) in Eq. (26) have been obtained
for the first time in Ref. [48] in the framework of the soliton
picture of the nucleon. The obtained large distance asymp-
totics can be useful for the analysis of lattice data on GFFs
of the nucleon and for deriving general constraints on the
GFFs. To illustrate the latter point we note that the large
distance behavior of the energy density, given by Eq. (23),
and of pressure and the shear force distributions, specified in
Eq. (26), satisfy the general stability conditions—ρEðrÞ > 0

and 2
3
sðrÞ þ pðrÞ > 0, see discussion in Ref. [5].

Furthermore with help of expression for JðtÞ in Eq. (22)
we can obtain large impact-parameter behavior of the
distributions of Belinfante-improved total angular momen-
tum. The latter is defined as [46]:

hJBeliðb⊥Þ ¼ −
1

2
b⊥

∂
∂b⊥

Z
d2Δ⊥
ð2πÞ2 e

−ib⊥Δ⊥Jð−Δ⊥2Þ: ð27Þ

Performing the 2D Fourier transformation we obtain the
large b⊥ asymptotics of hJBeliðb⊥Þ as:

hJBeliðb⊥Þ ¼
g2A

16π3F2

1

b4⊥
−

135g2A
2048πF2mN

1

b5⊥
þO

�
1

b6⊥

�
:

ð28Þ

This model-independent asymptotics is valid in the para-
metrically wide region 1=Λstrong ≪ b⊥ ≪ 1=Mπ and can be
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used for derivation of model-independent constraints for
total angular momentum distribution in the nucleon.

IV. PION GRAVIPRODUCTION

The effective action of Eq. (2) obtained from the
effective Lagrangian is universal and, hence, can be applied
to a wide range of low-energy processes induced by gravity.
As an example of an application of the action of Eq. (2) we
consider in this section the tree-order amplitude of the one-
pion production in a gravitational field close to threshold,
where the chiral expansion of this quantity makes sense.
The pion graviproduction is relevant not only for hadronic
reactions in strong gravitational fields, but it can also be
measured in hard exclusive processes [18–21].
The full tree-order amplitude of the one pion production

Ma;μν ¼ hπaðkÞNðpfÞjTμνð0ÞjNðpiÞi of leading and next-
to-leading chiral orders is given in Eq. (C1) of the

Appendix—the corresponding diagrams are shown in
Fig. 2. Here we give the expression for the amplitude at
threshold which can be parametrized in terms of GFFs for
the 1=2þ → 1=2− transition. The corresponding form
factors were introduced first in Ref. [2] for the case of
equal masses of the final and initial states, for different
masses they were considered in Ref. [49]. Following the
latter reference we obtain the threshold amplitude of the
pion graviproduction in the following form:

−iMa;μν
tree ¼ F1ðΔ2ÞūðpfÞ

τa

2

�
Δ2PμPν − ðm2� −m2

NÞΔfμPνg þ ðm2� −m2
NÞ2

4
gμν

�
γ5uðpiÞ

þ F2ðΔ2ÞūðpfÞ
τa

2

�
Δ2γfμPνg − ðm� þmNÞΔfμPνg −

ðm2� −m2
NÞ

2
ðγfμΔνg − ðm� þmNÞgμνÞ

�
γ5uðpiÞ

þ F3ðΔ2ÞfΔμΔν − gμνΔ2gūðpfÞ
τa

2
γ5uðpiÞ; ð29Þ

where Δ ¼ pf þ k − pi, P ¼ pi þ Δ
2
, m� ¼ mN þMπ , and the symmetrization is defined as XfμYνg ¼ ðXμYν þ XνYμÞ=2.

Our tree order calculation gives:

F1ðΔ2Þ ¼ 8c9gAmN

Fm�ðmNðm� þmNÞ − Δ2Þ þ
4gAmNðmN −MπÞ

FðmNðm� þmNÞ − Δ2ÞðM2
πðm� þmNÞ − Δ2mNÞ

;

F2ðΔ2Þ ¼ 2gAmN

Fðm� þmNÞðmNðm� þmNÞ − Δ2Þ −
2c9gAðMπmNðm� þmNÞ2 þ Δ2ð2m2

N −M2
πÞÞ

Fm�mNðm� þmNÞðmNðm� þmNÞ − Δ2Þ ;

F3ðΔ2Þ ¼ −
c9MπgAð−M2

πmN þ 4m3
N þMπΔ2Þ

Fm�mNðmNðm� þmNÞ − Δ2Þ −
c8m�gAð2mNðm� þmNÞ − Δ2Þ

2Fðm� þmNÞðmNðm� þmNÞ − Δ2Þ

þ MπgAmNð−4m2
N þM2

π þ Δ2Þ
FðmNðm� þmNÞ − Δ2ÞðM2

πðm� þmNÞ − Δ2mNÞ
: ð30Þ

In the momentum transfer range Δ2 ∼M2
π ∼ ε2 → 0 the

above form factors scale as F1ðΔ2Þ ∼ 1=ε2, F2ðΔ2Þ ∼ ε0,
and F3ðΔ2Þ ∼ 1=ε.
Our amplitude of the pion graviproduction (see the above

equation and Eq. (C1) in the Appendix) depends on the new
LECs c8 and c9. Therefore the measurements of the pion
graviproduction process can be used as an additional source

of information on these LECs, and also for studying the
applicability of the chiral effective field theory to reactions
induced by gravitational interactions. The pion gravipro-
duction can be accessed in hard exclusive processes like
the nondiagonal DVCS (γ� þ N → γ þ ðπNÞ) [18–21]. The
corresponding measurements are planned by the CLAS12
collaboration at JLab (USA) [50].

FIG. 2. Tree-order diagrams contributing to the pion gravipro-
duction. Dashed and solid lines correspond to pions and nucle-
ons, respectively. The circles with crosses represent the EMT
vertices.
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V. SUMMARY

In the current work we presented the effective chiral
Lagrangian of pions and nucleons up to the second chiral
order in the presence of external gravitational field. We
derived the corresponding energy-momentum tensor of
pions and nucleons (with external scalar, pseudoscalar,
vector and axial-vector quark currents included) in flat
space-time. Next we calculated the one-loop contributions
to the one-nucleon matrix element of the energy-momen-
tum tensor at fourth chiral order and extracted the corre-
sponding contributions to gravitational form factors of the
nucleon. To renormalize the loop diagrams we applied the
EOMS renormalization scheme of Refs. [26,27]. For the
tree contributions of the first and the second order we
obtained the Feynman rules from the corresponding
expressions of the energy-momentum tensor while for
the third and fourth orders we used parametrizations in
most general form. While the coefficients of these para-
metrizations can be expressed as linear combinations of the
coupling constants of the effective Lagrangians of the
corresponding chiral orders in the presence of an external
gravitational field, derivation of these Lagrangians and the
corresponding energy-momentum tensors is beyond
the scope of this work. As the obtained expressions for
the gravitational form factors of the nucleon, defined by the
matrix element of the energy-momentum tensor, are too
large to be given explicitly, in the Appendix we quote them
in the chiral limit. We calculated the chiral expansion of the
Dð0Þ and slope parameters for all GFFs to the fourth order
of the chiral expansion. Our results for nonanalytical
contributions of the type ∼c2;3M2

π lnðMπ=mNÞ differ from
those of the previous fourth order calculations of Ref. [28].
For the remaining nonanalytical contributions we found
agreement with the calculations of Ref. [28] and with other

lower order calculations in Refs. [36,43–45]. The differ-
ence of our results with those in Ref. [28] was discussed
with the authors of Ref. [28]. In an updated version of
Ref. [28] agreement with our results has been established. It
is very important to check how strong the new results affect
the chiral extrapolation of the lattice data on nucleon GFFs
obtained in the past. However this is beyond the scope of
the current work.
Furthermore we calculated the leading- and next-to-

leading order tree contributions to the amplitude of the
pion graviproduction. The process of the pion gravipro-
duction provides an additional independent (to gravita-
tional form factors) source of information on the new LECs
c8;9. It also offers a test of applicability of chiral perturba-
tion theory to gravity-induced low-energy processes.
Possibility of measurements of the pion graviproduction
in hard exclusive processes has been discussed in
Refs. [18–21]. Such kind of experiments are planned by
the CLAS12 collaboration at JLab (USA) [50]. The
effective action of Eq. (2) obtained here provides a
systematic tool of analyzing the data on these processes.
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APPENDIX A: DEFINITION OF LOOP INTEGRALS

The one-loop integrals appearing in expressions of our quoted results are defined as follows:

A0ðm2Þ ¼ ð2πÞ4−n
iπ2

Z
dnk

k2 −m2 þ iϵ
;

B0ðp2; m2
1; m

2
2Þ ¼

ð2πÞ4−n
iπ2

Z
dnk

½k2 −m2
1 þ iϵ�½ðpþ kÞ2 −m2

2 þ iϵ� ;

C0ðp2
1; p

2
2; p

2
12; m

2
1; m

2
2; m

2
3Þ ¼

ð2πÞ4−n
iπ2

Z
dnk

½k2 −m2
1 þ iϵ�½ðp1 þ kÞ2 −m2

2 þ iϵ�½ðp1 þ p2 þ kÞ2 −m2
3 þ iϵ� ; ðA1Þ

with p12 ¼ p1 þ p2. For the reduction of tensor loop integrals to scalar ones we apply the formulas specified in Ref. [51]
while for the expansion in terms of kinematical invariants we use Ref. [52].
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APPENDIX B: ONE-LOOP EXPRESSIONS FOR FORM FACTORS IN CHIRAL LIMIT

Renormalized expressions of form factors in chiral limit for μ ¼ mN :

AðtÞ ¼ 1 −
2c9t
mN

þ tg2A
64π2F2ð4m2

N − tÞ3 ½−48tm
4
Nðm2

N þ tÞC0ðm2
N;m

2
N; t; 0; m

2
N; 0Þ

− 2m2
Nðt − 4m2

NÞ2B0ðt; m2
N;m

2
NÞ − 4tm2

NB0ðt; 0; 0Þð26m2
N þ tÞ − 42t2m2

N þ 248tm4
N − 32m6

N þ 3t3�

þ c9t2g2AmNðB0ðt; m2
N;m

2
NÞ − 1Þ

16π2F2ð4m2
N − tÞ þ c2t2ð15B0ðt; 0; 0Þ þ 16Þ

4800π2F2mN
;

JðtÞ ¼ 1

2
−
c9t
mN

þ g2A
128π2F2ðt − 4m2

NÞ2
½24t2m4

NC0ðm2
N;m

2
N; t; 0; m

2
N; 0Þ þ 4tm2

NB0ðt; 0; 0Þð8m2
N þ tÞ

þ 2ðtmN − 4m3
NÞ2B0ðt; m2

N;m
2
NÞ þ 30t2m2

N − 128tm4
N þ 32m6

N − 3t3� − c9tg2AmNðB0ðt; m2
N;m

2
NÞ − 1Þ

32π2F2
;

DðtÞ ¼ mNc8 þ
g2Am

2
N

48π2F2tðt − 4m2
NÞ2

½6m2
Nð3t2ð2m2

N − tÞC0ðm2
N;m

2
N; t; 0; m

2
N; 0Þ − 2ðt − 4m2

NÞ2B0ðt; m2
N;m

2
NÞÞ

þ 6t2B0ðt; 0; 0Þðm2
N − tÞ − 22t2m2

N þ 128tm4
N − 192m6

N þ 5t3� þ 3c8g2Am
3
NðB0ðt; m2

N;m
2
NÞ þ 1Þ

16π2F2

þ c9g2Am
3
NðB0ðt; m2

N;m
2
NÞ þ 1Þ

2π2F2
þ c2tð15B0ðt; 0; 0Þð8m2

N þ 3tÞ þ 68m2
N − 42tÞ

4800π2F2mN

þ c3tmNð3B0ðt; 0; 0Þ − 1Þ
24π2F2

: ðB1Þ

APPENDIX C: TREE-ORDER AMPLITUDE OF THE ONE-PION PRODUCTION

Tree-order amplitude of the pion production Ma;μν ¼ hπaðkÞNðpfÞjTμνð0ÞjNðpiÞi has the following form:

−iMa;μν
tree ¼ ūðpf; sfÞ

τa

2

�
gA

2Fðm2
N − sÞ ðc8mNðq2gμν − qμqνÞ=kγ5 þ ðmN − 2c9q2Þðð2pν

i þ qνÞ=kγμγ5

þ ð2pμ
i þ qμÞ=kγνγ5ÞÞ þ gA

2Fðm2
N − uÞ ðc8mNðq2gμν − qμqνÞ=kγ5 þ ð2c9q2 −mNÞðð2pν

f − qνÞγμ=kγ5

þ ð2pμ
f − qμÞγν=kγ5ÞÞ þ gAmN

FðM2
π − tÞ γ

5ðq2gμν þ 4kμkν − 2qνkμ − 2qμkνÞ

−
c9gA
2FmN

ð2ðq2 − tÞgμν=kγ5 − 2ðqνkμ þ qμkνÞð=kγ5 − 2γ5mNÞ þ γμγ5ð2q2kν þ qνðt − q2ÞÞ

þ γνγ5ð2q2kμ þ qμðt − q2ÞÞÞ þ c9M2
πgA

2FmN
ð−2gμν=kγ5 þ γμγ5qν þ γνγ5qμÞ

þ c8gA
2F

γ5ðq2gμν − qμqνÞ þ gAmN

F
γ5gμν

�
uðpi; siÞ; ðC1Þ

where q ¼ pf þ k − pi and the Mandelstam variables s, t, u are defined as: s ¼ ðpf þ kÞ2, t ¼ ðpf − piÞ2, u ¼ ðk − piÞ2.
One can easily check that the obtained amplitude is explicitly transverse, i.e., qμMa;μν ¼ qνMa;μν ¼ 0 as it follows from
conservation of EMT.
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