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Vacuum Birefringence at the Gamma Factory

Felix Karbstein

The perspectives of studying vacuum birefringence at the Gamma Factory are
explored. To this end, the parameter regime which can be reliably analyzed
resorting to the leading contribution to the Heisenberg–Euler effective
Lagrangian is assessed in detail. It is explicitly shown that—contrary to naive
expectations—this approach allows for the accurate theoretical study of
quantum vacuum signatures up to fairly large photon energies. The big
advantage of this parameter regime is the possibility of studying the
phenomenon in experimentally realistic, manifestly inhomogeneous pump
and probe field configurations. Thereafter, two specific scenarios giving rise to
a vacuum birefringence effect for traversing gamma probe photons are
analyzed. In the first scenario the birefringence phenomenon is induced by a
quasi-constant static magnetic field. In the second case it is driven by a
counter-propagating high-intensity laser field.

1. Introduction

Maxwell’s classical theory of electrodynamics allows for the ac-
curate description of the physics of macroscopic electromagnetic
fields and light propagation. One of its cornerstones is the su-
perposition principle of electromagnetic waves in the vacuum.
The latter implies that in vacuum light rays pass through each
other without any interaction and thus do not change their prop-
erties. This celebrated classical principle does, however, no longer
strictly hold when resorting to a modern theoretical physics per-
spective in which the microscopic physics is governed by a rela-
tivistic quantum field theory (QFT).
A simplified, intuitive explanation goes as follows. As opposed

to the classical notion of the vacuum, the quantum vacuum can
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no longer be considered as an empty
and inert ground state of the world, but
amounts to a highly non-trivial quan-
tum state which encodes information
about the full particle content of the un-
derlying fundamental quantum theory.
This comes about as follows: QFT dis-
tinguishes between real and virtual man-
ifestations of particles, both of which
are characterized by the same defining
properties, namely mass, charge, and
spin. The real variant fulfills a rela-
tivistic energy–momentum relation (“on-
shell condition”) and may be considered
as the quantum version of a classical par-
ticle. It exists as an asymptotic state, and
can—at least in principle—be prepared
and measured directly in experiment. In

contrast, virtual particles violate the relativistic energy–
momentum relation, that is, are manifestly off-shell, and
have no classical analogue. They only exist as internal lines
in the Feynman diagrams mediating the microscopic particle
physics interaction processes, but not as external lines rep-
resenting in- and outgoing asymptotic states, inhibiting their
direct preparation or measurement. At the same time, conserved
quantities, such as energy, momentum, charge, spin, etc., are
conserved at each interaction, independently if this involves just
real, just virtual, or both variants of particles. In determining
the transition amplitude for a physical, gauge invariant process
characterized by given in- and out-states, one has to sum over all
possible virtual-particle exchanges mediating between these in-
and out states.
Adopting this picture, the quantum vacuum is characterized

by the omnipresence of virtual particle–antiparticle fluctuations,
which can be probed by real particles or fields. As these fluctu-
ations involve all particle degrees of freedom of the underlying
quantum theory, the quantum vacuum even constitutes a portal
to physics beyond the Standard Model (SM) of particle physics.
In the present study we limit our discussion to quantum vacuum
physics within the SM. A quantitative understanding of the ef-
fects predicted within the SM is absolutely indispensable for per-
forming reliable studies of the impact of beyond the SM particles
on quantum vacuum signatures.
As has been realized already in the 1930s by Heisenberg and

Euler[1] the fluctuations of electrons and positrons can give rise
to effective nonlinear interactions of prescribed electromagnetic
fields in the vacuum. This directly results in light-by-light scat-
tering phenomena and violations of the classical superposition
principle.[2–6]

The fundamental parameters of quantum electrodynamics
(QED) imprinted on the quantum vacuum are the electron mass
me ≃ 511 keV∕c2 and charge e. Upon combination with the speed
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of light c and Planck’s constant ℏ, these parameters can be
converted into reference field strengths, namely the so-called
critical electric Ecr = m2

e c
3∕(eℏ) ≃ 1.3 × 1018 Vm−1 and magnetic

Bcr = Ecr∕c ≃ 4.4 × 109 T fields. For electric E and magnetic B
fields fulfilling E ≪ Ecr and B ≪ Bcr, it can be presumed that
nonlinear corrections to classical electrodynamics in vacuo gov-
erned by the Maxwell Lagrangian MW = − 1

4
F𝜇𝜈F

𝜇𝜈 = 1
2
(E2 − B2)

are suppressed with powers of E∕Ecr and B∕Bcr, respectively.
All macroscopic electromagnetic fields available in the lab-
oratory, even those provided by state-of-the-art high-intensity
laser systems reaching peak field amplitudes of the or-
der of E ≃ 1014 Vm−1 and B ≃ 106 T, meet the criterion of
{E∕Ecr, B∕Bcr} ≪ 1.
Contributions of other particle sectors of the Standard Model

are suppressed evenmore as their massesm fulfillm ≫ me while
their charges are of the same order as e, implying the associated
critical fields to be even larger. Note that at first sight the tiny
masses of free quarks seem to contradict this statement. How-
ever, quarks directly couple to gluons and their physics is gov-
erned by quantum chromodynamics (QCD). Central properties
of QCD are color confinement and infrared slavery, which im-
plies strong coupling at low energies. Hence, it is to be expected
that upon integrating out the gluons, the spectrum of QCD at low
energies is characterized by colorless states made up of quarks
and gluons. Their lightest representatives are the pions, which
could in turn mediate effective interactions between prescribed
electromagnetic fields and clearly fulfill m ≫ me.
In this article we aim at exploring the perspectives of in-

ducing a sizable QED vacuum birefringence signal at the
Gamma Factory. Gamma Factory is a proposed research infras-
tructure at CERN[7,8] included in the Physics Beyond Colliders
programme.[9] It is intended to deliver gamma photons with en-
ergies up to about 400MeV at high photon fluxes emitted into a
narrow cone. The gamma photons are envisioned to be produced
via the resonant scattering of laser photons by highly relativistic,
partially-stripped ions circulating in the accelerator.
Our article is structured as follows: after establishing the pa-

rameter regime for which photon propagation effects in the QED
vacuum subjected to a macroscopic electromagnetic background
field can be reliably analyzed on the basis of the leading contribu-
tion to the Heisenberg–Euler effective Lagrangian in Section 2,
we focus on the study of vacuum birefringence in Section 3.
Using the gamma photons provided by the Gamma Factory as
probe, we analyze two different scenarios: vacuum birefringence
driven by magnetic field in Section 3.1, and by a high-intensity
laser field in Section 3.2. Finally, we end with conclusions in Sec-
tion 4. Throughout this work, we use the Heaviside–Lorentz sys-
tem and units with c = ℏ = 1.

2. Quantum Vacuum Effects

Our next goal is to construct the effective theory describing
the dynamics and interactions of macroscopic electromagnetic
fields in the quantum vacuum. Here, we focus on the limit
of {E∕Ecr, B∕Bcr} ≪ 1 relevant for laboratory experiments; com-
pared to the recent reviews[10–13] and references therein. Corre-
spondingly, a perturbative expansion of the vacuum-fluctuation-
mediated effective interactions of the applied electromagnetic
fields in powers of E andB, or – resorting to a covariant and gauge

invariant formulation – in powers of the field strength tensor F𝜇𝜈

and its dual ∗F𝜇𝜈 = 1
2
𝜖𝜇𝜈𝜌𝜎F𝜌𝜎 , can be truncated at low orders; 𝜖𝜇𝜈𝜌𝜎

is the Levi–Civita symbol.
As a consequence of the fact that QED is CP invariant, that

is, respects a charge conjugation parity symmetry, we also know
that these effective interactions are even in both F and ∗F. An-
other building block for constructing such effective interactions
are derivatives 𝜕𝜇 . The latter are rendered dimensionless by the
electron massme, which suggests that derivative corrections may
be neglected if the applied electromagnetic fields vary on scales
much larger than the Compton wavelength of the electron �C =
ℏ∕(mec) ≃ 3.8 × 10−13 m. While we will come back to this point
later, let us for the moment just assume the possibility of a per-
turbative expansion in powers of the derivative 𝜕 and resort to
a derivative expansion. For convenience, we define dimension-
less derivatives 𝜕̂ = 𝜕∕me and field strengths F̂ = eF∕m2

e and
∗F̂ =

e∗F∕m2
e . These notations are only used briefly: they are intended

to streamline the discussions in Sections 2.1 and 2.2.

2.1. Effective Lagrangian

In turn, we can infer the following structure of the vacuum-
fluctuation-mediated effective interactions of the applied electro-
magnetic fields int supplementing MW with quantum correc-
tions,

int∕m4
e =

(
a2𝜕̂𝜕̂ + a4𝜕̂𝜕̂𝜕̂𝜕̂ +⋯

)
F̂F̂

+
(
b0 + b2𝜕̂𝜕̂ + b4𝜕̂𝜕̂𝜕̂𝜕̂ +⋯

)
F̂F̂F̂F̂

+
(
c0 + c2𝜕̂𝜕̂ + c4𝜕̂𝜕̂𝜕̂𝜕̂ +⋯

)
F̂F̂∗F̂∗F̂

+
(
d0 + d2𝜕̂𝜕̂ + d4𝜕̂𝜕̂𝜕̂𝜕̂ +⋯

)
F̂F̂F̂F̂F̂F̂ +⋯ , (1)

where ai, bi, ci, and di denote numerical coefficients; the index i
counts the numbers of derivatives. Some clarifications are in or-
der here. As the Lagrangian is a Lorentz scalar, the Minkowski
indices of each single contribution in Equation (1) are to be fully
contracted. Accounting for the fact that F̂ and ∗F̂ are second-
rank tensors, this immediately implies that Equation (1) is also
even in the derivatives. Moreover, a specific term in Equation (1)
represents the set of all non-redundant contractions of its con-
stituents multiplied by individual numeric coefficients. For ex-
ample, b2𝜕̂𝜕̂F̂F̂F̂F̂ serves as representative for all possible in-
dependent contractions of four field strength tensors with two
derivatives and their prefactors. Analogously, c2𝜕̂𝜕̂F̂F̂

∗F̂∗F̂ stands
for all independent contractions of two F̂, two ∗F̂, and two deriva-
tives which were not already accounted for in the previous set.
We also emphasize that this formal expansion of course does

not have to be convergent. Instead, the numerical coefficients
may grow rapidly with increasing orders in the expansions. In
fact, expansions in the number of derivatives and powers of
the field are typically non-convergent but asymptotic.[14] Besides,
we note that by construction a perturbative expansion in the
field strength is of course insensitive to manifestly nonpertur-
bative phenomena, such as the principle possibility of electron–
positron pair-production via the Schwinger effect.[1,15,16] These ef-
fects can, however, be safely neglected in the parameter regime
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to be considered below; cf., for example, refs. [14, 17–20] and ref-
erences therein.

2.2. Light Propagation Phenomena

In a next step, we decompose the fieldF asF → F + f into a pump
F and a probe light field f . We then limit ourselves to the contri-
bution bilinear in the probe field, which we denote by ff

int. The
latter allows for the study of the effect of quantum corrections on
light propagation phenomena, characterized by both an incident
and an outgoing light field f . Correspondingly, we have

ff
int∕m

4
e =

(
a2𝜕̂𝜕̂ + a4𝜕̂𝜕̂𝜕̂𝜕̂ +⋯

)
f̂ f̂

+
(
b0 + b2𝜕̂𝜕̂ + b4𝜕̂𝜕̂𝜕̂𝜕̂ +⋯

)
f̂ f̂ F̂F̂ +⋯

+
(
d0 + d2𝜕̂𝜕̂ + d4𝜕̂𝜕̂𝜕̂𝜕̂ +⋯

)
f̂ f̂ F̂F̂F̂F̂ +⋯ . (2)

Here, b2𝜕̂𝜕̂ f̂ f̂ F̂F̂ denotes all non-redundant contractions of two
derivatives, two f and two F with individual coefficients, etc. To
keep Equation (2) simple, we refrain from explicitly stating the
contributions arising from the second term in the second line of
Equation (1).
Being interested in the study of light propagation effects at

weak field strengths, subsequently we assume the probe field f
(vector potential a𝜇) to be paraxial-like and approximately trans-
verse: it features a well-defined propagation direction ̂⃗𝜅 along
which it propagates essentially with the speed of light in vacuum.
At the same time, its typical frequency of variation is given by its
oscillation frequency 𝜔. In turn, its dominant variation is scaling
as f (x) ≈ 𝜔a(x) ≈ eikx, with k𝜇 ≈ 𝜔(1, ̂⃗𝜅) and k2 = k𝜇k

𝜇 ≈ 0. Ap-
proximate transversality means k𝜇f

𝜇𝜈 = (kf )𝜈 ≈ 0 and (k∗f )𝜈 ≈ 0.
On the other hand, the pump field F does not necessarily corre-
spond to a propagating light field, but could be a generic electro-
magnetic field. However, we assume its typical frequency scale of
variation Ω to be constrained by Ω∕me ≪ 1. The latter criterion
immediately implies that all contributions in Equation (2) involv-
ing derivatives acting exclusively on F̂ or ∗F̂ can be dropped from
the outset. Due to the fact that f is approximately light-like and
transverse, also all derivatives contracted with itself 𝜕̂2 = 𝜕̂𝜇𝜕̂

𝜇

which act on f̂ or ∗f̂ , as well as derivatives being both contracted
with and acting on either f̂ or ∗f̂ can be safely neglected. Besides,
derivatives contracted with itself which simultaneously act on a
representant of F̂, ∗F̂ and f̂ , ∗f̂ , such as 𝜕̂𝜇 f̂ 𝜕̂

𝜇F̂, result in factors
of 𝜔Ω∕m2

e .
The contributions in the second line of Equation (2) are

quadratic in the field strength tensors F̂ and ∗F̂ of the pump
field. As these are antisymmetric in their Minkowski indices, two
derivatives contracted to the same field strength tensor vanish
identically. In turn, atmost two derivatives can be contracted with
these tensors: namely one derivatives with each of the F̂. Analo-
gously, at most 2n derivatives can be contracted with the pump
field strength tensors constituting the contribution containing 2n
factors of F̂ and ∗F̂. Each of these derivatives 𝜕̂ acting on f̂ yields
a factor proportional 𝜔∕me, while a derivative acting on F̂ or ∗F̂
generically comes with a factor of Ω∕me.
If the probe frequency fulfills the same criterion as the pump

frequency, namely 𝜔∕me ≪ 1, anyhow all derivative terms can be

dropped from the outset. On the other hand, the above discussion
implies that for 𝜔 ≳ me, while 𝜔Ω∕m2

e ≪ 1, the dominant contri-
bution to Equation (2) at (2n)th order in the pump field scales at
most as (𝜔∕me)

2n. In fact, we have established that the contribu-
tion which may scale as (𝜔∕me)

2n is of the structure

f̂ f̂ (k̂F̂)… (k̂F̂)
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

n times

(3)

where k̂ = k∕me and (k̂F̂)𝜈 = k̂𝜇F
𝜇𝜈 . An analysis of the possi-

ble contractions of the Minkowski indices in Equation (3) un-
veils that this contribution vanishes approximately because of
k2 ≈ 0, (kf )𝜈 ≈ 0, and (k∗f )𝜈 ≈ 0. Hence, in addition account-
ing for the scaling with the field strength of the pump field
and using that f̂ ≈ (𝜔∕me)â, we find that for 𝜔Ω∕m2

e ≪ 1 the
term in Equation (2) containing 2n factors of F̂ and ∗F̂ scales
at most as (e𝜔∕m3

e )
2nââ, where we introduced  = max{E, B}.

This suggests that all contributions beyond n = 1 in Equation (2)
can be safely neglected as long as the condition (e𝜔∕m2

e )
2 ≪ 1

holds.
Correspondingly, the criteria for the leading term containing

no derivatives in Equation (1),

int∕m4
e ≃ b0F̂F̂F̂F̂ + c0F̂F̂

∗F̂∗F̂ (4)

to allow for the reliable theoretical study of the impact of quan-
tum vacuum nonlinearities on light propagation phenomena in
weak, slowly varying background fields (field strength F, frequen-
cies Ω) characterized by the conditions

( eF
m2

e

)2
≪ 1 and

( Ω
me

)2
≪ 1 (5)

are approximately on-shell and transverse probe light fields (os-
cillation frequency 𝜔) fulfilling

( eF𝜔
m3

e

)2
≪ 1 and 𝜔Ω

m2
e

≪ 1 . (6)

We in particular emphasize that Equation (6) does not limit
the probe frequency to be much smaller than the electron mass,
as might be naively expected from the fact that the relevant ref-
erence scale rendering the derivative dimensionless is me; see
the corresponding discussion before Equation (1). Instead, it im-
plies that as long as eF∕m2

e ≪ 1, the ratio 𝜔∕me can obviously
be much larger than unity, the relevant criterion being 𝜔∕me ≪
min{(eF∕m2

e )
−1, (Ω∕me)

−1}.
Analogous considerations are possible for other signatures of

quantum vacuum nonlinearity in background fields such as, for
example, probe photon splitting and merging processes encoded
in fff

int, etc.
For completeness, we note that the conditions in Equations

(5) and (6) are fully compatible with those which can be in-
ferred from the exact results for the one-loop photon polariza-
tion tensors evaluated in constant and plane-wave background
fields.[20–23] However, the current derivation is more general: it
neither requires the background field to be constant, nor of plane-
wave type, but applies to light propagation phenomena in generic
slowly varying electromagnetic fields.
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Figure 1. Leading order Feynman diagram giving rise to vacuum bire-
fringence. A prescribed electromagnetic field (red wiggly lines ending at
crosses) can induce a birefringence phenomenon for traversing probe
photons (blue wiggly lines). The effective coupling of the probe and back-
ground fields is mediated by an electron-positron vacuum fluctuation
(black solid line).

The explicit expression of Equation (4) accounting for the cor-
rect numeric coefficients at one-loop order is[1,2]

int∕m4
e ≃

1
360𝜋2

( e
m2

e

)4(
4 2 + 72) (7)

with

 = 1
4
F𝜇𝜈F

𝜇𝜈 and  = 1
4
F𝜇𝜈

∗F𝜇𝜈 (8)

This expression amounts to the leading contribution of the
renowned (one-loop) Heisenberg–Euler effective Lagrangian.[1]

It gives rise to the effective coupling of four electromagnetic
fields mediated by quantum vacuum fluctuations of electrons
and positrons. Higher loop corrections are parametrically sup-
pressed with powers of 𝛼 = e2∕(4𝜋) ≃ 1∕137; see ref. [24] for the
coefficient in Equation (4) at two loops. Hence, given that the
above conditions in Equations (5) and (6) are met, Equation (7)
should allow for the accurate theoretical study of light propa-
gation phenomena in the presence of experimentally realistic
macroscopic electromagnetic fields. However, particularly due
to the non-convergent nature of the employed expansions (cf.
Section 2.1), sizable deviations are to be expected when any of
the parameters in Equations (5) and (6) becomes of the order
of ≲ 1.

3. Vacuum Birefringence

Subsequently, we focus on the experimental signature of vac-
uum birefringence[25–31] arising from the effective non-linear
interaction of the electromagnetic fields in Equation (7). See
Figure 1 for the corresponding Feynman diagram. As the signa-
ture of vacuum birefringence is expected to scale with a positive
power of the energy of the probe photons, the use of gamma pho-
tons looks particularly promising. This effect is already actively
searched for in experiments employing continuous wave lasers
in combination with high-finesse cavities as probe and macro-
scopic, quasi-constant and quasi-static magnetic fields of a few
Tesla to induce the effect[32–35] resorting to the scheme devised
by ref. [36]. See refs. [37–56] for proposals aiming at probing the

effect with optical, X-ray, synchrotron, or gamma radiation and
high-intensity lasers as pump. For proposals to measure vacuum
birefringence induced by a magnetic field with high-energy pho-
tons, cf. refs. [57, 58].
As detailed below, it turns out that the parameter regimes read-

ily accessible with the Gamma Factory can be reliably analyzed
on the basis of the leading contribution to the Heisenberg–Euler
effective Lagrangian in Equation (7). We reiterate that the big ad-
vantage of the parameter regime constrained by Equations (5)
and (6) is the possibility of studying the phenomenon in man-
ifestly inhomogeneous, experimentally realistic pump and probe
field configurations, such as provided by focused laser pulses.
Beyond this regime a controlled analytical study of light prop-
agation phenomena is only possible in the special cases of ho-
mogeneous constant electromagnetic fields and plane-wave back-
grounds for which the one-loop photon polarization tensor is
known explicitly.[59–62]

3.1. Magnetic Field

To be specific, here we study the effect in an unidirectional, quasi-
constant, and static magnetic field. For simplicity, we assume the
frequency-𝜔 probe beam to be well-described as a linearly po-
larized transverse plane wave propagating along the positive x-
axis. Correspondingly, the associated magnetic and electric fields
are b⃗ = E e⃗𝛽 and e⃗ = E e⃗𝛽+ 𝜋

2
, with amplitude profile E = E(x) =

E0 cos
(
𝜔(t − x)

)
and e⃗𝛽 = (0, sin 𝛽, cos 𝛽); E0 is the peak field am-

plitude. The choice of the angle 𝛽 fixes the polarization direction
of the probe. At the same time, the background magnetic field
⃗ = e⃗z is oriented along the z-axis, and extends over a finite
length in the propagation direction of the probe; transversally it is
assumed to be constant. As long as the applied magnetic field is
much wider than the diameter of the probe beam and essentially
does not vary on this scale, the effectively 1 + 1 dimensional cal-
culation performed here can also be employed for a probe beam
of finite spatial extent.
To study the effect it is convenient to resort to the vacuum

emission picture,[63,64] providing an intuitive and straightforward
framework for the study of photonic signatures of quantum vac-
uum nonlinearity in inhomogeneous electromagnetic fields. In
this approach[65] the superposition of the driving electromagnetic
fields gives rise to a signal-photon current, supplementing the
outgoing fields with a signal-photon component constituting the
signature of quantum vacuumnonlinearity. Inmomentum space
the latter can be expressed as

j𝜈(k) = i∫ d4x e−ikx
(
k𝜇F𝜇𝜈

𝜕int

𝜕 + k𝜇∗F𝜇𝜈

𝜕int

𝜕
)

(9)

Light propagation phenomena such as vacuum birefringence
are encoded in contributions linear in the incident probe field;
vacuum-fluctuation-mediated corrections to probe photon prop-
agation manifest themselves in signal photons supplement-
ing the outgoing probe field with quantum corrections. Upon
limitation to the leading effective interaction in Equation (7),
the current Equation (9) is cubic in the driving field. This
immediately implies the vacuum birefringence phenomenon
studied here to be linear in the plane wave probe and quadratic
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in the backgroundmagnetic field. Besides, the signal photon cur-
rent in position space j𝜈(x) is manifestly real-valued. Being inter-
ested in the signal to be detected far outside the interaction region
at vanishingmagnetic field B, the electric field of the induced sig-
nal can then be expressed as[13]

e⃗s(x) = Re∫
d3k
(2𝜋)3

eikx
(⃗
j(k) − ̂⃗

kj0(k)
)

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
=:e⃗s(k)

|||k0=|k⃗| (10)

in terms of a Fourier transform of components of the cur-
rent Equation (9) contracted with the signal photon momentum
k𝜇 fulfilling the on-shell condition k2 = 0; the associated unit mo-

mentum vector is
̂⃗
k = k⃗∕k, where k = |k⃗|. Upon plugging Equa-

tions (7) and (9) into Equation (10), the momentum space repre-
sentation of the signal electric field can be cast in the following
form,

e⃗s(k)
|||k0=|k⃗| ≃ 1

i

km4
e

180𝜋2

( e
m2

e

)4
∫ d4x e−ik(

̂⃗
k⋅x⃗−t)

×
(
4
[
E⃗ − ̂⃗

k(
̂⃗
k ⋅ E⃗) + ̂⃗

k × B⃗
]

+ 7
[
B⃗ − ̂⃗

k(
̂⃗
k ⋅ B⃗) − ̂⃗

k × E⃗
]) (11)

In the present case, we obviously have B⃗ = e⃗z + E e⃗𝛽 and E⃗ =
E e⃗𝛽+ 𝜋

2
, such that  = 1

2
2 + E cos 𝛽 and  = E sin 𝛽. Keeping

terms linear in E0 only, Equation (11) can be rewritten as

e⃗s(k)
|||k0=|k⃗| ≃ 1

i
𝛼

𝜋

1
90

E0
[
2(𝜔 − 3kx)e⃗y cos 𝛽 + (5𝜔 + 2kx)e⃗z sin 𝛽

]

× (2𝜋)3𝛿(ky)𝛿(kz)𝛿(|kx| − 𝜔)∫ dx e−i(kx−𝜔)x
(
e(x)
m2

e

)2

(12)

where all trivial Fourier integrations have been performed.
Taking into account the physical boundary condition that the

far-field signal evaluated here emerges from the localized space-
time region where the driving fields overlap, the electric field
characterizing the signal in position space (Equation (10)) decom-
poses into two distinct contributions: a signal co-propagating “+”
with the incident probe beam,

e⃗ +
s (x) ≃ −E0 sin

(
𝜔(x − t)

)(
4e⃗y cos 𝛽 − 7e⃗z sin 𝛽

) 𝛼

𝜋

1
90

𝜔

× ∫ dx′
(
e(x′)
m2

e

)2

, (13)

and another one induced in the opposite “−” direction,

e⃗ −
s (x) ≃ −E0 sin

(
𝜔(x + t)

)(
8e⃗y cos 𝛽 + 3e⃗z sin 𝛽

) 𝛼

𝜋

1
90

𝜔

× ∫ dx′ ei2𝜔x
′
(
e(x′)
m2

e

)2

. (14)

The former contribution Equation (13) is proportional to the in-
tegral of the squared magnetic field profile along the optical path
of the probe, ∫ dx′ 2(x′). On the other hand, Equation (14) scales
as the Fourier transform of the magnetic field squared to be eval-
uated at double the probe frequency, ∫ dx′ ei2𝜔x′2(x′). This con-
tribution can be traced back to a quantum reflection process.[66] If
the typical frequency scales of variation of the background fieldΩ
fulfill the criterion Ω ≪ 𝜔, as will be the case in the specific sce-
nario considered below, we obviously have ∫ dx′ ei2𝜔x′2(x′) → 0.
Therefore, only Equation (13) needs to be accounted for in the
following discussion.
Upon superposition with the electric field of the probe beam

traversing the interaction region with the pump field essentially
unmodified, we obtain an expression for the outgoing electric
field in forward direction,

E⃗+(x) ≃ E0 cos
(
𝜔(t − x)

)(
e⃗y cos 𝛽 − e⃗z sin 𝛽

)
− E0 sin

(
𝜔(x − t)

)(
4e⃗y cos 𝛽 − 7e⃗z sin 𝛽

)

× 𝛼

𝜋

1
90

𝜔∫ dx′
(
e(x′)
m2

e

)2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=:Δ

(15)

For generic choices of the polarization vector of the incident
probe light 𝛽, this field is elliptically polarized. For the maximum
and minimum values for the modulus squared of Equation (15)
be find

|E⃗+(x)|2|||max
≃ E20

(
1 + (Δ2)

)
|E⃗+(x)|2|||min

≃ E20Δ
2
(9
4
sin2(2𝛽) + (Δ2)

)
(16)

The maximum and minimum values are separated by a phase
difference of 𝜋∕2. Here, we only kept the leading terms in a per-
turbative expansion in the dimensionless quantity Δ defined in
Equation (15). Note, that the consistent determination of the con-
tributions scaling as Δ2(n−1) in Equation (16) would require us to
account for effective interactions up to 2nth order in F to int;
with Equation (7) we are explicitly limited to n = 2.
In turn, with the accuracy of the terms given explicitly in Equa-

tion (16) the associated ellipticity angle 𝜒 is given by

𝜒 = arctan
(|E⃗+(x)||||min|E⃗+(x)||||max

)
≃ 3
2
Δ| sin(2𝛽)| (17)

Obviously, the ellipticity vanishes for 𝛽 = 0 (mod 𝜋∕2), and is
maximized for 𝛽 = 𝜋∕4 (mod 𝜋∕2). The phase differenceΦ accu-
mulated by the probe beam after traversing the pump magnetic
field is[67]

Φ = 2𝜒 ≃ 𝛼

𝜋

1
30

sin(2𝛽)𝜔∫ dx′
(
e(x′)
m2

e

)2

(18)

For a magnetic field fulfilling ∫ dx′ 2(x′) = l2
0, which resem-

bles a constant magnetic field of strength 0 extending over
a length l, we recover the well-known constant field result
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Φ ≃ 𝜔l𝛼∕(30𝜋)(e0∕m2
e )
2 sin(2𝛽). This result implies that the

phase difference increases linearly with both the photon energy
of the probe and the length of the applied magnetic field, but
quadratically with the field strength of the latter; cf. Figure 1.
At the same time, the birefringence property of the polarized

quantum vacuum results in signal photons scattered into amode
polarized perpendicularly to the incident probe light of electric
field E⃗(x) = E(x)e⃗𝛽+ 𝜋

2
. As the latter is polarized along e⃗∥ := e⃗𝛽+ 𝜋

2
,

the polarization vector of the former is e⃗⟂ := e⃗𝛽 . A comparison
of the results in Equation (16) with the electric field of the inci-
dent probe implies that E⃗+(x)|max ∼ e⃗∥ and E⃗+(x)|min ∼ e⃗⟂. Cor-

respondingly, we have E⃗+(x) ⋅ e⃗∥ ≃ E(x) and E⃗+(x) ⋅ e⃗⟂ =: E⟂(x),
such that

N⟂

N
≃

∫ dt ∫ dA ⟨E⃗2⟂(x)⟩
∫ dt ∫ dA ⟨E⃗2(x)⟩ (19)

whereN⟂ denotes the number of polarization-flipped signal pho-
tons, and N the number of photons constituting the probe.
The integrations over time and transverse area are assumed
to be carried out at a fixed longitudinal coordinate in the
far field. For the specific case of a plane wave probe travers-
ing an effectively 1D field inhomogeneity without transverse
structure as considered here, Equation (19) immediately im-
plies that N⟂∕N ≃ |E⃗+(x)|2|min∕|E⃗+(x)|2|max. Correspondingly,
we have N⟂∕N ≃ (Φ∕2)2; cf. also ref. [68] which directly deter-
mined the number of perpendicularly polarized photons for the
scenario considered here without resorting to a determination of
the phase difference.
The Gamma Factory[7,8] will enable such a vacuum birefrin-

gence experiment with a probe photon energy as high as 𝜔 ≃
400MeV. The driving magnetic field could be provided by a se-
quence of LHC dipole magnets, providing a magnetic field of
strength 0 ≃ 8.3 T over a length of l ≃ 14.3m each[69]; the ef-
fective diameter d of the bore for traversing light is about d ≃
45mm. In this case, we obviously have {(Ω∕me)

2,𝜔Ω∕m2
e } ≪ 1 as

well as (e0∕m2
e )
2 ≃ 3.54 × 10−18 and (e0𝜔∕m3

e )
2 ≃ 2.17 × 10−12

fully compatible with the conditions in Equations (5) and (6);
cf. also refs. [57, 58]. To achieve gamma photon energies up to
𝜔 ≃ 400MeV, the Lorentz factor 𝛾 which effectively governs the
generation of the high-energy gamma beam in the Gamma Fac-
tory needs to be as large as 𝛾 ≈ 3000. As the opening angle of the
gamma beam is given by ≈ 1∕𝛾 , the bore diameter of the magnet
immediately implies a maximum length lmax ≈ (d∕2)𝛾 ≃ 67.5m
of the magnetic field provided by LHC magnets through which
the full gamma beam could travel. In turn, we could envision the
use of up to 4 LHC dipole magnets resulting in 𝜔l ≃ 1.16 × 1017;
see Figure 2a for an illustration. As 1∕𝛾 ≪ 1, the effectively 1 + 1
dimensional analysis of the vacuum birefringence effect per-
formed here, which neglects any transverse variations of themag-
netic field, is still perfectly justified. Finally, in order to maximize
the signal we choose 𝛽 = 𝜋∕4.
Equation (18) predicts that after traversing four LHC dipole

magnets, the gamma beam has picked up a phase difference
of[70]

Φ ≃ 4L𝜔 sin(2𝛽) 𝛼
𝜋

1
30

( e0

m2
e

)2
≃ 3.18 × 10−5 (20)

Figure 2. Graphical depiction of the two scenarios envisioned for the study
of QED vacuum birefringence at the Gamma Factory discussed in the
present article. In case (a) the birefringence phenomenon is induced by
the quasi-constant static magnetic field provided by LHC dipole magnets.
In case (b) the effect is driven by a counter-propagating focused high-
intensity laser pulse.

Note that this value is about an order of magnitude larger than
the one predicted to be accessible in the head-on collision of state-
of-the-art petawatt-class high-intensity-laser and free-electron-
laser (FEL) pulses of 𝜔 ≃ (10) keV.[41,43] At the same time, for
the present parameters the fraction of incident gamma pho-
tons scattered into a perpendicularly polarized mode is given by
N⟂∕N ≃ 2.53 × 10−10. For X-rays of 𝜔 ≃ (10) keV the possibil-
ity of measuring such tiny ellipticities has been demonstrated
experimentally.[71–73] However, we emphasize that these tech-
niques developed for X-ray polarimetry can certainly not be used
at 400MeV. In the latter parameter regime rather pair-production
polarimetry may be an option,[74,75] but the possibility to measure
tiny ellipticities such as the one in Equation (20) with this tech-
nique remains to be shown. For proposals of prospective exper-
imental schemes to measure high-energy vacuum birefringence
utilizing pair production in matter to determine the polarization
state of the outgoing probe photons, cf. refs. [50, 52, 57, 58]
The advantage of using a static magnetic field to drive the vac-

uum birefringence phenomenon is that essentially all gamma
photons will traverse the magnetic field. In turn, the asso-
ciated number of signal photons scattered in a perpendicu-
larly polarized mode N⟂ scales directly with the total number
of gamma photons available for probing and thus is—among
other factors—ultimately limited by the repetition rate of the
gamma pulses.

3.2. High-Intensity Laser Field

Alternatively, the birefringence signal could be driven by a high-
intensity laser field; see Figure 2b for an illustration. In such
a scenario, the birefringence signal is predominantly induced
in the interaction region where the gamma probe collides with
the focused high-intensity laser pulse reaching its peak field
strength. Outside the focus, the field strength of the high-
intensity pump rapidly drops. As the birefringence phenomenon
scales as ∼ (e(x)∕m2

e )
2 with the pump field strength at a given
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space-time coordinate x, the interaction of the probewith the sub-
stantially lower field outside the beam focus only gives rise to
subleading corrections.
State-of-the-art high-intensity lasers of the petawatt-class typ-

ically deliver pulses of energy W = (10) J and duration 𝜏 =
(10) fs at a wavelength of 𝜆 = (1) μm and a repetition rate of
(1)Hz. These pulses can be focused to a waist radius of w0 ≳ 𝜆.
In turn, the typical frequency scale of variation of the pump field
is given byΩ = 2𝜋∕𝜆. For our explicit example, we choose the pa-
rameters characterizing a readily available commercial 300 TW
Titanium Sapphire laser system, such as the one installed at the
Helmholtz International Beamline for Extreme Fields (HiBEF)
at the European XFEL[76]:W = 10 J, 𝜏 = 30 fs, 𝜆 = 800 μm, and a
repetition rate of 1Hz focused to w0 = 1 μm. Assuming the high-
intensity laser field to be well-described as pulsed paraxial funda-
mental Gaussian beam, the electric peak field strength 0 in its
focus can be expressed in terms of the pulse energy, pulse dura-
tion, and waist radius as[77]

2
0 ≃ 8

√
2
𝜋

W
𝜋w2

0𝜏
(21)

The associated Rayleigh range is zR = 𝜋w2
0∕𝜆.

For the explicit parameters characterizing the high-intensity
pump given above, the dimensionless quantities entering the
conditions in Equations (5) and (6) are (Ω∕me)

2 ≃ 9.2 × 10−12,
(e0∕m2

e )
2 ≃ 1.46 × 10−7,𝜔Ω∕m2

e ≃ 2.4 × 10−3, and (e0𝜔∕m3
e )
2 ≃

0.09. These values suggest that even in this parameter regime the
size of the attainable vacuumbirefringence signal can still be reli-
ably estimated from the leading contribution to the Heisenberg–
Euler effective Lagrangian in Equation (7).
Hence, for this particular scenario, the ratio of |E⃗+(x)||min∕|E⃗+(x)||max determining the ellipticity angle 𝜒 could be evaluated

along the same lines as in the explicit calculation performed in
Section 3.1 above. This would result in a coordinate-dependent
ellipticity angle.[42] The ellipticity angle associated with the beam
could, for example, be defined in terms of the average of this ra-
tio over the beam cross-section at a given longitudinal position in
the far field.
On the other hand, the number of polarization-flipped signal

photons N⟂ populating the originally empty, perpendicularly po-
larized mode can be readily estimated with the analytic formula
derived for the head-on collision of pump and probe laser pulses
in ref. [43]; cf. in particular Equation (4) herein. In the present
work, we will make use of this result for the ratio of N⟂∕N and
infer an estimate for the phase difference Φ picked up by the
gamma beam after having been collided with the strong focused
high-intensity laser pulse therefrom.
For vanishing spatio-temporal offsets, and a relative angle of

𝛽 between the polarization vectors of the pump and probe laser
beams,[78] this result can be represented as

N⟂

N
≃ 4𝛼4

25(3𝜋)3∕2

(W
me

𝜔

me
sin(2𝛽)

)2(�C
w0

)4 1

1 + 2(
w𝛾

w0
)2

×F
( 4zR

T√
1+ 1

2
( 𝜏
T
)2
, T
𝜏

)
(22)

with

F(𝜒 , 𝜌) =
√

1 + 2𝜌2

3
𝜒2 ∫

∞

−∞
d𝜅 e−𝜅

2(1+2𝜌2)

×
(∑

𝓁=±1
e(𝓁𝜌𝜅+𝜒)

2
erfc(𝓁𝜌𝜅 + 𝜒)

)2

(23)

Here, erfc(.) is the complementary error function, w0 and w𝛾 are
the radii of the pump and probe beams at the collision point, and
T is the pulse duration of the probe. Given that the probe pulse
duration fulfills T ≫ {𝜏, zR} and the beam radii at the collision
point meet the criterion w𝛾 ≫ w0, Equation (22) simplifies sig-
nificantly. In this limit we have[43]

1

1 + 2(
w𝛾

w0
)2
F
( 4zR

T√
1+ 1

2
( 𝜏
T
)2
, T
𝜏

)
≃ 1
2

(w0

w𝛾

)2 𝜏
T

√
2𝜋
3

(8zR
𝜏

)2

× e(
8zR
𝜏
)2 erfc

( 8zR
𝜏

)
(24)

The above criterion on the pulse duration should typically be ful-
filled at the Gamma Factory,[7,8] which can be expected to provide
gamma pulses of duration T ≳ 160 fs. At the same time, the colli-
sion point of the gamma beamwith the high-intensity laser beam
should be sufficiently separated from the source of the gamma
photons such that generically w𝛾 ≫ w0.
We emphasize that this parameter regime even seems to be

beneficial for high-intensity laser driven vacuum birefringence
experiments: given that the conditions T ≫ 𝜏 and w𝛾 ≫ w0 are
met, the experiment is essentially insensitive to the shot-to-shot
fluctuations inherent to high-intensity laser systems resulting
in spatio-temporal offsets of (w0) of the position of the high-
intensity laser focus. Variations of this order just change the lo-
cation of the high-intensity laser focus within the forward cone
of the gamma probe and thus do not impact the signal; cf. also
Figure 2b.
As already noted above, the opening angle of the gamma beam

is given by 𝜃 ≈ 1∕𝛾 ≪ 1, and thus can be safely neglected in the
explicit evaluation of the signal in the interaction region. It only
needs to be accounted for in the far-field where the signal is to be
detected. However, even for a formally vanishing divergence of
the incident probe the signal photons generically feature a finite
far-field divergence because of the finite transverse extent of the
interaction area of the colliding beams. If the beam radius w𝛾 of
the gamma beam in the interaction area with the high-intensity
laser pulse fulfills w𝛾 ≫ w0, the latter scales as ∼ 1∕(𝜔w0) ≪ 1∕𝛾 ;
see Equation (24) of ref. [43]. Correspondingly, in the present sce-
nario the far-field angular divergence of the signal should be fully
determined by geometric properties: the intercept theorem then
immediately implies that the far-field radial divergence of the sig-
nal is 𝜃s ≈ w0∕(𝛾w𝛾 ). In line with that, in the far field the cross sec-
tion As of the signal relates to the cross section A of the gamma
beam as As∕A ≈ (w0∕w𝛾 )

2.
At the same time, generically the shorter one of the pulse du-

rations 𝜏 and T determines the pulse duration 𝜏s of the signal.
For T ≳ 𝜏, which is the regime of relevance here, we hence have
𝜏s ≈ 𝜏.
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Defining an averaged electric field squared for the gamma
beam as ⟨E2(x)⟩ = N∕(AT) and the analogous quantity for
the signal as ⟨E2⟂(x)⟩ = N⟂∕(As𝜏), we find ⟨E2⟂(x)⟩∕⟨E2(x)⟩ =
(N⟂∕N)(T∕𝜏)(w𝛾∕w0)

2 and introduce the ellipticity angle of

the beam as 𝜒|𝛽= 𝜋

4
= arctan

(√⟨E2⟂(x)⟩∕⟨E2(x)⟩); cf. also Equa-
tions (17) and (19) above. From these results we can estimate the
total phase difference accumulated by the gamma beam in the
parameter regime where w𝛾 ≫ w0 and T ≫ {𝜏, zR} as

Φ ≃ 27∕4𝛼2

15
√
𝜋

W
me

𝜔

me
sin(2𝛽)

(�C
w0

)2 8zR
𝜏

e
1
2
( 8zR

𝜏
)2 erfc1∕2

( 8zR
𝜏

)

≃ 0.13 (25)

The fairly large explicit value given here follows from an ex-
plicit evaluation of this expression for the high-intensity laser pa-
rameters given above, a gamma photon energy of 𝜔 ≃ 400MeV
and an angle of 𝛽 = 𝜋∕4 between the polarization vectors of
the pump and probe laser fields maximizing the signal. A mea-
surement of this value should be possible with pair-production
polarimetry.[74,75] On the other hand, when plugging the ex-
plicit high-intensity laser parameters given above into Equa-
tion (22) and utilizing the approximation in Equation (24) with
𝜔 ≃ 400MeV, T ≃ 160 fs and w𝛾 ≃ 20 μm, we obtain N⟂∕N ≃
2.07 × 10−6.
Note that as opposed to the result for the number of

polarization-flipped signal photons in Equation (22), the phase
difference in Equation (25) does not feature an explicit depen-
dence on the pulse duration T and beam radius w𝛾 of the gamma
beam in the interaction area with the high-intensity laser beam.
In fact, apart from the photon energy of the probe light, in the
considered parameter regime the induced phase difference Φ is
fully controlled by the parameters of the driving high-intensity
laser field.
It is also instructive to note that upon trading the dependence

on the pulse energy for the peak field amplitude by using Equa-
tion (21), Equation (25) can be recast as

Φ ≃ zR𝜔 sin(2𝛽)
21∕4𝛼
30

( e0
m2

e

)2
e

1
2
( 8zR

𝜏
)2 erfc1∕2

( 8zR
𝜏

)
(26)

which closely resembles the structure of Equation (20). The phase
difference scales quadratically with the field strength of the pump
field (see Figure 1), and linearly with the photon energy of the
probe field multiplied by the typical extent of the pump field
along the propagation direction of the probe. In the former sce-
nario this length is given by the length of the magnets l and in
the latter typically by the Rayleigh range zR of the high-intensity
laser beam.
As a consistency check, we compare our result in Equation

(26) with the finding of ref. [41] utilizing a crossed-constant
field calculation to analyze a high-intensity laser based vac-
uum birefringence scenario in the parameter regime where
zR ≪ 𝜏. In this limit and for 𝛽 = 𝜋∕4, Equation (26) becomes
Φ ≃ zR𝜔(2

1∕4𝛼∕30)(e0∕m2
e )
2, while the corresponding result of

ref. [41] is Φ[41] ≃ zR𝜔(2𝛼∕15)(I0∕Icr), with peak intensity I0 ≃
2W∕(𝜋w2

0𝜏) = 2
0

√
𝜋∕32 and critical intensity Icr = (m2

e∕e)
2; cf.

also ref. [48]. Correspondingly, we find Φ∕Φ[41] ≃ (2
√
2∕𝜋)1∕2 ≈

0.95, which implies an excellent agreement.
In contrast to the case of a static magnetic field discussed

above, for the scenario involving a high-intensity laser pulse only
a fraction of the total number of gamma photons provided by the
Gamma Factory is available for testing the vacuum birefringence
phenomenon: the repetition rate of the experiment is limited by
the repetition rate of (1)Hz of the high-intensity laser.

4. Conclusions

In this article we have briefly studied the perspectives of induc-
ing a sizable QED vacuum birefringence signal at the Gamma
Factory. After assessing in detail the parameter regime which
can be reliably studied resorting to the leading contribution to
the Heisenberg–Euler effective Lagrangian, we considered two
specific scenarios giving rise to a vacuum birefringence phe-
nomenon for traversing gamma probe photons. In the first sce-
nario the effect is driven by a macroscopic magnetic field pro-
vided by a set of LHC magnets, and in the second one by a
counter-propagating high-intensity laser pulse. For both cases,
we explicitly determined the values of the phase difference char-
acterizing the ellipticity acquired by the gamma probe as well as
the associated numbers of polarization flipped signal photons.
It remains to be seen if the predicted signals are large enough

to be accessible in dedicated experiments employing state-of-the-
art technology.
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