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ABSTRACT

The investigation of spin and polarization effects in ultra-high intensity laser–plasma and laser–beam interactions has become an emergent
topic in high-field science recently. In this paper, we derive a relativistic kinetic description of spin-polarized plasmas, where quantum-
electrodynamics effects are taken into account via Boltzmann-type collision operators under the local constant field approximation. The
emergence of anomalous precession is derived from one-loop self-energy contributions in a strong background field. We are interested, in
particular, in the interplay between radiation reaction effects and the spin polarization of the radiating particles. For this, we derive equations
for spin-polarized quantum radiation reaction from moments of the spin-polarized kinetic equations. By comparing with the classical theory,
we identify and discuss the spin-dependent radiation reaction terms and radiative contributions to spin dynamics.

VC 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0165836

I. INTRODUCTION

There has recently been substantial recent interest in the effects
of lepton and gamma-ray spin/polarization on strong-field quantum-
electrodynamics (QED) emission processes that occur in ultraintense
laser interactions with electron beams or plasma.1–19 This is motivated
by the continuing development of multi-petawatt class laser systems
around the world, which should enable researchers to access QED crit-
ical strength fields in combination with relativistic plasma dynamics.20

Strong field QED is important for particles with momentum pl

interacting in electromagnetic fields for which the invariant quantity

vp ¼ jjFl�p� jj=ðmcESÞ � ½c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE þ b� BÞ2 � ðb � EÞ2

q
�=ES is of

order 1 or larger, where ES ¼ m2c3=jej�h is the Sauter–Schwinger
field, often also called the QED critical field. The electromagnetic
fields in the laboratory frame are typically much weaker than ES.
Under such conditions, the dominant quantum processes are the
first order processes of photon emission by a lepton (nonlinear
Compton scattering, in a laser field) or the decay of a photon into an
electron–positron pair (the nonlinear Breit–Wheeler process). These
processes depend on the spin/polarization state of both the leptons
and photons.1,2,8,21,22

Studies of strong field QED have often made use of a semiclassi-
cal approach where the particles follow classical trajectories punctu-
ated by point-like quantum emission/decay events that are calculated
probabilistically under the assumptions that the “formation length” is
short compared to the characteristic space/time scales of the electro-
magnetic fields (the local constant field approximation, LCFA); only
first order processes are dominant; the fields are “weak” such that the
field configuration in the rest frame of the particle is a crossed electric
and magnetic field.23–25 Motivated by this, recent studies have used an
extended version of this model where the emission events are modified
to include polarization dependent quantum rates combined with a
classical spin-pusher using the Thomas Bargmann–Michel–Telegdi
(T-BMT) equation.4–11,13 However, this is done on an ad hoc basis,
and it is not immediately clear that, for example, the inclusion of the
anomalous (g – 2) magnetic moment in the T-BMT equation is consis-
tent with the other assumptions. Other authors have been interested in
the feedback of electron spin effects on classical expressions of radia-
tion reaction.26–29 In this paper, we develop a kinetic description for
leptons in strong fields starting from transport equations resulting
from a Wigner operator formalism in the mean field approximation30

and include coupling of the fermion field to the high energy photons
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through a Boltzmann-like collision operator representing the point-
like quantum emission/decay events.31 By taking moments of a delta
distribution in phase-space, we derive effective quasi-classical equa-
tions of motion for leptons, including the effects of spin and radiation
reaction.

We start in Sec. II by reviewing the “classical” equations of
motion with radiation reaction and note some properties, including
the relative strength of spin corrections. In Sec. III, we derive the set of
Boltzmann-like transport equations for the particles, comprising the
classical transport and collision type operators for the quantum emis-
sions. Section IV introduces the fluid equations for the transport by
taking moments of the distribution functions.32 In Sec. V, by assuming
a delta distribution, we derive the single particle equations of motion
and discuss the consequences of the expressions. Further discussion of
the results is presented in Sec. VI. We conclude in Sec. VII. We employ
rationalized Heaviside–Lorentz units with �h ¼ c ¼ e0 ¼ 1 and
Minkowski metric gl� ¼ diagð1;�1;�1;�1Þ throughout. We define
dimensionless electron momenta according to pl=m! pl and coor-
dinates according to mxl ! xl and ms! s for proper time. We also
absorb the magnitude of the electron charge jej ¼

ffiffiffiffiffiffiffiffi
4pa
p

, where a is
the fine structure constant, and the electron mass into the electromag-
netic field strength according to jejFl�=m2 ! Fl� . This means that in
all the following equations, a factor of q ¼ 61 simply gives the sign of
charge.

II. CLASSICAL RADIATION REACTION AND SPIN
A. Classical radiation reaction for orbital motion

It is a well known fact that the radiation emitted by accelerated
charges acts back onto the electron motion.38 For the classical orbital
equations of motion, these so-called radiation reaction effects can be
taken into account by adding a radiation reaction force f l

rad to the
Lorentz force,

dul

ds
¼ qFl�u� þ f l

rad; (1)

where s is the particle’s proper time, ul is the four-velocity/momen-
tum, and Fl� is the electromagnetic field tensor. Many forms of the
radiation reaction force f l

rad have been proposed in the literature, but
no definite consensus on the “correct” equation of motion has been
reached so far. Let us write the radiation reaction force generically as
follows: f l

rad ¼ sRD
l�R� , with the dimensionless radiation reaction

time constant sR ¼ 2a=3, and a projector Dl� ¼ gl� � ulu� onto the
three-dimensional space-like hyperplane perpendicular to the four-
velocity ul. This is necessary to ensure that the radiation reaction force
and hence the total acceleration of the particle are orthogonal to its
velocity, i.e., to ensure the validity of the subsidiary condition u2 ¼ 1.

The specific form of the vector Rl varies for the different models
of classical radiation reaction (RR). In particular, for the
Lorentz–Abraham–Dirac (LAD) form of the RR force, we have33,39,40

Rl
LAD ¼ €ul; (2)

such that f l
rad ¼ sRð€ul þ ul _u2Þ after an integration by parts.

However, the LAD form of radiation reaction is known to have
some mathematical issues in the form of runaway solutions and pre-
acceleration. These phenomena are related to the fact that LAD
contains the second derivative of u, and a third initial condition—the
initial acceleration—has to be provided. However, it is not indepen-
dent, and only a proper choice leads to physical solutions of the LAD
(see also detailed discussion in Refs. 41 and 42).

Many alternative forms of the equations of motion for classical
radiation reaction have been derived in order to cure the deficiencies
of the LAD equation. Most notably, the Landau–Lifshitz (LL) form of
radiation reaction has been derived from LAD by reducing the order
of the differential equation by iteration.36 (See also the recent Refs. 43
and 44.) Iteration means treating the radiation reaction term in the
LAD equation as a perturbation and approximating the jerk €u using
the Lorentz force, €u ¼ q dðF�uÞ

ds ¼ qðu:@FÞ:uþ qF: _u. Iterating the LAD
equation twice with this expression yields the LL equation, which has
attracted some considerable interest in recent years due to its useful-
ness in numerical simulations of high-intensity laser–plasma
interactions.

In fact, many of the RR models in the literature are connected to
LAD by successive iterations and the quasi-constant approximations,
even though their original derivation often was not following this
path. Iterating LAD only once immediately leads to the Eliezer/
Ford–O’Connell (EFO) equation,34 and iterating a second time
directly gives the Landau–Lifshitz (LL) form of RR as mentioned
above. In addition to iterating the RR equations, one can also take a
quasi-constant approximation by neglecting the u:@F terms. The
quasi-constant approximation of EFO is known as the Mo–Papas
(MP) equation,35 while the quasi-constant limit of LL is the Herrera
(H) equation.37 The specific forms of the radiation reaction vector Rl

and the RR force Dl�R� are summarized in Table I. For a discussion
of the different RR models in general, see Ref. 45, and as a limit of
QED, see also Ref. 46.

B. Covariant form of spin precession with radiation
reaction

The well established relativistic equation of motion for the covari-
ant spin four-vector of a particle in a slowly varying external field is
the Bargmann–Michel–Telegdi (BMT) equation,47 which reads

TABLE I. Summary of radiation reaction models and their effect on spin precession.

Rl Pl�R� S:R

LAD33 €ul €ul þ ul _u2 S � €u
EFO34 qðu � @ÞFl�u� þ qFl� _u� qðu � @ÞFl�u� þ qFl� _u� � qulu � F � _u qðu � @ÞS � F � uþ qS � F � _u
MP35 qFl� _u� qFl� _u� � qulu � F � _u qS � F � _u
LL36 qðu � @ÞFl�u� þ Fl�F�juj qðu � @ÞFl�u� þ Fl�F�juj � ul u � F2 � u qðu � @ÞS � F � uþ S � F2 � u
H37 Fl�F�juj Fl�F�juj � ul u � F2 � u S � F2 � u
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dSl

ds
¼ q

g
2

FlbSb þ ulðSaF
abubÞ

h i
� ulðSa _uaÞ; (3)

where Sl is the spin four-vector, and g is the Land�e factor. For an elec-
tron, g � 2, and the deviation from 2 is the anomalous magnetic
moment ae � ðg � 2Þ=2. The one-loop perturbative QED result
derived by Schwinger48 is a1�loope ¼ a=2p, and the experimentally
measured value is ae ¼ 1:15965218076ð28Þ � 10�3.49

The last term in Eq. (3) ensures that the spin four-vector Sl

remains orthogonal to the four-velocity ul. This is necessary since the
spin-four vector is space-like, and in the electron, the rest frame has
no time component. The form of Eq. (3) ensures that S:u ¼ 0 as long
as u2 ¼ 1, which then ensures that the length of the spin four-vector is
conserved under the BMT equation dðS�SÞ

ds ¼ 0. This now has the conse-
quence that the T-BMT equation also acquires a contribution from
radiation reaction. Taking the form for the radiation reaction force as
described above and plugging this into (3), we get

dSl

ds
¼ q

g
2
Fl�S� � qae u

lðu � F � SÞ � sR u
l; ðS � RÞ; (4)

where the last term appears due to the radiation reaction force.
Clearly, different forms of Rl for the various RR models will yield dif-
ferent contributions to the T-BMT equation, as shown in the last col-
umn of Table I.

Employing, for instance, the Herrera RR-force (LL in a quasi-
constant field), we immediately get as the most simple consistent clas-
sical RR model with spin-precession,

dul

ds
¼ qFl�u� þ sR Fl�F�ku

k � ulðuaF
abFbku

kÞ
h i

; (5)

dSl

ds
¼ q

g
2
Fl�S� � qaeu

l ðuaF
abSbÞ � sR u

lðSaF
abFbku

kÞ: (6)

The significance of the RR term in the second line of the T-BMT equa-
tion is to ensure orthogonality of the spin-vector and the velocity vec-
tor S � u ¼ 0 and the constancy of SlSl for all times. It should be
mentioned that these contributions are not small. If neglected, the sol-
utions of the equations of motion vastly differ (see Fig. 1).

C. Noncovariant form of the T-BMT equation:
Rest-frame spin vector

Here, we show that the RR term in the covariant T-BMT equa-
tion also gives a non-zero contribution to the precession of the spin
vector in the rest frame of the particle and estimate the order of mag-
nitude of the RR correction.

The equation of motion for spin vector s in the electron rest
frame of the electron can be derived from the covariant BMT equation
and has the following form:38

ds
ds
¼ qs� X; (7)

where

Sl ¼ u � s; sþ uðu � sÞ
1þ c

� �
; s ¼ S� uðu � SÞ

cð1þ cÞ : (8)

The angular velocity vector X around which s precesses is derived
straightforwardly from the covariant BMT equation (3), which first
yields

ds
ds
¼ qg

2
y � u

y0

ð1þ cÞ

" #
� s� ðu� _uÞ

1þ c
; (9)

with yl ¼ ðy0; yÞ ¼ Fl�S� � ulðu � F � SÞ and the last term being the
Thomas precession.38

Without radiation reaction taken into account, _u is governed by
the Lorentz force equation and the angular velocity vector is given by

X ¼ ð1þ aecÞB� aecþ
c

1þ c

� �
ðv� EÞ � aec2

1þ c
vðv � BÞ ; (10)

where v ¼ u=c. Here, it should be emphasized that all quantities
defining X are taken in the laboratory frame, but s is the rest-frame
spin vector.

With radiation reaction taken into account, we find that X
acquires a contribution in addition to Eq. (10), due to the radiation
reaction terms in the orbital equation Eq. (1),

X! Xþ dXRR ; dXRR ¼
sR
q

c
1þ c

ðv� RÞ; (11)

where R is the spatial part of Rl. Clearly, the specific form of the radia-
tion reaction correction to spin precession depends on the specific
form of R in the various radiation reaction models. Taking here the
most simple Herrera form, i.e., Landau–Lifshitz with negligible field
gradients, RH ¼ L� Bþ EðE � uÞ, with the Lorentz force vector
L ¼ cE þ u� B, we find

dXRR ¼
sRc2

qð1þ cÞ ðv � BÞðE � v� BÞ�ðv � EÞðB� v� EÞ½ �: (12)

FIG. 1. Evolution of the spin-vector Sl in a linearly polarized standing wave with
a0 ¼ 200, obtained by numerically solving Eqs. (5) and (6). In the lower panel, the
RR term in the BMT equation has been omitted, resulting in a completely wrong
behavior of Sl.
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Because of the cross product v� RH , only the sub-leading terms in
the ultra-relativistic expansion of RH contribute to dXRR; the leading
term drops out.

We can now estimate under what conditions the correction
dXRR becomes relevant. For ultrarelativistic particles, c� 1, the mag-
nitude of dXRR can be estimated as jjdXRRjj 	 sRcF2, where
F 	 jjEjj; jjBjj stands for the magnitude of the electromagnetic field
in the laboratory frame. We have to compare it with the typical magni-
tude of the usual precession vector X, as shown in Eq. (10). The latter
has two contributions, which scale as jjXjj 	 F and jjXjj 	 aecF for
the normal and anomalous precession, respectively. From this, we can
derive two criteria, a classical one and a quantum one, under which
the contribution dXRR becomes relevant.

First, the classical criterion compares the RR term with the nor-
mal precession. In order for the RR correction to become comparable,
we have to fulfill the criterion sRcF 	 1. With sR 	 a, this can be
rewritten as cF=Fclass;cr 	 1, where Fclass;cr ¼ FS=a is the classical criti-
cal field, with the Schwinger field FS.

50 Thus, according to this crite-
rion, the RR corrections to the BMT equation become relevant if the
background field in the rest frame of the particle is on the order of the
classical critical field, which is much larger than the critical field of
QED; hence, quantum effects can be expected to become important
much earlier. This criterion can also be recast in the form av 	 1,
where v is the quantum nonlinearity parameter (but av is a classical
parameter as �h in a and v cancel).

The second criterion is a quantum one and related to the anoma-
lous magnetic moment. It reads sRF 	 ae. Taking for the anomalous
moment, the 1-loop Schwinger value, ae ¼ a=2p, we obtain that the
corrections become relevant if F=FS 	 1. Thus, according to this crite-
rion, radiation reaction effects for spin precession become relevant if
the field in the laboratory frame is on the order of the Schwinger field.

Both of these corrections seem out of reach for the present day
(and near future) high-intensity laser–plasma or laser–beam interac-
tions. Those are typically characterized by F 
 FS and v � 1.
However, av 	 1, as required by the first criterion, is still hard to reach.
Moreover, for both criteria, the applicability of the classical approach
ceases to be valid for much weaker fields than required for RR to affect
spin precession. In particular, in the latter case, one already approaches
the regime where one might see a breakdown of the Furry expansion of
strong-field QED (Ritus–Narozhny conjecture).51

We thus can conclude that the kind of RR effects discussed so far
is negligible from a phenomenological standpoint. Nonetheless, we
should emphasize that RR effects are crucial in the covariant form of
the T-BMT equation to ensure the orthogonality u � S ¼ 0 throughout
the complete time evolution.

This concludes our classical investigations of the interplay
between radiation reaction effects and spin precession. In the follow-
ing, we will derive a kinetic description for polarized particles relevant
for contemporary high-intensity laser–plasma interactions, taking into
account quantum effects. From those, we will then derive effective
semiclassical single-particle equations of motion for radiating particles
with spin.

III. SPIN DEPENDENT KINETIC EQUATIONS

Here, we derive Boltzmann-type kinetic equations for describing
high-intensity laser interactions with polarized particles. In principle,
quantum transport theory, e.g., the Wigner operator formalism30,52 or

the nonequilibrium 2PI approach,53 can provide equations for the evolu-
tion of statistical ensembles of particles to all orders in �h and in the pres-
ence of strong background fields. However, the resulting equations are
often extremely involved and thus require a number of approximations.

For high-intensity laser–plasma interactions, it was found25,54

that typically the electromagnetic spectrum consists of two well-
separated regions: (1) a coherent low-frequency peak describing the
background/external and plasma fields including coherent radiation
and (2) an incoherent high-frequency peak. This suggests that for the
interaction of the fermions with a strong, weakly varying electromag-
netic field one can perform a mean field (Hartree-type) approxima-
tion, in which fluctuations of the electromagnetic fields are neglected
to lowest order and then introduced as a perturbation.

The quantum effects at Oð�hÞ in the interaction of the fermions
with the strong mean-field background can typically be neglected if
the field strength fulfills F=cFS 
 1, i.e., the fields are weaker than c
times the Schwinger field, and the scale length of the background field
‘ ¼ 1=jjrx ln Fjj � �kC is long compared to the Compton wave-
length.53,55 Both of these criteria are usually extremely well fulfilled for
high-intensity laser–plasma interactions. Some phenomena occurring
when the field strength is on the order of the Schwinger field have
been discussed recently in Refs. 56 and 57.

The dominant quantum effects in laser–plasma interactions are
hard photon emission by an electron and the decay of a photon into
an electron positron pair. Those effects couple the fermionic degrees
of freedom to the strong background field and (fluctuating) high-
frequency field modes (photons), hence are beyond the mean field
approximation.53

Our strategy, therefore, is as follows: We take the leading order of
quantum transport theory following from the Wigner operator formal-
ism to derive equations for the classical Vlasov-type transport of the
particle number density and a spin density. Quantum effects will be
included by constructing quantum collision operators with the spin-
resolved photon emission (non-linear Compton) rates in the locally
constant field approximation in their integral kernels. A rigorous deri-
vation of the collisional quantum transport equations from first princi-
ples, but without special emphasis placed on the particle polarization,
can be found, for instance, in a recent article by Fauth et al.53

A. Classical advection

Here, we derive the equations describing the classical transport of
the on-shell particle density f and the spin-density al in a strong back-
ground field from projections of the Wigner operator in the mean field
approximation. Hence, we assume that the BBGKY hierarchy trun-
cates at the one-body level, i.e., we ignore particle–particle correlations
(lepton–lepton/lepton–ion collisions, etc.). This is valid for relatively
dilute, high energy particle distributions. According to Vasak et al.,30

the transport equations for the off-shell distributions Fðx�; p�Þ and
Alðx�; p�Þ, which are the scalar and axial-vector Fierz components of
the Wigner function, read

p � DF ¼ 0; (13)

p � DAl ¼ �Fl�A�; (14)

to lowest order in �h, complemented by the subsidiary condition
plAl ¼ 0, where p� is an off-shell momentum, p2 6¼ 1. At the same
order, the operatorDl is given by
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Dl ¼
@

@xl
þ Fl�

@

@p�
; (15)

where Fl� is the electromagnetic mean field. From quantum con-
straints at lowest order in �h, it follows that the distribution functions
must be on-shell,30 which we implement by writing

Fðx�; p�Þ ¼ 2dðp2 � 1Þhðp0Þf ðt; x; pÞ; (16)

Alðx�; p�Þ ¼ 2dðp2 � 1Þhðp0Þalðt; x; pÞ; (17)

which singles out the positive energy (electron) mass shell. The trans-
port equations for the on-shell distributions follow straightforwardly
by integrating Eqs. (13) and (14) over dp0. They read

T f ðt; x; pÞ ¼ 0; (18)

T akðt; x; pÞ ¼ qFk�a� : (19)

From here on, the momentum p will always be on-shell with energy
�p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2

p
and p2 ¼ 1. We also explicitly introduced the sign of

the particle charge q, i.e., q¼�1 for electrons. The corresponding
transport equations for positrons can be obtained by setting q ¼ þ1.

The on-shell Vlasov-type transport operators on the left-hand
side of Eqs. (18) and (19) are

T ¼ p � @x � qp � F � @p ¼ �p@t þ p � rx þ qL � rp; (20)

with the partial coordinate derivative ð@xÞl ¼ ð@t ;rxÞ, and the on-
shell momentum partial derivative @p ¼ ð0;rpÞ, and with
L ¼ �pE þ p� B.

Because of the subsidiary condition plAl ¼ 0, the time compo-
nent of the axial vector is not independent but rather a function of the
spatial components. Therefore, similar to the treatment of the spin
vector in Sec. IIC, we can introduce an axial-vector (spin-)density a in
the rest frame of the particle according to

al ¼ p � a; aþ pðp � aÞ
1þ �p

 !
; (21)

which fulfills the subsidiary condition p � a ¼ 0 automatically.
Working here with a instead of the covariant al will simplify the dis-
cussion spin-dependent radiation effects due to the RR term in the
covariant classical BMT equation (6). The rest-frame spin density a
obeys the following transport equation:

T a ¼ qa� B� p� E
1þ �p

� �
: (22)

We can recognize the term in the square brackets on the right-hand
side of the equation as X, Eq. (10), but without the anomalous mag-
netic moment, ae¼ 0. Thus, so far the equations only describe the nor-
mal spin precession.

So far the transport equations are equivalent to purely classical
descriptions and, at this level, do not mix f and a. A mixture comes
about through quantum effects. The quantum effects in the interaction
of the electrons with the strong background fields have been neglected
by going to the leading order in �h in the quantum transport. The cor-
responding Oð�h1Þ-terms have been calculated, e.g., in Ref. 55, and
contain, for instance, spin-gradient forces. However, as we argued
above that they are negligible for the typical conditions, we are

interested in ðE=ES 
 �p; ‘� �kCÞ. See also Ref. 16 for a detailed esti-
mate of the size of spin-gradient forces.

What is not negligible, however, are the quantum effects due to a
coupling of the charged particle dynamics in background fields to
high-frequency photon modes. These interactions are the root cause of
quantum radiation reaction and must be taken into account for a con-
sistent description of high-intensity laser–plasma interactions. This
will be done by adding to the right-hand side of Eqs. (18) and (19)
appropriate collision operators. This approach is similar to what has
been done previously in the literature,31,58–60 where the kinetic equa-
tions were formulated for all particle polarization effects neglected.
The details will be given in Sec. III B.

As has been discussed recently in the literature,22,61,62 for a con-
sistent treatment of strong-field QED effects, one needs to include also
the effect of electron self-energy loop corrections at the same order in
a. As will be discussed in more detail in Sec. III C, in the quantum
kinetic approach, the only effect of the loop is to provide the anoma-
lous spin-precession.

The full transport equations for a polarized plasma will, therefore,
be of the following form:

T f ¼ @f
@s

� �
rad
þ @f

@s

� �
loop

; (23)

T a� qa� X0 ¼
@a
@s

� �
rad
þ @a

@s

� �
loop

; (24)

where X0 denotes Eq. (10) with ae¼ 0.

B. Radiation emission contributions: Quantum
collision operators

In this section, we are discussing how to include the effect of radi-
ation emission in Eqs. (23) and (23). While the transport operators T
describe the interaction of the electrons with the strong background
fields in the mean field approximation, the radiation emission involves
a coupling to high-energy photons, i.e., fluctuating field modes. To
describe the photon emission process, we will employ the Furry expan-
sion of strong-field QED at OðaÞ.51

For ultrarelativistic particles �p � 1, interaction with a strong
field, the formation length of the photons is short compared to the
scale lengths of the strong background field, and the photon emission
rate can be calculated in the locally constant crossed field approxima-
tion (LCFA). The requirements are that the normalized scalar
(E2 � B2) and pseudoscalar (E � B) field invariants are small compared
to both unity and the quantum nonlinearity parameter v 	 �pE. The
formation length of high-energy photons becomes short if the parame-
ter n ¼ E‘� 1, with the field scale length ‘. For instance, in a plane
wave, we might identify ‘ ¼ �kL with the reduced laser wavelength
�kL ¼ 1=xL such that n becomes the usual classical laser-intensity
parameter. In the quantum regime for v � 1, it was found that addi-
tionally one has to require n3=v� 1.63 (See also Refs. 64–66 for fur-
ther discussions of the limitations of the LCFA for soft photon
emission.)

Under these conditions, photon emission is a local process (a
short-range interaction) and can be described by local collision opera-
tors, Cf ¼ ð@f@sÞrad and Ca ¼ ð@a

@sÞrad, where each of the collision opera-
tors consists of the usual gain and loss terms, e.g., Cf ¼ _f gain � _f loss.
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For ultrarelativistic particles, the photon is emitted into a narrow
cone around its instantaneous velocity. We, therefore, can employ a
collinear emission approximation, where the emitted photon momen-
tum is assumed to be parallel to the electron momentum at the
moment of emission. This assumption breaks the energy conservation
during emission, but the energy lack is of order 1=�2p, i.e., negligibly
small for �p � 1.67

The photon emission rates for polarized electrons can be repre-
sented using the Stokes vectors ni;f of the incident/final electrons,
which describe the state and degree of polarization of a particle. For
instance, n2

i ¼ 1 means the incident particles are perfectly polarized
and n2

f ¼ 0 means the final particles are completely unpolarized. In
our kinetic approach, the role of the Stokes vectors is taken by the local
polarization degree sðt; x; pÞ � aðt; x; pÞ=f ðt; x; pÞ of a plasma ele-
ment in phase space.

The Stokes vectors, together with the LCFA building blocks for
the differential rates wA, where the label A runs over the various polari-
zation contributions, completely describe the photon emission for
polarized particles. The LCFA building blocks and the explicit formu-
las for the definition of the collinear differential photon emission rates
wAðp; kÞ and the total photon emission rates WAðpÞ are given in
Appendix A.

1. The gain term

The “gain” of the distribution functions at momentum p due to
radiation emission must come from photon emission processes with
final electron momentum p, integrated over all possible initial states
that lead to the said final state. If a photon with momentum k is emit-
ted, the initial electron momentum was pþ k by means of the collin-
ear emission approximation, integrated over all photon momenta k.
The integral kernels, thus, must be a linear combination of the distri-
bution functions f, a at pþ k, and the differential photon emission
rates wAðpþ k; kÞ.

The probability for photon emission with the initial and final
electron polarization taken into account can be compactly expressed
with help of the electron Stokes vectors and M€uller matrices22 as
R ¼ 1

2NiMNT
f , where the M€uller matrix collates the LCFA building

blocks and Ni;f ¼ ð1; ni;f Þ, see Appendix A. Calculating just the
expression NiM, with the identification of ni 	 s, tell us the correct
way how the LCFA building blocks have to be combined with the den-
sities f and a,

fNiM ¼ f ð1; sÞM 	 f
w0 þ s � wi

wf þ s � wif

� �
	

_f gain
_again

 !
: (25)

Focusing for now on the gain term for f,

_f gainðpÞ ¼
ð
d3k
xk
N f ðpþ kÞ w0ðpþ k; kÞþsðpþ kÞ � wiðpþ k; kÞ½ � ;

(26)

where xk is the photon frequency, and the normalization factor
N ¼ �p=�pþk has to be included because the rates are expressed as
probability per unit proper time for momentum pþ k, while the final
change on the left-hand side of Eq. (13) is with regard to momentum
p. The integral for _again is constructed analogously.

2. The loss term

The loss terms describe the “loss” of particles from the momen-
tum “mode” p due to radiation emission. Since any radiation emission
alters the electrons’ momentum state, the final electron polarization
does not matter for the loss term and should be summed over. In
order to find the form of the loss terms, it is useful to assume the case
of electrons circulating a constant B-field. In this case, the direction B̂
is parallel to B in the laboratory frame, i.e., stationary. The particles
will be polarized along this axis, and the polarization vector is non-
precessing.

Let us first introduce the fractions of particles f r with spin up
(r ¼ þ1) or down (r ¼ �1) as

f r ¼ 1
2
ðf þ r B̂ � aÞ ¼ 1

2
ðf þ raÞ : (27)

In this representation, the loss terms for the f rðpÞ due to photon emis-
sion, hence the electron losing momentum, can be straightforwardly
written as

_f
r
lossðpÞ ¼ f rðpÞ

X
r0¼61

Wrr0 ðpÞ; (28)

i.e., with the total emission rates summed over all possible spin-flip
and non-flip transitions. Here, Wrr0 ¼ 1

2 ðW0 þ rWi þ r0Wf

þrr0W1Þ; thus,
P

r0 W
rr0 ¼ ðW0 þ rWiÞ. With Eq. (27), it is now

straightforward to read off the corresponding expressions for f and a
as

_f loss ¼ fW0 þ aWi; (29)

_a loss ¼ aW0 þ fWi : (30)

This can now be generalized to arbitrary directions of a as

_f loss ¼ fW0 þ a �W i; (31)

_a loss ¼ aW0 þ f ; W i : (32)

Combining everything from the preceding subsection, we obtain
as results for the collision operators

Cf ðpÞ ¼
ð
d3k
xk

�p

�pþk
f ðpþ kÞw0ðpþ k; kÞ þ aðpþ kÞ � wiðpþ k; kÞ½ �

� f ðpÞW0ðpÞ � aðpÞ �W iðpÞ; (33)

CaðpÞ¼
ð
d3k
xk

�p

�pþk
f ðpþkÞwf ðpþk;kÞþaðpþkÞ �wif ðpþk;kÞ
� �

� f ðpÞW iðpÞ�aðpÞW0ðpÞ : (34)

C. Electron self-energy loop contributions
and anomalous precession

As has been discussed recently in the literature, the inclusion of
loop contributions at the same order in a as the emission processes is
necessary to maintain unitarity.22,61,62 For high-energy photon emis-
sion at order a, the corresponding loop contribution originates from
the interference of the electron self-energy loop with theOða0Þ part of
electron propagation. As has been argued, in, e.g.,22 a convenient way
of implementing this can be achieved by taking the combined M€uller
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matrices for emission, M, and the loop ML, M þML especially in the
resummation of quantum radiation reaction effects.29 We have to
adapt this to our kinetic description.

The basic strategy for constructing the loop contribution to the
kinetic equations will be as follows: Calculate for the loop contribution,
e.g., ð@f =@sÞloop, the same combinations of the LCFA building blocks
as for the emission operator, just with the corresponding expressions
replaced by the loop expressions RA ! RL

A [see Eqs. (A16)–(A18)].
The loop insertion does not change the particle momentum, and the
expressions RL

A given in Appendix A are already integrated over all
photon momenta running around the loop. Thus, in the gain-parts of
ð@f =@sÞloop and ð@a=@sÞloop, we actually do not have any expressions,
which have to be integrated over photon momenta.

For the scalar density f, this means that the loop contribution
must be zero, and indeed,

@f
@s

� �
loop
¼ fRL

0 þ a � RL
i � fRL

0 � a � RL
i ¼ 0 : (35)

For the axial-vector density, we obtain the nonzero result

@a
@s

� �
loop
¼ fRL

f þ a � R
�
L
if �fRL

i � aRL
0

¼ a
ð1
0
dkk

GiðzÞffiffiffi
z
p ~a � ðK̂Ê � ÊK̂Þ ; (36)

where Ê ; K̂, and B̂ are unit vectors related to the instantaneous rest
frame field components and form an approximately orthogonal basis,
see Appendix A. This is nothing but the anomalous spin-precession in
disguise. To see this clearly, we first note that the integral over the
Scorer function Gi yields the one-loop field-dependent value of the
anomalous magnetic moment,

aeðvÞ ¼
a
v

ð1
0
dkk

GiðzÞffiffiffi
z
p ; (37)

which was derived by Ritus.68 For weak fields, v! 0, it approaches
Schwinger’s 1-loop value aeðv! 0Þ ¼ a=2p, and aeðvÞ decreases
monotonically to zero as v increases. We, thus, have for the loop con-
tribution to the collision operator for the axial vector the following
result:

@a
@s

� �
loop
¼ vaeðvÞa � ðK̂Ê � ÊK̂Þ

¼ �vaeðvÞa� B̂ ¼ �a� XanomalousðaeðvÞÞ ; (38)

ignoring a term in ðÊ � B̂ÞÊ , which should be negligible under the
LCFA approximation and with the anomalous part of the spin-
precession vector, as shown in Eq. (10), Xanomalous ¼ X� X0 ¼ aevB̂ .

In summary, we have shown here that in the kinetic approach,
the loop contribution gives exactly the anomalous term of spin-
precession, with the field-dependent anomalous moment aeðvÞ.
Combining this with the normal precession, which was obtained from
the classical transport, it becomes clear that the axial-vector density
aðt; x; pÞ at each point in phase space precesses around a local value of
X as given in Eq. (10), but with the field-dependent anomalous
moment ae ! aeðvÞ.

IV. MOMENT HIERARCHY AND RELATIVISTIC FLUID
EQUATIONS

An infinite chain of equations describing the transport of bulk
plasma properties, including particle number densities, energy density,
pressure, heat, etc., can be obtained by calculating momentum
moments of the kinetic equations69 and truncated by some choice of
closure to yield fluid equations for the electron and positron species in
the plasma.

Here, we derive two-fluid equations for the electron and positron
components of a relativistic plasma70 with the particle spin-
polarization taken into account up to second order. Our aim will be, in
particular, to work out the effects of the spin dependence in the colli-
sion operators and how they affect radiation reaction. The moment
equations for a nonrelativistic electron gas with spin effects were dis-
cussed in Ref. 71. A relativistic transport equation for particles with
spin was given in72 using an extended phase space, see also Refs.
73–75 and 71, for the equivalence of the extended phase space with
our method.

In order to calculate the relativistic moment equations, we
have to integrate the two kinetic equations for f and a for a generic
moment of the kernel W ¼ Wðpa; pb;…Þ and with the Lorentz
invariant measure

Ð
d3p=�p. Introducing the short-hand notation

for the momentum space integrals hYi ¼
Ð d3p
�p

fY with f as the
weight, we find

@

@xl
hWpli ¼ �qF �

l

	
pl @W
@p�



þ
ð
d3p
�p

WCf ; (39)

@

@xl
hWplsi ¼ �qF �l

	
spl @W

@p�



þ qhWs� Xi þ

ð
d3p
�p

WCa ; (40)

where in terms involving the electromagnetic fields we have integrated
by parts and neglected the surface contributions. We recall the defini-
tion of polarization degree s � a=f .

A. Moments of the scalar distribution f

1. Zero order moment

For the zero order moment, i.e., with the kernel function W ¼ 1,
of the scalar transport equation for f, we find number density current
conservation

@

@xl
Jl ¼

ð
d3p
�p

WCf ¼ 0; (41)

where the current density is

Jl ¼
ð
d3p
�p

plf ¼ hpli : (42)

Clearly, the derivative in the field advection term in Eq. (39) van-
ishes since W is a constant. The integral over the collision operator Cf
vanishes because the gain and loss terms must exactly cancel when
integrated over all electron momenta p to conserve the electron num-
ber during photon emission. To see this explicitly, one may conve-
niently substitute the integration variable in the gain term p ¼ q� k,
with d3p ¼ d3q to arrive at
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ð
d3p
�p
Cgainf ðpÞ ¼

ð
d3q
�q

ð
d3k
xk

f ðqÞw0ðq; kÞ þ aðqÞ � wiðq; kÞ½ �

¼
ð
d3q
�q

f ðqÞ
ð
d3k
xk

w0ðq; kÞ þ
ð
d3q
�q

aðqÞ

�
ð
d3k
xk

wiðq; kÞ ¼
ð
d3q
�q
Clossf ðqÞ: (43)

2. First order moment

Next, we discuss the first order moment of f, with W ¼ pl. The
left-hand side of the equation can be rewritten as the divergence of the
energy-momentum tensor of the plasma, Tl� ¼ hplp�i. Evaluating
the momentum derivatives in the field-advection term, it takes the
form of the Lorentz force. Combining with the collision terms, we
obtain

@lT
l� ¼ qF�lJl � hp�ðI0 þ s � IiÞi; (44)

where IA ¼
Ð
dkk dRA

dk are the first moments of the photon spectrum,
i.e., the normalized radiated power.

We now need to show that the integral over the collision operator
Cf with W ¼ pl yields the last term in (44). To see this, we first make
the same substitution p ¼ q� k as in (43). Considering energy con-
servation, we write �p ¼ �q � xk þ d, where d is the energy error
introduced by not including the momentum contribution from the
background fields.76 For ultrarelativistic particles and in the collinear
emission approximation,23 we have d ¼ 1=2jqj � 1=2jpj � k

2�pð1�kÞ.
The corresponding term of the integrated collision operator is by a fac-
tor of 1=�2p 
 1 smaller than the leading order term and can, there-
fore, be neglected. The leading order term readsð

d3p
�p

plCf ðpÞ¼�
ð
d3p
�p

ð
d3k
xk

kl f ðpÞw0ðp;kÞþaðpÞ�wiðp;kÞ½ �: (45)

For the integral over the photon momentum, we make use of the defi-
nition of the rate wA, which is given in Appendix A, Eq. (A1). By
means of the delta function, the photon four-momentum
kl ¼ ðjkj; kÞ ! kðjpj; pÞ ’ kpl, and thus,ð

d3p
�p

plCf ðpÞ ¼ �
ð
d3p
�p

pl f ðpÞI0 þ aðpÞ � Ii½ �

¼ �hplðI0 þ sðpÞ � Iii: (46)

This represents the (momentum averaged) effect of quantum radiation
reaction due to hard photon emission. In particular, the term
sðpÞ � Ii 	 sBIi describes the spin-polarization dependence of radiative
energy loss.

3. Second-order moment

For the second-order moment with weight W ¼ p�pk, we led to
the definition of the stress-flow tensor77 Ul�k ¼ hplp�pki, the trace of
which equals the current Ul�

l ¼ J� , and which obeys the following
transport equation:

@lU
l�k ¼ qF�lTk

l þ qFklT�l þ hp�pkðK0 þ s � K iÞi
�2hp�pkðI0 þ s � IiÞi: (47)

The quantities KA ¼
Ð 1
0 dkk2dRA=dk are the second moments of the

photon emission spectrum and describe the electron momentum
spreading due to the stochasticity of quantized photon emission. The
term in the second line of Eq. (47) is the spin-dependent radiative
cooling effect.

B. Moments of the axial-vector equation a

1. Zero-order moment

Working out the zeroth moment, W ¼ 1, of the axial vector
equation, we derive an equation for the spin current,

Jl
s ¼

ð
d3p
�p

plaðpÞ ¼ hplsi : (48)

As for the scalar current, the field advection term vanishes.
However, the spin current is not conserved. It obeys the following
transport equation:

@lJl
s ¼ qhs� Xi þ hW f �W i þ s �Wif � sW0i : (49)

The first term on the right-hand side follows straightforwardly from
spin-precession term in the transport equation [Eq. (24)]. It causes a
depolarization of the plasma if sðt; x; pÞ precesses at different fre-
quency at either different points in space (i.e., different field
strength) or for different momenta.16,78 The second term stems from
integral over the collision operator Ca, where the calculation pro-
ceeds similar to the scalar case Cf above. This second term is respon-
sible for the radiative polarization of the electrons, including the
Sokolov–Ternov79 or Baier–Katkov–Strakhovenko80,81 radiative
polarization effects.

With help of the expressions given in Appendix A, the
combination of rates in the radiative polarization term can be refor-
mulated as

W f �W i þ s �W
�if � sW0

¼ B̂ðWf �WiÞ þ ðsBB̂ þ sEÊ ÞW3 þ sKK̂W4

¼ a
ð1
0
dk

k2

1� k
s
Ai0ðzÞ
z
� B̂ AiðzÞffiffiffi

z
p �sKK̂ Ai1ðzÞ þ

Ai0ðzÞ
z

� �" #
;

(50)

where we have expanded the spin polarization s in the three principal
directions along the electric (magnetic) field Ê (B̂) in the particle rest
frame, and K̂ ¼ Ê � B̂ , according to s ¼ sBB̂ þ sEÊ þ sKK̂.

2. Higher moments

With the weight functions W ¼ p� and W ¼ p�pk, we define the
spin energy-momentum tensor Tl�

s ¼ hplp�si and spin stress-flow
tensor Ul�k

s ¼ hplp�pksi, respectively. They obey the following trans-
port equations:

@lTl�
s ¼ qF�lðJsÞl þ qhp�s� Xi

þ hp�ðW f �W i þ s �W
�if � sW0Þi

� hp�ðIf þ s � I
�if Þi ; (51)
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@lUl�k
s ¼ qF�lðTsÞkl þ qFklðTsÞ�l þ qhp�pks� Xi

þ hp�pkðW f �W i þ s �W
�if � sW0Þi

� 2hp�pkðIf þ s � I
�if Þi

þ hp�pkðK f þ s � K
� if Þi: (52)

V. SINGLE PARTICLE EQUATIONS OF MOTION

From the moment hierarchy, we can now derive effective semi-
classical single-particle equations of motion for a radiating lepton
including the effects of its spin polarization. Note that the spin polari-
zation is a classical quantity representing the expectation of the four
components of the particle spin vector and so the single particle equa-
tions should be interpreted as the trajectory of an “average” lepton and
not of an individual lepton. To find those, we first note that the current
density for a point particle may be written as82

JlðxÞ ¼
ð
ds ulðsÞdð4Þðx � xðsÞÞ : (53)

By analogy with Eq. (42), using the definition in Eq. (48), we deduce
that the appropriate form of the spin current density for a point parti-
cle should be

Jls ðxÞ ¼
ð
ds ulðsÞsðsÞdð4Þðx � xðsÞÞ : (54)

Hence, the scalar and axial vector distribution functions for a sin-
gle point particle are

f ðt; x; pÞ ¼
ð
ds�pd

ð3Þðp� uðsÞÞdð4Þðx � xðsÞÞ; (55)

aðt; x; pÞ ¼
ð
dssðsÞ�pd

ð3Þðp� uðsÞÞdð4Þðx � xðsÞÞ : (56)

From these definitions of the distribution functions, the energy
momentum tensor for a point particle is

Tl� ¼
ð
ds; ulðsÞu�ðsÞd4ðx � xðsÞÞ : (57)

From this, we can derive the momentum conservation equation, start-
ing with

@lT
l� ¼

ð
dsu�ðsÞulðsÞ@ld

4ðx � xðsÞÞ

¼ �
ð
dsu�ðsÞ d

ds
d4ðx � xðsÞÞ

¼
ð
ds

du�ðsÞ
ds

d4ðx � xðsÞÞ: (58)

Thus, from Eq. (44), we find

dul

ds
¼ qFl�ðxðsÞÞu�ðsÞ � ulðsÞðI0ðvÞ þ sðsÞ � IiðvÞÞ; (59)

where v ¼ vðxðsÞ; uðsÞÞ is the local value of the quantum parameter
at the particle location. This quasi-classical equation for the particle
acceleration contains the Lorentz force and additional a spin-
dependent radiation reaction term as the second term on the right. In

the limit of unpolarized particles s ¼ 0, our result agrees with the liter-
ature, e.g., Refs. 32, 58, and 83.

The quasi-classical equation for the polarization vector evolution
is obtained from Eq. (48) as

ds
ds
¼ qsðsÞ � XðsÞ þW f �W i þ s � ðWif �W01Þ; (60)

where again the four-divergence is transformed into a proper time
derivative. Equation (60) describes the spin precession, here with the
anomalous magnetic moment being the field-dependent value aeðvÞ, as
shown in Eq. (37). The additional terms describe the radiative polariza-
tion of the electrons, hence are the generalization of the
Sokolov–Ternov effect. In the limit of weak fields, i.e., in the lowest order
in v, this equation is known as the Baier–Katkov–Strakhovenko equa-
tion.80,81 Both these effects have been recently employed for simulating
spin effects in laser–electron interactions, see, e.g., Refs. 13, 15, and 84.
While a derivation of the precession part had been given recently in
Refs. 22 and 85, no formal derivation of the full equation is known to us.

VI. DISCUSSION
A. Comparison of the kinetic equation results with
classical RR and the spin-dependent Gaunt factor

By comparing the kinetic equation results for the radiative energy
loss with the classical RR equations, we can subsume all quantum
effects into a spin-dependent Gaunt factor gs,

hplðI0 þ s � IiÞi ¼ hplgsðvÞIclassi; (61)

where Iclass ¼ 2
3 amv2 is the lowest order term in the asymptotic

expansion of I0 as v! 0. Thus,

gsðvÞ ¼ �
3
2v2

ð1
0
dkk Ai 1ðzÞ þ 2g

Ai 0ðzÞ
z
þk

Ai ðzÞffiffiffi
z
p ðs � B̂Þ

� �
:

(62)

By using the tables in Appendix B, we can write down the series
expansion of the spin-dependent Gaunt factor for small v
 1 as

gsðvÞ ’ 1� 55
ffiffiffi
3
p

16
þ 3
2
sB

� �
vþ 48þ 105

ffiffiffi
3
p

8
sB

� �
v2

� 8855
ffiffiffi
3
p

32
þ 300sB

� �
v3: (63)

As can be seen from this equation, only the degree of polarization
along the rest framemagnetic field, sB ¼ s � B̂ , affects the Gaunt factor.
Positive values of sB reduce the Gaunt factor and hence radiative losses,
while negative sB increases gs. Thus, in an arbitrary electromagnetic
field, electrons that have some degree of polarization in the direction
of the rest frame magnetic field experience less radiation reaction than
unpolarized electrons. The polarization orthogonal to B̂ does not
affect the strength of radiative losses. The function gs is plotted in the
upper panel of Fig. 2

By inspecting the effective single-particle equation, Eq. (59), it is
straightforward to find that (59) violates the relativistic constraint
_u � u ¼ 0.32,58,83 This behavior is a consequence of the ultra-relativistic
and collinear emission approximation made in the collision operators,
under which we kept only the leading order terms in inverse power of
c. It can be seen that in the limit gs ! 1, Eq. (59) agrees with the
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leading order ultrarelativistic approximation of the classical RR
force in the Herrera form. This immediately indicates how to restore
_u � u ¼ 0 for Eq. (59),

_ul ¼ qFl�u� þ sRgsD
l
�F

�kFkju
j : (64)

Similarly, our Eq. (60) does not contain the classical RR corrections to
spin-precession of Eq. (11). From Eq. (11), it is clear that only contri-
bution to dXRR is from the component of RR perpendicular to p. The
collinear emission assumption, thus, precludes any corrections of this
kind. However, as we discussed in Sec. II C, the effects of dXRR are
negligible for typical high-intensity laser–plasma and laser–beam
interactions.

It would be interesting to investigate whether one automatically
gets the correct classical limit if the angular distribution of photon
emission is taken into account correctly in the collision operators
instead of relying on the collinear emission approximation.67,86

By analogy to gs, we can also define a “Gaunt factor” hs for the
spreading effect as the ratio of K0 þ s � K i and its leading asymptotic

term for v! 0; K0 	 amv355
24
ffiffi
3
p as

hsðvÞ ¼ �
24

ffiffiffi
3
p

55v3

ð1
0
dkk2 Ai 1ðzÞ þ 2g

Ai 0ðzÞ
z
þ k

Ai ðzÞffiffiffi
z
p ðs � B̂Þ

� �

’ 1� 448
ffiffiffi
3
p

55
þ 63
22

sB

� �
vþ 777

4
þ 480

ffiffiffi
3
p

11
sB

� �
v2: (65)

The asymptotic expansion for small v shows that the spreading is
reduced if the electrons have positive sB and increased if sB is negative.
The function hs and its asymptotic approximation for small v are plot-
ted in the lower panel of Fig. 2.

To better quantify the relative size of the spin effect on gs and hs,
we plot in Fig. 3 the quantities Dg � ðg�1 � gþ1Þ=ðg�1 þ gþ1Þ and
Dh � ðh�1 � hþ1Þ=ðh�1 þ hþ1Þ. Both quantities vanish in the classi-
cal limit v
 1 and peak at v 	 1 with values of 	0.14 and 0.19,
respectively. For even larger v, the relative spin contribution decreases.

B. Evolution of average energy and average energy
spread, and energy-polarization correlation

To define an average of a quantity such as the average energy of a
plasma particle, we need to divide the corresponding phase space inte-
gral by a suitable number density. This choice is not unique and sev-
eral definitions exist in the literature. To facilitate comparison of our
spin-dependent results with spin-independent ones from the litera-
ture,32 we will choose here to divide by the zero-component of the cur-
rent four-vector n ¼ J0, corresponding to the laboratory frame
density. This choice means that the equations lose their Lorentz
covariance, but are more convenient to work with than other choices.

We define a laboratory frame average of a quantity X as follows:

�X � h�pXi
n
¼ h�pXih�pi

: (66)

Thus, the average fluid velocity is �vl ¼ Jl=n ¼ ð1; �vÞ, where
�v ¼

Ð
d3pvf =

Ð
d3pf with v ¼ p=�p. We should note, however, that

�vl is not a valid definition of a fluid four-velocity as it does not square
to unity; �vl�vl ¼ 1� �v2 < 1. However, we can define a Lorentz fac-
tor, �c ¼ ð1� �v2Þ�1=2 such that ul � �c�vl agrees with the commonly
used Eckart frame fluid four-velocity70 and n ¼ �c

ffiffiffiffiffiffiffiffi
J � J
p

, see also
Appendix C.

We can now define an average four-momentum as �pl ¼ T0l=n,
average energy ��p ¼ T00=n (equivalent to an “effective temperature”

FIG. 2. Gaunt factor gs (upper) and analog quantity hs for the spreading (lower).
The bands indicate the strength of the spin effect, �1 � sB � þ1. Curves have
the following meaning: exact [blue, Eqs. (62) and (65)] and asymptotics for small v
up to v3 (orange), v4 (green), and v5 (red).

FIG. 3. Relative size of the spin effect on the Gaunt factors gs and hs.
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for the species), and average spin polarization as �s ¼ J0s =n
¼ h�psi=h�pi. Moreover, the average squared energy is �2p ¼ U000=n.

With this, we first note that the current conservation yields the
following auxiliary equation:

dtnþ nr � �v ¼ 0; (67)

having introduced the convective derivative dt ¼ @t þ �v � r.
From Eq. (44), we can derive equations for the average energy

and momentum. We will focus here on the average energy, i.e., �¼ 0
component,

ndt��p ¼ �r � Qþ qJ � E � h�pðI0 þ s � IiÞi; (68)

with d� ¼ �p � ��p and Q ¼ nvd� ¼ hpd�i is the spatial part of the
intrinsic heat flux four-vector Ql, which is related to the total heat flux
four-vectorQT

l ¼ h�ppli throughQl ¼ QT
l � ��pJl. The first term on

the right-hand side represents the energy diffusion (i.e., divergence of the
heat flux), the second term represents Ohmic energy gain, and the third
term represents the radiative energy loss, including the spin dependence.

Next we want to derive an equation for the evolution of variance
of the energy, i.e., the second central moment r2

� ¼ �2p � ��p
2. From

Eq. (47), we first derive the equation for �2p as

ndt�2p ¼ �r � hpð�2p � �2pÞi þ qQ � E
þ h�2pðK0 þ s � K iÞi � 2h�2pðI0 þ s � IiÞi: (69)

With dtr2
� ¼ dt�2p � 2��pdt��p and employing Eq. (68), we find for the

energy variance,

ndtr
2
� ¼ �r � hpðd�2 � r2

�Þi þ 2ðqE �r��pÞ � Q
þ h�2pðK0 þ s � K iÞi � 2h�pd�ðI0 þ s � IiÞi: (70)

The first term on the right-hand side represents some measure of the
transport of energy spread. With the interpretation of the average
energy ��p as an effective temperature of the electrons, the termr��p can
be interpreted as thermoelectric effective force. Analogous to the electric
field acting on the current leading to energy gain/loss in Eq. (68), the
electric field and thermoelectric term act on the heat flux to increase the
energy spread. The last two terms govern how the energy spreading of
the plasma particles changes due to radiation effects including the parti-
cle polarization. According to Ref. 32, where the corresponding terms
were discussed for unpolarized electrons, the second-to-last term is the
radiative heating of the beam due to the stochasticity of photon emis-
sion. The last term is a radiative beam cooling due to a phase space con-
traction because radiation losses are larger for higher-energy particles.

For the evolution of average spin and the spin-energy moment,
we find

ndt�s ¼ �r � Rþ qhs� Xi
þ hW f �W i þ s �W

�if � sW0i ; (71)

ndt�ps ¼ �r � hpð�ps� �psÞi þ qJs � E þ qh�ps� Xi
þ h�pðW f �W i þ s �W

�if � sW0Þi

� h�pðIf þ s � I
�if
Þi ; (72)

where we have defined the spin diffusion tensor R ¼ nvds ¼ hpdsi,
with ds ¼ s� �s. This yields for the covariance between average spin-

polarization and average energy, covð�p; sÞ ¼ �ps � ��p�s, the following
evolution equation:

n dtcovð�p; sÞ ¼ �r � hpðd�ds� covð�p; sÞÞi
þðqE �r��pÞ � R� Q � r�s

þqhs� Xd�i þ hðW f �W i þ s �W
�if � sW0Þd�i

�h�pðIf þ s � I
�if
Þi þ �s h�pðI0 þ s � IiÞi:

In addition to a thermoelectric force driving the spin diffusion R, this
equation also contains a force due to spin gradientsr�s coupling to the
heat flux. The interpretation of the remaining terms is as follows: The
terms in the third line stem from spin precession and radiative polari-
zation, respectively, and affect the correlation between spin and parti-
cle energy in a significant way if the particle energy spread d� is large.
The two terms in the last line are coming from spin-dependent radia-
tion reaction. If we denote the contributions from this last line by
ndIcovð�p; sÞ and expand the spin-vector along the principal direc-
tions, s ¼ sBB̂ þ sEÊ þ skK̂, we obtain

dIcovð�p; sBÞ ¼ �If � dsBI0 þ�sBsBIi � sBI3 ; (73)

dIcovð�p; sEÞ ¼ �dsEI0 þ�sEsBIi � sEI3 ; (74)

dIcovð�p; sKÞ ¼ �dsKI0 þ�sK sBIi � sK I4 ; (75)

which demonstrates the coupling of the different spin-polarization
components; sB affects the correlations of sE and sK, but not the other
way around. In particular, for an initially unpolarized distribution, only
Eq. (73) is nonzero.

C. Sokolov–Ternov effect

To discuss the Sokolov–Ternov effect from our kinetic equations,
let us assume we have a globally constant direction B̂ for all electrons.
This could be, for instance, a uniform and homogeneous magnetic
field B ¼ B0ẑ , with electrons circulating in a steady state with constant
energy on cyclotron orbits and with pz¼ 0. Sokolov and Ternov79

introduced the fractions nr of electrons with spin-up (r ¼ þ1) and
spin-down (r ¼ �1) and formulated rate equations for those quanti-
ties involving the spin-flip rates.

Here, we can then define the number density of electrons with
spin up/down, nr, analogous to Eq. (27) as

nr ¼ 1
2

ð
d3pðf þ razÞ ¼

J0 þ rB̂ � J0s
2

: (76)

Since the integrated collision integral for f vanishes, i.e., the current
Jl is conserved, as was shown above, the evolution equation for nr is
essentially given by the momentum integral over Ca as in Eq. (49),

@nr

@t

� �
rad
¼ r

2

ð
d3p
�p

f ðpÞWf �Wi þ szW3½ � : (77)

This is not exactly identical to the textbook treatment of the
Sokolov–Ternov effect, since on the right-hand side of the equation, it
is not straightforward to identify the densities nr. Instead, the distribu-
tions f and polarization degree sz are weighted with the photon emis-
sion rates. In a homogeneous magnetic field, we have v ¼ jpjB0, and
thus, different parts of the distribution function have different photon
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emission rates. That means, different parts of the distribution spin-
polarize at different rate.

If we are looking for a stationary state of the polarization degree,
then we should require that the integrand of on the right-hand side of
Eq. (77) must vanish for each value of p separately. This then leads to
the Sokolov–Ternov equilibrium for each fraction of particles with
parameter v. Using the asymptotic series of the rates for small v in
Appendix B, we find

seqz ðvÞ 	
Wi �Wf

W3
’ � 8

5
ffiffiffi
3
p þ 13

50
v� 92

ffiffiffi
3
p

125
v2 : (78)

The leading term is the textbook Sokolov–Ternov result.79 The v-
dependent corrections predict that the equilibrium polarization degree
decreases with increasing v. This phenomenon has been observed
numerically for the radiative polarization of electrons in a rotating
electric field, as shown in Refs. 4 and 7. Of course, the exact dynamics
of spin polarization is more involved due to the temporal change of v
due to radiation reaction.

VII. SUMMARY

In this paper, we have derived the kinetic equations for a spin-
polarized relativistic plasma with the leading quantum effects due to
the interaction of the leptons with a strong field taken into account via
Boltzmann-type collision operators,

T f ¼ Cf ; T a ¼ qa� Xþ Ca; (79)

for the scalar density f and the spin (axial-vector) density a. The trans-
port operator T is given in Eq. (20), the collision operators by Eqs.
(33) and (34), and the precession vector X by Eq. (10), with the field-
dependent anomalous moment ae ¼ aeðvÞ. The local quantum
collision operators were derived using the locally constant field approxi-
mation of the photon emission rates and electron self-energy expres-
sions. The loop contribution provides exactly the anomalous precession.

Starting from a classical description of radiation reaction, we dis-
cussed the relevance of radiation reaction for the covariant BMT equa-
tion and found a RR correction term to spin-precession. While this
term is crucial for the evolution of the covariant spin-vector Sl, under
typical conditions of high-intensity laser–plasma interactions, this cor-
rection term is not relevant for the dynamics of the spin-vector s in the
electron rest frame.

From the kinetic equations, we have derived effective single-
particle equations of motion for a spinning particle, taking into
account the spin-dependent radiation reaction and radiative polariza-
tion. We derived the moment hierarchy and obtained equations for
the mean energy, energy spreading, and the energy-spin correlation.

In this paper, we focused on the interplay between the spin polar-
ization and radiation reaction effects. Hence, the discussion was
restricted to a polarized electron plasma without pair production
effects taken into account. A generalization of our results to achieve a
consistent description of a QED plasma of electrons, positrons, and
photons should be straightforward.
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APPENDIX A: POLARIZATION RESOLVED PHOTON
EMISSION RATES

Here, we summarize all the polarization resolved photon emis-
sion rates appearing in the collision operators. Following Ref. 58,
we define the differential rate for the collinear emission of a photon
with momentum k by an electron with momentum p as

wAðp; kÞ ¼
ð1
0
dk xkd

ð3Þðk � kpÞ dRA

dk
; (A1)

where k is the fractional momentum transfer from the electron to
the photon, and the label A denotes the various polarization depen-
dent contributions. The corresponding total rates are given by

WAðpÞ ¼
ð
d3k
xk

wAðp; kÞ ¼
ð1
0
dk

dRA

dk
¼ RA; (A2)

where d3k=xk is the Lorentz invariant phase space element of the
emitted photon, with xk ¼ jkj. The dRA=dk are the angularly-
integrated LCFA rate building blocks for the polarization dependent
photon emission rate (see, e.g., Ref. 22) that are given here as a
probability per unit proper time as

dR0

dk
¼ �a Ai 1ðzÞ þ 2g

Ai 0ðzÞ
z

� �
; (A3)

dRi

dk
¼ �ak

Ai ðzÞffiffiffi
z
p B̂ ¼ dRi

dk
B̂; (A4)

dRf

dk
¼ �a

k
1� k

Ai ðzÞffiffiffi
z
p B̂ ¼ dRf

dk
B̂; (A5)

dRif

dk
¼ dR1

dk
ðB̂B̂ þ Ê Ê Þ þ dR2

dk
K̂K̂

¼ dR0

dk
1þ dR3

dk
ðB̂B̂ þ Ê Ê Þ þ dR4

dk
K̂K̂ ; (A6)

dR1

dk
¼ �a Ai 1ðzÞ þ 2

Ai 0ðzÞ
z

� �
; (A7)
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dR2

dk
¼ �a ð2g � 1ÞAi 1ðzÞ þ 2g

Ai 0ðzÞ
z

� �
; (A8)

dR3

dk
¼ þa

k2

1� k
Ai0ðzÞ
z

; (A9)

dR4

dk
¼ �a

k2

1� k
Ai1ðzÞ : (A10)

The label A¼ 0 stands for the contribution of unpolarized particles,
and A ¼ iðf Þ is for initially(finally) polarized electrons. The differ-
ent polarization correlation contributions (A¼ if) are be denoted by
A ¼ 1; 2; 3; 4. Ai is the Airy function with argument
z ¼ ðk=vð1� kÞÞ2=3, Ai 0 its derivative, and Ai1 the integral
Ai1ðzÞ ¼

Ð1
0 dxAiðx þ zÞ; g ¼ 1þ k2

2ð1�kÞ, and v is the quantum
parameter, which is expressed as follows:

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p � F2 � p

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�pEðt; xÞ þ p� Bðt; xÞÞ2 � ðp � Eðt; xÞÞ2

q
:

(A11)

The principal directions B̂; Ê appearing in the above rates are
unit vectors in the direction of the magnetic field and the electric
field in the rest frame of the electron, and K̂ ¼ Ê � B̂ . In the ultra-
relativistic approximation, �p � 1, and when the angle between p
and the field is not small, we can write

Ê ¼ �q E þ p̂ � B� p̂ðp̂ � EÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp̂ � EÞ2 þ ðp̂ � BÞ2 � 2p̂ � ðE � BÞ

q ; (A12)

B̂ ¼ �q B� p̂ � E � p̂ðp̂ � BÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp̂ � EÞ2 þ ðp̂ � BÞ2 � 2p̂ � ðE � BÞ

q ; (A13)

where p̂ ¼ p=jpj. For positrons, with q ¼ þ1, the principal direc-
tions point opposite to the fields in the particle rest frame. Under
this approximation, in the rest frame of the particle, the electromag-
netic field appears to be a crossed field; thus, Ê?B̂ , and Ê ; B̂; K̂
form an orthonormal basis. Moreover, because of the collinear
emission approximation, these unit vectors are the same for inci-
dent and final particles.

The photon emission probability for polarized electrons can be
compactly expressed employing the M€uller matrix M and the
Stokes vectors ni;f of the incident and final electrons as22,51

dR
dk
¼ 1

2
NiMNT

f ; (A14)

where Ni;f ¼ ð1; ni;f Þ. It should be noted that Ni;f are not
Minkowski four-vectors, despite having four components.

The M€uller matrix itself is constructed by collecting the LCFA
building blocks above into a 4� 4 dimensional matrix emission
probability rate,

M ¼
dR0=dk dRf =dk
dRi=dk dR

�if
=dk

 !
: (A15)

Equivalent representations for the polarization resolved non-
linear Compton rates have been recently given in Ref. 21, and a sub-
set of these rates for electrons spin-polarized along the B-field
direction was also given in Ref. 8. The rates can be also represented
in the form of a density matrix.5

In addition to the photon emission contribution at OðaÞ, we
also need the OðaÞ contribution from the one-loop electron self-
energy. More precisely, these contributions are coming from the
interference of the one-loop self-energy at OðaÞ with the “free”
propagation of the electron. The expression is given by22

RL
0 ¼ �R0; (A16)

RL
i ¼ RL

f ¼ a
ð
dkk

AiðzÞffiffiffi
z
p B̂; (A17)

RL
if ¼ RL

013 þ a
ð
dkk

GiðzÞffiffiffi
z
p ðK̂Ê � ÊK̂Þ; (A18)

where Gi is the Scorer function.87 Airy and Scorer functions are the
real and imaginary parts of the integral

AiðzÞ þ iGiðzÞ ¼ 1
p

ð1
0
dtei ztþt3

3ð Þ : (A19)

The M€uller matrix ML for the loop is constructed analogously to
Eq. (A15) as22

ML ¼
RL
0 RL

f

RL
i R

�
L
if

0
@

1
A : (A20)

APPENDIX B: ASYMPTOTICS OF THE PHOTON
EMISSION SPECTRUM MOMENTS

The moments of the photon emission spectrum are defined as
follows:

WA ¼
ð1
0
dk

dRA

dk
; (B1)

IA ¼
ð1
0
dkk

dRA

dk
; (B2)

KA ¼
ð1
0
dkk2

dRA

dk
; (B3)

where the subscript A runs over the different building blocks of the
spin-dependent photon emission rate. For small v! 0, the asymp-
totic expansions of Q 2 fWA; IA;KAg can be written as

Q ¼ a
X1
n¼0

bfQgn vn; (B4)

where the coefficients bfQgn are presented in Table II.

APPENDIX C: A NOTE ON THE FLUID VELOCITY AND
RELATIVISTIC HYDRODYNAMICS

Here, we briefly discuss how one could properly define a fluid
velocity. According to the literature, e.g., Ref. 70, there are two com-
monly used options for defining the fluid velocity ul: (i) the Eckart
frame via the vanishing of particle number/mass diffusion (i.e., via
the particle number current) and (ii) the Landau frame via the van-
ishing of energy diffusion as the normalized eigenvector of Tl� .
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The Eckart approach defines a fluid four-velocity through
Jl ¼ Nul, with the fluid velocity ul (u2 ¼ 1), and N is the invariant
number density, i.e., the number density measured in the fluid rest
frame. Now, the particle momentum pl may be split into contribu-
tions parallel and perpendicular to ul as

pl ¼ jpu
l þ Dl�p�; (C1)

with Dl� � gl� � ulu� and jp � ulpl. With this, we have
hpli ¼ hjpiul þ hpl � jpuli, i.e., the vanishing of the second term
means there is no particle diffusion current in the Eckart frame.
The number density is defined as N ¼ hjpi ¼ Jlul ¼

ffiffiffiffiffiffiffiffi
JlJl

p
. By

the primary definition, we can also use ul ¼ Jl=
ffiffiffiffiffiffiffiffi
J � J
p

to define the
fluid velocity. Particle number current conservation @:J ¼ 0
yields the following equation: _N þ Nh ¼ 0, where h ¼ @lul is the
expansion scalar (four-divergence of the fluid velocity), and
_N ¼ ðul@lÞN is the comoving or convective derivative.

The energy momentum tensor can be expanded into its irre-
ducible tensor components as follows:

Tl� ¼ hplp�i ¼ eulu� þ ulH� þ u�Hl � pDl� þ pl�; (C2)

with energy density e ¼ hj2
pi, energy diffusion current (equivalent

to heat flow in the Eckart description) Hl ¼ hjpD
l
�p

�i, hydrostatic
pressure p ¼ � 1

3Dl�hplp�i, and shear-stress (or viscous pressure)

tensor pl� ¼ Dl�
abhpapbi, with the double-symmetric, traceless rank-

4 projection operator orthogonal to ul,

Dl�
ab ¼

1
2
ðDl

aD
�
b þ Dl

bD
�
aÞ �

Dl�Dab

Dk
k

: (C3)

Moreover, pl
l ¼ 0; ulpl� ¼ 0 and ulHl ¼ 0. Thus, the trace of the

energy momentum tensor Tl
l ¼ e� 3p ¼ hplpli ¼ h1i ¼

Ð d3p
�p
f .
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