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ABSTRACT
The x-ray reflectivity of crystals is an important measure for their quality. Its knowledge is of interest for the development of materials as well
as for the design of x-ray optical instruments, while the determination of the reflectivity curve is not trivial. This article presents an approach
to retrieve the reflectivity curve of crystals based on ptychography. The method is demonstrated on the examples of silicon and diamond of
which the reconstructed reflectivity curves agree well with theoretical expectations. Thus, this method offers promising perspectives in the
detection of small crystalline defects and in the design of future instruments for x rays.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0102867

Crystals are indispensable in x-ray optics. They find application
as monochromators,1–4 spectrometers,5–7 polarizers,8–12 focusing
elements,13,14 or simply, reflectors. The common concept of these
applications is diffraction at the periodic crystalline structure which,
in turn, occurs only in a very narrow angle and wavelength range.
The knowledge of the intrinsic reflectivity curve of a crystal, which
means the reflectivity that is expected for an incident monochro-
matic plane wave in dependence on the angle of incidence, is of
importance for the design of x-ray optical instruments. In particu-
lar, the peak reflectivity and its angular width are critical properties.
They are, for example, decisive for the design of monochromators
and very topical for the development of cavity mirrors for x-ray free
electron laser oscillators.15

The reflectivity curve of crystals also has significance for the
precise determination of x-ray wavelengths and lattice parameters.
Both can be traced directly back to the Système International
definition of meter via comparison with reference crystals.16 The
asymmetric shape of the reflectivity curves leads to a small angular
shift of the signal. Currently, the necessary corrections are estimated
based on the dynamical theory of x-ray diffraction.16

Also, for other instruments or experiments, the reflectivity is
usually estimated based on the dynamical theory of x-ray diffrac-
tion,17 since its measurement is not trivial. The measured curves
are always broadened by the apparatus function. Accordingly,

different approaches were used to minimize this broadening in the
past. Using crystals with different asymmetric Bragg reflections in
front of the sample is the most common technique to minimize the
apparatus function.18,19 For broad reflectivity curves, for example in
back-reflection geometry,15 the divergence of a synchrotron beam
might even be narrow enough.

The measurement of the reflectivity curve also gives informa-
tion about the structural quality of a crystal. Whereas dislocations
can be determined even with large apparatus functions, small strains
might only be visible by a detailed comparison with theoretical
expectations of the reflectivity curve.19

Blurring of small structures by the apparatus function is also
well known in imaging. A powerful technique to improve the reso-
lution in imaging is ptychography.20 In the x-ray range, structures
in the sub-10 nm range have recently been observed with the help of
ptychography.21,22 Combined with Bragg diffraction, the strain fields
in crystals can be mapped with a high resolution (the so-called Bragg
ptychography).23 However, this method is not only limited to imag-
ing. In principle, every measurement that delivers an interference
pattern of two distributions could be improved by ptychography.
A recent example is the temporal measurement of attosecond laser
pulses.24

Here, I show theoretically and experimentally how the reflec-
tivity curve can be obtained with the help of only two crystals using

AIP Advances 12, 125219 (2022); doi: 10.1063/5.0102867 12, 125219-1

© Author(s) 2022

https://scitation.org/journal/adv
https://doi.org/10.1063/5.0102867
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0102867
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0102867&domain=pdf&date_stamp=2022-December-15
https://doi.org/10.1063/5.0102867
https://orcid.org/0000-0002-3185-4469
mailto:kai.sven.schulze@uni-jena.de
https://doi.org/10.1063/5.0102867


AIP Advances ARTICLE scitation.org/journal/adv

ptychography. The method is demonstrated on crystals that are
of importance for modern x-ray optical instruments: silicon and
diamond.

The essential idea is a double-crystal diffractometer consist-
ing of the sample crystal and a thick crystal in von-Laue geometry
as sketched in Fig. 1(a). In a double-crystal configuration, x rays
are successively reflected at the two crystals. If both crystals and
their Bragg reflections are identical (non-dispersive arrangement)
and aligned to fulfill the Bragg condition, the measured intensity,
when one of the crystals is rocked, will be the convolution of the
plane-wave reflectivity of both crystals.17 However, this is only the
case if the divergence of the beam before the setup is larger than the
angular width of the plane-wave reflectivity of the first crystal.

The second crystal in von-Laue geometry, where the diffracted
beam exits the crystal at the rear surface, gives additional informa-
tion, enabling the deconvolution of the two plane-wave reflectivity
curves. Assuming a spatially narrow x-ray beam, the paths of the
incident and the diffracted beam span a triangle inside the crys-
tal. This triangle with its base length 2l is known as the Borrmann
fan. The spatial distribution of the field amplitude Dh(x′) of the
diffracted beam along the base of the Borrmann fan depends on the
distribution D f (x) on the front side as25

Dh(x
′
) = A∫

l

−l
Df (x − x′)J0(B

√

l2
− x2
) dx. (1)

Here, J0 is the Bessel function of zeroth order and A and B are con-
stants that depend on wavelength, crystal, and Bragg reflection.25

Thus, the spatial field distribution at the rear side of the second
crystal can be used to gain information about the field at the front

side. However, how is D f (x) connected to the reflectivity of the first
crystal?

In a double-crystal configuration, D f (x) is the far-field diffrac-
tion pattern caused by the angle dependent reflectivity r1(ΔΘ). If we
describe the diffracted field by the first crystal by an infinite sum of
plane waves,

D1(r⃗) =∭
∣K⃗∣=k

D1(K⃗) exp(−2πiK⃗ ⋅ r⃗) dKxdKydKz , (2)

we see how the spatially dependent amplitude D1(r⃗) depends on the
angular one D1(K⃗). If one separates a central wave that fulfills the
Bragg condition of the second crystal, the wave D1(r⃗) becomes

D1(r⃗) =∭
∣K⃗∣=k

D1(K⃗) exp[−2πi(K⃗ − ⃗k0) ⋅ r⃗] dKxdKydKz

⋅ exp(−2πi⃗k0 ⋅ r⃗). (3)

The vector K⃗ − ⃗k0 describes the deviation from the Bragg condition.
Its projection on the surface of the second crystal is consequently

(K⃗ − ⃗k0) ⋅ r⃗ surf = γ0kΔΘx, (4)

and the field distribution on the surface of the second crystal
becomes

Df (x) = ∫
∞

−∞

D1(ΔΘ) exp(−2πiγ0kΔΘx) dΔΘ. (5)

Here, ΔΘ is the angular coordinate, while k is the wave number and
γ0 is the cosine of the angle between the beam and the surface of

FIG. 1. (a) The reflectivity curve of crystal
1, the sample object, is obtained using a
second crystal, which acts as an angular
filter via its own reflectivity curve and as a
Fourier transformer. Crystal 2 is used in
a special case of the so-called von-Laue
geometry, where the lattice planes (black
lines) are perpendicular to the front and
rear surface. (b) The theoretical reflectiv-
ity curve of a diamond crystal at the 400
lattice planes. (c) The spatial distribution
of the photon number acquired during
the experiment for different angles of
crystal 2 in relation to crystal 1 for the 400
Bragg reflection at diamond. Of these
data, the plane-wave reflectivity of crys-
tal 1 can be obtained via a ptychographic
approach without any assumptions on its
shape.
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the second crystal. Especially in x-ray tubes, the divergence of the
source is much broader than the angular width of the crystal reflec-
tivity. Therefore, we can assume that the incident field amplitude
D0 is constant, and thus, D1 just depends on the angle-dependent
reflectivity of the crystal,

D1(ΔΘ) = D0r1(ΔΘ). (6)

It follows that

Df (x) = D0∫

∞

−∞

r1(ΔΘ) exp(−2πiγ0kΔΘx) dΔΘ. (7)

Substituting Eq. (7) in (1) and changing the order of integration give
the field distribution at the rear surface of the second crystal,

Dh(x
′
) = D0A∫

∞

−∞

r1(ΔΘ) exp(2πiγ0kΔΘx′)

⋅ ∫

l

−l
exp(−2πiγ0kΔΘx)J0(B

√

l2
− x2
) dx

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

r2(ΔΘ)

dΔΘ. (8)

The term above the underbrace can be identified as the plane wave
reflectivity of the second crystal.25 Therefore, the field distribution
at the rear surface is the inverse Fourier transform of the product of
the angle-dependent plane-wave reflectivities of both crystals,

Dh(x
′
) = A′F −1

[r1(ΔT)r2(ΔT)], (9)

with ΔT = γ0kΔΘ being the variable for the Fourier transformation.
One can regard r1 as the object and r2 as the probe. By rocking the
second crystal, the probe, the angular relation changes, and, thus, the
field distribution at the rear surface,

Dh(x
′, δT) = A′F −1

[r1(ΔT)r2(ΔT − δT)]. (10)

Integration of the square of the absolute value of Dh(x′, δT) over the
base of the Borrmann fan gives the convolution,

∣Dh(δT)∣2 = A′2(∣r1(ΔT)∣2 ∗ ∣r2(−ΔT)∣2)(δT). (11)

This convolution is the usual result of double-crystal diffraction
experiments.17

Equation (10) is the typical expression used in the extended
ptychographic iterative engine. This algorithm searches iteratively
for two functions, r1(ΔT) and r2(ΔT), that minimize the difference
between the measured amplitude

√

I(x′, δT) and the calculated one
Dh(x′, δT),

min
r1(ΔT),r2(ΔT)

∑

δT
∑

x′

×∣

√

I(x′, δT) − ∣A′F −1
[r1(ΔT)r2(ΔT − δT)]∣∣

2
.

(12)

By measuring the field distribution at the base of the Borrmann fan
for different angular relations of the crystals, the ptychography algo-
rithm can determine the two angular dependent reflectivities. Since
Dh(x′) is sensitive on the actual crystalline structure—a fact that
found application in section topography—the second crystal must

have a nearly perfect or uniformly disturbed structure to obtain
reasonable results.

At each iteration in the algorithm, the functions of the object
and the probe are updated using respective update functions. The
following update functions, which enable a fast convergence, were
used:

UO = c1
r2(ΔT − δT)∗

max(∣r2(ΔT − δT)∣2)
(Φ −Ψ),

UP = c2
r1(ΔT − δT)∗

max(∣r1(ΔT − δT)∣2)
(Φ −Ψ),

(13)

with

Φ = F{
√

I(x′, δT) exp[i arg(F −1
(Ψ))]} (14)

and

Ψ = r1(ΔT)r2(ΔT − δT). (15)

A reliable convergence was obtained with c1 = 1 and c2 = 0.15.
For the experimental demonstration, I used two pairs of crys-

tals: a pair of silicon crystals and a pair of high-temperature high-
pressure diamonds. The first silicon crystal had a polished ⟨110⟩
surface, while the second was a 1.3 mm-thick crystal with a ⟨001⟩
surface. Both crystals were aligned to the 220 Bragg reflection. Thus,
the second crystal was used in von-Laue geometry. This crystal also
acted as a polarization filter26 to determine the reflectivity perpen-
dicular to the plane of diffraction (σ component). In the case of
diamond, both crystals were 0.5 mm thick with a ⟨100⟩ surface.
While the first diamond was aligned to the symmetric 400 Bragg
reflection, the second one was aligned to the 004 one. In contrast
to silicon, the polarization component in the plane of diffraction
(π component) is not suppressed by the rather thin second diamond
crystal. Since an unpolarized source was used in this experiment, a
germanium crystal supporting the 333 Bragg reflection with a Bragg
angle of 45.03○ was introduced upstream the diamonds to act as a
polarizer.

The experiment, as sketched in Fig. 1(a), was carried out at a
rotating anode x-ray source (RIGAKU). The copper Kα radiation
was collimated by a multilayer optic in order to get an almost parallel
beam with a divergence of about 0.4 mrad. The intensity distribution
at the rear of the respective second crystal was acquired by a Prince-
ton Instruments CCD camera having a 13.5 μm pixel size. Since
the intensity distribution is broadened by the horizontal beam size,
70 μm-thick and 40 μm-thick slits were used in front of the setup for
silicon and diamond, respectively. In the case of diamond, the inten-
sity distribution along the Borrmann fan dependent on the angular
deviation is shown in Fig. 1(c). The second crystal was scanned with
a step width of 1.1 μrad. Together with an acquisition time of 50 s
per step, one measurement took about 2 h. In order to prevent ther-
mal drifts during this time, the temperature was stabilized with an
accuracy of a few 0.1 K.

The algorithm to solve Eq. (12) and to get the reflectivity curves
out of the measured intensity distribution was implemented in
MATLAB. As an initial guess, r1(ΔT)was set constant, while r2(ΔT)
was set to the theoretical curve in order to achieve a fast and reliable
convergence. The number of iterations was fixed to 500. However,
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FIG. 2. Reflectivity of the silicon 220
Bragg reflection for the symmetric
Bragg (left) and von-Laue (right) cases
retrieved via ptychography. Apart
from the oscillation close to the sharp
edge of the reflectivity curve of crystal
1, the results meet the theoretical
predictions by the dynamical theory
of x-ray diffraction. The phase of the
reflectivity of crystal 1 could not be
reconstructed, because of its small
variation in comparison with crystal 2.
The results are compared with the curve
obtained by double-crystal diffraction.

even after just a few iterations, r1(ΔT) already shows the character-
istic shape of the reflectivity. To compare the retrieved reflectivity
curves with theoretical predictions, the integral of the curves is
normalized to the integral retrieved by conventional double-crystal
diffraction measurements.

Figures 2 and 3 show the results of this reconstruction
for silicon 220 and diamond 400, respectively. In addition, the
curves are compared with the reflectivity curves calculated based
on the dynamical theory of x-ray diffraction. The amplitudes of
the retrieved reflectivities are well described by the theoretical

FIG. 3. Reflectivity of the diamond
400 Bragg reflection for the symmetric
Bragg (left) and von-Laue (right) cases
retrieved via ptychography. Both crystals
were 500 μm-thick high-temperature
high-pressure diamonds with an almost
perfect crystalline structure as revealed
by the good agreement between the
retrieved and theoretical reflectivity
curves. Also, in this case, the phase of
the reflectivity of crystal 1 could not be
reconstructed.
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FIG. 4. Simulation of the influence of crystal bending on the double-crystal curve and the reflectivity curve for 500 μm-thick diamonds and the 400 Bragg reflection. Whereas
the change in the double-crystal curve is barely noticeable, the retrieved reflectivity curve of a bent diamond with 10 m bending radius shows the typical oscillations on the
left side of the curve and reproduce well the original reflectivity used for the simulation.

expectations. However, since the phase of r2 varies by several π, the
expected phase variation of r1 of π could not be reconstructed. In
addition, the measured intensity distribution is the sum over dif-
ferent positions on the crystal. The variations in the thickness and
crystalline quality also hinder the reconstruction of the phase. The
missing phase information leads to small artifacts in the amplitude
at the sharp edge in front of the reflectivity curve. The compari-
son of the reflectivity curves with the double-crystal rocking curves
obtained by the same setup clearly shows the improvement in the
angular resolution, in particular for diamond.

The increased resolution offered by this ptychographic
approach can reveal small changes in the reflectivity curve caused
by the strain inside the crystal, for instance. To demonstrate this
capability, I simulated the expected intensity distribution at the base
of the Borrmann fan for two double crystal experiments and used
the previously described algorithm to retrieve the reflectivity curves:
(i) for two flat diamond crystals, similar to the real experiment
shown in Fig. 3, and (ii) a diamond crystal bent in the diffraction
plane as a first crystal. The bending causes a strain perpendicular to
the surface of the crystal, which consequently changes the reflectivity
curve. This strain is well-defined by the bending radius of the crys-
tal, and its influence on the reflectivity curve can be calculated within
the dynamical theory of x-ray diffraction, for instance by using the
Takagi–Taupin formalism.17 This allows us to test the sensitivity
of the presented ptychographic approach with well-defined, small
strain fields.

A large bending radius of 10 m, for instance, causes only a
slight change in the reflectivity curve. Using a conventional double-
crystal setup, this change is barely visible as shown in Fig. 4. In strong
contrast, the retrieved reflectivity curves clearly show the influence
of bending. The fringes on the left side of the curve of the bent
crystal are intensity oscillations caused by the interference of waves
diffracted at different positions inside the crystal. Their period is in
the order of 0.1 μrad, showing the high angular resolution that is
possible with this method. However, the oscillations are not repro-
duced in detail compared to the original reflectivity because of the

finite pixel size and, thus, the limited resolution of the required
camera.

If one considers experimental uncertainties such as limited
photon numbers and angle uncertainties, even a larger strain will
not be noticeable in the double crystal curve. In contrast, ptychogra-
phy is quite robust against such experimental uncertainties so that,
even in non-ideal setups, small changes in the reflectivity of crystals
become detectable.

In conclusion, the determination of the reflectivity curve of
crystals shows that ptychography is not only a valuable tool in
imaging, in particular with x rays, but can also be applied to other
applications. The retrieved reflectivities of silicon and diamond fit
well to the expectations by the dynamical theory of x-ray diffraction
for (nearly) perfect crystals. Particularly interesting are the results
for diamond. The high-temperature high-pressure diamonds used
here have distinct regions with an almost perfect crystalline struc-
ture which, in turn, implies a peak reflectivity close to 100% for the
400 reflection and copper Kα radiation. This is even more impres-
sive if one considers the sensitivity of the reflectivity curve to a
small strain, as demonstrated by the simulation. The experimental
results presented here contain a high amount of noise because of
the low count rate on each pixel of the camera. Transferring this
technique to synchrotrons would considerably improve the results
and would make different Bragg angles accessible. Since the syn-
chrotrons enable the illumination of small areas, phase retrieval
might also be possible. Furthermore, computational optimization
methods known from ptychographic imaging, such as position cor-
rection27 and multi-state ptychography,28 can be applied to the data
obtained in non-ideal environments to get the best results for the
reliable study of the reflectivity of crystals.

This work was funded by the Deutsche Forschungsgemein-
schaft (DFG) under Grant Nos. 416700351 and 392856280 within
the Research Unit FOR2783. I am indebted to R. Lötzsch, H. Bern-
hardt, I. Uschmann, R. Röhlsberger, and G. G. Paulus for fruitful
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