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We combine a recent construction of a Becchi-Rouet-Stora-Tyutin (BRST)-invariant, nonlinear massive
gauge fixingwith the background field formalism. The resulting generating functional preserves background-
field invariance as well as BRST invariance of the quantum field manifestly. The construction features BRST-
invariant mass parameters for the quantum gauge and ghost fields. The formalism employs a background
Nakanishi-Lautrup field which is part of the nonlinear gauge-fixing sector and thus should not affect
observables.Weverify this expectation by computing the one-loop effective action and the beta function of the
gauge coupling as an example. The corresponding Schwinger functional generating connected correlation
functions acquires additional one-particle reducible terms that vanish on shell. We also study off-shell one-
loop contributions in order to explore the consequences of a nonlinear gauge fixing scheme involving a
background Nakanishi-Lautrup field. As an application, we show that our formalism straightforwardly
accommodates nonperturbative information about propagators in the Landau gauge in the form of the so-
called decoupling solution. Using this nonperturbative input, we find evidence for the formation of a gluon
condensate for sufficiently large coupling, whose scale is set by the BRST-invariant gluon mass parameter.
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I. INTRODUCTION

Background fields represent a useful, in some cases
essential tool in quantum field theory. Background fields
can be chosen to represent a specific physical environment
of interest. In continuum gauge theories, the virtue of
background fields is that a necessary gauge fixing can be
performed such that the generating functionals remain
manifestly invariant under gauge transformations of the
background field. For suitably chosen gauges, even the full
generating functional, e.g., in the form of the effective
action for the quantum expectation values, inherits this
symmetry property from the background field [1,2].
Another elegant method to deal with gauge symmetry in

continuum gauge-fixed computations is based on Becchi-
Rouet-Stora-Tyutin (BRST symmetry, a residual global
supersymmetry that acts nonlinearly on the gauge and
auxiliary degrees of freedom [3–5]. BRST symmetry
allows one to formulate the constraints for correlation

functions imposed by gauge invariance in a closed form
given by the Zinn-Justin master equation [6,7]. As a
significant advantage, the latter can be addressed algebrai-
cally with the aid of cohomology methods.
Although a continuum Faddeev-Popov formulation of

gauge theories, featuring background-gauge and BRST
invariance, has proved extremely useful, especially for
scattering amplitude computations, it still faces the open
challenge of allowing for computations of more general
physical observable properties such as for instance a mass
spectrum. These difficulties are notoriously related to
the phenomena of mass generation and of confinement.
Setting aside nonperturbative issues such as the Gribov
problem or the Neuberger-zero problem, recent studies
have argued that effective Lagrangians very similar to
those appearing in the Faddeev-Popov method, namely
the Curci-Ferrari massive deformation thereof, are sur-
prisingly accurate as phenomenological tools for the
description of such phenomena [8–14]. Unfortunately,
these effective models do not feature a nilpotent BRST
symmetry allowing for a cohomological construction of
unitarity-preserving physical Hilbert spaces. These stud-
ies motivate a renewed interest in the open problem of
constructing BRST invariant gauge-fixed Lagrangians
featuring mass parameters for all fields.
In a recent work [15], a class of these BRST-invariant

massive models has been constructed, together with a
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renormalization group (RG) flow equation that offers a
route to preserving exact BRST symmetry also for non-
perturbative approximation schemes. In this way, techni-
cal challenges posed by other formulations of RG flows
based on momentum-space regularizations can be over-
come [16–27].
The main idea of this construction is to combine

Faddeev-Popov quantization with a nonlinear gauge con-
dition in such a way that the regularization procedure (i.e.
the mass terms) becomes part of the gauge-fixing sector.
Additionally, the construction goes along with the appear-
ance of an external-field variant of the Nakanishi-Lautrup
field. In practice, the latter leads to a proliferation of
possible operators that can appear in the BRST-invariant
effective action and thus higher complexity, see [15] for a
computation of several gluonic wave-function renormali-
zations; however, physical observables should not be
affected by this external field as it is part of the gauge-
fixing sector.
These observations are a main motivation for the present

work in which we combine the construction of [15] with the
background field method in such a way that quantities of
physical interest are characterized by the full invariance
under background transformations whereas the BRST
symmetry still holds for the quantum gauge fields and
its gauge-fixing sector. In this way advantages of both
methods become available for concrete computations.
A combination of the background field method with

functional techniques using Dyson-Schwinger equations
[28,29] has been a fruitful direction for many years.
Specifically the pinch technique has facilitated to account
for BRST symmetry in the construction of propagators and
proper vertices [30,31], and nonperturbative studies of
gluon-mass generation [32].
In the present work, we generalize the nonlinear gauge

fixing of [15] featuring mass parameters for the ghost and
gluon fields to the inclusion of a background field pre-
serving all relevant invariances. A generalization to non-
perturbative RG flow equations in the tradition of
background field flows [33–45], as applied in practice in
convenient approximation schemes [34,35,46–48], is
straightforwardly possible. Of course, gauge-invariant
RG flows do not hinge on the background field method.
For alternative formulations of gauge-invariant flows, see,
e.g., [49–62]. Several approaches to BRST invariant flows
have been constructed and used, e.g., in [44,63–71]; gauge-
consistent solutions of nonperturbative vertex expansions
have recently become accessible in this way [72].
As a first application, we perform a nontrivial check by

computing the flow of the one-loop effective action and the
corresponding β function of the coupling. The result
demonstrates explicit independence of the external
Nakanishi-Lautrup field which serves as a test of the
required independence of details of the gauge-fixing
sector. In addition to rediscovering standard results, the

BRST-invariant mass terms can be used for a controlled
investigation of IR phenomena: e.g., the perturbative
Landau pole of the running coupling can be screened by
a controlled decoupling of IR modes. The same holds for
the unstable Nielsen-Olesen mode in constant magnetic
fields affecting the effective action. Moreover, our formal-
ism straightforwardly accommodates nonperturbative
information about propagators in the Landau gauge in
the form of the so-called decoupling solution featuring a
massive gluon and a massless ghost [21,73–87]. Using this
nonperturbative input together with a self-dual background,
a simple one-loop computation already provides evidence
for the formation of a gluon condensate for sufficiently
large coupling in agreement with results from nonpertur-
bative functional RG studies [48,88].
The present paper is organized as follows: In Sec. II we

construct the gauge-fixed generating functional of quantum
gauge theory analogously to [15] but upon the inclusion of
a background field and preserving background-field invari-
ance. Section III is devoted to an analysis of a consistency
condition on the background Nakanishi-Lautrup field. In
Sec. IV, we study the relation between the Schwinger
functional and the effective action, where the former
acquires an additional one-particle reducible (1PR) term
from our gauge-fixing sector. Section V is focused on the
one-loop effective action and contains most of our results of
phenomenological relevance. Sections VI–IX investigate
the new 1PR term in the Schwinger functional in order to
analyze potential contributions to scattering amplitudes; we
develop various approaches to implement the consistency
condition arising from the gauge-fixing section. We also
discuss the possibility to treat the background Nakanishi-
Lautrup field as a disorder field, thus computing quenched
averages over it. We conclude in Sec. X.

II. BACKGROUND QUANTIZATION WITH
FOURIER NOISE

The goal of this section is to quantize the off-shell
formulation of pure Yang-Mills theory in a BRST- and
background-invariant manner. For this, we follow Ref. [15]
where the contribution of the auxiliary field, which leads to
the BRST invariant off-shell action, is encoded within a
generalized gauge-fixing sector via the noise action. Here,
we begin by working in d-dimensional Minkowski space-
time. However, after performing the gauge-fixing pro-
cedure we shall Wick rotate the gauge-fixed generating
functional to the d-dimensional Euclidean spacetime. In
addition, we use explicit adjoint indices to label the fields
and quantities in color space. For instance, the covariant
derivative in the adjoint representation takes the form

Dab
μ ¼ ∂μδ

ab þ ḡfacbAc
μ: ð1Þ

Under finite gauge transformations, the gauge field trans-
forms as follows:
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Aω
μ ¼ UAμU−1 þ i

ḡ
ð∂μUÞU−1; ð2Þ

UðωÞ ¼ eiḡω
aTa

; ð3Þ

and infinitesimally

δωAa
μ ¼ ∂μω

a þ gfacbωbAc
μ ¼ Dab

μ ωb; ð4Þ

with ωðxÞ being the gauge parameter. The gauge field
lives in the adjoint representation Aμ ¼ Aa

μTa, where

ðTaÞbc ¼ ifabc. Then, UðωÞ ¼ eḡω
afacb corresponds to

spacetime dependent elements of the Lie group G. The
components of the field strength tensor Fμν ¼ Fa

μνTa in the
adjoint representation read

Fa
μν ¼ ∂μAa

ν − ∂νAa
μ þ ḡfabcAb

μAc
ν; ð5Þ

which leads to the pure Yang-Mills action of the form

SYM ¼ −
1

4
Fa
μνFaμν: ð6Þ

Here and in the following, we use a condensed notation:
whenever two identical color indices both refer to field
variables, the summation convention over these repeated
indices is extended to integration over the corresponding
spacetime points, which are condensed and implicitly
associated to color indices.
For quantization, we start from the vacuum-persistence

amplitude in the off-shell formulation where we integrate
over gauge inequivalent configurations using the Faddeev-
Popov method with corresponding ghosts c; c̄ together with
a Nakanishi-Lautrup auxiliary field b and a noise field
n ¼ naTa. The latter has been introduced in [89] and
employed in the present context in [15]. We write

Z ¼
Z

DADbDcDc̄DneiðSYM½A�þSgauge½A;b;c;c̄;n�Þ; ð7Þ

where

Sgauge½A;c; c̄;b� ¼ Sgf ½A;b�þSnoise½b;n�þSgh½A;c; c̄�; ð8Þ

Sgf ½A; b� ¼ −baFa½A�; ð9Þ

Sgh½A; c; c̄� ¼ c̄aMabðAÞcb: ð10Þ

Here, Fa½A� denotes the gauge-fixing functional which also
determines the Faddeev-Popov operator:

Mab ¼ δFa½Aω�
δωb

����
ω¼0

¼
�
δFa½A�
δAc

μ

�
Dcb

μ : ð11Þ

Upon integrating out the noise field, the noise action can be
translated into an action for the Nakanishi-Lautrup field

eiSNL½b� ¼
Z

Dn eiSnoise½b;n�: ð12Þ

Choosing a suitable Gaussian weight for the noise action
reproduces the known local action which is quadratic in the
auxiliary Nakanishi-Lautrup field, SNL ¼ ξ

2

R
baba, where ξ

denotes the gauge paramter, cf. [15] for details. The
corresponding BRST-invariant action can be translated
into its on-shell version by integrating out the b field.
The bare action of Eq. (7) is off-shell BRST invariant for
any Snoise; see the end of this section for more details on this
symmetry.
Whereas Faddeev-Popov quantization fixes the gauge

transformations of the quantum field Aμ, retaining BRSTas
a residual global symmetry, the background field method
can be used in order to maintain the local symmetry of
background field gauge transformations. For this, we
decompose the gauge field Aa

μ,

Aa
μ → Āa

μ þ aaμ; ð13Þ

into a background field Āa
μ and fluctuations which we

denote by aaμ. In addition, we also change the gauge-fixing
functional in a manner that allows to preserve background-
field invariance, as shown in Eq. (26). From here on, we
always use background and fluctuation fields only.
Inserting such a decomposition in the vacuum-persistence
amplitude Eq. (7), and coupling external sources jμ to the
fluctuations only, we obtain the following generating
functional:

Z½j; Ā� ¼
Z

DaDbDn expfiðSYM½aþ Ā� þ Sgf ½a; Ā; b�

þ Snoise½b; n� þ jaμaaμÞgΔFP½a; Ā�: ð14Þ

Here, we have introduced the Faddeev-Popov determinant
ΔFP ¼ detM of the corresponding operator Mab of
Eq. (11) after integrating out the ghost fields.
Instead of the standard Gaussian weight mentioned

above, we choose a Fourier weight for the noise action
following Ref. [15],

Snoise½b; n� ¼ ðva − baÞna; ð15Þ

where v ¼ vaTa corresponds to an external scalar field,
which adds to the set of adjoint color fields of the theory.
Averaging over the noise field leads to the Nakanishi-
Lautrup action of the form

e−SNL½b� ¼
Z

Dn exp finaðva − baÞg ¼ δ½va − ba�: ð16Þ

As a consequence, the generating functional using the
Fourier weight takes the form
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Z½j; Ā� ¼
Z

Da expfiðSYM½aþ Ā� − vaFa½a; Ā�

þ jaμaaμÞgΔFP½a; Ā�; ð17Þ

where a possible additional dependence of the gauge-fixing
sector on the external field v is assumed but not explicitly
indicated.
In order to facilitate the upcoming computations, we

perform a Wick rotation of the gauge-fixed generating
functional. Then, the Euclidean path integral takes the form

Z½j; Ā� ¼
Z

Da expf − ðSYM½aþ Ā� þ vaFa½a; Ā�

− jaμaaμÞgΔFP½a; Ā�; ð18Þ

where the Euclidean Yang-Mills action corresponds to

SYM ¼ 1

4
Fa
μνFa

μν: ð19Þ

The Fadeev-Popov determinant is generated by a Euclidean
functional integral over ghost fields

ΔFP½a; Ā� ¼
Z

DcDc̄ e−Sgh½a;Ā;c;c̄�; ð20Þ

Sgh½a; Ā; c; c̄� ¼ −c̄aMabðAÞcb: ð21Þ

We now use the freedom to choose the form of the
gauge-fixing condition. In the following, it is important to
distinguish between two different ways of writing the
symmetry transformation of the original field A in terms
of the decomposed fields. In the quantum gauge trans-
formation, the background field does not transform at all,
but the transformation is fully carried by the fluctuation
field,

Āω
μ ¼ Āμ;

aωμ ¼ UðĀμ þ aμÞU−1 þ i
ḡ
ð∂μUÞU−1; ð22Þ

or infinitesimally

δQωĀa
μ ¼ 0;

δQωaaμ ¼ Dab
μ ωb ¼ D̄ab

μ ωb þ ḡfacbωbacμ; ð23Þ

whereDab
μ is the covariant derivative with respect to the full

field A ¼ Āþ a, while D̄ab
μ is the background covariant

derivative.
By contrast, the background gauge transformation

affects both the background and fluctuation field:

Āω
μ ¼ UĀμU−1 þ i

ḡ
ð∂μUÞU−1;

aωμ ¼ UaμU−1: ð24Þ

Infinitesimally, we obtain

δBωĀa
μ ¼ ∂μω

a þ ḡfacbωbĀc
μ ¼ D̄ab

μ ωb;

δBωaaμ ¼ ½Dab
μ − D̄ab

μ �ωb ¼ ḡfacbωbacμ: ð25Þ

Both transformations add up to the full gauge transforma-
tion of the original field A in Eq. (13). However, it is the
quantum gauge transformation which must be fixed in
order to have a well-defined functional integral. BRST
symmetry will thus correspond to the residual global
symmetry of the quantum gauge transformation.
The background field method now consists in choosing a

gauge-fixing condition for the quantum gauge transforma-
tions that is invariant under the background gauge trans-
formations. A generic choice are Lorenz-like covariant
linear gauges, cf. [1,2,90]. Here, however, we follow [15]
and choose a nonlinear gauge-fixing condition of the
following form:

Fa½a; Ā� ¼ abμQabc
μν acν þ Labμ abμ; ð26Þ

where

Qabc
μν ¼ va

2jvj2
�
m̄2δμνδ

bc −
1

ξ
D̄bd

μ D̄dc
ν

�
;

Labμ ¼
�
1þ m̄2

gh

−D̄2

�
ac
D̄cb

μ :

The invariance under background transformations is
obvious, since the differential operators involve back-
ground covariant derivatives only, and the fluctuation field
transforms homogeneously, i.e., color-vector-like, under
Eqs. (24), (25).
The quadratic part in the fluctuations is chosen in such a

way that a bare mass term for the gauge field is generated
by the gauge-fixing action and the linear part contributes to
the suppression of the IR divergences which arise by
introducing a ghost masslike term. Consequently, the
gauge-fixing condition, Eq. (26), leads to the gauge-fixing
action after integration by parts

Sgf ½a; Ā; v� ¼
m̄2

2
aaμaaμ þ

1

2ξ
ðD̄ab

μ abμÞðD̄ac
ν acνÞ

þ va
�
1þ m̄2

gh

−D̄2

�
D̄ab

μ abμ: ð27Þ

The Faddeev-Popov determinant in the nonlinear gauge-
fixing condition becomes
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ΔFP½a; Ā� ¼ Det

�
va

2jvj2
�
2m̄2acμDcb

μ

−
1

ξ
D̄cd

μ D̄de
ν aeνDcb

μ −
1

ξ
adνD̄de

ν D̄ec
μ Dcb

μ

�

þ
�
1þ m̄2

gh

−D̄2

�
D̄ac

μ Dcb
μ g; ð28Þ

which provides the ghost action

Sgh½a; Ā; c; c̄� ¼ −c̄a
�

va

2jvj2
�
2m̄2acμ

−
1

ξ
D̄cd

μ D̄de
ν aeν −

1

ξ
adνD̄de

ν D̄ec
μ

�

þ
�
1þ m̄2

gh

−D̄2

�
D̄ac

μ

�
ðDcb

μ cbÞ: ð29Þ

The action, apart from the source contribution, is invariant
under the background gauge transformations which trans-
form the remaining fields ða; c; c̄; vÞ homogeneously. In
particular, the finite background gauge transformations in
addition to Eq. (24) require:

vω ¼UvU−1; cω ¼UcU−1; c̄ω¼Uc̄U−1: ð30Þ

The infinitesimal background gauge transformations cor-
respondingly comprehend Eq. (25) and

δBωva ¼ −ḡfacbωbvc; δBωca ¼ −ḡfacbωbcc;

δBωc̄a ¼ −ḡfacbωbc̄c: ð31Þ

Furthermore, the same part of the action is invariant
under the following nilpotent BRST transformations

saaμ ¼ Dab
μ cb; sĀa

μ ¼ 0

sca ¼ −
ḡ
2
fabccbcc; sc̄a ¼ va; sva ¼ 0: ð32Þ

In fact, we can write

Sgf ½a; Ā; v� þ Sgh½a; Ā; c; c̄� ¼ sΨ; ð33Þ

Ψ ¼ c̄aFa½a; Ā�: ð34Þ

However, the manifest invariance of the action under
BRST transformations, for nonlinear gauge-fixing condi-
tion, holds true not only for our gauge fixing but also for a
wide variety of nonlinear gauge-fixing conditions [91–93].
In addition to the BRST transformations we considered,
which leave the background field invariant, also extended
BRST transformations have been constructed within the
framework of the background field method. In this
extended version, the background field varies by a

BRST-closed classical ghost field, initially introduced in
Ref. [94] and subsequently further implemented in the
study of different models [95–98]. Possible extensions of
BRST transformations for nonlinear gauge-fixing condi-
tions are not addressed in this work.

III. EQUATIONS OF MOTION IN THE
BACKGROUND FORMALISM

It is worthwhile to take a closer look at the background
field equations of motion, as they depend on the external v
field entering through the nonlinear gauge fixing. For this,
we first express the field strength tensor which appears in
the Yang-Mills action as a function of the background field
and of the fluctuation according to the decomposition of
Eq. (13),

Fa
μν → F̄a

μν þ D̄ab
μ abν − D̄ab

ν abμ þ ḡfabcabμacν; ð35Þ

F̄a
μν ¼ ∂μĀa

ν − ∂νĀa
μ þ ḡfabcĀb

μĀc
ν: ð36Þ

Using Eq. (35), the Yang-Mills action, Eq. (19), in the
background field formalism takes the form

SYM ¼ 1

4
F̄a
μνF̄a

μν þ F̄a
μνðD̄ab

μ abνÞ

þ 1

2
ðD̄ab

μ abνÞðD̄ac
μ acνÞ −

1

2
ðD̄ab

μ abνÞðD̄ac
ν acμÞ

þ ḡ
2
fabcabμacνF̄a

μν þOða3Þ: ð37Þ

The second term on the right-hand side of this expression
dictates the form of the background equations of motion at
vanishing fluctuations. The quadratic parts will be relevant
for the quantization in the following sections.
It is convenient to introduce a shorthand notation for the

vector boson’s action, i.e. the total action at vanishing ghost
fields

Sv½a; Ā; v� ¼ SYM½a; Ā� þ Sgf ½a; Ā; v�: ð38Þ

Taking into account the gauge-fixing action of Eq. (27), the
vector action reads explicitly

Sv½a; Ā; v� ¼
1

4
F̄a
μνF̄a

μν

þ ½F̄a
μν þ va

�
1þ m̄2

gh

−D̄2

��
D̄ab

μ abμ

þ 1

2
aaμ½ð−ðD̄2Þab þ m̄2δabÞδμν þ

�
1 −

1

ξ

�
D̄ac

μ D̄cb
ν �abν

þ ḡfabcabμacνF̄a
μν þOða3Þ: ð39Þ

The classical background equations of motion are
obtained by
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δSv½a; Ā; v�
δaaν

����
a→0

¼ 0; ð40Þ

assuming that the ghost fields vanish in their classical
configuration. The resulting classical equations of motion
for the nonlinear gauge fixing in the background field
formalism can be written as

D̄ab
μ F̄b

μν ¼ −Jaν ½Ā; v�; ð41Þ

where the deviations from the standard classical equation
can be summarized in a current

Jaμ½Ā; v� ¼ D̄ab
μ

��
1þ m̄2

gh

−D̄2

�
v

�b
: ð42Þ

This current is associated to the linear term in the gauge-
fixing functional. However, background-covariant current
conservation

D̄ab
μ Jbμ½Ā; v� ¼ 0; ð43Þ

which is implied by Eq. (41), places a restriction on the
form of the external field va, i.e.

ð−D̄2 þ m̄2
ghÞva ¼ 0: ð44Þ

This last relation must be obeyed by va in order for the
background equations of motion Eq. (41) to be consistent.

IV. SCHWINGER FUNCTIONAL AND EFFECTIVE
ACTION FOR NONLINEAR GAUGE FIXING

The background field formalism provides an elegant
path towards constructing a gauge-invariant effective action
Γ, being the generating functional of one-particle irreduc-
ible (1PI) correlation functions. In comparison to standard
computations in covariant gauges [90], new structures arise
in our approach from the nonlinear gauge containing the
external v field. In order to illustrate these new structures, it
is useful to study both the effective action as well as the
Schwinger functionalW which is the generating functional
for the connected correlation functions. Let us start with the
Schwinger functional defined by

W½j; Ā� ¼ logZ½j; Ā�; ð45Þ

where j denotes an auxiliary source coupled to the fluctua-
tions. The effective action is given by the Legendre trans-
form of the Schwinger functional, i.e.,

Γ½a; Ā� ¼ sup
j
fjaμaaμ −W½j; Ā�g: ð46Þ

Here, aaμ denotes the so-called classical field conjugate to the
source jaμ. By construction, it equals the expectation value of

the quantum gauge field (in a common abuse of notation
also called aaμ above) in the presence of the source.
Corresponding transformations with respect to the ghost
fields and a ghost source could be introduced but are not
necessary for the present purpose. From these definitions,
we obtain the quantum equation of motion

jaμ ¼
δΓ½a; Ā�
δaaμ

: ð47Þ

Both generating functionals can be represented in terms of a
functional integral. In the following, we drop the bar of the
background field, Ā → A, for better readability. Let us start
with the Schwinger functional,

eW½j;A� ¼
Z

Da0 e−Sv½a0;A�þjaμa0aμ ΔFP½a0; A�; ð48Þ

where we denoted the integration variables by a0 to dis-
tinguish them from the expectation value a introduced
above. In the following, we concentrate on the one-loop
approximation which we obtain by expanding the local
action to Gaussian order, e.g.,

Sv½a0; A� ≃ Sv½0; A� þ
δSv½0; A�
δa0μa

a0μa þ
1

2
a0μaMab

μν ½A�a0νb

Mab
μν ½A� ¼

δ2Sv½0; A�
δa0μaδa0νb

: ð49Þ

Inserting this expansion into Eq. (48), the Gaussian integral
can readily be performed. We find to one-loop order

−W1L½j; A; v� ¼ Sv½A� − lnΔFP½A� þ
1

2
ln detM½A�

−Wsource½j; A; v�; ð50Þ

where we have introduced

Sv½A�≡ Sv½0; A� ¼
1

4
Fa
μνFa

μν; ð51Þ

ΔFP½A�≡ ΔFP½0; A� ¼ det

��
1þ m̄2

gh

−D2

�
ðD2Þab

�
; ð52Þ

Mab
μν ½A; ξ� ¼ m̄2δabμν − 2ḡfabcFc

μν − ðD2Þabδμν
þ
�
1 −

1

ξ

�
Dac

μ Dcb
ν : ð53Þ

Here M denotes the inverse gluon propagator in the back-
ground field. The form ofM agrees with the standard one for
a linear gauge condition in the background formalism,
cf. [90,99,100], except for the gluon mass term m̄2δabμν ,
arising from the nonlinear gauge fixing. A similar comment
applies to the Faddeev-Popov operator. Note that the
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corresponding determinant can be evaluated at vanishing
fluctuations a0 ¼ 0 to one-loop order. In Eq. (50), we have
also abbreviated all source-type contributions to the
Schwinger functional

Wsource½j; A; v�

¼ 1

2
ðKa

μ½A; v� þ jaμÞðM−1Þabμν ½A�ðKb
ν ½A; v� þ jbνÞ; ð54Þ

which is the only part that carries an explicit dependence on
the external field v. This dependence is investigated in the
several sections below. It arises from the background
equations of motion, Eq. (40), and more specifically only

from δSgf
δa0aμ

. In arriving at Eq. (54), we have assumed that the

gluonic fluctuation operatorM is invertible, withM−1 being
its inverse, and introduced the abbreviation

Ka
μ½A; v�≡ −

δSv½A�
δa0aμ

¼ Dab
ν Fb

νμ þ Jaμ½A; v�: ð55Þ

The structure of Eq. (54) arises from completing the square
in the exponent in the presence of the linear term.
By contrast, the analogous 1PI effective action does not

contain such a term. In order to illustrate the aforemen-
tioned claim, we perform a shift a0 → a0 þ a in the
effective action Eq. (46) to arrive at the integral equation

e−Γ½a;A� ¼
Z

Da0e
−Sv½a0þa;A�þδΓ½a;A�

δaaμ
a0μaΔFP½a0 þ a; A�: ð56Þ

Next, we perform the expansion of the local action similar
to Eq. (49) about a. Again, we assume the presence of the
background field A, but otherwise a vacuum, i.e., a
vanishing expectation value a ¼ 0. Then, Eq. (56) takes
the form

e−Γ1L½0;A� ≃
Z

Da0 e−Sv½0;A�e
−ðδSv ½0;A�

δa0aμ
−δΓ½0;A�

δaaμ
Þa0aμ

× e
−1
2
a0aμðδ

2Sv ½0;A�
δa0aμδa0bν

Þa0bν
ΔFP½A�: ð57Þ

The effective action can be written as the bare action plus
loop corrections, Γ ¼ Sv þ ΔΓ. To linear order in the
exponent of Eq. (57), the contributions from the classical
action Sv cancel, while the contributions from ΔΓ on the
right-hand side would induce higher-loop terms and thus
can be neglected to one-loop order. The result for the one-
loop effective action then is

Γ1L½A� ¼ Γ1L½0; A�

¼ Sv½A� − lnΔFP½A� þ
1

2
ln detM½A�: ð58Þ

We observe that the one-loop effective action acquires a
standard form consisting of the bare action and ghost and

gluon loop contributions in the form of functional deter-
minants. The explicit v-field dependence has dropped out
to this order. This illustrates that the power of the back-
ground field formalism to construct gauge-invariant effec-
tive actions is at work also for our nonlinear gauge-fixing
involving an a priori arbitrary external field vðxÞ.
From a structural perspective, this result can also be

understood from the fact that the additional term in the
Schwinger functional, Eq. (50), represents a one-particle
reducible contribution: the two sourcelike factors Ka

μ½A; v�
are interconnected with a gluon propagator ∼M−1. By
contrast, the effective action generates 1PI correlators by
construction. In the background formalism, the difference
between the Schwinger functional and the effective action
on the level of 1PR diagrams can also be constructed to
higher-loop orders [101–105].

V. ONE-LOOP EFFECTIVE ACTION

Let us first study the one-loop effective action which
gives also direct access to the running of the coupling. For
obtaining explicit results and in order to make contact with
the literature, we use the special choice of covariantly
constant background fields here, defined by

Dab
μ Fb

νρ ¼ 0: ð59Þ

Further below, we discuss results also beyond this restricted
class of fields. Covariantly constant fields can be brought
into a pseudo-Abelian form in which the gauge potential
can be written as

Abc
μ ðxÞ ¼ n̂aðTaÞbc

�
−
1

2
Fμνxν

�
; ð60Þ

where n̂a denotes a constant unit vector, n̂2 ¼ 1, in adjoint
color space.

A. Magnetic background and running coupling

As a first example, let us choose the constant Abelian
field strength Fμν in the form of a constant magnetic field

Fμν ¼ Bϵ⊥μν; ð61Þ

where ϵ⊥μν denotes the Levi-Civita symbol in the spatial
plane orthogonal to the magnetic field direction (in d ¼ 4
dimensional spacetime). For this particular field, the Yang-
Mills action reduces to

1

4
Fa
μνFa

μν ¼
1

2
B2: ð62Þ

For the computation of the color traces, let us introduce
the eigenvalues νl of the color matrix ðn̂aTaÞbc, with
l ¼ 1;…; N2 − 1, and
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B̄l ¼ ḡBνl: ð63Þ

Now, the task is to compute the determinants occurring in
Eq. (58) which, by virtue of the logarithm, can be rewritten
into operator traces. Let us start with the gluon contribution.
For simplicity, we perform the computation in the Feynman
gauge ξ ¼ 1, where the operatorM of Eq. (53) simplifies to

M ¼ m̄2 þDT; ðDTÞabμν ¼ −δμνðD2Þab þ 2igFab
μν ;

ð64Þ

andDT denotes the covariant spin-1 Laplacian. Writing the
one-loop effective action of Eq. (58) as Γ1L ¼ Sv þ ΔΓghþ
ΔΓgl, and subtracting the zero-field limit as an overall
constant (which can be done for each loop contribution
separately), the gluonic contribution reads

ΔΓgl ¼
1

2
Tr

�
ln

�
m̄2þDT½A�
m̄2þDT½0�

��

¼ Ωdd

2ð4πÞd=2
Z

∞

0

ds

s1þd=2 e
−m̄2s

XN2−1

l¼1

×

�
1−

sB̄l

sinhðsB̄lÞ
−
4sB̄l

d
sinhðsB̄lÞ

�
: ð65Þ

Here, we have kept the dependence on the dimension d and
used the proper time representation of the logarithm and the
explicit forms known for the heat kernel of the spin-1
Laplacian (cf. Appendix B of [46]). Equation (65) repre-
sents the zero-point subtracted but unrenormalized gluon
loop. The expression is UV divergent corresponding to a
log-divergence from the lower bound of the s integral.
Correspondingly, the ghost contribution acquires the

explicit zero-point subtracted form,

ΔΓgh ¼ −Tr
�
ln

�
m̄2

gh −D2½A�
m̄2

gh − ∂
2

��

¼ −
Ωd

ð4πÞd=2
Z

∞

0

ds

s1þd=2 e
−m̄2

ghs
XN2−1

l¼1

×

�
1 −

sB̄l

sinh ðsB̄lÞ
�
; ð66Þ

exhibiting a similar UV log-divergence from the lower
bound of the s integral. Finally, the bare action reads Sv ¼
1
2
B2 in terms of the bare background field B.
Since the effective action is invariant under background

transformation by construction, covariant geometric objects
like the covariant derivative must be RG invariant. As the
covariant derivative entails the product ḡAμ of bare quan-
tities, also the product ḡB must be RG invariant and thus
can equivalently be expressed in terms of the renormalized
coupling gR and the renormalized field BR,

ḡB ¼ gRBR; gR ¼
ffiffiffiffiffiffi
ZF

p
ḡ; BR ¼ Bffiffiffiffiffiffi

ZF
p ; ð67Þ

where ZF denotes the wave function renormalization of the
background field. In terms of the renormalized field, we can
now write the one-loop action as

Γ1L ¼ Ωd

2
B2
R þ ΔΓgl þ ΔΓgh −

Ωd

2
ð1 − ZFÞB2

R ð68Þ

¼ Ωd

2
B2
R þ ΔΓgl;R þ ΔΓgh;R; ð69Þ

where we have chosen ZF such that the log-divergences in
the bare loop contributions ΔΓgl=gh are canceled, and finite
corrections ΔΓgl=gh;R are left. More specifically, in the
present scheme, we choose

ZF ¼ 1þ Nc

6ð4πÞd=2 g
2
R

Z
∞

0

ds

s−1þd=2 ½ð24 − dÞe−m̄2s

þ 2e−m̄
2
ghs�; ð70Þ

where we have made use of the fact that
P

l ν
2
l ¼ C2ðGÞ ¼

Nc corresponds to the second Casimir of the gauge group
G, being the number of colors for G ¼ SUðNcÞ. The wave
function renormalization carries the UV divergence which
can be regularized in different ways. It is instructive to
study two examples more explicitly. For simplicity—and
independently of the scheme—we use a common scale k
for the gluon and the ghost masses in the following:

k2 ¼ m̄2 ¼ m̄2
gh: ð71Þ

Generalization to arbitrary and independent choices are
straightforward. Let us start by making contact with the MS
scheme. For this, we use the analytic continuation in the
variable d of the proper time integral in Eq. (70), and
introduce the dimensionless renormalized coupling

g2 ¼ g2Rμ
d−4 ð72Þ

with μ being an arbitrary (renormalization) scale. Choosing
d ¼ 4 − 2ϵ and expanding in ϵ, yields

ZF ¼ 1 −
22Nc

6ð4πÞ2 g
2

�
−1
ϵ

þ ln
k2

μ2
− ln 4π þ γ −

1

11

�
; ð73Þ

ignoring higher orders in ϵ. From here, we can immediately
deduce the one-loop beta function that governs the scale
dependence of the renormalized coupling,

βg2 ¼ −
∂

∂ ln μ
g2 ¼ −

22Nc

3

g4

ð4πÞ2 : ð74Þ

From (73), it is obvious that we could equivalently study
the dependence of the renormalized coupling on the gluon
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and ghost mass scale k, serving as an IR regulator, in order
to explore the behavior of the theory at different scales, i.e.,
we obtain the same beta function from βg2 ¼ k ∂

∂k g
2.

As an alternative to dimensional regularization and the
MS scheme, we can regularize the s integral in Eq. (70) by a
proper time regulator at the lower bound directly in d ¼ 4
dimensions. The corresponding integral then yields

Z
∞

1

Λ2

ds
s
e−k

2s ¼ Γ
�
0;

k2

Λ2

�
¼ − ln

k2

Λ2
− γ þOðk2=Λ2Þ;

ð75Þ

where Λ denotes a UV momentum cutoff scale. In the limit
Λ → ∞, we reobtain Eq. (74) from the construction
βg2 ¼ k ∂

∂k g
2. However, we can also keep Λ finite, defining

an explicitly mass-dependent regularization scheme. In this
case, we obtain for the beta function

βg2 ¼ k
∂

∂k
g2 ¼ −

22Nc

3

g4

ð4πÞ2 e
−k2

Λ2 : ð76Þ

Whereas the standard result is rediscovered for Λ → ∞ (or
k → 0), the beta function approaches zero if the mass scale
k surpasses the UV scale. This is a typical threshold
behavior characterizing the decoupling of modes.
Let us now come back to the renormalized loop con-

tributions to the one-loop effective action. After subtraction
of the counterterms, the finite result for the action density
reads in d ¼ 4 dimensions (using for simplicity Bl ¼
gRBRνl and k2 ¼ m̄2 ¼ m̄2

gh),

Γ1L

Ω4

¼ 1

2
B2
R

þ 1

ð4πÞ2
Z

∞

0

ds
s3
e−k

2s
XN2−1

l¼1

×

�
1þ11ðsBlÞ2

6
−

sBl

sinhðsBlÞ
−2sBl sinhðsBlÞ

�
:

ð77Þ

Incidentally, this gluonic contribution is finite only for
k2 ≥ Bl. Otherwise, it diverges due to the last term. The
physical origin is an unstable (Nielsen-Olesen) mode
developed by the spin-1 Laplacian in a constant magnetic
field owing to the paramagnetic spin-field coupling
[106,107]. Attempts to resolve this instability have lead
to QCD vacuum models of magnetic flux tubes of finite
spatial extent (“spaghetti vacuum”) [106–111]. On a more
formal level, this has been dealt with in expressions like
Eq. (77), e.g., by analytic continuations of the s integral
contour over the last term, yielding imaginary contributions
[112,113]. These can be interpreted as decay probabilities
of the constant magnetic field towards an inhomogeneous

ground state. In our formulation, this instability is cured in
the presence of a sufficiently large BRST invariant mass
term ∼k for the gluonic modes. This mass term simply
screens the unstable mode, provided that k2 ≥ Bl. In the
corresponding range, we plot the resulting dimensionless
action density for various values of the renormalized
coupling in terms of the dimensionless parameter ζ ¼
gRBR
k2 for the gauge group SU(2) (νl ¼ −1, 0, 1) in Fig. 1.
For small couplings, the classical contribution is dominat-
ing and quadratically increasing with the field strength.
Modifications become visible only near the validity boun-
dary ζ ¼ gRBR

k2 ¼ 1, where the unstable mode contributes
strongest, cf. upper line for gR ¼ 3.5, i.e. αR

4π ≃ 0.08.
Extending the one-loop result ad hoc to even larger values
of the coupling, the one-loop contribution becomes of
similar order as the classical one near gR ¼ 7.94, i.e.
αR
4π ≃ 0.4, cf. middle line in Fig. 1. For even larger values
of the coupling, the classical trivial ground state no longer
remains the global minimum as is visible for the lowest line
for gR ¼ 12, i.e. αR

4π ≃ 0.9. The low-lying modes in the
gluonic spectrum drive the system towards a state of
nonvanishing field expectation value which may be taken
as an indication for gluon condensation in the present
setting.
Note that this follows from extrapolating the one-loop

contribution to large coupling within the full validity

FIG. 1. Numerical result for the dimensionless action density,
as determined in Eq. (77), in terms of the dimensionless
parameter ζ ¼ gRBR

k2 ≤ 1, for various values of the renormalized
coupling constant. Increasing the renormalized coupling gR
results in an increasing but finite contribution of the quantum
part of the one-loop effective action eventually dominating the
classical one.
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domain of the one-loop effective action as our gauge-
fixing allows to rigorously control the unstable-mode
contribution. This is different from the conventional
one-loop reasoning, where an analytic continuation of
the gluon determinant is needed in order to arrive at a
well-defined result. In the latter case, the final result is
dominated by the one-loop counterterm ∼ 11

6
s2B2 inside

the proper time integral, and the one-loop action acquires
the conventional B2 ln B2

k2 form, which also exhibits a
nontrivial minimum [114].
Equation (77) represents the background-field one-loop

effective action as a function of the renormalized gauge
coupling, field strength, and the mass parameter k appear-
ing in the gauge fixing. In it, the k dependence occurs for
two usually distinct reasons: firstly as a consequence of the
gauge fixing process, secondly as a part of the IR
regularization of loop integrals. As a consequence one
might expect that the k dependence of this background
effective action should be removable: no gauge-fixing
parameter should alter a BRST-invariant quantity, and no
regularization scale should affect an observable. Indeed, as
it has long been established, gauge-parameter dependence
of the effective action can systematically be canceled in any
renormalization scheme and order by order in perturbation
theory by redefining the essential coupling constants
of the gauge theory, thus absorbing the gauge parameters

]115–118 ]. In a similar way, as it is well known, the
independence of observables from the regularization/
renormalization scale is guaranteed by another transforma-
tion of coupling constants, namely an RG evolution.
Indeed, Eq. (77) together with Eqs. (67) and (73) exem-
plifies how the dependence on the gauge fixing parameter
k, besides the trivial canonical dimensional one, is hidden
by a redefinition of the gauge coupling, which inevitably
involves renormalization. In general, in schemes where k is
used as a Wilsonian regularization scale, the evolution of
coupling constants in k is expected to tame in a single shot
both the gauge-parameter and the regularization depend-
ence of the observables.

B. Self-dual background and gluon condensation

Addressing the generation of a gluon condensate
requires a fully nonperturbative method. For instance, clear
evidence is provided by an RG flow computation based on
nonperturbative propagators [48], yielding satisfactory
agreement with phenomenological estimates from spectral
sum rules. In the present perturbative setting, it is never-
theless straightforwardly possible to find further indications
for the onset of gluon condensation. For this, we use a
Euclidean selfdual background field, e.g., with the choice

F12 ¼ F34 ¼ f ¼ const:; ð78Þ

for the abelian field strength. Using conventions analogous
to the preceding subsection, the classical Yang-Mills action

reduces to 1
4
Fa
μνFa

μν ¼ f2, and the one-loop effective action
can be expressed in terms of the variable

f̄l ¼ ḡfνl: ð79Þ

The advantage of the self-dual background is that the
corresponding spectrum of the gluonic transversal fluc-
tuation operator DT does not have an unstable mode, but
features a double zero mode [119]. Though this removes
the instability encountered in the preceding subsection, the
treatment of the zero mode still requires some care.
As a second ingredient, we choose the ghost mass term

to vanish m̄gh ¼ 0 while we keep a finite gluon mass
m̄ > 0. In fact, this mimics the so-called decoupling
solution known from the nonperturbative study of gluon
and ghost propagators [21,73–78,80–87]. A parametriza-
tion of these nonperturbative propagators in terms of
massive gluons but massless ghosts works surprisingly
successfully in phenomenological applications [8–14].
Analogously to the computation for the magnetic case in

the preceding subsection, we can compute the correspond-
ing determinants for the self-dual case using the explicit
forms for the heat kernel (cf. [48]). Equivalently, the one-
loop renormalization can be performed, yielding the same
result for the running coupling. Here, we concentrate on the
final form of the one-loop effective action in terms of the
analogously renormalized field strength parameter fR.
Using the abbreviation fl ¼ gRfRνl, the resulting renor-
malized one-loop action density reads

Γ1L

Ω4

¼ f2R

þ 1

ð4πÞ2
Z

∞

0

ds
s3

XN2−1

l¼1

×

�
e−m̄

2s

�
2þ 11ðsflÞ2

3
−

2ðsflÞ2
sinh2ðsflÞ

− 4ðsflÞ2
�

−
�
1 −

ðflsÞ2
sinh2ðflsÞ

��
: ð80Þ

Here, we have subtracted the counterterms completely
within the gluon loop terms corresponding to the terms
in square brackets; a naive separate subtraction of the gluon
and ghost loops would artificially induce an IR divergence
in the ghost term, and also render the wave function
renormalization IR divergent. By contrast, the present
subtraction prescription is a pure UV subtraction and
renders the one-loop action UV and IR finite.
The last term of the decomposition of the gluon loop in

square brackets ∼4ðsflÞ2 corresponds to the zero-mode
contribution. The latter introduces a subtlety: as is well
known, there exists a nontrivial IR-UV interplay in the
presence of zero modes [120]. Though the zero mode is
clearly an IR feature of the spectrum, it can affect the
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strong-field limit of effective actions which are generically
dominated by the UV properties of the theory. In the
present case, the zero mode indeed spoils the large-field
asymptotics, in the sense that this last term in square
brackets leads to a large-field asymptotics ∼ − f2 ln f2=m̄4

unbounded from below.
Since the zero mode does not contribute to the small-

field behavior (it is subtracted by the counterterm), this
artifact can be cured easily: we may multiply the zero-mode
contribution with an IR-regularizing function that sup-
presses its large-field asymptotics, for instance, by the
replacement −4ðsflÞ2 → −4ðsflÞ2 expð−s2=L4Þ. Here,
L ≫ 1=m̄; 1=

ffiffiffi
f

p
can be thought of as a generic IR length

scale over which the homogeneous self-duality assumption
persists.
For the following study, the details of this IR regulari-

zation are not relevant. It suffices to know that a suitable
cure of this artifact exists. Here, we concentrate on the
properties of the effective action in the small-field region
which is neither affected by the zero mode nor by the
details of its regularization.
In Fig. 2, we depict the resulting one-loop effective

action density for the case of SU(2) as a function of the self-
dual field strength in units of the gluon mass parameter for
increasing values of the coupling. We observe that the
corresponding action density is dominated by the classical
part for small renormalized couplings, cf. the line for

gR ¼ 4, i.e. αR ¼ g2R
4π ≃ 1.3 which persists up to the critical

coupling gcr ≃ 5 (or αcr ≃ 2). Further increase of the
renormalized coupling results in the development of a
nontrivial vacuum expectation value, cf. lines for gR ¼ 7.5
(αR ≃ 4.5) and gR ¼ 8 (αR ≃ 5.1). The transition to the
condensate phase at the critical coupling αcr ≃ 2 is con-
tinuous and the subsequent increase proceeds almost
linearly with αR, see Fig. 3.
On the one hand, our approach appears capable of

qualitatively addressing the question of gluon condensation
using some nonperturbative input based on the decoupling
solution for fully dressed propagators. On the other hand,
our quantitative result for the value of the condensate
depends on the choice for the gluon mass parameter m̄ and
further input for the IR behavior of the coupling. Choosing
as an example m̄ ≃ 1 GeV as a typical hadronic scale and
the coupling in the range αR ≃ 2…8 does, however, not
lead to a value of the condensate that would match with
phenomenological estimates [121]; the latter would corre-
spond to fminm̄2 ≃ 0.21 GeV2 in our conventions. This
poor quantitative accuracy is most likely due to the one-
loop approximation adopted here.

VI. SCHWINGER FUNCTIONAL SOURCE TERM
FOR COVARIANTLY CONSTANT

BACKGROUNDS

To one-loop order, our nonlinear gauge fixing induces a
structural difference to conventional formulations in the
form of the 1PR contribution to the Schwinger functional,
cf. Eq. (54). As the Schwinger functional generates all

FIG. 2. Action density for a self-dual background field,
Eq. (80), in terms of the parameter gRBR. All quantities are
plotted in units of the gluon mass which we choose as m̄2 ¼ 1
here. An increase of the renormalized coupling beyond a critical
coupling gcr ≃ 5 results in the appearance of a nontrivial mini-
mum which can be taken as an indication for a gluon condensate.

FIG. 3. Gluon condensate fR;min, in units of the gluon mass,
corresponding to the nontrivial minimum of the action density as

a function of the renormalized coupling αR ¼ g2R
4π. Our result shows

a continuous increase of the condensate beyond a critical coupling
αR > αcr ≃ 2. The transition to a condensate phase is continuous.
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connected diagrams, contributing to S-matrix elements, this
additional term is of general interest and is explored from
different perspectives in this and the following sections. We
confine ourselves to vanishing external sources j ¼ 0, see
Eq. (47), such that Eq. (54) acquires the form

Wsource½A; v� ¼
1

2
Ka

μ½A; v�ðM−1Þabμν ½A�Kb
ν ½A; v�; ð81Þ

whereK has been defined in (55). A priori,Wsource depends
independently on the background field A as well as on the
external v field, even though these two fields are connected
by a constraint, cf. Eq. (44). Whereas the background field
has a natural physical interpretation, the v field is part of the
gauge fixing, hence, we expect that it does not contribute to
observables.
At this point, we still have the freedom to choose a

condition for the form of the background A and external
field v. In the present section, we focus on covariantly
constant fields, satisfying Eq. (59). Provided the classical
equations of motion are fulfilled, this directly implies that
the current J½A; v� carrying the v field dependence,
cf. Eq. (42), also has to vanish according to Eq. (41).
The immediate conclusion is that the source term Eq. (81)
vanishes identically (assuming the absence of relevant zero
modes ofM). This proves that—under these assumptions—
the one-loop S-matrix elements are independent of the v
field of the gauge-fixing sector as expected.
However, it is instructive to relax these assumptions and

keep the discussion slightly more general. From a physical
perspective, the potential presence of unstable modes for
covariantly constant fields, such as the pseudo-Abelian
magnetic case used above, suggests to consider the cova-
riantly constant-field assumption as a local approximation
to fields varying sufficiently slowly in space and time. We
still assume vacuum conditions, i.e., the absence of external
currents j ¼ 0, such that an on-shell stable background
field configuration should be covariantly constant.
However we no longer assume that the classical equations
of motion Eq. (41) are fulfilled. While we now take J½A; v�
as potentially nonvanishing, consistency of the equation of
motion requires J to be covariantly conserved, DμJμ ¼ 0,
which we keep as an assumption also when A is off-shell.
In addition, in this section we consider a more general

form of the source which is only assumed to be covariantly
longitudinal,

Jaμ½A; v� ¼ Dab
μ ½A�χb; ð82Þ

where χa is an arbitrary auxiliary quantity. The special form
of the source in Eq. (42) which is specific for a Fourier-
noise implementation of the background-covariant gauge
fixing can be recovered by appropriately choosing χ.
For these choices, the source contribution Eq. (54)

becomes

Wsource½A; v� ¼
1

2
Jaμ½A; v�ðM−1Þabμν ½A�Jbν ½A; v�: ð83Þ

For the concrete analysis, let us consider the gluonic mass
parameter m̄ to be sufficiently large. Also, we keep the
gauge-fixing parameter ξ general. In view of Eq. (81) we
need the inverse gluonic fluctuation operator. For this, let us
rewrite Eq. (53) as

Mab
μν ½A� ¼ m̄2δabμν þQab

μν ½A�; ð84Þ

where

Qab
μν ½A� ¼ 2ḡfabcFc

μν− ðD2Þabδμνþ
�
1−

1

ξ

�
Dac

μ Dcb
ν : ð85Þ

The gluonic fluctuation operator and its inverse schemati-
cally are given by

M¼ m̄2½1þ m̄−2Q�; M−1¼ m̄−2
�

1

1þ m̄−2Q

�
: ð86Þ

As we assume the gluonic mass to be sufficiently large, we
expand the gluon propagator in powers of the operator Q,

ðM−1Þabμν ¼ −
X∞
n¼0

��
i
m̄

�
2nþ2

ðQnÞabμν
�
; ð87Þ

where ðQnÞabμν ¼ Qac
μρQcd

ρσ � � �Qer
κτQrb

τν|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
n times

was used. It is useful

to decompose the operator Qμν in terms of the longitudinal
DL and transversal DT kinetic operators

Qab
μν ½A� ¼ ðDTÞabμν −

�
1 −

1

ξ

�
ðDLÞabμν ; ð88Þ

where

ðDTÞabμν ¼ −δμνðD2Þab þ 2iḡFab
μν ; ð89Þ

ðDLÞabμν ¼ −Dac
μ Dcb

ν : ð90Þ

The latter are further discussed in [33–35]. Some useful
properties of these kinetic operators for the present case are

½DT;DL�abμν ¼ 0; ð91Þ

ðDLÞabμνJbν ¼ 0; JaμðDLÞabμν ¼ 0: ð92Þ

Equation (91) relies on the assumption of covariantly
constant background field. Equations (92) are a direct
consequence of the definition of the longitudinal kinetic
operator given by Eq. (90) and of current conservation.
The source contribution to the Schwinger functional,

Eq. (83), now takes the following form in the large-mass
expansion:
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Wsource½A; v� ¼ −
1

2
Jaμ

X∞
n¼1

��
i
m̄

�
2nþ2

ðDn
TÞabμν

�
Jbν ð93Þ

which highlights that the longitudinal contributions of the
gluon propagator and thus any gauge-parameter ξ depend-
ence drops out of the 1PR source term as a consequence of
Eqs. (91) and (92). For the evaluation of Eq. (93), we need
the following commutator valid for covariantly constant
background fields

½D2; Dμ�ab ¼ −2iḡFac
αμDcb

α : ð94Þ
Then, using the fact that the current has a longitudinal form,
cf. Eq. (82), we obtain from the definition ofDT in Eq. (89),

Dab
T;μνJ

b
ν ¼ −ðD2ÞabDbc

μ χc þ 2iḡFab
μνJbν

¼ Dab
μ Dbc

α Jcα − 2iḡFab
μνJbν þ 2iḡFab

μνJbν

¼ 0: ð95Þ
Here, the first term on the right-hand side vanishes due to
current conservation and the other two cancel. Hence we
conclude that the 1PR source contribution to the Schwinger
functional,

JaμðM−1ÞabμνJbν
���
DF¼0;DJ¼0

¼ 0; ð96Þ

vanishes for covariantly constant backgrounds and for a
conserved and longitudinal current J½A; v� to all orders in the
large-mass expansion. Note that the equations of motion for
the background field are consistent with these assumptions,
even entail them, but need not be satisfied in itself for the
conclusion to hold. Equation (96) also holds true in the case
where the current is given by Eq. (42). In fact in this case the
current is covariantly longitudinal, and in addition current
conservation can be used to show that J ¼ 0.
Alternatively, we could have imposed the consistency

condition for the v field, Eq. (44), that arises from current
conservation. In fact, if this consistency condition is
satisfied, then the auxiliary quantity χb introduced above
vanishes identically and so does the current J½A; v�. In this
case, Eq. (96) is satisfied as well independently of the
background field, assuming the absence of relevant zero
modes of the gluon propagator.
In either case, this leads to an expression for the one-loop

Schwinger functional

−W1L½A�jDF¼0;D·J¼0 ¼ Sv½A� − lnΔFP½A�

þ 1

2
ln detM½A�; ð97Þ

being independent of any v contribution and thus
of the nonlinear gauge-fixing sector except for the
BRST-invariant mass terms. As a consequence, one-loop
S-matrix elements also remain independent of the v field as
expected.

VII. SCHWINGER FUNCTIONAL WITH A
DISORDER v FIELD

The choice of a Fourier weight in the implementation
of the gauge-fixing procedure, see Sec. II, leads to a
v-dependent generating functional, Eq. (18). The linear
part of the gauge-fixing condition, Eq. (26), introduces a
further source of v dependence, which subsequently leads
to 1PR terms in the Schwinger functional and also affects
the Faddeev-Popov determinant. As shown before, one-
loop results become independent again once consistency
and/or on-shell conditions are used. However, from a
practical viewpoint, it can be useful to have a computa-
tional formalism where no implementation of consistency/
on-shell conditions at certain stages is required.
It is useful to think of the v field as a gauge-parameter

field. The most common implementation of the gauge-
fixing condition is through a Gaussian averaging over the
noise. The latter would correspond to a Gaussian average
over the v field. This averaging can either be implemented
as an annealed or quenched disorder. While the former
prescription coincides with a standard Gaussian Nakanishi-
Lautrup sector, the latter is less trivial and we therefore find
it interesting to analyze. In detail, we focus on the following
quenched average over the external Nakanishi-Lautrup
field of the Schwinger functional:

W1L½A� ¼ N
Z

Dv e−SNL½v�W1L½A; v�; ð98Þ

SNL½v� ¼
Z

ddx
v2

2α
; ð99Þ

where N is a normalization constant fixed by normalizing
the free quenched average to unity.
Then, the terms that originate from the v dependence and

their effects can be studied. As only the last contribution in
Eq. (50) is changed by this averaging, it is useful to denote

Wsource½A� ¼ −
N
2

Z
Dv e−SNL½v�Wsource½A; v�: ð100Þ

Note that a generic v field as a representative of all
configurations to be integrated over will generally not
satisfy the consistency condition (44) for a given back-
ground field. Whether or not such violations affect final
results or may average out thus needs to be investigated. In
the following, we will do so on the one-loop level where the
v field occurs only in the 1PR source term of the Schwinger
functional, whereas the effective action remains unaffected.
With regard to the structure of the current J½A; v�

that carries the v dependence inside the source term
Wsource½A; v�, cf. Eq. (44), we split the current into the
derivative term and the term containing the ghost mass, and
write the source term as
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Wsource½A� ¼ −
�
1

2

�Z
Dve−

R
v2
2α

�
ðDμvÞaðM−1ÞabμνðDνvÞb ðiÞ

− m̄2
ghðDμvÞaðM−1Þabμν

�
Dν

�
1

D2

�
v
�

b
ðiiÞ

− m̄2
gh

�
Dμ

�
1

D2

�
v

�
a
ðM−1ÞabμνðDμvÞb ðiiiÞ

þ m̄4
gh

�
Dμ

�
1

D2

�
v

�
a
ðM−1Þabμν

�
Dν

�
1

D2

�
v

�
b
�
: ðivÞ ð101Þ

Performing the Gaussian functional integral, the four
terms can be written as traces in coordinate, color and
Lorentz space,

ðiÞ ¼
�
α

2

�
trxcL½DμM−1

μνDν�; ð102aÞ

ðii; iiiÞ ¼ −
�
αm̄2

gh

2

�
trxcL

�
1

D2
DμM−1

μνDν

�
; ð102bÞ

ðivÞ ¼
�
αm̄4

gh

2

�
trxcL

�
1

D2

1

D2
DμM−1

μνDν

�
; ð102cÞ

where the cyclicity of the trace has been taken into account.
As the gluon propagator M−1 is sandwiched between
covariant derivatives, the transversal parts drop out and
we obtain

ðiÞ ¼
�
α

2

�
trxcL

�
1

m̄2 − ð1ξÞD2
D2

�
; ð103aÞ

ðii; iiiÞ ¼ −
�
αm̄2

gh

2

�
trxcL

�
1

D2

1

m̄2 − ð1ξÞD2
D2

�
; ð103bÞ

ðivÞ ¼
�
αm̄4

gh

2

�
trxcL

�
1

D2

1

D2

1

m̄2 − ð1ξÞD2
D2

�
: ð103cÞ

It is interesting to note that all terms are proportional to the
width parameter α of the quenched disorder field; this
implies that all terms vanish in the limit α → 0. In this limit,
the amplitude of v as a disorder field vanishes, such that the
consistency condition Eq. (44) is evidently satisfied as also
is current conservation, imposed explicitly in the preceding
section. Still at this point, one may wonder whether the
occurrence of inverse Laplacians may lead to ill-defined
expressions.
In order to obtain more explicit results, let us evaluate the

traces for a covariantly constant, pseudo-Abelian magnetic
field, as also used before, see Sec. V. It is already interesting
to note for this case that none of the above traces are
affected by the unstable Nielsen-Olesen mode which has

dropped out as a consequence of the implicit longitudinal
projection. For convenience, we introduce auxiliary func-
tions that capture the dependence of the operators to be
traced on the Laplacian. For example, for the first term (i),
we introduce

hðiÞðxÞ ¼ −
ξx

xþ ξm̄2
; ð104Þ

such that the trace in Eq. (103a) can be written as

trxcL½hðiÞðxÞ�jx¼−D2 ¼ −trxcL
�

ξx
xþ ξm̄2

�����
x¼−D2

: ð105Þ

The trace can be evaluated with heat-kernel techniques
using the Laplace transform of the auxiliary function hðiÞ
which leads us to the proper time representation. As before,
we normalize the results by a constant subtraction such that
the terms vanish at zero background field. For the trace, we
find

trxcL½hðiÞð−D2Þ−hðiÞð−∂2Þ� ¼−
Ω4

ð4πÞ2
XN2−1

l¼1

×
Z

∞

0

ds
s2

½ðξm̄Þ2e−ξm̄2s−2ξδðsÞ�
�

sBl

sinhsBl
−1

�
; ð106Þ

where the δ function at the integral boundary is understood
to contribute with half of its weight. We observe that the
result is finite, the integral converges at both boundaries;
moreover, it vanishes in the Landau gauge limit ξ → 0. It is
furthermore instructive to study the small-field limit at
order B2 which, on the level of the effective action, would
correspond to the classical terms contributing to the
renormalization of the charge and the field strength. It is
straightforward to check that these possible lowest order
terms of Eq. (106) vanish,

1

Ω4

ðiÞvs ¼ 0þOðB4=m̄8Þ; ð107Þ

where the subscript “vs” denotes vacuum subtraction.
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The same computational steps can be applied to the
terms (ii) and (iii), cf. Eq. (103b), using the auxiliary
function

hðiiÞðxÞ ¼
ξ

xþ ξm̄2
: ð108Þ

The corresponding vacuum subtracted trace yields

trxcL½hðiiÞð−D2Þ − hðiiÞð−∂2Þ�

¼ Ω4

ξ

ð4πÞ2
XN2−1

l¼1

Z
∞

0

ds
s2

e−ξm̄
2s

�
sBl

sinh sBl
− 1

�
: ð109Þ

Again, we observe that the integral expression is finite and
vanishes in the Landau-gauge limit ξ → 0. For this term, we
obtain a contribution to quadratic order,

1

Ω4

ðii; iiiÞvs

¼
�
1

4π

�
2
�
m̄gh

m̄

�
2
�
α

12

�
NcðḡBÞ2 þOðB4=m̄8Þ: ð110Þ

Note that the absence of the gauge parameter is a result of
the expansion which is valid only for ḡB=ðξm̄2Þ ≪ 1 and
does not include the Landau-gauge limit.
For the fourth functional trace, Eq. (103c), we introduce

the auxiliary function

hðivÞðxÞ ¼ −
ξ

xðxþ ξm̄2Þ ð111Þ

which leads to the explicit form of the vacuum subtracted
functional trace

trxcL½hðivÞð−D2Þ − hðivÞð−∂2Þ� ¼ −
Ω4

ð4πm̄Þ2
XN2−1

l¼1

jBlj

×
Z

∞

0

dx
x2

�
1 − e−

ξm̄2

jBl jx
��

x
sinh x

− 1

�
; ð112Þ

where we substituted x ¼ sjBlj. Again, the integral is finite
and vanishes in the Landau-gauge limit ξ → 0. As an
interesting feature, we observe that the integral in Eq. (112)
approaches a finite constant in the small-field limit. Up to
quadratic order, the expansion yields

1

Ω4

ðivÞvs ¼ −
�
1

4π

�
2
�
m̄gh

m̄

�
4
�
α

2

�

×

�
m̄2 ln

�
1

2

� XN2−1

l¼1

jBlj þ
1

6ξ
NcðḡBÞ2

�

þOðB4=m̄8Þ: ð113Þ

The occurrence of the term linear in Bl ∼ ḡB is note-
worthy as this term would be invisible in a small-field
expansion which is an expansion in ðḡBÞ2. As before,
the dependence of the quadratic term on 1=ξ is a result of
the expansion which becomes invalid in the Landau-
gauge limit. The full expression vanishes in the Landau
gauge ξ ¼ 0.
Collecting all results which were derived for the func-

tional traces in the weak-field expansion, Eq. (107),
Eq. (110) and Eq. (113) and inserting into the source
contribution to the Schwinger functional, Eq. (101), then

Wsource½A�

¼ Ω4

ð4πÞ2
�
m̄gh

m̄

�
2
�
α

2

��
−m̄2 ln

�
1

2

�XN2−1

l¼1

jBlj

þ ḡ2Nc

6

�
1−

m̄2
gh

ξm̄2

�
B2

�
: ð114Þ

We observe that only the linear B-field term remains for the
special choice of m̄2

gh ¼ ξm̄2.
The one-loop Schwinger functional takes the form

−W1L½A� ¼ Sv½A� − lnΔFP½A� þ
1

2
ln detM½A�

−Wsource½A�: ð115Þ

In summary, we find that a treatment of the v field as a
quenched disorder field yields finite contributions to the
1PR source term in the Schwinger functional; of course,
by averaging over v this term becomes 1PI, as the
quenched average corresponds to connecting the v-field
legs. The implicit violation of the consistency condition
(44) does not immediately cancel in the disorder average.
Nevertheless we observe that these contributions can be
controlled in various ways: first and importantly, they
stay finite despite the nonlocal structure introduced by
inverse Laplacians, second they vanish in the limit of both
α → 0 (vanishing disorder amplitude) as well as ξ → 0
(Landau gauge). All terms remain subdominant to the
one-loop action or even vanish in the large-field limit and
can also be controlled in a small-field expansion, even
though the appearance of a finite term linear in jBj signals
the presence of non-analyticities at vanishing field
strength.
For the case of a constant magnetic field, also the

Nielsen-Olesen unstable mode does not play any role.
Provided that these properties translate to higher-loops or
even nonperturbative computations, the treatment of the v
field as a disorder field can be a useful computational
strategy to deal with this gauge degree of freedom.
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VIII. v-FIELD CONTRIBUTIONS TO THE
CONNECTED BACKGROUND TWO-POINT

FUNCTION

Whereas the one-loop Schwinger functional is indepen-
dent of the v field on-shell, off-shell contributions to the
connected background two-point function are expected to
appear from the 1PR source term, Eq. (54). In the
following, we determine these contributions explicitly in
the limit of vanishing background A → 0 and external
source j → 0, see Eq. (47) for the definition of j. For
example, we study

Wð2Þ
v ¼ δ2Wsource½j; A; v�

δAδA

����
A;j→0

; ð116Þ

where Wsource½j ¼ 0; A; v� ¼ 1
2
KM−1K, cf. Eq. (81). Since

K ¼ DF þ J, the limit of vanishing background field
yields for this quantity using Eq. (42),

Ka
μjA→0 ¼ JaμjA→0 ¼ ∂μ

�
1þ m̄2

gh

−∂2

�
va; ð117Þ

which corresponds to the external current discussed
in Ref. [15]. Now, current conservation implies the
consistency condition (44), requiring the v field to satisfy
the massive Klein-Gordon equation in absence of a
background

0 ¼ Dab
μ JbμjA→0

¼ ð∂2 − m̄2
ghÞva: ð118Þ

Combining Eqs. (117) and (118) tells us that the source
term vanishes in absence of a background

Ka
μjA→0 ¼ JaμjA→0 ¼ 0: ð119Þ

Correspondingly, the functional derivatives of Eq. (116)
acting on the 1PR source term, Eq. (81), only yield
finite contributions in the A → 0 limit as long as they
act on the K factors. A crucial building block is given by
δJ=δA which is derived in the Appendix in Eq. (A10).
Furthermore, we need the gluon propagator M−1 for
vanishing fields which, in our gauge, reads schematically

M−1jA→0 ¼
�

1

m̄2 − ∂
2

�
ΠT þ

�
1

m̄2 − ∂
2

ξ

�
ΠL; ð120Þ

where we have used the longitudinal and transversal
projectors

ðΠLÞabμν ¼
�
∂μ∂ν

∂
2

�
δab; ðΠTÞabμν ¼ δμνδ

ab−ðΠLÞabμν : ð121Þ

The building blocks for the two-point function contribu-
tions from the source term using the preceding results in
momentum space together with Eq. (A10) thus read,

1

2

δ2½JaμðM−1ÞabμνJbν �
δAc

αðp1ÞδAd
βðp2Þ

����
A→0

¼ ḡ2fabcfaed
Z
q

ð2qþp1Þα
m̄2þ q2

ξ

ð2q−p2Þβ
q2

ve−q−p1
vbq−p2

;

ð122Þ

1

2

δ2½ðDFÞaμðM−1ÞabμνðDFÞbν �
δAc

αðp1ÞδAd
βðp2Þ

����
A→0

¼ δcd
p2
1

m̄2 þ p2
1

ðp2
1δαβ − p1αp1βÞδp1;−p2

; ð123Þ

δ2½JaμðM−1ÞabμνðDFÞbν �
δAc

αðp1ÞδAd
βðp2Þ

����
A→0

¼ 0: ð124Þ

Whereas the v-independent contribution in Eq. (123) is
diagonal in momentum space, the v-dependent one from
Eq. (122) is not. These nondiagonal parts parametrize the
momentum influx into the two-point function provided by
a possibly space-time dependent v field. The sum of
Eqs. (122) and (123) represents the general result for the
contributions from the 1PR source term of the Schwinger
functional to the two-point correlator at this order for v
fields that satisfy the consistency condition, i.e. solve the
massive Klein-Gordon equation.
Although we assumed current conservation, it is inter-

esting to average Eq. (122) and Eq. (123) over v with a
Gaussian distribution, constrained by the requirement that
the Klein-Gordon equation, Eq. (118), holds. The latter
constraint can be implemented by means of a Lagrange
multiplier field λa. Hence we integrate both terms by means
of the formulas

h1i ¼ N
Z

DλaDvaeiλ
að−∂2þm̄2

ghÞva−vava
2α ¼ 1; ð125Þ

hvapvbqi¼N
Z

DλaDvaeiλ
að−∂2þm̄2

ghÞva−vava
2α vapvbq ¼ 0; ð126Þ

where the normalization constant N is fixed by the
requirement of Eq. (125).
After averaging over the v field, Eq. (122) will not

contribute to the v-independent two-point function, as a
result of Eq. (126). The remaining term arising from
Eq. (123) then yields the source contribution to the averaged
two-point function

hWð2Þ
v ðp1; p2Þicdαβ ¼

δcdp4
1

m̄2 þ p2
1

�
δαβ −

p1αp1β

p2
1

�
δp1;−p2

:

ð127Þ

The inverse ðWð2Þ
v Þ−1 of this function is a propagator type

quantity. For this, we observe that ðWð2Þ
v Þ−1 ∼ 1=p2

1 decays
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as usual in momentum space for large momenta implying
that S-matrix contributions in the perturbative domain are
not enhanced.At the same time, the∼1=p4

1 behavior at small
momenta is reminiscent to infrared slavery going hand in
hand with the mass gap of the background field excitations.
Let us go back to the non-averaged case where, for

concreteness, we consider the special case of a homo-
geneous v field

vaq ¼ va
ffiffiffiffiffiffiffiffiffiffiffi
ð2πÞd

q
δðqÞ: ð128Þ

In this case, the consistency condition (118) can be satisfied
only for a vanishing ghost mass m̄gh ¼ 0 which we assume

here in addition. The final result forWð2Þ
v then is diagonal in

momentum space and reads

Wð2Þ
v ðpjvÞcdαβ ¼ ḡ2fabcfaedvbveδp1;−p2

×

��
δαβ −

p1αp1β

p2
1

�
1

m̄2 þ p2
1

þ p1αp1β

p2
1

1

m̄2 þ p2
1

ξ

�

þ δcd
p4
1

m̄2 þ p2
1

�
δαβ −

p1αp1β

p2
1

�
δp1;−p2

: ð129Þ

For general gauge parameter, we observe transversal and
longitudinal contributions; pure transversality occurs in the
Landau gauge where longitudinal parts decouple com-
pletely. The v-dependent parts affect only modes which
are orthogonal to the v field in color space.
Equation (129) can also be averaged over all possible

directions of the constant vector va, with a Gaussian
weight. For this kind of average, which is more constrained
than the one considered in Eqs. (125) and (126), also the
first term on the right-hand side. of Eq. (129) would bring a
nonvanishing contribution. Notice however that the latter
would remain finite and would not modify the structure of
one-loop renormalization constants. By contrast, in
Ref. [15], constant va fields have been observed to yield
nonvanishing contributions to the running of the wave
function renormalization of the fluctuation field, in absence
of a background, with or without averaging over va.

IX. v½A�-FIELD CONTRIBUTIONS TO THE
CONNECTED BACKGROUND TWO-POINT

FUNCTION

The requirements of current conservation implied by the
background equations of motion impose the consistency
condition (44) on the v field. So far, we have implemented
this condition at various stages of our studies. In particular
in the preceding section, we have made use of the
consistency condition, once we have varied the 1PR source
term of the Schwinger functional with respect to the
background field. Alternatively, we may assume that the
consistency condition is satisfied from the beginning,
rendering the v field a functional of the background,

v ¼ v½A�. Correspondingly, the connected background
two-point function will receive additional contributions,
as is analyzed in the following.
The difference to the result from the previous section

arises from the derivative of the current,

δJ½A; v½A��
δA

¼ δJ½A; v�
δA

jv¼v½A� þ N; ð130Þ

where the first term on the right-hand side first appeared in
the preceding section and was computed in (A10).
Denoting

va ¼ v½A → 0�; δva

δAc
α
¼ δva

δAc
α

����
A→0

; ð131Þ

the additional term N for A → 0 reads

ðNac
μαÞxyjA→0 ¼ ∂

x
μ

�
δvax
δAc

αy

�

− m̄2
gh

Z
w

�
1

∂
2

�
xw
∂
w
μ

�
δvaw
δAc

αy

�
: ð132Þ

This N term gives rise to additional contributions to the
connected background two-point correlator not accounted for
in the preceding section. The necessary functional derivative
δv=δA can be extracted from the consistency condition

ðD2 − m̄2
ghÞv½A� ¼ 0: ð133Þ

Taking the functional derivative of this equation with respect
to the background, yields in the limit A → 0

Z
z

δðD2Þabxz
δAc

αy

����
A→0

vbz ¼ ð∂2x − m̄2
ghÞ

�
δvax
δAc

αy

�
: ð134Þ

Multiplying both sides by the kernel of the Klein-Gordon
operator allows us to solve for the desired functional
derivative, which in momentum space reads

δvaq
δAc

αp

����
A→0

¼ −iḡfabc
�

1

m̄2
gh þ q2

�
ð2q − pÞαvbq−p: ð135Þ

Upon insertion into Eq. (132) and subsequently into
Eq. (130), the essential building block for the two-point
function is the current derivative which now becomes

δJaμq
δAc

αp

����
A→0

¼ −ḡfabc
qμð2q − pÞα

q2

�
1 −

p2 − 2p · q
m̄2

gh þ q2

�
vbq−p:

ð136Þ
This equation replaces Eq. (A10) as used in the preceding
section. Correspondingly, using Eq. (136) in the analog of
Eqs. (122) and (123), we arrive at the following result for
the background two-point function arising from the 1PR
source term
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Wð2Þ
v ðp1; p2jvÞcdαβ ¼ δcd

p2
1

m̄2 þ p2
1

ðp2
1δαβ − p1αp1βÞδp1;−p2

þ ḡ2fabcfaed
Z
q

�
1

m̄2 þ q2

ξ

��
1

q2

�
ð2qþ p1Þαð2q − p2Þβ

×

��
1

m̄2
gh þ q2

�
2

ðp2
1 þ 2p1 · qÞðp2

2 − 2p2 · qÞ −
ðp2

2 − 2p2 · qÞ
m̄2

gh þ q2
þ ðp2

1 þ 2p1 · qÞ
m̄2

gh þ q2
þ 1

�
vbq−p2

ve−q−p1
:

ð137Þ

Again, these contributions parametrize the momentum
influx that can be provided by a spacetime-dependent v
field. It is interesting to observe that the additional terms
arising from treating the v field as background dependent
v ¼ v½A� go along with multiplicative ghost-propagator
contributions, as a consequence of the consistency
condition.
Similar to the previous section, let us now average over the

v field in the two-point function, Eq. (137), under the
constraint of current conservation. Then, the average of
the second term of Eq. (137) vanishes due to Eq. (126)
and the first term will contribute the same result as in
Eq. (127), i.e.

hWð2Þ
v ðp1;p2jvÞicdαβ ¼ δcd

p2
1

m̄2þp2
1

ðp2
1δαβ−p1αp1βÞδp1;−p2

:

ð138Þ

Therefore, the average over thev field on the level of the two-
point function yields the same result for the two-point
function regardless of the initial consideration of a back-
ground-dependent or background-independent v field.

For a simplified direct comparison with the results of the
preceding section, it is again instructive to consider a
homogeneous v field, cf. Eq. (128), leading us to the result

Wð2Þ
v ðpjvÞcdαβ ¼ ḡ2fabcfaedvbveδp1;−p2

×

��
δαβ −

p1αp1β

p2
1

�
1

m̄2 þ p2
1

þ p1αp1β

p2
1

2

m̄2 þ p2
1

ξ

�

þ δcd
p4
1

m̄2 þ p2
1

�
δαβ −

p1αp1β

p2
1

�
δp1;−p2

: ð139Þ

Interestingly, the only change in comparison to Eq. (129)
occurs in the longitudinal part in the form of a factor of 2. In
the Landau gauge ξ → 0, where this part decouples, the
difference is irrelevant.
In Table I we have summarized the main results found in

Secs. VI, VIII and IX.

X. SUMMARY

External-field methods and BRST-invariant perturbation
theory are two cornerstones of quantum field theory
and its applications to high energy theory. Extending

TABLE I. Summary of the approaches adopted in the evaluation of the new sourcelike contributions to the background connected
correlation functions, associated to the special gauge-fixing sector constructed in Sec. II. These contributions depend on two external
fields: the background gluon field A, and the Nakanishi-Lautrup field v, which have been chosen as specified in the second and third
rows respectively. Notice that the v½A� of the third column differs from the v of the second column, in that we consider the v field as a
functional of A before taking functional derivatives w.r.t. an arbitrary A. The main actor in the evaluation of the sourcelike contributions
is the gluon propagatorM−1, for which we refer to the corresponding explicit expression. Under each assumption considered, we report

the contributions to the zero-point functionWsource½A� and to the two-point functionWð2Þ
v ðp1; p2jvÞ. Special forms of the latter have been

obtained, either by averaging over the v field with a constrained Gaussian distribution, or by assuming v to be constant. The
corresponding results are respectively recalled in the last two rows. The empty entries in the lower-left corner correspond to
computations of the two-point correlator in nonvanishing backgrounds and are left for future studies.

Different approaches

Section VI VIII IX

Background (A) DμFμν ¼ 0 A → 0 A → 0

v field ðD2 − m̄2
ghÞv ¼ 0 ð∂2 − m̄2

ghÞv ¼ 0 ðD2 − m̄2
ghÞv½A� ¼ 0

M−1½A� Eq. (87) Eq. (120) Eq. (120)
Wsource½A� 0 0 0

Wð2Þ
v ðp1; p2jvÞ — Eq. (122) þ Eq. (123) Eq. (137)

hWð2Þ
v ðp1; p2jvÞi — Eq. (127) Eq. (138)

Wð2Þ
v ðpjvÞ — Eq. (129) Eq. (139)
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and generalizing these tools to aim at a description of
phenomena such as color confinement or the spontaneous
breaking of symmetries, most notably of chiral symmetry
and scale invariance, and eventually of the physical particle
spectrum, requires new theoretical developments.
One successful semi-analytical method able to bridge

between the language of perturbation theory and non-
perturbative aspects of quantum and statistical field theories
is Wilson’s RG analysis of effective field theories (EFTs).
The power of the latter method is further enhanced by the
possibility to work in massive RG schemes, i.e. to assign a
mass scale to each degree of freedom and to use such scales
as RG times, along whose flow the properties of the system
continuously change according to the EFT ideas of match-
ing and decoupling. Maybe the most classic embodiment
and application of these ideas is the so-called functional RG
(FRG), in which the Wilsonian idea of a continuous RG
flow of effective theories is formulated at the level of an
exact functional equation for a mass-scale-dependent
effective action [122–126].
The problem of introducing a Wilsonian floating mass

scale in a classically scale-invariant gauge theory without
breaking BRST symmetry is as old as relevant for con-
temporary applications. In the FRG, it is rephrased as the
problem of constructing a BRST-preserving exact RG
equation. While the latter problem has been tackled by
several approaches in the literature, it is fair to say that none
of them serves all purposes. For these reasons, some of us
reconsidered this problem from a novel perspective in
Ref. [15]. There, a BRST-preserving embedding of mass
parameters for the fields of Faddeev-Popov-quantized
Yang-Mills theory, in absence of a background, was
achieved at the price of introducing an external
Nakanishi-Lautrup field v, and some explicit nonlocality
in the ghost action.
The important question whether these unusual features

would compromise the consolidated perturbative under-
standing of gauge-fixed Yang-Mills theory, or might even
radically change its one-loop RG flow, was not completely
answered there. In this work, we have collected evidence at
one loop that the novel gauge-fixing prescription does not
impede a standard interpretation of the perturbative series,
as well as a fruitful implementation of the background field
method. In fact, after a straightforward generalization of the
gauge-fixing construction of Ref. [15] to the special class of
background-covariant gauges in Secs. II and III, we have
shown that the one-loop structure of the background
Schwinger functional differs from the standard one (cor-
responding to a Gaussian Nakanishi-Lautrup action) only
through a one-particle-reducible sourcelike term Wsource
presented in Eqs. (54) and (55), associated to the v-induced
external color source J of Eq. (42).
Thus, for an external Nakanishi-Lautrup field the one-

loop 1PI effective action still comprehends just the standard
contribution of gluon and ghost loops. Of course these

loops, while giving rise to the universal one-loop beta
function for the marginal gauge coupling (for the derivation
of which it was sufficient to adopt dimensional regulari-
zation and the MS scheme), are now featuring arbitrary
gluon and ghost mass parameters, which affect both the
one-loop divergences and the background dependence of
the effective action, precisely as one would expect for
genuine IR-regulating mass thresholds. More precisely, in
Sec. V we have deduced the threshold-depending one-loop
beta function in a proper time regularization scheme,
Eq. (76), and we have illustrated how the presence of
large-enough mass parameters can cure the Nielsen-Olesen
instability at strong fields (see Fig. 1) for covariantly
constant pseudo-Abelian magnetic backgrounds.
This instability does not occur for a self-dual back-

ground. Within our approach, it turns out to be straight-
forward to include nonperturbative information about the
gluon and ghost propagators in the Landau gauge in the
form of the so-called decoupling solution. Using this
input, we have found evidence that the effective action
supports a gluon condensate beyond a critical coupling.
This result serves as a first illustration that our approach
can give immediate access to phenomenologically rel-
evant quantities.
These computations serve as examples of the use and

interpretation of the BRST-invariant mass parameters. As
the latter enter through the gauge-fixing sector, and there-
fore belong to BRST-exact deformations of the classical
action, one might expect that the associated scale symmetry
breaking remains confined in the BRST-exact unphysical
sector of the theory space. On the other hand, quantum
corrections lead to a dynamical breaking of scale symmetry,
which is visible in Figs. 1 and 2, in the form of special
nonvanishing stationarity values of the field amplitude.
While in more traditional gauge-fixing schemes these
nontrivial saddle points necessarily come along with the
floating regularization scale, as the bare action is scale-free,
in the present framework the latter scale is replaced by the
BRST-invariant mass parameters. Thus, as a consequence
of quantum corrections, the tree-level breaking of scale
invariance in the BRST-exact sector acts as a seed which is
communicated by radiative corrections to the physical
sector of the theory space. Even more interestingly, we
observe that this mechanism does not require nonpertur-
bative approximations or the discussion of the Singer-
Gribov ambiguity.
We have then devoted the rest of this study to the

investigation of the nontrivial contribution Wsource, as a
functional of both the background gluon field A and the
external Nakanishi-Lautrup/disorder field v. As far as the
latter is concerned, it is reasonable to assume color current
conservation, such that the consistency condition Eq. (44)
holds true. This equation entails a mutual relation between
the two field configurations, which can be either assumed
to hold for arbitrary A (off shell) or for the chosen A only
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(on shell). The two assumptions correspondingly lead to
different structures in the derivatives ofWsource with respect
to A, depending on whether v is a functional of A or is
independent of it. The results of our investigation are
summarized in Table I.
We have also further explored the idea of treating v as a

disorder field, to be averaged over, which was discussed
also in Ref. [15]. The two alternative treatments of annealed
or quenched disorder then correspond to integrating out the
Nakanishi-Lautrup auxiliary field either first (at the level of
the bare action) or last (at the level of the Schwinger
functional). Our findings forWsource further substantiate the
general conclusion that at one-loop no major interpreta-
tional novelties appear, since the source contribution to the
zero-point function is found to vanish, and the source
contribution to the background two-point function is finite
both for constant (i.e. homogeneous) v fields and for
Gaussian quenched disorder.
In the present study, we have taken advantage of the

mass parameters which can be included in the bare action of
Yang-Mills theory by means of the gauge-fixing sector to
describe the structure of one-loop corrections to the pure
background effective action, thus neglecting nonvanishing
sources (i.e. expectation values) for the gluon fluctuations
and for the ghosts. As a consequence, while we addressed
the running of the gauge coupling, we could not, for
instance, compute the running of the mass parameters
themselves. Retaining nonvanishing sources besides the
background field would also allow for a discussion of the
so-called split Ward identities, namely of the symmetry
corresponding to simultaneous shifts of the gluon back-
ground and of the corresponding fluctuation. This is
especially relevant for the construction of functional
truncations in the FRG framework. The latter is a possible
interesting extension of this work.
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APPENDIX: USEFUL RELATIONS FOR
THE CONNECTED BACKGROUND

TWO-POINT FUNCTION

In this appendix, we will summarize our conventions and
some details needed for the computations in Secs. VIII and
IX, where the 1PR source term contributions to the
connected two-point function are studied. In the main text,

we often use condensed notation in which color indices
implicitly represent spacetime indices as well.
For the transition from coordinate to momentum space,

we use the Fourier conventions

Φi
x ¼

Z
p
e−ipxΦi

p; Φi
p ¼

Z
x
eipxΦi

x;

δxy ¼
Z
p
e−ipðx−yÞ; ðA1Þ

where

Z
p
¼

Z
ddp
ð2πÞd ;

Z
x
¼

Z
ddx:

Using this more explicit but compact notation, the covariant
derivative reads

ðDab
μ Þxy ¼ ðδab∂xμ þ ḡfacbAc

μxÞδxy

reflecting a notation that is also used in the main text.
A building block required during the computations are

functional derivatives of the Laplacian, which in position
space reads

ðD2Þabxy ¼½δab∂2x þ 2ḡfacbAc
μx∂

x
μ þ ḡfacbð∂xμAc

μxÞ
þ ḡ2facdfcbeAd

μxAe
μx�δxy: ðA2Þ

Specifically, we need its functional derivative for vanishing
background fields,

δðD2Þabxy
δAc

αz

����
A→0

¼ 2ḡfacbδxzð∂xαδxyÞ þ ḡfacbð∂xαδxzÞδxy: ðA3Þ

Also, the functional derivative of the inverse Laplacian
operator at vanishing background is required. For this, we
make use of the following relation for the functional
derivative for the inverse of a generic operator,

δðΘ−1Þabμν
δAc

α
¼ −ðΘ−1Þadμλ

�
δΘde

λρ

δAc
α

�
ðΘ−1Þebρν : ðA4Þ

Using that the Laplacian at vanishing background is
diagonal in momentum space, the derivative of the inverse
Laplacian operator in momentum space at vanishing back-
ground reads

δ

δAc
αp

�
1

D2

�
ab

q1q2

����
A→0

¼ −iḡfacb
ðq1 þ q2Þα

q21q
2
2

δq1q2p; ðA5Þ

where we have abbreviated δðq1 − q2 − p1Þ ¼ δq1q2p1
.

Next, we turn to the source term induced by the presence
of the v field. In the main text, we discussed that the
conservation of this source term, Eq. (44), imposes a
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consistency condition on the v field, which—for vanishing
backgrounds—corresponds to a massive Klein-Gordon
equation,

ðDab
μ ÞxyJbμjA→0

¼ 0 ⇒ ð∂2x − m̄2
ghÞvax ¼ 0; ðA6Þ

which in momentum space takes the form

ðq2 þ m̄2
ghÞvaq ¼ 0: ðA7Þ

Correspondingly, the limit of vanishing backgrounds also
allows us to write down explicit expressions for the source
term in momentum space:

JaμqjA→0
¼

8>><
>>:

−iqμ

�
1þ m̄2

gh

q2

�
vaðqÞ; D · JjA→0 ≠ 0;

0; D · JjA→0 ¼ 0:

ðA8Þ

Here we have distinguished between the cases where the
consistency condition (A7) is satisfied (implying current
conservation) or not. In the same fashion, we can give
explicit momentum space expressions for the functional
derivative of the current as needed in the main text. If
Eq. (A7) is not imposed as a constraint, then

δJaμq
δAc

αp

����
A→0

¼ −ḡfabc
�
δμα þ m̄2

gh

δμα
ðq − pÞ2

þ m̄2
gh

qμð2q − pÞα
q2ðq − pÞ2

�
vbq−p; ðA9Þ

whereas imposing the consistency condition (A7) leads to

δJaμq
δAc

αp

����
A→0

¼ ḡfabcqμð2q − pÞα
�
1

q2

�
vbq−p: ðA10Þ

The latter corresponds to the relation that is used in
Sec. VIII.
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