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All-optical quantum vacuum signals in two-beam collisions
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We study the collision of two optical laser pulses in a pump-probe setup using beams with circular and
elliptic cross section and estimate the number of discernible signal photons induced by quantum vacuum
nonlinearities. In this analysis we study strategies to optimize the quantum vacuum signal discernible from

the background of the driving lasers. One of the main results is that the collision of two maximally focused
lasers does not lead to the best discernible signal. Instead, widening the focus typically improves the signal
to background separation in the far field. For petawatt class lasers, an optimal choice of the focus waist

yields several discernible photons per shot in contrast to no discernible signal for tight focusing. Further

enhancement is possible by using an elliptical waist.

DOI: 10.1103/PhysRevD.106.116005

I. INTRODUCTION

As the quantitatively best verified quantum field theory
within the Standard Model of particle physics, quantum
electrodynamics (QED) still offers parameter regimes
untested in experiment. The present study is devoted to
the regime pioneered by Heisenberg and Euler introducing
an effective Lagrangian [1], which encodes the effects of
QED vacuum fluctuations in effective nonlinear inter-
actions between macroscopic electromagnetic fields. An
in-depth study of this regime does not only expand our
understanding of this fundamental theory but could also
shed light on physics beyond the Standard Model (BSM),
e.g., [2-11].

The quantum vacuum can be interpreted as a quantum
state characterized by fluctuations of particle and antiparticle
pairs on short space and time scales. In the case of QED,
these are electrons and positrons interacting with photons.
As fields couple to charges these vacuum fluctuations induce
the effective nonlinear interactions between external electro-
dynamic fields in the Heisenberg-Euler Lagrangian. The
nonlinear terms in the Lagrangian give rise to effects like
photon-photon scattering or birefringence, which become
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sizable only at sufficiently high field strengths [12,13]. Thus,
the quantum vacuum closely resembles a nonlinear medium
in solid state physics.

In previous theoretical studies, many different signatures
of the QED vacuum have already been analyzed; see the
reviews [14—24] and references therein. The main problem,
however, is to distinguish between the small amount of
signal photons and the comparably huge number of back-
ground photons of the driving electromagnetic fields.

In this article, we study the prospects of inducing a
discernible quantum vacuum signal in a two-beam pump-
probe setup with optical ultrashort PW laser pulses, such as
previously studied, e.g., by [25-28]. A key parameter to
enhance the signal is the choice of optimal beam waists.
Typically, tightly focused beams down to the diffraction
limit are considered in order to maximize the involved field
strength. While this does, in fact, generically maximize the
scattering amplitudes, it does not necessarily optimize the
signal-to-background ratio which is the relevant quantity to
identify the quantum vacuum signature; cf. also [29,30].
A crucial idea in this context is that the specific use of larger
beam waists can scatter the quantum signal into lower-
noise regions. This is, because the signal amplitude
decreases only with a power law for increasing waists,
whereas the noise decreases exponentially in the relevant
spacetime regions.

In addition to studying beams with circular cross section,
we also allow the probe pulse to have an elliptic focus cross
section such as pioneered in the context of vacuum
birefringence [31,32]. We discuss the advantages of the
circularly or elliptically focused probe beam settings for
variable probe beam waists and determine the respective
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number of discernible signal photons mediated by quantum
vacuum nonlinearites.

Our article is organized as follows. In Sec/ 11, we briefly
introduce the theoretical framework to reliably derive the
number of signal photons arising from QED nonlinearites.
Section III specifies the experimental scenario, based on
parameters available at state-of-the-art strong laser facili-
ties. In Sec. V, we identify the phase space regions where
the number of signal photons dominates over the amount
of background photons. We then analyze the effects of
different focusing on the yield for different collision angles
between the pump and probe beams, both for circularly
focused and elliptically focused probe beams. Finally, we
conclude with a summary of our results and a brief outlook
in Sec. VL

II. THEORETICAL BACKGROUND:
KEY TO THE QUANTUM VACUUM

A convenient way to study the signal photons induced by
quantum vacuum nonlinearities is the vacuum emission
picture [33,34]. Here we assume the vacuum nonlinearites
to be governed by the one-loop Heisenberg-Euler effective
Lagrangian Lyg [1,12,14,15,35-39] and focus on the leading
nonlinear correction to classical Maxwell theory. In this limit,
the relevant process can be illustrated by a closed fermion
loop with four photon lines: three photon lines represent the
driving laser pulses and the remaining line characterizes the
photonic output of the nonlinear interaction.

In this section, we briefly summarize this approach
and derive an expression for photonic signatures of
quantum vacuum nonlinearities. We use the metric con-
vention g, = diag(—,+,+,+) and Heaviside-Lorentz
units with 2 =1 = c.

In order to induce a sizable signal, the driving electro-
magnetic fields should reach extremely high peak field
strength values £ and B at the feasible end of current
technology. On the other hand these fields are still weak
compared to the field-strength scale constructed from the

fundamental parameters of QED, i.e. {E, B} < m; with the
elementary charge e and the electron mass m,. In addition,
we limit ourselves to optical and near-infrared frequencies
with o < m,.

It is convenient to introduce the field-strength invariants
of electrodynamics,

1
F = F"F,, =3 (B>~ E?)

N[ =

1.
G=F"F,=-BE. (1)

where F* = %e"”“ﬂFaﬂ is the dual field strength tensor.
Then, the Heisenberg-Euler action Lyz = Ly + Liy coOn-
sists of the classical Maxwell term Ly = —F and the
nonlinear interaction term induced by quantum fluctuations,

L= e (€ ‘a1 1) + (2)
36072 \m?2

In the following, we limit ourselves to the lowest order
photon-photon interaction, i.e. the contribution proportional
to the square of the scalar invariants. Generalizations to
higher orders are straightforward.

The number of quantum vacuum signal photons induced
by the interactions of the driving fields can straightforwardly
be derived within the vacuum emission picture. For this, we
introduce the signal photon field a* and treat it as an operator
on the Fock space. Replacing the electromagnetic fields
according to F* — F* 4+ f* with the classical background
field of the driving lasers F#* and the signal photon field
' = 0#a¥ — 0*a*, we obtain the effective action Iy, [a] for
the signal photons. This action mediates transitions between
the vacuum state |0 > and the signal photon state |y, (k)).

A

The induced signal photon of unit wave vector Kk is
characterized by a polarization vector e’(p)(f() = (0,e())
spanned by two transverse vectors e, with p € {1,2},
flllﬁlhl’lg lA( X e(p> = e(pH) and 6(3) = —e(l).

Finda(x)] =
i d*x Ly Foppj We use the locally constant field approxi-
mation. This is quantitatively controlled by the spatiotem-
poral variation scales of the optical driving laser pulses
compared to the time and space scale of QED; the Compton
wavelength of an electron is Z- = 3.86 x 10™'* m and the
Compton time is 7 = 1.29 x 107! s. Finally, the informa-
tion about the signal photon distribution far outside the
interaction region is encoded in the signal photon amplitude

S (k) = (V) (k) [Ting[a(2)]]0)

* (L f{
:ie(p)( )/d43: eikaz®

To evaluate the effective action

V20
Gﬁim ~ aﬁint
K Fy K Fyy
< ( P oF T ’ag)ka:k

- L 3)
w (A)

I(p)

Here, we use * to denote the complex conjugation. Upon
insertion of the corresponding derivatives of L, into Eq. (3),
we obtain

1 e m [kfe)3 K
Sn®) =205 z(m—) [ e

X (4{6(1)) -E — e(pH) . B}f
—|—7[e(p) 'B+e(p+]) E]g) (4)
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This signal amplitude can be related to the differential
number of signal photons d*N (p) of polarization p which
have an energy k = |Kk| in the differential energy interval dk
and are emitted into the solid angle d€2 around k as

k2dk dQ
B3N, =
(p) (27[)3

S (K7 (5)

This differential form leads to a polarization sensitive
angular resolved signal photon density

1 kmax
P(p) (@ 9 Kpin: Kinax) = / dkK?[S(,) (k)2 (6)

(22) k

depending on the emission angles ¢ and & and integrated
over a given frequency range k;, to k... The total number
of signal photons N,y with polarization (p) in a given solid
angle regime A reads

N(p)(A|kmin’kmax) = Adgp(p)(¢’19|kmin’kmax)‘ (7)

If the measurement is polarization insensitive we have
to sum both polarizations, i.e. N(A|Kyin, Kpax) =

> 1 N(p) (AlKmin, Kmax ). Further details can be found in
the Refs. [34,40].

III. EXPERIMENTAL SCENARIO

We study the interaction of two strong laser pulses
colliding under an angle 9., > 90°. In this section, we
introduce the experimental setup based on state-of-the-art
techniques. Further we choose an example set of param-
eters for experimentally accessible quantum vacuum
signals.

Here, we focus on laser pulses in the optical regime with
the same photon energy of m, = 1.55 eV, as is available at
the Advanced Titanium-Sapphire Laser (ATLAS) in the
Centre for Advanced Laser Applications (CALA) facility
(Garching, Germany) [41,42] and the Jenaer Titan:Saphir
200 Terawatt Laser System (JETI-200) laser at Helmholtz
Institut Jena (Jena, Germany) [43,44]. These facilities
operate state-of-the-art high-intensity lasers and illustrate
which field strengths are already available in strong-field
laser experiments.

Accordingly, we use optical laser pulses with a pulse
energy of W = 25 J here. The wavelength is 4 = 800 nm
and the pulse duration is Tpwyy = 25 fs measured at full
width half maximum (FWHM) of the intensity. Assuming
that the temporal shape of the pulse is Gaussian, we can
convert the FHWM pulse duration 7pwpy into an 1/e?
pulse duration 7 = 2vIn27pwip. The calculations are
performed with the 1/e? pulse duration; if in the following
the FWHM duration is mentioned, then this is indicated
with the addition (FWHM) in brackets.

Moreover, we model the spatial structure of the laser
pulses by Gaussian beams with a focus waist wy, which is
determined by the radial aperture angle of the beams in the
far field © via the relation ® = V;—I‘: with the Rayleigh range

R = JTWTg. According to the laws of optics, the minimum
focus width is wy~ A, which corresponds to a radial
aperture of ® = %z 18.24°. Because of the scaling
0~ #, setups with a focal width larger than the minimum

yield smaller aperture angles in the far field. Consequently,
the photon distribution of the driving lasers constituting a
large background is less wide.

In this work, we consider the collision of two Gaussian
laser pulses under the angle 9. For our calculations, we
vary this angle in the range from 100° to 160° in 10° steps.
For convenience, we refer to one laser as the probe field,
labeled by subscript 1, and the other as the pump field,
labeled by the subscript 2. We deliberately avoid head-on
collisions which would maximize the signal photon yield
for both practical and theoretical reasons; see below. Head-
on collisions are very challenging and may not be practical
due to experimental constraints. We will focus mainly on
the signal emitted in the vicinity of the forward direction of
the probe beam. The purpose of the pump beam is to
provide a localized strong field region inducing the signal.
The propagation directions of the laser pulses are ﬁl =e,
and k, = sin 9, &, + cos 9. €., respectively. Their wave
vectors are k; = a)lﬁl and k, = wzﬁz with o) = o, =
Wy = 227”. These laser pulses collide at their focal spots at
x = 0 and reach their peak fields at t = 0, which defines
the origin of our coordinate system.

The laser pulses are all linearly polarized. Here, we
choose the polarization of the probe laser such that the
electric field E(x, #) points into x direction; correspond-
ingly the magnetic field B, (x, ¢) is orientated along the y
axis. To allow for a generic linearly polarized pump laser,
we introduce the angle /3, between E;(0,0) and E,(0,0)
for the collinear collision with J.,; = 0°. Using 9, as the
general collision angle, we obtain

cos f3, cos I

sin f3 ) (8)

—cos f, sin

Ex(x,1) = &(x,1)

B,(x.1) ~k, x E5(x,7) for the pump fields, where
Ei(x, 1) describes the general amplitude function. The
maximum of the total polarization insensitive signal occurs
for an angle f, = 90° which is our angle of choice unless
otherwise stated. In a special scenario, we consider the
signal of birefringence maximized at an angle of f, = 45°,
see [45]. Further references discuss vacuum birefringence
from a general point of view, cf. [13,29,31,46,47].
Throughout this work we consider a radially symmetric
pump, but use both elliptical and circular focus cross
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_/

FIG. 1. Tlustration of the experimental scenario. The red shades
illustrate the forward/backward cones of two laser pulses collid-
ing under the angle d., with a circular focus cross section.
Additionally, the green (blue) lines represent a typical snapshot of
the electric (magnetic) field amplitude.

sections for the probe laser. To this end, we introduce two
independent beam waists for the probe laser w, in the
collision plane and w, normal to this plane. For conven-
ience, we parametrize w, = w, = uw, in the case of a
rotationally symmetric probe beam, using a dimensionless
parameter y > 1. In the case of elliptical cross sections, we
analogously introduce w, = u,wy and wy, = u,w, with
{4y, puy} > 1. Figure 1 illustrates this scenario with rota-
tionally symmetric pump and probe beams.

To determine the rotationally symmetric quantum vac-
uum signal, it is sufficient to consider the Gaussian beams
in the limit of infinite Rayleigh ranges. This approximation
is justified if the dimensions of the interaction volume are
small compared to the Rayleigh lengths zp. This is true in
the case of very small pulse durations 7; < zz; compared
to the Rayleigh ranges for all involved beams. Another way
to justify the approximation is a small ratio of focal width
wy,; and Rayleigh length zp ; of two colliding beams i and j
with respect to the sine of their collision angle, i.e.
Wo.i/Zrj <K | sin 8| for i # j. If any of the above con-
ditions is satisfied, then the effectively interacting regions
of the laser beams can be approximated as tubes in the
interaction volume [27,48-50]. Figure 2 shows the beam
radii in the focus by using a probe with elliptical cross
section. For numerical approaches beyond infinite Rayleigh
range approximation see [51-55].

Correspondingly, the field amplitudes can be approxi-
mated as

_(x-fiz—z)z_xz—(x-f(z)z

E(x)=Ee 0 cos(wy(x - ky — 1)), (10)

FIG. 2. [Illustration of the beam radii in the focus of the
experimental scenario. Besides the wave vectors of probe ﬁ,
and pump 122, the red dashed curves illustrate the radii of the waist
in the focus. The rotationally symmetric pump has a waist size of
wy while the probe with elliptical cross section has the waists w,
in the collision plane marked by the yellow plain and w,
perpendicular to it.

where we have used the different propagation directions K
and k,. Here, &, is the field amplitude maximum depend-
ing on the laser pulse properties. It fulfills [56]

2
50: 81/— >

T AWHT

~85x 105 V/m,  (11)

using the parameters given above.

IV. CALCULATION OF THE SIGNATURE OF
QUANTUM VACUUM NONLINEARITES

A. The background of the driving laser pulses

Before we calculate the signal, let us determine the
distribution of the driving laser photons far outside the
interaction volume.

Since we need extremely strong laser fields to stimulate
QED vacuum nonlinearites, the challenge in experiment is to
discern the small quantum vacuum signal from the enormous
number of photons of the driver lasers. In the current
research, there are many ideas to suppress this background
such as an elastic scattering signal outside the forward cones
of the driving lasers, [57]. Another idea is to use inelastic
scattering to obtain signal at a frequency different from
the background and thus achieve a spectral signal-to-
background separation [40]. Furthermore, in experiments
on birefringence, the different polarization of signal and
background can be the key to measurability [13].

Let us describe the background quantitatively, in order to
assess where the signal dominates. In contrast to the signal,
the background in the far field cannot be reliably deter-
mined in the limit of infinite Rayleigh length.

We can estimate the total number of photons per laser
pulse as N©°' = W /w, ~ 10%°. This results in a differential

number of background photons of the ith laser dN?‘g
per solid angle element d2 which satisfies the relation

N©t = deN?g, since we use W, =W,=W and
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frequency w; = w, = w, for both lasers. For the far-field
distribution of a Gaussian beam with normalization

B w2 .
Ny* === W, we obtain

dnBe

i :l,[liﬂZiNgge_%wgw(z)(ﬂ%icos2¢f+l’t%iSin2¢f>6¢; (12)

for a laser pulse with elliptical cross section. Here,
=09 (13)
and
¢, = arctan (cos@sin9cos 9., —singsindsind,,) (14)
parametrize the rotations around the beam axis, and
9, = 9 —arccos (k; - &.), (15)
0, = arccos (cos @ sind sin 9, + cos 9cos 9.)  (16)

are the polar angles measured from the forward beam axis;
@ and 9 are azimuthal and polar angle used to parametrize
the emission direction in a spherical coordinate system with
the north pole along the outgoing direction of the probe
laser k.

For the pump laser with a circular cross section in the far
field, we have

B
dNEe

M Npsebiie: (17)

Equation (12) implies that the density of background
photons decreases more rapidly with 6; the larger u;
and p,;. In the present scenario, the full density of the
background photons is given by

2 dNPE

Ppt (. 9) = a0
i=1

(18)

Since we keep the total pulse energy W, the frequency w,,
and the pulse duration 7 constant, we write pgg((p, 9) with
the tuple i = {u,, u,} indicating the choice of foci of the
probe beam. In the case of circularly focused pulses, we use
B ps e = py = .

The spectral distribution of the driving laser pulses is
centered around @g; therefore, the background is also
dominated by the frequency @.

Finally, the number of background photons in a given
solid angle regime .4, analogous to Eq. (7), is given by

Nuo(A ) = [ 42(0.9). (19)

B. Quantum vacuum signal
For the signal amplitude S, (k), let us express the
wave vector in spherical coordinates as k = kk with
k = cos ¢ sin &, + sin ¢ sin 9€, + cos 9.
The vectors orthogonal to k can then be parametrized by
a single angle f as

e; = sinﬂl}|4,_>q,+%’3:% + cosﬂlA(Lg_,M%. (20)

Without loss of generality we associate the polarization
p =1 with # and p = 2 with f + Z, respectively.

The leading quantum vacuum signal arises from the
effective coupling of three electromagnetic fields. For
convenience, we express the electric and the magnetic
field of the ith laser pulse field strength and direction
according to E;(x,7) =&;(x,7)E; and B;(x,1) =&;(x,7)B;,
respectively. In turn, Eq. (4) can be written as [40]

_lem

2 k(e\3
S<p)(k)—IWE 5(?) (Z1219121 + Tonngarn) - (21)

and
(k) = / dhxe g (x, E(x. NE(x.1).  (23)

The function g,;;(¢,9) depends on the orientation of the
electromagnetic fields of the driving laser fields and the
signal; /;;(k) is the Fourier transform of the product of
three field amplitudes evaluated on shell.

In the conventions used here, the relevant contributions
read

(I —cosd)(1 —cosI.y)

[3cos (B +pr— @) — 11cos (B — > — ¢)]
(24)

1

519 =
G121 (9. 9) 4
X

and
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9212(607 ’9>

= % (1 —cosdeo)([11cospp—3cos (B +24,)]

X [(cos 9 cos 9.1 — 1) cos @ + sin I sin 9]

+ [11sing —3sin (B + 2f,)](cos 9 — cos I.y) Sin @).
(25)

We aim at the density of signal photons pglg((p, 9)
regardless of their frequency. The latter lies within a small
frequency range around ), see also the detailed analysis
in [40]. Apart from Sec. V C, we consider the inclusive
average over polarizations. We are mainly interested in the
parametric dependence of the signal density on the focus
width (along both orthogonal axes) explicitly indicated by
the parameter tuple ji.

We begin by substituting the signal amplitude from
Eq. (21) into Eq. (6),

2
P (0,9 ® dKK2IS, ()2
=3 Gy / 1S (K)|
11

e \8
(2;:)7E<m_,3>
- 2
XA dkkBZ(Imlngl+I2129212)2’ (26)

p=1

taking advantage of the fact that the Fourier transform of a
real symmetric function is also a real symmetric function,
i.e., Ij]l :Iijl' All contributions IlZlngl and 1-2129212
give rise to nonvanishing contributions for complementary
values of (¢, 9). The interference term 27 15, Z529121 9212 18
exponentially suppressed in comparison to the “direct”
channels and can be safely neglected. Therefore, we neglect
the interference term in the remainder. This also increases
the performance of the numerical integration over the
solid angle.

With these approximations, we can calculate the Fourier
integrals Z;;; analytically, since their evaluation amounts
to performing Gaussian integrals. Then, Eq. (26) can be
expressed as

e =aan (n)
(e

s >/ dkk’Z3,, (k)
<igzlz (9.9 >/ dkk3I%12<k)} (27)

Subsequently we are mainly interested in the case of
p» = 5, where we obtain

2 2 . 9 419c01
> G (@,9)]5, = 196sin’ Ssint =2 (28)

9
= 49sin* ;Ol [cos 9 cos e — 1

2
ZQ%IZ(CP’ 9)
p=1

[STEY

+ cos @ sin 9 sin 9|2 (29)

So far, all calculations could be performed analytically.
The number of signal photons Ng;, (A, i) emitted into a
given solid angle area A is finally evaluated by a numerical
integration over A as

Nl A) = [ 400%.0). (30)

V. DISCERNABILITY ANALYSIS OF QUANTUM
VACUUM SIGNAL

Our goal is to distinguish the weak quantum vacuum
signal from the strong laser background. This requires a
comparison of angular resolved densities or particle num-
bers of the signal and background. In this section, we
discuss ways to achieve optimal signal-to-background
separation.

Let us first introduce a discernibility criterion.

We call a signal discernible if the density of signal

photons p;ig(go, 9) in a given solid-angle region Ay is larger
than the density pg’g (¢, 9) of the background provided by
the driver lasers [58]. The union of all such regions defines
the solid-angle region

Az = {(9,9) €0,27] x

[0.7) 107 %(9. 9) > p¥ (0. 9)}.
(31)

For simply connected Ay ;, we describe the boundary A, ;
using the upper boundary 9, (¢) and lower boundary 9,(¢),
such that

A4 ={(p)lp Elpi.oil} U{Ou(@) |0 € [0 6]}, (32)

where 9,(¢;) = 9i(¢;) and 8, (¢;) = & (¢r), respectively.
In Appendix, a method for numerically determining region
Agz including its boundary is detailed. In addition, we also
show there how to compute the boundary functions 8y, (@)
for non-simply-connected regions.

A. Probe with circular cross section

Let us begin with the collision of pump and probe laser
pulses with circular cross section. First we turn our
attention to the collision under the angle 9., = 160°.
The pump laser is focused to its diffraction limit with
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FIG. 3. Area of the solid angle region A4, where PhE > prtas
a function of y for a collision angle of 9., = 160°. Here we
consider the collision of two frequency w, beams of equal pulse
duration 7 = 25 fs (FWHM) and pulse energy W = 25 J. The
pump (probe) beam has a circular cross section with waist radius
0= 3770[ (w, = wy = Hwp).
wo = wy = wy = 2x/w,, whereas the probe beam has a
variable waist size w = w, = w, = uw, with u € [1, 10].
The lower bound corresponds to the diffraction limit.
Larger values of y are not considered, because a saturation

is observed already before y = 10. In the remainder of this
work, we stick to the definitions and laser parameters
as introduced in Sec. III, i.e., both pulses have a pulse
duration of 7; = 7, = 25 fs (FWHM), a pulse energy of
W] :W2:25Janda)1 = Wy = Wy = 1.55 eV.

At first we determine the solid angle regions where the
signal is discernible; see Appendix. For convenience, we
define the area of a given solid angle region A as

AA) = /A aQ. (33)

The dependence of this quantity on the parameter
u = w/wy is shown in Fig. 3. From Fig. 3, we infer that
there is no discernible signal for y < 1.6. For < u <4 the
area of Ay grows very strongly, but the increase with u
becomes much slower beyond y = 4.

In Fig. 4, we highlight the photon density for the full
solid angle region of 4z for the example ;1 = 5. Here, the
region where the signal dominates the background is
encircled by a green demarcation curve. Inside this region,
the density of the signal photons is shown in the corre-
sponding color scale (from black via green to yellow).
Outside this area, the background of the driving photons is

Si
BT 000 (e
0 10 20 30 40

N VI

10—52

10-34 1016 102 1020

FIG. 4. Mollweide plot (longitude ¢, latitude 9) of the signal photon density pgig((p, 9) and the background of the driving laser fields
p];g((p, 9). The region where pSi¢ > pBe is highlighted by the green demarcation curve with the green color function and for the

complementary region pSi¢ < pB¢ the purple color function is chosen. We consider the collision of two frequency @, beams of equal
pulse duration 7 = 25 fs (FWHM) and pulse energy W = 25 J for 9., = 160°. The pump (probe) beam has a circular cross section with

waist radius w, = %’; (W, = wy, = 5wy).
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NSig (-Ad,u)
w

FIG. 5. Number of discernible signal photons Ng;,(Aq,) as a
function of u for a collision angle of 9., = 160°. The maximum
number of background photons Ng,(Ay35) =~ 0.16 is reached at
u = 3.8. See Fig. 3 for the laser parameters employed here.

shown; for this a different color scale (from black via purple
to ocher) is used.

In order to map the sphere onto a flat diagram, we use a
Mollweide projection, which conserves the relevant areas
of surfaces but is not angle conserving. The lower boundary
9i(¢@) is almost constant in ¢ because this region is close to
the forward beam axis of the probe beam § = 0 which has a
circular cross section.

By contrast, the upper bound 9,(¢) shows a more
pronounced ¢ dependence. It becomes minimal in the
collision plane of the driving lasers at ¢ = 0 and maximal
perpendicular to the collision plane at ¢ = 180°. In
between, 9, (¢) varies monotonically.

The color scale encodes the distribution of the signal
photons. The largest discernible signals are reached close to
9i(¢). Furthermore, we observe pronounced maxima for
I~ 17,4° and ¢ €[100°140°] and ¢ € [220° 260°],
respectively.

Next, we analyze the total number of discernible signal
photons N, (Aq,) as a function of 4, as depicted in Fig. 5.
Only for = 1.6, a discernible signal can be identified.
The increase of Ny, differs visibly from the growth of A,
with u. At y = 5.5 we encounter a pronounced maximum
with Ng;,(Ags5) ~ 5.84 photons per shot. For comparison,
the associated number of background photons yields
Npg(Aqgs) = 0.12 photons per shot. For u =55 Ng,
decreases approximately linearly with y. A similar behavior
was identified in the head-on collision of optical and x-ray
laser pulses in [29].

The appearance of a local maximum in Ng;, shows that
the probe waist provides a handle to amplify or decrease the
signal for given other parameters. Since the pulse energy
and duration are kept constant, the probe intensity
decreases for a wider focus. At the same time, a wider
focus tends to increase Ay, because the probe divergence
diminishes. Even though the area A(Aq4,) does not change

too much, the value of the lower limit ; changes signifi-
cantly; this can be seen in Fig. 6. At some point, however,
the intensity of the probe eventually becomes too weak for
large values of u such that the number of signal photons
decreases.

In Fig. 5, apart from Ng;,(Aq,,), the maximum number
of background photons max{Np,(Aq4,)u € [1.6,10]} =
0.16 is marked with a dashed line. This maximum is
reached for y = 3.3.

In Fig. 6, we highlight our results for A;, for other
collision angles. Here we analyze the collision angles from
100° to 160° in 10° steps.

This figure shows the boundaries 9;(¢) and 94(¢) of the
regions Ay ,. Besides, the directions of the driving lasers
are indicated: the colored shading indicates the direction
of the pump laser, the black one the direction of the
probe beam.

For each value of 9., we plot A, for six different
values of u € {2,3,4,5,6,7}. These are indicated by the
spacing of the dashing; the larger u, the smaller the spacing
of the dashes.

We observe that the upper bound 8, is almost indepen-
dent of u for 9., > 100°. The reason for this is that the
choice of u affects only the focusing of the probe laser
propagating along & = 0. At the same time, we find that the
lower bound &, becomes smaller, i.e., A(Ay ) grows with
increasing u.

Analogous to Fig. 5 for 9,,; = 160°, we plot the number
of signal and background photons per shot in the regions
Aq, as a function of y in Fig. 7. Here the different photon
numbers are compared adapting a logarithmic scale. In
each case, the number of signal photons (solid) surpasses
the number of background photons (dashed) in line with the
discernibility criterion adopted to determine Ay ,. For each
value of 9., considered here, a local maximum in the
numbers of signal or background photons is observed. The
positions p,,x of these maxima shift to smaller values of u
as the collision angle 9 increases. Moreover, we find that
the position of the maximum of the background varies
slower with y than that for the signal when changing 9. In

addition, uoSy < g always holds in the considered cases.

Tables I and II list the numbers of signal and background
photons per shot at the corresponding values y,snl§x and y,snlfx,
respectively.

A comparison of these values confirms that the number
of discernible signal photons increases with J.,. Note,
however, that the infinite Rayleigh range approximation
allows for reliable insights only as long as 2/(uwywg) <
| sind.y |5 cf. also Sec. III.

Interestingly, the area of the regions Ay, decreases
with increasing angle 9.,—except for the results with
collision angle 9., = 100°. For example, with 9., = 130°

at uhd =64 we find A(Aqg64) ~ 1.10m, whereas for
901 = 160° we have A(Aq¢4) ~ 0.857. This indicates that
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N |

Vool = 100° == Dol = 110°

Vool = 120° S Vool = 130° ==
- 1 ~ - - .

Vool = 140° === Yool = 150°
Y —

Feol = 160°

FIG. 6. Mollweide plot (longitude ¢, latitude 9) showing the different direction of the pump laser pulses for different collision
angles 9.,. The forward beam axis of the pump laser is marked by different colors and the forward beam axis of the probe is marked
by the black color. The bounds 8,(¢) and 8, (@) highlighting p5i¢ = pB¢ are marked by colored lines for different values of u: 2, 3, 4,
5,6, 7. The value of u is encoded by the lines style. Lager 4 means smaller spacing between dashes. The pump (probe) is focused to a
waist of wy = 2% (w, = wy = pwy). Both frequencies wy = 1.55 eV lasers have the same pulse energy W = 25 J and duration

w

7 =25 fs (FWHM).

10*
P10
L 10!
- —2
31 TABLE 1. Maximum numbers of discernible signal photons
3;, 1074 N Sig(Ad.ﬂ) for different collision angles 8.,. The maximum is
m -5 .
SR 1" reached at y = ,ui'fx. For comparison, the corresponding number
i N 11077 of background photons Ng,(Aq4,,) is also given here. See Fig. 6
4 o 1109 for the laser parameters employed here.
{g 10710 : ~ -
" 107" Yol 1= i Niig(Agy) Ngy(Aqgy)
= - T 100° 7.1 0.237 0.004
o 1+ 2 3 4 5 6 7T 8 9 10 110° 6.9 0.414 0.006
a 120° 6.5 0.694 0.012
FIG. 7. Number of signal (solid) and background photons 1300 6.4 1.139 0.017
. . . . o = 140 6.1 1.898 0.032
(dashed) in solid angle region Ay , as a function of u = w,/wy = 150° 53 3376 0.062
w, /wy for different collision angles 9. See Fig. 6 for the laser o ) ’ ’
N 160 55 5.839 0.118

parameters employed here.
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TABLE II. Maximum numbers of background photons
Ngg(Aq,) for different collision angles 9,. The maximum is
reached at u = yﬁ%x. For comparison, the corresponding number
of signal photons Ng;,(Aq4,,) is also given here. See Fig. 6 for the
laser parameters employed here.

Ieol H= ﬂEl%x NSig (Ad./l) NBg (Ad,ﬂ)
100° 4.5 0.169 0.005
110° 4.5 0.309 0.009
120° 4.4 0.524 0.016
130° 4.2 0.838 0.022
140° 4.0 1.367 0.041
150° 4.0 2.669 0.082
160° 3.8 4.340 0.161

the strength of the signal is more important than the size of
the region where the signal surpasses the background.

B. Probe with elliptical cross section

In a next step we turn to a probe beam with an elliptical
cross section. To this end, we introduce two independent
waist sizes w, = pu,wy and w, = p,w, for the probe beam.
These values determine the two semi-axes of the elliptic
cross section.

From the analysis of circular cross sections, see Sec. VA,
we know that the signal becomes maximal for w, =
wy = //LIST;-EXWO. The tighter the focusing, the larger the
intensity, which results in a stronger signal. However, at
the same time the divergence of the beam is increased, so that
the discernible signal generically decreases. If this beam is
now focused harder along only one of the semi-axes, the
signal is still expected to increase, whereas it remains
discernible in the perpendicular direction characterized by
keeping the value ,uf‘nlfx fixed. Keeping other parameters
fixed, such an elliptical cross section is expected to result in a
larger yield of discernible signal photons Ng;, [31,32].

For generic choices of y, and yu,, the parameter space is
significantly increased in comparison to the rotationally
symmetric case characterized by a single parameter
W = p, = p,. For convenience and for simplifying the
following discussion, we fix the parameter y, to the value
maximizing the signal in Sec. VA for the corresponding

collision angle 9, i.e. set y, = png (8¢01), cf. Table I. We
Sig

choose py(81) € [1, umax (dco1)] as a free parameter, since
this leads to the maximum possible value of discernible
signal photons at J.; = 160°. For comparison, we
discuss afterwards the case with u, = ﬂrsrfx and variable
My € [Lyﬁfx(&col)]'

In a first step, we focus on a collision of angle
90 = 160°. We set p, = ung (160°) = 5.5, maximizing
the discernible signal for the circular case, and keep y, as a
free parameter. All other parameters remain unchanged.

093 % 09
0.8 o8
] — —

0.7F — {07
£ 06 pT iy =3 = 0.6
$05F e N T 40,5

3 e N
3 0.4 F 404
= o3t 10.3
02} e ‘ 10.2

et fy =2 e
0.1f pAY e {01
0k . . . A — — T 30
1 2 3 4 5
Hy

FIG. 8. Area of solid angle regime Ay, as function of y, for a

collision angle of 9., = 160°. For low values of #y the region
.Adl,y is separated into two parts, as illustrated by the red and blue
colored curves. Their sum yields the dashed green curve. The
inlays show Mollweide plots of the areas for the example values
of uy, = 2 and u, = 3. For u, = 3 the region is simply connected;
see the green solid line in the corresponding plot. Both pulses
have the same frequency w, = 1.55 eV, energy W = 25 J and
duration 7 = 25 fs (FWHM). Here, we depict results for a probe
with an elliptical cross section (w, = 5.5wy, wy, = u,wy) and a
pump focused to wy = 27/ w.

First we consider the angular regions Ad,ﬂy where the
signal dominates the background. Here the index u,
indicates the parameter to be varied.

In Fig. 8 we study the discernible solid angle area
A(Aq,,) as function of y,. Unlike before, there exist two
distinct angular regions for small values of u,, where the
signal becomes discernible. This is illustrated in Fig. 8 by
the red and blue curves representing the areas of these
regions; the red (blue) curve measures the area around
@ = 0 (¢ = 180°). We denote the former (latter) region by

Afﬁjy (A((f;y). In Fig. 8 the third, dashed green curve

indicates the sum of both areas, A(A‘(il)y U.Aff;y) =

A(Ad,,,y). For pu, ~ 2.3 the two regions unite and beyond
this value only a single angular region where the signal is
discernible persists; cf. the green solid line. Interestingly,
the value of y, where the two regions merge amounts to an
inflection point in the angular area. Figure 8 also shows two
representative Mollweide projections of the boundaries of
these regions for y, =2 and u, = 3.

Tracing these areas in Mollweide projections as a
function of u,, it can be observed how the two regions

.,4(1)y and Af}ly slowly converge and finally merge. In this

d.p
(m)

process the upper bounds 9y, ’(¢) do not change signifi-

cantly; only the lower bounds 191('")((,0) visibly change with
#, predominantly in the vicinity of ¢ = 90° and ¢ = 270°.

Now, we compare the properties of the two disjoint
regions for the example value of u, = 2. It is obvious that
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the area A(.Agg) is much larger than A(.A((f%);
A(AD)/A(Aqg,) % 22.3%. Tnterestingly, only 3.0% of the

background photons and 0.5% of the signal photons are
located in this 22.3% of the total area. In absolute numbers,

we count around 0.02 signal photons per shot in Aé%% and

7.22 in .A‘(j]’%. With rotationally symmetric focusing,
cf. Sec. VA and in particular Fig. 4, the signal at ¢ = 0°
is significantly weaker compared to ¢ = 180°. An analogous
behavior is observed for beams with elliptical average, the
effect is even amplified by the different beam waists.
Figure 9 illustrates the densities p;'¢ (¢, 9) and p}%(¢. 9)
for the example y, =5.5, pu, =1 and 9, = 160°. In
contrast to Fig. 4, we use here a logarithmic scale for
the background. Figure 9 clearly shows how the elliptical
probe cross section affects the discernible signal. The ocher
colored area in the lower half sphere reflects the elliptical
probe cross section. Its shape is reminiscent to a strongly
curved banana, which overlays parts of the region of the
signal. The breakthrough of the yellow, i.e., background
dominated, regions can be easily understood: in the
particular situation considered here, the probe waist in
+x direction (¢ = 0, 180°) is much larger than the one in
+y direction (¢ = 90°,270°) which matches the pump

waist. Because in the y direction the width of the pump
acting as scatterer is of the same order as the probe waist,
their far-field divergences are quite similar and the signal can
never surpass the background in this direction. On the other
hand, in the x direction the probe waist is much wider than
the scatterer resulting in a weaker far-field angular decay
of the signal and thus eventually a discernible signal from
a certain value of d onwards. As a consequence of
the fact that these two distinct regimes are continuously
connected the breakthrough feature appears. In the region
around 9 = 180° the signal is much stronger than in the
region around ¢ = 0 separated from it. This is consistent
with previous observations at u, = 2: the former region
accounts for 21.2% of the total area and contains only 3% of
the background and 0.5% of the discernible signal photons.
Considering the union of both regions, where the signal
dominates the background, 11.63 signal photons per shot
can be counted, and 0.25 background photons per shot.
Figure 10 shows the regions of the dominant signals

for different collision angles 9.,. The parameter u, =

y,sni;gx(Scol) is fixed for each collision angle 8., to a
corresponding value listed in Table 1. At the same time,

the parameter y, is varied in the interval [1,ﬂ§i§(&col)].
Figure 10 clearly shows that the upper bound &,(¢)

FIG. 9. Mollweide plot (longitude ¢, latitude 9) of the signal p

10754 10739 1024

102 106 102t

(¢, 9) and background p]?g((p, 9) photon densities for 9., = 160°.

The angular region where the signal is discernible is highlighted by solid green lines (left color scales). Outside these regions, the
background dominates (right color scale). Both lasers deliver pulses of energy W = 25 J and duration 7 = 25 fs (FWHM) at a frequency
of wy = 1.55 eV. The pump (probe) has a circular (elliptical) cross section. The pump waist is wy, = 27/, and the probe waists are

w, = 5.5w, and wy = wy, respectively.
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FIG. 10. Mollweide plot (longitude ¢, latitude 9) showing angular regions where the signal is discernible for different collision angles
eorr 100° to 160° in 10° steps labeled by the color order: blue, red, yellow, magenta, light green, cyan, and brown. Additionally,
the probe laser is marked by the black shade. This waist sizes of the elliptically focused probe w, = ﬂg§x(8col)2ﬂ/ @, and
wy =2(5+1 (ﬂ,srfﬁx(&ml) — 1))z /wy. The contours for which pg;, = pg, holds for a given collision angle are marked by the differently
colored lines associated with different values of y, =1 (5 + 1 (uﬁi‘g’x (81) — 1)) with € NI®3: encoded by the type of lines; with higher
wideness parameter, the spacing of the dashes is smaller. The driving laser pulses have the same energy W = 25 J, duration 7 = 25 fs,

and frequency wy = 1.55 eV. The pump waist is wy = 27/ @.

typically does not change appreciably with y, for constant
9.1- The only exception is the angle 9,,; = 100°. Here the
collision angle is close to J., = 90°; thus the influence of
the width of the probe beam on the upper bond 9, (¢) varies
more, cf. also Fig. 6.

At the same time the lower boundary 9;(¢) changes
strongly with 9. Here we observe that pronounced local
maxima around ¢ = 90° and ¢ = 270° appear for decreas-
ing u,. If the value of 9;(¢) at the maxima reaches the
corresponding upper bound 9,(¢), then two separate
angular regions are formed. However, this effect appears
only at larger collision angles—starting from 9. ~ 120°—
and becomes more pronounced with larger angles 9.

The discernible-signal area increases with u, for each
9..1. At larger collision angles 9, the total area A(.Ad,”y) is

smaller than for smaller 9.

In Fig. 11, we highlight the dependence of the number of
discernible signal photons N Sig(.Ad,ﬂy) on u, for different
collision angles by solid lines. Additionally, we mark the
number of discernible signal photons as function of y, by
dashed lines with a constant choice of u, = ﬂ,sniagx.
Obviously, the discernible signal Ng;, (A ;) increases with
increasing collision angle 9., for each value of u, and u,,

respectively.

First we consider the results with fixed y, and varying
uy. It is interesting to note that two (local) maxima can
occur in the u, intervals studied. In any case the value

T2 4
12 NN S . A

411

19001

W110°| -
120° {7
W 130°
W 140°
mi50°| 15
W 160°| -

NSig (-Ad,,uy )

0
1 2 3 4 5 6 7
Hy
FIG. 11. Discernible number of signal photons in the solid

angle regime Ay ; as function of y, (u,) with constant y, = y,s,:fx
(uy = y[s,iEX) for different collision angles 9, illustrated by solid
(dashed) lines. Both lasers deliver frequency w, = 1.55 eV
photons at a pulse energy W = 2517J and duration 7 =25 fs
(FWHM). The pump is focused to wy = 27z/®,. The probe waists

Sig Sig
are wy = pmaxwo and wy = p,wo (W, = p,wy and wy, = fimawo).
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Nsio(A d,uﬁifx) for p, = [ is a maximum; cf. also dis-
cussion in Sec. VA. For all graphs with 9., > 100° and
variable Hys there exists a local minimum in the interval
Hy € [l,u,sni.ffx]. Therefore, the function increases with g,
smaller than g, at this local minimum. This leads to a
maximum value (not necessarily a local maximum) at the
position p, = 1. However, this value is only for the
collision angles 9., = 150° and 8., = 160° larger than
the signal photon number at y, = /o This implies that
for smaller collision angles 9., < 150° elliptical cross
sections do not result in an increased discernible signal
as long as the semi-axes y, < U and p, = pog, are fixed.
On the other hand, for large collision angles 9, elliptical
probe cross sections can increase the discernible signal. For
deo1 = 150° we determine N, (Aq;) = 4.90 signal pho-
tons per shot, for 9., = 160°itis even Ng;o(Aq ;) = 11.63.

If, on the other hand, we consider x4, as a free parameter
and fix p, = ,u,snifx for the corresponding angle 9, we find
in all cases that the number of discernible signal photons
increases with decreasing u,. Except for d., = 140°,
8.0 = 150° and 9,,; = 160°, the maximum value is always
found at y, =1 and p, = ﬂﬁlifx, see Table III. Moreover,
except for the angle 9., = 160°, the maxima are always
larger than in the case of variable p, and fixed u,. With
decreasing collision angle 8., this is because the pro-
nounced maxima of p(¢, 9(¢)) of the signal are closer to
@ =0 or ¢ = 180° i.e. the collision plane. Only at the
angle 9., = 160° with ¢ = 114.5° and ¢ = 245.5° the
pronounced maxima are closer to the plane of w, than w,.
At the same time, the maximum of N (A ) for 9., = 160°
is significantly larger for u, = 1, u, = ,uﬁ,ifx, which is why
we focus here on the case of variable p,.

The small kinks visible in some graphs in Fig. 11 for
larger u,, u, are numerical artifacts; they become more

TABLE III. Maximum numbers of discernible signal photons
N(Ay;) and its corresponding relative probe waist sizes y, and
for two-beam collision with elliptic probe for different collision
angles J.,. These parameters are selected according to the
maximum signal, whereby at least one parameter fulfills y, =
g (9.1) OT Hy = Jnig (8.1). For comparison, the corresponding
number of background photons N, (Aq ;) is also given here. See
Fig. 11 for the laser parameters employed here.

19col Hx Hy NSig(-Ad‘p) NBg (Ad,/})
100° 1 7.1 0.294 0.009
110° 1 6.9 0.586 0.009
120° 1 6.5 1.044 0.016
130° 1 6.4 1.864 0.032
140° 1.113 6.1 3.205 0.061
150° 1.32 5.8 5.243 0.116
160° 5.5 1. 11.633 0.248

pronounced as the collision angle 8., increases. They
occur when two regions merge, as shown in Fig. 8§,
affecting the precision of the numerical integration.
Also, the artifacts appear at the value for u, where ¢; =0
and ¢, = 2z for the boundary functions 9,/,(¢) of Adp,
appears for the first time.

In Table III we list the maximal discernible signal photon
number for the parameters considered here. Only for
8., = 160°, the maximum is detected for the fixed choice

Iy = Uag (8.01)- Since this signal is much larger than the
other maximum, we limit our discussion to this parameter
choice. In addition, Table III lists the corresponding
number of background photons. Here, we want to empha-
size again that in the determined regions the signal
significantly dominates the background. d thus this focus
can contribute to a larger maximum background.

C. Quantum vacuum birefringence

Let us finally consider the phenomenon of birefringence.
For this, we concentrate exclusively on the collision angle
8. = 160° and the two parameter sets of circular or
elliptical cross sections where polarization insensitive
measurements maximize the discernible signal, i.e. we
use the width parameters u = 5.5 or pu, =35.5, pu, =1,
respectively.

For birefringence, we now set the polarization angle f,
of the pump beam to S, = 45°, as explained earlier in
Sec. III. We consider only signal photons whose polariza-
tion is perpendicular to the original linear polarization
of the probe beam with flipped polarization angle f;
[31,59]. This implies ey - E;(x,f) =0 such that §, =
arctan (cos d cot ) holds.

We determine the number of signal photons as before
with the restriction that no sum over the polarizations
is performed. Instead, we use (p) — f, and derive the
corresponding signal photon density

Sig. L 1 2 (e)B
00 = s (o)

X {9/2%,121(‘/”'9)/ dkk3I%21(k)

[Se]

o) [TaeBLE] G

—o0

Compared with Eq. (27), only the value of the function
9p.z.iji changes. The number of polarization flipped signal
photons Ny;, | (A, 72) follows analogously to Eq. (30).

In order to estimate the background, we introduce the
polarization purity P characterizing the quality of the probe
polarimetry polarizer-analyzer system [60]. Here we con-
sider realistic purities on the range from P = 107! to
P = 10'% in logarithmic steps. For a conservative estimate
of the solid angle region of the discernible signal, we use
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Agy = {(M) € [0.24] x 0.7

dNBe  anBe
1 4 2 }’ (35)

Sig. L >

where we have not applied any polarization constraints to
the background of the pump beam. The latter has no
influence in the relevant region of the flipped signal and
additionally gives us an upper bound 9,(¢) for easier
evaluation of the integrations.

In Fig. 12, the number of signal photons in the dominant
regions N;, | (Aqj) is plotted as a function of the purity 7.
We also distinguish between an elliptical and a circular
probe beam. In both cases there is always a sufficient
number of discernible signal photons; as expected the
number decreases with the purity, however, only rather
mildy in accordance with the findings of [61].

Let us discuss the results for P = 10~'°. Considering a
probe beam with circular cross section we obtain
Nyig 1 (Adss) = 0.44 signal photons per shot against a
background of Np,  (Agss) =0.01 on an area of
A(Agss) = 0.85xz. In the case of the elliptically focused
probe beam we get Ng;, | (Aq1) = 1.00 discernible signal
photons per shot and a background of N, | (Aq4;) = 0.03.
The area of the region of the discernible signal is
A(Ag) = 0.667. In order to put these values into context,
let us compare them with the number of signal photons in a
forward cone A: = {(¢.9) € [0,2x] x [0,§]}. Here we
count Ngj, | (Az) =0.86 by using a probe beam with
circular cross section or Ngjg | (Az) = 3.67 with an ellip-
tical probe. Accordingly, it is possible to measure a

1071 107 10=% 1077 107 10° 107* 1073 10~2 107!

1 F X /jb
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x — —
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FIG. 12. Discernible number of polarization flipped signal
photons in the solid angle regime Ay; as a function of the
purity P of the polarization of the probe beam in logarithmic
scale. Here only the collision scenarios for collision angles 9., =
160° are analyzed. Both linear polarized driving lasers deliver
frequency w, = 1.55 eV photons at a pulse energy W = 25 J and
duration 7z=25fs (FWHM). The pump is focused to
wo = 27/ wy. The probe waists are w, = p,wo and wy = p,wy.

significant fraction 0.51% (0.27%) of the whole signal
for a circular (elliptical) probe.

However, the number of driving laser photons beyond
the output polarity occurring in Az exceeds these numbers

by far [Ngg 1 (As) ~ 10°°], which shows that our method

for optimizing the measurement region of the signature
of the quantum vacuum is also useful for the effect of
birefringence.

The rather weak dependence of the discernible-photon
number on the polarization purity might seem surprising
but is completely consistent with the observations of
vacuum birefringence studies with x-ray probes such as,
e.g., [29,61,62]: while a substantial degree of polarization
purity is absolutely essential for a birefringence measure-
ment on axis, a less pure setup can be compensated for by
a scenario that includes scattering into low-background
regions.

VI. CONCLUSIONS AND OUTLOOK

In an effort to increase the signal of nonlinear vacuum-
induced interactions, we have studied the relevance of
the choice of beam waists in the collision of two optical
laser pulses. Focusing on collision angles in the range
100° < 9., £ 160°, we see a decisive dependence of the
detectable signal strength in terms of discernible photons
on the beam waist of the probe beam both for circular as
well as elliptical beam cross section.

In order to simplify the experimental scenario, we
consider the two pulses as originating from the same
ultra-intense laser source, having similar properties with
respect to pulse duration, frequency, and total energy; the
common source is taken to resemble the parameters
available in [41-44]. For a mostly analytically accessible
and efficient theoretical modeling, the laser pulses are
considered in the infinite Rayleigh range approximation.
This allows for a controlled determination and analysis of
discernible signals and their angular emission regimes in
the considered parameter ranges.

The essential mechanisms become already visible for the
simpler case of a probe beam with circular cross section.
One of our key findings is that the maximization of the
discernible signal requires a comprise between increasing
the intensity in the collision region and decreasing the
background in the detection region. While the signal
increases quadratically with the intensity, the background
decreases exponentially beyond the outgoing laser cone
which in turn decreases for larger waist sizes. In the range
of collision angles 100° < 0., < 160°, we observe that an
optimal beam waist is about ~ 5...7 times bigger than the
diffraction limit. Our results are in line with those found in a
counterpropagating setup [29].

For the largest scattering angle studied in this work,
elliptical cross sections come with further mechanisms to
increase the signal: suitable choices of the ellipticity can
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increase the intensity in the collision region while main-
taining the background suppression in the detection region.

Additionally, we investigated the discernible photon
signal including a polarization flip in promising laser
configurations. This signal of birefringence was determined
as a function of the polarization purity; the results are
promising for probe beams with circular cross section as
well as with elliptical cross section.

For completeness, let us point out that further sources of
background photons can become relevant in experiments.
Apart from the photons comprising the driving laser beams
included in our present study, there is generically a
scattering background. Such scattering originates in dif-
fraction of laser photons off the walls of the vacuum
chamber and optical apertures both upstream from the
beam guidance as well as downstream in the collection
optics. Furthermore (relativistic) Thomson and (relativistic)
Rayleigh scattering by residual gas ions and their electrons
can occur and need to be controlled and reduced in
experiment. First ideas of reducing these background
sources through space and time resolved detection have
already been successfully implemented [44].

We expect that the mechanisms studied in this work
that maximize the signal can also be operative in collisions
of a larger number of pulses [57,63—-67]; in addition, also
scattering into different frequency channels can lead to
further enhancements in such scenarios [40,68-71].

In summary, the present work demonstrates that a
detailed modeling of laser pulse collisions based on theory
from first principles can identify unexpected sweet spots
for future discovery experiments of QED vacuum
nonlinearities.
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APPENDIX: SOLID ANGLE REGIONS OF
DISCERNIBLE SIGNAL

A signal is discernible if the local photon density of the
signal surpasses the density of the photons of the driving
lasers. The solid angle region where the signal dominates is
defined by

Aaz = {(.9) €0.22] x [0.7)|p3 (9. 9) = p¥(.9)}.
(A1)

The shape of this region depends on the parameters of
the interacting lasers, in particular the choice of the beam
waists, represented by ji, and the collision angle 9.
This region can be of variable shape and is in general

not simply connected. If the signal is nowhere discernible,
then Ay, = {}.
We denote the boundary of the region A4 by

0Aq = {(9.9) € [0,27] x [0.7)|pz% (9. 9) = p*(9. 9)}.
(A2)

For simply connected regions, the boundary can be
parametrized by two functions 9(¢) < 9,(¢) depending
on the azimuthal angle ¢, where 9,(¢) denotes the lower
bound and 9,(¢) the upper bound for a discernible signal
region. These functions are defined in the interval [¢;, ]
with ¢; and ¢, implicitly determined by 9 (¢;) = 9,(¢;)
and 9(¢y) = 9y(py) for @; > 0 and ¢, < 2. If the latter
condition is violated, 9,,,(0) = 8,,,(27) applies in both
cases, where the values of the two functions on the upper
and lower boundary may now be unequal. In this case, we
have 0A; = {9:(9)l0 € [0i. 0]} U {9u(0) |0 € [@i, 4]}

If the region Ay ; is not simply connected, but at most
two mappings to 9 can be found for any given value of ¢,
then the ¢ domain can be divided into M connected intervals
[<p§’”>, ¢§f">] labeled by m = 1,2...,M, where the lower
and upper bounds 1957;)(40) can be defined such that
0Aaz = U, (9" @)g elpl™. 0"} U {9 (p)lp €

(0™, " ]}). It is possible to discuss even more compli-

cated shapes of A4 ; and A, respectively, but this is not
necessary in the present case, cf. below.

In order to determine Ay ; explicitly, we first calculate
0A4; by determining all possible functions d(¢), which
solve the equation pglg(go, 9) = pgg((p, 9) on (p,9) €
[0,27] x [0, 7). Since pglg in general exhibits a complicated
dependency on 9 and ¢, we construct a algorithm for its
determination.

Being aware of potential shortcomings of this approach
discussed below, we determine both a lower bound & (¢)
and upper bound 9, (¢) > 9(¢) in a first step. For this end,
we sample the interval ¢ € [0,27] by n, sampling points,
usually using n, = 300 or bigger. For each given value of
@, we then determine the lower/upper bounds 8y 4(¢) using
the iterative procedure illustrated schematically in Fig. 13.
In iteration I the interval 9 € [0, z) is divided into ny points
with A9 = %, using ng = 70 or bigger. Depending on
whether we are looking for the upper or lower bound we
start with 9 = 7 or § = 0. In the following we concentrate
on the determination of the lower bound. To this end, we

evaluate both pgig and pgg at each sampling point with
ascending value of 9 — 9+ Ad from the initial value
9 = 0 and compare them. If pgig(go, 9) < pgg((p, 9) holds,
we increase 9 by Ad and compare again. If the signal
density becomes larger or equal to the background density,

we terminate the procedure and register this value as 9.
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Scheme for the numerical determination of the lower bound of J; at constant ¢ for a dominant signal. The evaluated functions

p}j’ig (¢, 9) and /)Eg (. 9) are compared at fixed ¢ on the interval [9;, 9], starting in steps A9 ascending from 8;. In the first iteration s = I

we define 9; = 0 and 9; = . If always psg((/), 9) > /);ig((p, 9) is valid, the interval is scanned again with a quarter of the step size. If
there is no finding for given ¢ the signal is classified as recessive in this region. If the signal is dominant at 9, ;, then the run is terminated
prematurely and the next iteration step s — s + 1 begins. Here, the interval boundaries are adjusted t0 9; = 8, ,_; — A9 and 9 = 9, ,_,
according to the previous iteration step. The step size is redetermined and the procedure starts again. After seven iterations, the result

& = vy 1s used.

If the first iteration did not result in a positive outcome, we
decrease the step size A9 by one-fourth, A9 — iA&, and
repeat iteration I. If this also does not yield a result, we
assume an empty solution for this value of ¢. We continue
with the next iteration step.

In iteration II, we refine the outcome of iteration I by
adjusting the bounds of the d domain to be studied. As

initial value, we now use §; = §; — Ad, as final value
97 = 9y;. From these two values a new step size AJ = '9'/"—_3‘9"
is calculated. Starting with 9 = 8, the values of pglg and p/]-?g
are compared again until the signal dominates. The
corresponding value is registered and 9,y is used as input
for the next iteration III which resembles iteration II
with 191.1 - 191’11.

After seven iterations we stop and use 9,y = 9;. By
successively decreasing the intervals and step sizes, this
value has a maximum error of Jm§7, which is negligible in
the context of the accuracy of the applied approximations.

Applying this procedure to all sampling points of ¢ we
obtain a table of mappings {¢, 9;}. We use this table to
interpolate a function 9;(¢) (or several functions for
regions which are not simply connected). For this
interpolation we fit third-order polynomials between
successive data points. Analogously, we obtain the
interpolation 9,(¢) of the upper bound. These results

allow us to determine the solid angle region where the
signal dominates the background as Aq; = A;; N A,;
with Az = {(¢.9) € [0,27] x [0, 7)[9(¢) = Si(¢))} and
Avz = {(9.9) €0,22] x [0.7)[9(p) < 9u(9))}.

The iterative algorithm may provide us with an erro-
neous result for Ad,ﬂ. Figure 14 illustrates a potential
source of error: if for a fixed value of ¢ more than two
values of 9 exist, then the numerical method presented
above fails. However, it nevertheless makes sense to

O

D A

¥ ¥

FIG. 14. Potential source of error of the algorithm for deter-
mining the solid angle region of the dominant signal. The frames
show the range where p;lg(ga,S) = pgg (¢.9). Left is the real
requested region shown; on the other hand, right is the result
according to the used numerical method shown. Since the
numerical method always assumes exactly one upper and one
lower bound, the multiple mappings of ¢ to 9, as visible left,
cannot be detected. Such a case was observed at a collision angle
9.0 = 90° and circular focusing y = 5 of the probe beam.
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adopt this method for the following reasons: first, this
algorithm remains fast and compact in comparison
to additionally resolving distinguished regions with
multiple values of 9 for fixed values of ¢. Second—
and most importantly—we search for regions fulfilling

[4dQUp3E (9. 9) = p3¢(p.9)] > 0. As long as the total

integral over A is positive, the signal dominates the

background, regardless of whether this is also the case
locally in .A. A potential failure of the algorithm therefore
does not lead to wrong estimates for the signal photon
number. Third, we can make sure that region Ayj
satisfies the desired condition by plotting the function
pglg (,9) — p;’lg((p, 9) > 0 and compare it with the graph
of region Ag ;.

[1] W. Heisenberg and H. Euler, Z. Phys. 98, 714 (1936).

[2] M. Born and L. Infeld, Proc. R. Soc. A 144, 425 (1934).

[3] H. Gies, J. Jaeckel, and A. Ringwald, Phys. Rev. Lett. 97,
140402 (2006).

[4] M. Ahlers, H. Gies, J. Jaeckel, J. Redondo, and A.
Ringwald, Phys. Rev. D 77, 095001 (2008).

[5] H. Gies, Eur. Phys. J. D 55, 311 (2009).

[6] J. Jaeckel and A. Ringwald, Annu. Rev. Nucl. Part. Sci. 60,
405 (2010).

[7]1 K. Baker et al., Ann. Phys. (Berlin) 525, A93 (2013).

[8] J. M. Davila, C. Schubert, and M. A. Trejo, Int. J. Mod.
Phys. A 29, 1450174 (2014).

[9] S. Villalba-Chavez, T. Podszus, and C. Miiller, Phys. Lett. B
769, 233 (2017).

[10] A. Rebhan and G. Turk, Int. J. Mod. Phys. A 32, 1750053
(2017).

[11] P. Agrawal, M. Bauer, J. Beacham, A. Berlin, A. Boyarsky,
S. Cebrian, X. Cid-Vidal, D. d’Enterria, A. De Roeck, M.
Drewes et al., Eur. Phys. J. C 81, 1015 (2021).

[12] H. Euler and B. Kockel, Naturwissenschaften 23, 246
(1935).

[13] T. Heinzl, B. Liesfeld, K. U. Amthor, H. Schwoerer, R.
Sauerbrey, and A. Wipf, Opt. Commun. 267, 318 (2006).

[14] W. Dittrich and H. Gies, Springer Tracts Mod. Phys. 166, 1
(2000).

[15] G. V. Dunne, arXiv:hep-th/0406216.

[16] M. Marklund and P. K. Shukla, Rev. Mod. Phys. 78, 591
(20006).

[17] A. Di Piazza, C. Miiller, K. Hatsagortsyan, and C. Keitel,
Rev. Mod. Phys. 84, 1177 (2012).

[18] R. Battesti and C. Rizzo, Rep. Prog. Phys. 76, 016401
(2013).

[19] B. King and T. Heinzl, High Power Laser Sci. Eng. 4, e5
(2016).

[20] W.T. Hill and L. Roso, J. Phys. Conf. Ser. 869, 012015
(2017).

[21] T. Inada et al., Appl. Sci. 7, 671 (2017).

[22] E. Karbstein, Particles 3, 39 (2020).

[23] L. Schoeffel, C. Baldenegro, H. Hamdaoui, S. Hassani, C.
Royon, and M. Saimpert, Prog. Part. Nucl. Phys. 120,
103889 (2021).

[24] A. Fedotov, A. Ilderton, F. Karbstein, B. King, D. Seipt, H.
Taya, and G. Torgrimsson, arXiv:2203.00019.

[25] D. Tommasini and H. Michinel, Phys. Rev. A 82, 011803
(2010).

[26] B. King and C. H. Keitel, New J. Phys. 14, 103002 (2012).

[27] H. Gies, F. Karbstein, and C. Kohlfiirst, Phys. Rev. D 97,
036022 (2018).

[28] S. Robertson, A. Mailliet, X. Sarazin, F. Couchot, E.
Baynard, J. Demailly, M. Pittman, A. Djannati-Atai, S.
Kazamias, and M. Urban, Phys. Rev. A 103, 023524 (2021).

[29] E. A. Mosman and F. Karbstein, Phys. Rev. D 104, 013006
(2021).

[30] L. Roso, R. Lera, S. Ravichandran, A. Longman, C. Z. He,
J.A. Pérez-Hernandez, J.I1. Apifianiz, L.D. Smith, R.
Fedosejevs, and W.T. Hill, New J. Phys. 24, 025010
(2022).

[31] F. Karbstein, H. Gies, M. Reuter, and M. Zepf, Phys. Rev. D
92, 071301 (2015).

[32] F. Karbstein and C. Sundqvist, Phys. Rev. D 94, 013004
(2016).

[33] D. Galtsov and V. Skobelev, Phys. Lett. 36B, 238 (1971).

[34] F. Karbstein and R. Shaisultanov, Phys. Rev. D 91, 113002
(2015).

[35] V. Weisskopf, Kong. Dans. Vid. Selsk. Math-fys. Medd. XIV
(1936), No. 6 [A. 1. Miller, Early Quantum Electrodynam-
ics: A Source Book (Cambridge University Press,
Cambridge, England, 1994)].

[36] R. Karplus and M. Neuman, Phys. Rev. 83, 776 (1951).

[37] J.S. Schwinger, Phys. Rev. 82, 664 (1951).

[38] V.I. Ritus, Sov. Phys. JETP 42, 774 (1975).

[39] W. Dittrich and M. Reuter, Lect. Notes Phys. 220, 1 (1985).

[40] H. Gies, F. Karbstein, and L. Klar, Phys. Rev. D 103,
076009 (2021).

[41] Website of CALA: www.cala-laser.de.

[42] J. Hartmann, T. F. Rosch, F. Balling, M. Berndl, L. Doyle,
L. Flaig, S. Gerlach, L. Tischendorf, and J. Schreiber, Proc.
SPIE Int. Soc. Opt. Eng. 11779, 44 (2021).

[43] Website of JETI-200: www.hi-jena.de.

[44] L. Doyle, P. Khademi, P. Hilz, A. Savert, G. Schifer, J.
Schreiber, and M. Zepf, New J. Phys. 24, 025003 (2022).

[45] F. Karbstein and R.R. Q. P. T. O. Weernink, Phys. Rev. D
104, 076015 (2021).

[46] A. Di Piazza, K. Z. Hatsagortsyan, and C. H. Keitel, Phys.
Rev. Lett. 97, 083603 (2006).

[47] S. Ataman, Phys. Rev. A 97, 063811 (2018).

[48] B. King, H. Hu, and B. Shen, Phys. Rev. A 98, 023817
(2018).

[49] Amnon Yariv, Quantum Electronics, 2nd ed. (Wiley,
New York, 1975).

[50] Anthony E. Siegman, Lasers (University of Science Books,
Mill Valley, Calif, 1986).

116005-17


https://doi.org/10.1007/BF01343663
https://doi.org/10.1103/PhysRevLett.97.140402
https://doi.org/10.1103/PhysRevLett.97.140402
https://doi.org/10.1103/PhysRevD.77.095001
https://doi.org/10.1140/epjd/e2009-00006-0
https://doi.org/10.1146/annurev.nucl.012809.104433
https://doi.org/10.1146/annurev.nucl.012809.104433
https://doi.org/10.1002/andp.201300727
https://doi.org/10.1142/S0217751X14501747
https://doi.org/10.1142/S0217751X14501747
https://doi.org/10.1016/j.physletb.2017.03.043
https://doi.org/10.1016/j.physletb.2017.03.043
https://doi.org/10.1142/S0217751X17500531
https://doi.org/10.1142/S0217751X17500531
https://doi.org/10.1140/epjc/s10052-021-09703-7
https://doi.org/10.1007/BF01493898
https://doi.org/10.1007/BF01493898
https://doi.org/10.1016/j.optcom.2006.06.053
https://doi.org/10.1007/3-540-45585-X
https://doi.org/10.1007/3-540-45585-X
https://arXiv.org/abs/hep-th/0406216
https://doi.org/10.1103/RevModPhys.78.591
https://doi.org/10.1103/RevModPhys.78.591
https://doi.org/10.1103/RevModPhys.84.1177
https://doi.org/10.1088/0034-4885/76/1/016401
https://doi.org/10.1088/0034-4885/76/1/016401
https://doi.org/10.1017/hpl.2016.1
https://doi.org/10.1017/hpl.2016.1
https://doi.org/10.1088/1742-6596/869/1/012015
https://doi.org/10.1088/1742-6596/869/1/012015
https://doi.org/10.3390/app7070671
https://doi.org/10.3390/particles3010005
https://doi.org/10.1016/j.ppnp.2021.103889
https://doi.org/10.1016/j.ppnp.2021.103889
https://arXiv.org/abs/2203.00019
https://doi.org/10.1103/PhysRevA.82.011803
https://doi.org/10.1103/PhysRevA.82.011803
https://doi.org/10.1088/1367-2630/14/10/103002
https://doi.org/10.1103/PhysRevD.97.036022
https://doi.org/10.1103/PhysRevD.97.036022
https://doi.org/10.1103/PhysRevA.103.023524
https://doi.org/10.1103/PhysRevD.104.013006
https://doi.org/10.1103/PhysRevD.104.013006
https://doi.org/10.1088/1367-2630/ac51a7
https://doi.org/10.1088/1367-2630/ac51a7
https://doi.org/10.1103/PhysRevD.92.071301
https://doi.org/10.1103/PhysRevD.92.071301
https://doi.org/10.1103/PhysRevD.94.013004
https://doi.org/10.1103/PhysRevD.94.013004
https://doi.org/10.1016/0370-2693(71)90077-3
https://doi.org/10.1103/PhysRevD.91.113002
https://doi.org/10.1103/PhysRevD.91.113002
https://doi.org/10.1103/PhysRev.83.776
https://doi.org/10.1103/PhysRev.82.664
https://doi.org/10.1007/3-540-15182-6
https://doi.org/10.1103/PhysRevD.103.076009
https://doi.org/10.1103/PhysRevD.103.076009
www.cala-laser.de
www.cala-laser.de
www.cala-laser.de
www.hi-jena.de
www.hi-jena.de
www.hi-jena.de
https://doi.org/10.1088/1367-2630/ac4ad3
https://doi.org/10.1103/PhysRevD.104.076015
https://doi.org/10.1103/PhysRevD.104.076015
https://doi.org/10.1103/PhysRevLett.97.083603
https://doi.org/10.1103/PhysRevLett.97.083603
https://doi.org/10.1103/PhysRevA.97.063811
https://doi.org/10.1103/PhysRevA.98.023817
https://doi.org/10.1103/PhysRevA.98.023817

GIES, KARBSTEIN, and KLAR

PHYS. REV. D 106, 116005 (2022)

[51] T. Grismayer, R. Torres, P. Carneiro, F. Cruz, R. Fonseca,
and L. O. Silva, New J. Phys. 23, 095005 (2021).

[52] A. Blinne, H. Gies, F. Karbstein, C. Kohlfiirst, and M. Zepf,
J. Phys. Conf. Ser. 1206, 012017 (2019).

[53] A. Blinne, H. Gies, F. Karbstein, C. Kohlfiirst, and M. Zepf,
Phys. Rev. D 99, 016006 (2019).

[54] A. Lindner, B. Olmez, and H. Ruhl, arXiv:2109.08121.

[55] A. Sainte-Marie, L. Fedeli, N. Zaim, F. Karbstein, and H.
Vincenti, New J. Phys. 24, 065005 (2022).

[56] F. Karbstein and E. A. Mosman, Phys. Rev. D 96, 116004
(2017).

[57] L. Klar, Particles 3, 223 (2020).

[58] F. Karbstein, A. Blinne, H. Gies, and M. Zepf, Phys. Rev.
Lett. 123, 091802 (2019).

[59] V. Dinu, T. Heinzl, A. Ilderton, M. Marklund, and G.
Torgrimsson, Phys. Rev. D 89, 125003 (2014).

[60] H. Bernhardt, A. T. Schmitt, B. Grabiger, B. Marx-Glowna,
R. Loetzsch, H. C. Wille, D. Bessas, A.I. Chumakov, R.
Riiffer, R. Rohlsberger et al., Phys. Rev. Res. 2, 023365
(2020).

[61] F. Karbstein, C. Sundqyvist, K. S. Schulze, I. Uschmann, H.
Gies, and G. G. Paulus, New J. Phys. 23, 095001 (2021).

[62] H.P. Schlenvoigt, T. Heinzl, U. Schramm, T. E. Cowan, and
R. Sauerbrey, Phys. Scr. 91, 023010 (2016).

[63] F. Moulin and D. Bernard, Opt. Commun. 164, 137 (1999).

[64] E. Lundstrom, G. Brodin, J. Lundin, M. Marklund, R.
Bingham, J. Collier, J. T. Mendonca, and P. Norreys, Phys.
Rev. Lett. 96, 083602 (2006).

[65] J. Lundin, M. Marklund, E. Lundstrom, G. Brodin, J.
Collier, R. Bingham, J. T. Mendonca, and P. Norreys, Phys.
Rev. A 74, 043821 (2006).

[66] H. Gies, F. Karbstein, C. Kohlfiirst, and N. Seegert, Phys.
Rev. D 97, 076002 (2018).

[67] R. Aboushelbaya, K. Glize, A. F. Savin, M. Mayr, B. Spiers,
R. Wang, J. Collier, M. Marklund, R. M. G. M. Trines, R.
Bingham et al., Phys. Rev. Lett. 123, 113604 (2019).

[68] F. Fillion-Gourdeau, C. Lefebvre, and S. MacLean, Phys.
Rev. A 91, 031801 (2015).

[69] S. Huang, B. Jin, and B. Shen, Phys. Rev. D 100, 013004
(2019).

[70] P. V. Sasorov, F. Pegoraro, T.Z.h. Esirkepov, and S.V.
Bulanov, New J. Phys. 23, 105003 (2021).

[71] M. Sangal, C. H. Keitel, and M. Tamburini, Phys. Rev. D
104, L111101 (2021).

116005-18


https://doi.org/10.1088/1367-2630/ac2004
https://doi.org/10.1088/1742-6596/1206/1/012017
https://doi.org/10.1103/PhysRevD.99.016006
https://arXiv.org/abs/2109.08121
https://doi.org/10.1088/1367-2630/ac6f16
https://doi.org/10.1103/PhysRevD.96.116004
https://doi.org/10.1103/PhysRevD.96.116004
https://doi.org/10.3390/particles3010018
https://doi.org/10.1103/PhysRevLett.123.091802
https://doi.org/10.1103/PhysRevLett.123.091802
https://doi.org/10.1103/PhysRevD.89.125003
https://doi.org/10.1103/PhysRevResearch.2.023365
https://doi.org/10.1103/PhysRevResearch.2.023365
https://doi.org/10.1088/1367-2630/ac1df4
https://doi.org/10.1088/0031-8949/91/2/023010
https://doi.org/10.1016/S0030-4018(99)00169-8
https://doi.org/10.1103/PhysRevLett.96.083602
https://doi.org/10.1103/PhysRevLett.96.083602
https://doi.org/10.1103/PhysRevA.74.043821
https://doi.org/10.1103/PhysRevA.74.043821
https://doi.org/10.1103/PhysRevD.97.076002
https://doi.org/10.1103/PhysRevD.97.076002
https://doi.org/10.1103/PhysRevLett.123.113604
https://doi.org/10.1103/PhysRevA.91.031801
https://doi.org/10.1103/PhysRevA.91.031801
https://doi.org/10.1103/PhysRevD.100.013004
https://doi.org/10.1103/PhysRevD.100.013004
https://doi.org/10.1088/1367-2630/ac28cb
https://doi.org/10.1103/PhysRevD.104.L111101
https://doi.org/10.1103/PhysRevD.104.L111101

