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The measurement of betatron tunes is important in the studies of beam dynamics in circular accelerators.

Here, we report a new method to extract the fractional tune values using revolution times of single ions

stored for a few hundred turns in a heavy-ion storage ring utilizing a single time-of-flight detector. The

experiment was done at the experimental Cooler Storage Ring (CSRe) in Lanzhou. The unbunched cocktail

secondary beam was injected into the ring and allowed to coast without further excitation. Since the average

number of simultaneously stored ions inside the 128.8 m-circumference ring was merely ∼20, the obtained

tune values are considered to be incoherent. Given that the revolution time of an individual ion is related to

its momentum, the chromaticity of the ring could be addressed. Moreover, the data indicate a possible beam

mismatch in vertical direction ŷ at the injection into CSRe. The new method is developed for ultralow beam

intensities and is thus a sensitive approach to tune measurements. Thanks to its simplicity, the method can

straightforwardly be employed at other circular accelerators by applying the same detection approach.

DOI: 10.1103/PhysRevAccelBeams.27.062801

I. INTRODUCTION

In a storage ring, a stored particle travels on a spiral

trajectory around the closed reference orbit. Separated into

two orthogonal coordinates in the transverse plane, this

motion is characterized by the corresponding betatron oscil-

lations in x̂ (horizontal) and ŷ (vertical) directions. The

betatron tune in each direction is a characteristic parameter

of the machine, representing the number of betatron oscil-

lations within one revolution [1]. For a very low-intensity

beam containing only a few ions, the intrabeam and

beam-environment interactions can be neglected, and the

corresponding tunes, i.e., the incoherent tunes, are solely

determined by the machine lattice settings. According to the

theory of resonance driving termsRDTjklm [2,3], themachine

design should avoid the single-ion resonance condition:

ðj − kÞQx þ ðl −mÞQy ¼ r; ð1Þ

where j, k, l, m, and r are non-negative integers, Qx and Qy

are the tunevalues in transverse orthogonal directions x̂ and ŷ,
respectively. The sum jþ kþ lþm is called the order of the

resonance. If the tunes satisfy the condition (1), resonances

may appear and cause beam loss. In this context, precision

measurement and feedback control of the incoherent tune

values are essential in the design, commission, and operation

of circular accelerators.

Usually the measurement of betatron tunes is focused on

the fractional part of the tunes, which can be found by

detection of the beam position oscillations using a beam

position monitor (BPM) at any single location of the

machine [4]. The integer part is usually calculated by an

ion-optical code or can also be measured when the number

of BPMs distributed along the ring is greater than 2Q [5].

In conventional tune measurement procedures, one relies

on a coherent beam excitation and subsequent measure-

ment of the driven oscillation. In these measurements, turn-

by-turn transverse beam positions and/or side bands of

beam revolution frequency harmonics are obtained using

nondestructive devices such as beam position monitors [5]

and/or Schottky [6] detectors. However, these monitors are

often not sensitive enough, so high-intensity and/or

bunched beams are required to guarantee a sufficient
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signal-to-noise ratio. At the same time, the repulsive

intrabeam Coulomb force between charged ions weakens

the focusing force, leading to shifts of betatron tunes in the

two transverse directions. High beam intensity may stimu-

late beam impedance and collective effects, further con-

tributing to tune shift. The modification of the tunes due to

beam intensity is referred to as coherent tune shift. Thus, it

is challenging to measure incoherent tunes using the

conventional methods, especially for compact size storage

rings due to opposite requirements of high beam intensity

and minimal space charge effects [7].

This work reports a new method developed at the heavy-

ion storage ring in Lanzhou [8] to measure incoherent tunes

via observing the revolution time oscillations instead of

position oscillations of each stored ion. For ions with

nonzero emittance, betatron oscillation leads to orbital

length oscillation [9] and transverse position oscillation

both of which naturally result in the detected revolution

time oscillation. In the experiment, a time-of-flight (TOF)

detector [10] is used to determine turn-by-turn revolution

times of individual stored ions, which are then processed to

determine the quantities of interest. The new method is

single-ion sensitive, fast and suitable for ultralow beam

intensity. The effects of the nonisochronous time response

of the TOF detector as well as high-order magnetic fields in

the ring are studied to explain the observed extra frequency

components with abnormally large amplitudes in the

measured revolution time oscillations. The chromaticity

reflecting the dependence of the tune values on the ion

momenta is addressed as well. Moreover, the amplitudes

and initial phases of the tune components of ion trajectory

can be obtained, which enables us to study the injection

conditions of the storage ring.

The proposed measurement techniques utilizing TOF

detectors do not require any extra beam excitation, as a

single-particle sensitivity of the detectors at each turn

enables investigation of individual ions with varying

emittance. This method enables the acquisition of infor-

mation about the emittance of stored ions and the incoher-

ent tune of the circular machine using ultralow intensity

beams, while also simplifying the machine operation

scheme.

II. EXPERIMENT AND EXTRACTION

OF TUNE VALUES

The experiment was done at the experimental Cooler

Storage Ring (CSRe) in Lanzhou, China [8], mainly aiming

at mass measurements of short-lived nuclides utilizing the

isochronous mass spectrometry (IMS) [11–17]. The layout

of the experimental facilities is presented in Fig. 1. The

circumference of CSRe is about 128.8 m. The magnetic

rigidity Bρ of CSRe was set to 5.344 Tm. The transition

energy γt factor of CSRe was set to 1.302. The theoretical

betatron functions βx and βy and dispersion functions Dx

and Dy along the reference closed orbit, s, in CSRe are

shown in Fig. 2. They were calculated with WinAGILE code

assuming linear lattice settings [18].

In the experiment, various secondary ions produced

through projectile fragmentation of 112Sn beams on a
9Be target were injected into CSRe every 25 s. The radio

frequency (rf) cavities in the CSRe were off by default. The

stored ions are coasting in the ring until they are eventually

lost. A TOF detector equipped with a thin carbon foil

(thickness ∼19 μg=cm2, or ∼90 nm, ϕ ¼ 40 mm) was

FIG. 1. Layout of the facilities used in the present experiment

[11]. Various secondary ions produced in projectile fragmentation

reaction of 112Sn35þ beam were injected and stored in CSRe. The

time-of-flight (TOF) detector with its major components is shown

schematically in the inset. The dipole, quadrupole, and sextupole

magnets are represented by blue, red, and green rectangles,

respectively.

FIG. 2. Calculated twiss parameters of CSRe: horizontal βxðsÞ
(blue solid line), vertical βyðsÞ (red dotted line) functions and

horizontal DxðsÞ (green dashed line), vertical DyðsÞ (black

dashed-dotted line) dispersion functions. Calculations were done

with WinAGILE code considering only linear lattice with only

dipole and quadrupole magnetic fields [18]. The clamped

“Rogowski” fringing field with FINT ¼ 0.4 is used in this

calculation. The position of the TOF detector is marked by the

black solid vertical line.
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installed inside the aperture of the ring [19–21], as shown in

the inset of Fig. 1. The energy loss mechanism introduced

by the TOF detector facilitates the study of turn-by-turn

beam dynamics. Additionally, by utilizing all ions accu-

mulated over thousands of injections, the characteristics of

the beam within the full acceptance of the ring can be

investigated.

The detection of the ions in the TOF detector is

destructive. As a stored ion passed through the TOF

detector at each turn, secondary electrons were released

from the surface of the carbon foil [22] and guided to a set

of microchannel plates (MCPs) [23] by the perpendicularly

arranged electric and magnetic fields. The signals from the

MCP were recorded using a digital oscilloscope for 200 μs

after each injection, corresponding to about 300 revolution

periods for different ion species with various mass-to-

charge (m=q) ratios in CSRe acceptance. From the recorded

signals, the sequences of passing times as a function of

revolution number were obtained. The detection efficiency

at each ion passage ranges from 10% to 90% depending on

atomic number of the ions [19]. A 50-mm-wide slit in x
direction was installed in the dispersive straight section of

CSRe [24], as shown in Fig. 1, reducing the relative

magnetic rigidity acceptance ΔBρ=Bρ from approximately

�1.7‰ [10] to �0.4‰ [25]. The slit was introduced to

improve the mass measurement precision and is not

required for tune measurement study. Throughout the

experiment, a total of 13 805 injections were recorded,

with an average of 20 stored ions per injection. Due to

different mass-to-charge ratios of the stored ions, revolution

times in CSRe differ among different ion species. The

sequences of periodic timing signals, detected by the TOF

detector and corresponding to different ions injected within

a 500-ns injection-time window, were distinctly identified

and assigned to their respective ions in the data analysis.

For more details, see Refs. [11–13,25].

In the following, we choose a 72Br35þ ion as a test case to

describe the data analysis procedures. This ion is one of the

19 heavy ions stored simultaneously in the CSRe after

injection. The obtained passing time sequence of this

example ion is shown in Fig. 3. Such sequences are

routinely analyzed in the mass measurement campaigns

[26,27]. At first, accounting for energy losses in the thin

carbon foil, a second-order polynomial fit function was

used

tfitðNÞ ¼
X

2

i¼0

aiN
i ¼ a0 þ a1N þ a2N

2; ð2Þ

where a0, a1, and a2 are free parameters, and N is the

number of revolutions. Here, a0 represents the arriving time

of the ion, a1 ¼ ∂t=∂NjN¼0 the initial revolution time at the

beginning of the measurement (zeroth turn) and a2 ¼ 0.5 ·

∂
2t=∂N2 the half of the revolution time variation per turn

caused by the energy loss of ions penetrating the TOF

detector [28]. The fit residuals to the data in Fig. 3 are

presented in Fig. 4(a), the distribution of which has a

standard deviation of 56.5 ps.

To search for possible periodic features hidden in the fit

residuals, a modified digital Fourier transform (DFT) [29]

was applied

AmpðfÞ ¼ 2

ns

��

X

ns

j¼1

XNj
ð2πfNjÞ

�

2

þ
�

X

ns

j¼1

XNj
sinð2πfNjÞ

�

2
�
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FIG. 3. Measured passing times texp as a function of the

revolution number N of the example single 72Br35þ ion.
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FIG. 4. (a) Left: residuals of the second-order polynomial fit to

the data illustrated in Fig. 3. Right: the corresponding projection

histogram. (b) The Fourier transform of the data in panel (a). The

theoretical fractional tune value in x̂ (ŷ) direction calculated using
the linear lattice setting as shown in Fig. 2 is 0.38 (0.29) and is

indicated by red (blue) doted line at the corresponding frequency

location.
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where ns is the total number of timestamps measured,

XNj
¼ texpðNjÞ − tfitðNjÞ is the fit residual at the revolution

number Nj, and f is the oscillation frequency. Because the

XNj
sequence is sampled once per revolution, the DFT

analysis can only detect periodic components within

frequency range from 0 to 0.5 according to Nyquist-

Shannon sampling theorem [30]. For a dataset XNj
with

infinite discrete data generated by a pure sinusoidal wave,

XNj
¼ A sin ð2πνNj þ ϕÞ, AmpðfÞ is a δ function within

the effective frequency range from 0 to 0.5: AmpðfÞ ¼ A
when f ¼ fνg or 1 − fνg, where fνg is the fraction part of

ν, otherwise AmpðfÞ ¼ 0. If XNj
contains random errors or

the data sample size was limited, background noise will rise

in the AmpðfÞ spectrum.

The obtained AmpðfÞ spectrum for this single ion is

shown in Fig. 4(b). Four significant peaks labeled with A,
B, C, and D are found in the 0 ≤ ffg ≤ 0.5 range. This

means that four periodic components exist in the studied

time sequence. The same analysis was applied to all

recorded time sequences of all ions observed in the

experiment. Similar pattern with four peaks was observed,

indicating that this is a general feature for all ions.

To account for these four periodic components, the fit

function (2) was modified to

tfitðNÞ ¼ a0 þ a1N þ a2N
2

þ AA sin ½2πðb0AN þ b1AN
2Þ þ ϕA�

þ AB sin ½2πðb0BN þ b1BN
2Þ þ ϕB�

þ AC sin ½2πðb0CN þ b1CN
2Þ þ ϕC�

þ AD sin ½2πðb0DN þ b1DN
2Þ þ ϕD�; ð4Þ

where the quadratic terms are introduced due to the energy

loss of particles in the foil of the TOF detector. Using this

new function, the standard deviation of fit residuals is

reduced from 56.5 to 27.1 ps, which is close to the intrinsic

time resolution of about 20 ps of the TOF detector used in

the experiment [20].

We interpret these periodic components as being due to

betatron oscillations of the ion in the ring. Since only a few

ions inside the 128.8 m CSRe ring were stored simulta-

neously, the motion of each ion is not influenced by other

ions. Hence, the measured frequencies are considered as

incoherent. In the sinelike terms, Ai and ϕi (i runs over A,
B, C, and D) represent amplitudes and initial phases of the

measured revolution time oscillation. The first derivative of

each polynomial in phase terms

bi ¼ b0i þ 2b1iN ð5Þ

is the phase advance per turn of the sine function. The bi’s
are the fractional frequencies of betatron oscillations at

each revolution number N [10]. It is worth noting that both

the frequency bi and phase ψ i ¼ 2πðb0iN þ b1iN
2Þ þ ϕi

vary with turn number N, while the amplitude A remains

constant throughout all N.

III. ORIGINS OF PERIODIC COMPONENTS

To find out possible origin of the four peaks observed in

Fig. 4(b), simulations with MADX code [31] have been

performed with the linear lattice shown in Fig. 2, and the

calculated Qx and Qy are 1.620 and 2.710, respectively. A

time sequence t of 300 turns has been simulated for an ion

with εx ¼ 20 πmmmrad and εy ¼ 20 πmmmrad. The time

resolution of ∼20 ps of the TOF detector was considered. A

similar DFT analysis using Eq. (3) was applied to the

simulated data. The obtained AmpðfÞ spectrum is shown

as a solid black line in Fig. 5(a). Since 100% detection

efficiency was assumed in the simulated data, the resulting

AmpðfÞ spectrum exhibits a lower noise compared to the

experimental result shown in Fig. 4. As expected, with the

linear lattice setting, only one sizeable peakwith about 100 ps

height is found at f ∼ 0.38 below f ¼ 0.5, which is exactly

equal to the theoretical fractionalQx of the linear lattice. The

peak height at C, AC, is equal to the amplitude of the orbit

length oscillation δC divided by the velocity of the ion. Here,

δC ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

εxðγxD2
x þ 2αxDxD

0
x þ βxD

0
xD

0
xÞ

p

, where εx is the

emittance of the ion and αx, βx, γx,Dx, andD
0
x ¼ ∂Dx=∂s are

lattice parameters at the location of TOF [9] as shown in

Fig. 2. As a result of zeroDy throughout the ring, the orbital

length oscillation introduced by vertical betatron motion is

negligible for the uncoupled linear lattice.

In the real world, various nonlinear (high-order) mag-

netic fields arising from undesirable magnet design defects

[33] will cause coupling of motions in x̂ and ŷ directions.

Sometimes, sextupole magnetic fields are specially intro-

duced to correct chromaticity, transition energy γt curve

[34] and dynamic aperture, etc. A sextupole field will result

in a nonlinear betatron coupling, while a skew quadrupole

field, for instance, will lead to a linear betatron coupling

[1]. After adding normal sextupole and skew quadrupole

fields to the uncoupled linear lattice, the resulting AmpðfÞ
spectrum is shown by the red dotted line in Fig. 5(a). The

position of the original peak at the fractional Qx [peak C in

Fig. 5(a)] is shifted, which is termed as detuning in Ref. [2].

Besides that, additional peaks noted A, B, and D appear at

f ∼ 0.23, 0.29, and 0.42, respectively. The frequencies of

these extra peaks match well with the observed fA, fB, and
fD peaks in Fig. 4(b) but with much smaller amplitudes. In

this simulation, an additional peak with frequency fsimB ¼
Qsim

y is driven by the skew quadrupole fields and peaks with

frequencies of fsimA ¼ 1–2Qsim
x and fsimD ¼ 1–2Qsim

y are

driven by the normal sextupole fields. The heights of

peaks AðBÞ and CðD) exhibit a clear correlation in the

simulation. The amplitude ratios, AA=A
2
C and AD=A

2
B, are

determined by the coupling strength between the motions

in x̂ and ŷ directions which is in turn determined by the
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added high-order magnetic fields in the ring lattice.

Obviously, the simulated spectrum has several extra peaks

at f ∼ 0.01, 0.03, and 0.2, which are attributed to the

coupling magnets and are not clearly presented due to high

noise level in the experimental spectrum.

Besides orbital length oscillations, the position depend-

ence of time responses of TOF detector can also drive

periodic components in the measured time sequences of a

stored ion with nonzero emittance. The passing position of

the stored ion at the TOF detector is different from turn to

turn and is oscillating with amplitude of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

εx;yβx;y
p

. The

measured passing time of the ion is the actual arrival time of

the ion at the carbon foil of the detector plus the time of flight

of the induced secondary electrons from carbon foil to the

MCP (see inset in Fig. 1). Using SIMION program [32], the

flight times of secondary electrons te from carbon foil to

MCP were simulated for the TOF detector used in the

experiment. It turned out that te is a second-order polynomial

function of ion passage position (x, y) at carbon foil, see

Appendix. After considering this position-dependent time

response detector effect, Fig. 5(b) shows the new AmpðfÞ

spectrum for the same simulated ion. Now, with the linear

lattice (solid black line), the height of the peakC is increased

to about 160 ps and additional three peaks appear at f ∼ 0.23,

0.29, and 0.42 solely due to the detector effect. In this

simulation, the oscillation observed in the recorded time

sequences at frequency fsimC ¼ Qsim
x is a combined result of

the orbital length oscillation and detector effects arising from

position oscillation in the x̂-direction. The oscillation in the

response-time of the TOF detector has an amplitude that is

equal to ∂te=∂x
ffiffiffiffiffiffiffiffiffi

εxβx
p

. Depending on the phase difference

between the orbital length oscillation and response-time

oscillation, the amplitude of the combined oscillation may

either increase or decrease. This phase difference is deter-

mined by the location of the TOF detector in the ring. For the

detector used in this experiment, the amplitude of the

combined oscillation (at peak C) is increased with a positive

∂te=∂x. The height of the additional peak with frequency

fsimB ¼ Qsim
y is equal to AB ¼ ∂te=∂y

ffiffiffiffiffiffiffiffiffi

εyβy
p

. Similarly, the

heights of the peaks with frequency fsimA ¼ 1–2Qsim
x and

fsimD ¼ 1–2 ·Qsim
y are equal to AA ¼ ∂

2te=∂x
2ðεxβxÞ=4 and

AD ¼ ∂
2te=∂y

2ðεyβyÞ=4, respectively. Therefore, the ampli-

tudes of peak AðBÞ and CðDÞ exhibit clear relations: AA ¼
m1A

2
C and AD ¼ n1A

2
B. Herem1 parameter is determined by

velocity of the ion and nonisochronous time response of the

TOF detector, and n1 parameter is solely determined by

nonisochronous time response of the TOF detector. The

dotted red line in Fig. 5(b) is the result with both detector

effect and high-order fields added into the ring lattice.

Compared to the solid black line, the resultant frequencies

of all peaks are shifted. The peak B disappears due to the

counter effects (by chance) of the different origins

described above.

Unfortunately, the large height of extra peaks in spec-

trum in Fig. 4(b) could not completely be reproduced in the

simulations, even by combining both effects from high-

order fields and detector response as shown in Fig. 5(b) (see

red dotted line). In the simulation, there are many free

parameters that can affect the height of the DFT peaks,

including allowed emittance of the ions, the time response

profile of the TOF detector, and the high-order magnet

fields settings of the ring lattice. Thus further investigations

are needed to reproduce the heights of the four observed

peaks in Fig. 4(b).

Figures 6(a) and 6(d) show the correlation between the

experimental frequency values of bA and bC, bD and bB,
respectively. Note that the frequencies are at the middle

revolution number Nmid [the average turn number of the

first and last measured time stamp in each time sequence

tðNÞ] as defined in Eq. (4). This is due to the fact that the

fitting error σðbiÞ is minimized at this point [10]. If only

ions with σðbiÞ < 3.5 × 10−4 (i runs over A, B, C, and D)

are considered, the absolute value of Pearson correlation

coefficient (PCC) [35] is 0.941 and 0.845, suggesting

a strong correlation between these pairs of frequencies.

(a)

(b)

FIG. 5. DFT results of the simulated time sequence for an ion

with εx ∼ 20 πmmmrad and εy ∼ 20 πmmmrad, using linear

lattice (black solid line) and lattice with normal sextupole and

skew quadrupole fields (red dotted line). The average flight times

of secondary electrons te released at any position of carbon foil in
detector are constant in (a). Using SIMION programs [32], the

relationship between te and position x, y are calculated and

considered in (b). See text for details.
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As indicated by the black lines in Fig. 6, the relations can be

well described using the linear function of bA þ 2bC ¼ 1

and bD þ 2bB ¼ 1, which is consistent with simulations

shown in Fig. 5. Combining the correlation shown in Fig. 6

and simulations in Fig. 5, bC (bB) is assigned to be the

fractional betatron tune in direction x̂ Qx (ŷ Qy).

Figure 6 displays correlations between peak heights AA

and AC (b), AD and AB (e), and correlations between phase

ψA and ψC (c), ψD and ψC (f) for all measured ions in the

experiment. Here, as defined in Eq. (4), ψ is the phase at the

middle revolution number Nmid: ψ ¼ 2π · ðb0Nmid þ b1
N2

midÞ þ ϕ. It is evident from Fig. 6(b) that ACðABÞ follows
a second-order polynomial function of AAðADÞ, which

satisfies the expectations of both RDT theory [2,3] and

the simulated second-order position-dependent time

response of the TOF detector. Besides that, a linear relations

between ψA and ψC (ψD and ψB) are observed in Fig. 6(c)

and 6(d). The value of ψA þ 2ψC and ψD þ 2ψB could be of

interest in a correction scheme for the LHC [36]. The

difference between phase values of ψA þ 2ψC ¼ −0.4π �
2π and ψD þ 2ψB ¼ −0.5π � 2π may indicate different

origins of the corresponding oscillations.

In another experiment using the same single TOF

detector, only two significant peaks in AmpðfÞ spectra

were observed with secondary beam of 58Ni19þ projectile

fragments and γt ∼ 1.395 setting of the ring [27,37,38]. No

correlation was found between the two oscillating compo-

nents. In a further experiment [10], also two uncorrelated

peaks in the AmpðfÞ spectra were observed. In that work,

two new TOF detectors in the so-called Bρ-defined IMS

experiment [39,40] were employed and the transition γt of

CSRe was set to 1.39. With the aid of ion-optical calcu-

lations, the two frequencies were assigned to the fractional

tunes in x̂ and ŷ transverse directions, respectively. In still

another experiment with a similar lattice of γt ∼ 1.302 [41],

four significant peaks appear at positions similar to those

depicted in Fig. 4 of this paper. These observations indicate

that the four peaks feature in the AmpðfÞ spectrum is a

special characteristic of this ring lattice with γt ∼ 1.302.

IV. DISCUSSION

In Sec. II, in the fitting of the time sequences by using

Eq. (4), all the parameters were treated as free parameters.

However, some of the parameters are not independent from

each other as has been illustrated in Fig. 6. For example, bA
and bC should satisfy 2bC þ bA ¼ 1 and bB and bD satisfy

2bB þ bD ¼ 1 at any revolution number N. This means

FIG. 6. Correlation between the frequency at middle revolution number Nmid bA and bC (a), bD and bB (d), the amplitudes AA and AC

(b), AD and AB (e), the phases at middle revolution number Nmid ψA and ψC (c), ψD and ψB (f). The Pearson correlation coefficients

(PCC) characterizing the correlation magnitude are shown where applicable. If only ions with σðbiÞ < 3.5 × 10−4 (i runs over A, B, C,
andD) are considered, the number of scattering points in (a) and (b) will be significantly reduced, resulting in PCC values of −0.941 and

−0.845 for (a) and (d), respectively. The solid black lines are drawn to guide the eye. The black solid lines in (a) and (d) illustrate

equations bA þ 2bC ¼ 1 and bD þ 2bB ¼ 1, respectively.
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that, based on Eq. (5) and Fig. 6, the following restrictions

apply:

2bC0 þ bA0 ¼ 1;

2bB0 þ bD0 ¼ 1;

2bC1 þ bA1 ¼ 0;

2bB1 þ bD1 ¼ 0: ð6Þ

Using these constraints in the fitting process, bi values with

precision of 10−4 have been obtained (see, for example,

Fig. 7) and are used in the following discussion. In fact, the

emergence of additional induced oscillation components in

the measured time sequences enhances the accuracy of the

measured betatron tunes.

A. Chromaticity

The change of tunes due to the change of particle

momentum is called chromaticity of a machine [4]. It

can be defined as [42]

ξ ¼ ΔQ

Δp=p
: ð7Þ

Typically, the natural chromaticity is large, indicating a

large tune spread. A circulating beam with a large tune

spread could encounter many resonances, and chromatic

correction is needed to ensure good performance of a

storage ring [1].

For the same ion species, the variation of momentum Δp
and the corresponding variation of revolution time ΔTexp

(flight time per turn) are connected through the following

relationship [15]:

ΔTexp

Texp

¼
�

1

γ2t
−

1

γ2

�

Δp

p
¼ −η

Δp

p
: ð8Þ

Here, Texp is the revolution time, which can be calculated as

Texp ¼ a1 þ 2a2N with a1 and a2 being the fit parameters

in Eq. (4). η ¼ 1=γ2 − 1=γ2t is the phase-slip factor.

Combining Eqs. (8) and (7) gives

ξ ¼ ΔQ

Δp=p
¼ −η

ΔQ

ΔTexp=Texp

: ð9Þ

Within the small momentum acceptance, limited by the

slit in the ring [24], η can approximately be assumed to be

constant. Furthermore, γt was set to 1.302 in this experi-

ment and γ can be calculated from the ion velocity, which is

approximated by the ratio of the mean orbit length C ¼
128.8 m and the measured revolution time Texp [25]. Thus,

the average chromaticity ξ can be derived from the

relationship between the revolution times Texp and the

tunes bi, i.e., the bðTÞ curve or vice versa, the bðTÞ
correlation can be obtained assuming the theoretical chro-

maticity values.

In Fig. 8, examples of the bðTÞ curves are shown for two
different ion species with η < 0 and η > 0. Q and T
determined at the middle revolution number Nmid are used.

We note that the measured Texp values used here have been

corrected to eliminate the effects due to long-term magnetic

field instabilities [25]. As the bB (bC) values depicted in

Fig. 8 are the fractional parts of tunes measured at the

middle revolution number Nmid, the real tunes in ŷ (x̂)
direction should be 3 − bB (2 − bC) according to the

WinAGILE calculations. The theoretical chromaticity values

of ξthx and ξthy calculated from the linear lattice design (see

Fig. 2) are −1.546 and −1.653, respectively. Using these

theoretical values, the expected bðTÞ relations are derived

and shown as red lines in Fig. 8. For ŷ direction, the

theoretical bðTÞ dependencies are not far off from the

experimental bBðTÞ curves from which the fitted chroma-

ticity are determined to be ξfity ¼ −1.63� 0.06 (49Cr24þ)

and −1.93� 0.04 (61Cu29þ), respectively. This indicates

that the realistic incoherent tune and chromaticity values

have been obtained for ŷ direction. For x̂ direction, it is

difficult to derive ξfitx from the experimental data as there is

no obvious correlation between bC and Texp occurred in

Figs. 8(a) and 8(b). The smaller absolute value of PCC in x̂

direction, and the disagreements between ξthx and ξfitx , may

due to chromaticity change caused by the high-order

magnetic fields in the ring as discussed in Sec. III.

The method to extract chromaticity from measured time

sequences has been developed in our previous work [10],

where the velocity of every stored ion was measured

directly employing two TOF detectors in a straight section

of CSRe. Compared to single TOF detector scheme, the

two TOF detectors scheme is superior for measuring the

chromaticity of the ring [10]. In this paper, it is the first time

that the chromaticity is addressed (although with large

errors) using a single TOF detector. Furthermore, the

correlations shown in Fig. 8 can be used to correct for

the momentum dependence of the ion revolution times.

FIG. 7. Distribution of the fitting error of bB, σðbBÞ, with (red

line) and without (black line) the restriction of Eq. (6) in the

fitting using Eq. (4).
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Therefore, it has an application potential to improve the

resolving power of the storage ring mass spectrom-

etry [14,15].

B. Injection into the ring

As discussed in Sec. III, the amplitudes of the periodic

components ACðABÞ are proportional to the square root of

emittance
ffiffiffiffi

εx
p

(
ffiffiffiffi

εy
p

), and the phases ψC;B are directly

related to the phases of the corresponding betatron oscil-

lations in x̂ and ŷ directions [10]. Figure 9 displays the

scatter plots of A versus ψ at zeroth revolution number

N ¼ 0 in polar coordinates for the oscillations at frequency

bC and bB for all ions across 13 805 injections. It is

important to note that the value of ψ at the zeroth turn

is not observed in the experimental data but rather is an

extrapolation based on the fitting results using Eq. (4). It is

evident in Fig. 9(b) that the scatterplot associated with bB is

asymmetric. Most of the ions are concentrated in the region

1.7π < ψy < 2.1π and 10 ps < Ay < 30 ps. This observa-

tion indicates that a beam mismatch probably existed at the

injection in ŷ direction, which might lead to a reduction of

the ring longitudinal and transverse acceptances [43].

However, due to the unknown contribution of the position

dependence of the TOF time responses [20], a definitive

conclusion whether this mismatch originates from position

y or angle y0 is not possible based only on this scatterplot.

Dedicated measurements are needed to clarify this issue in

FIG. 8. Scatter plots of measured frequency bC or bB versus revolution times Texp measured at the middle revolution number Nmid for
49Cr24þ (η < 0) and 61Cu29þ (η > 0) ions. Red solid lines display the expected bðTÞ relations using the theoretical chromaticity values

ξthx or ξthy , which are calculated from the linear lattice design shown in Fig. 2. Black dashed line indicates the fitted chromaticity values ξfitx
or ξfity . Only the ions with σðbiÞ < 3.5 × 10−4 [i could be C or B in Eq. (4)] are considered.

(a)

(b)

FIG. 9. Scatterplots of amplitudes A versus phases ψ at N ¼ 0

for oscillation components with frequencies bC (a) and bB (b).
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the future. In Fig. 9(b), some of the ions have much larger

Ac values than the majority of the ions. From simulation

results in Fig. 5, we know that one ion with εx ∼

20 πmmmrad will cause AC ∼ 100ps under the assumption

of a linear lattice and a perfect isochronous time response of

the TOF detector. The designed emittance acceptances of

CSRe ring in isochronous mode are 20 πmmmrad in both

x̂ and ŷ directions [8,44]. Therefore, it is a consistent

explanation that the mismatch at the beam injection may

reduce the acceptance of CSRe ring.

V. SUMMARY AND OUTLOOK

In this work, a fast, sensitive and high-resolution method

for the “incoherent tune” measurement in the storage ring

CSRe is reported. A single time-of-flight (TOF) detector

was employed and only a few tens of ions from secondary

cocktail beam were stored in the ring simultaneously. The

incoherent tune values were extracted by explicitly con-

sidering the betatron oscillations in the fit function applied

to the time sequences measured by the TOF detector for

each ion, as a function of the revolution number. The

overall measurement was completed 200 μs after each

injection of the ions into the ring. In the experiment, both

fractional betatron tune values and betatron oscillation

phase at the injection in the x̂ and ŷ directions were

measured. The assignment of the measured betatron tune

values to Qx and Qy was accomplished with the assistance

of ion-optical calculations. Correlated oscillation compo-

nents in the measured revolution time of stored ions were

observed in the specific γt ¼ 1.302 lattice setting of CSRe.

Higher order fields in the ring lattice and position depend-

ence of TOF detector time responses are possible origins of

this correlation. After taking this correlation into account in

the data analysis, themeasured tunevalues can bedetermined

on an absolute precision level of 10−4. Under reasonable

conditions of time-respond profile of the TOF detector and

high-order field profiles of the CSRe lattice, the absolute

amplitudes of the oscillation components cannot be fully

reproduced in the simulations. Additional studies, such as

complementary tune measurement using beam position

monitors (BPMs) and detailed measurement of the posi-

tion-dependent time-response of the TOF detector, are

necessary to address this issue in the future.

The tune versus revolution time bðTÞ curves were

utilized to address the chromaticity of CSRe by using all

the stored ions in the experiment. The experimental bðTÞ
curves could be partly reproduced by the theoretical

calculations assuming chromaticity values of the linear

lattice setting, indicating that the incoherent tunes are

plausibly obtained. Moreover, a nonsymmetric distribution

of the amplitudes and phases of the periodic components at

zeroth turn is observed. This indicates that a beam mis-

match probably exists in ŷ direction at the injection, which

is likely to cause reduced longitudinal and transverse

acceptances.

Traditional tune measurement methods often require

additional rf equipment to bunch the relatively high

intensity primary beam and a dedicated kicker system

for beam excitation, in order to increase the oscillation of

the beam centroid and enhance the signal-to-noise ratio. In

contrast, this new method works with a cocktail secondary

beams and boasts the main advantages of a single-ion

sensitivity at each revolution turn, short measurement time

for each ion, high precision with thousands of ions. As a

result, incoherent tune measurements can be accomplished

with tiny beam intensities without further beam excitation.

This new method enables direct tune measurements with a

single measurement and has the potential to enable fast

beam optimizations at ultralow beam intensities.

For tasks of systematic machine studies, the new method

can be an alternative or a complementary to the conven-

tional tune-measurement methods utilizing electromagnetic

probes, e.g., transverse Schottky detectors [45] and BPMs.

Moreover, the chromaticity measurement method reported

here has a potential application for improving the mass

resolving power of the isochronous mass spectrometry with

a single TOF detector [46]. Thanks to its simplicity, the new

method can be straightforwardly adapted in other storage

rings, such as the collector ring at FAIR [47,48] or Proton

Synchrotron at CERN [49]. It can particularly be interest-

ing for the experimental storage ring at GSI, where the

installation of two TOF detectors is not feasible due to

space limitation [50].
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APPENDIX: SIMULATED TIME RESPONSE

OF THE TOF DETECTOR

Using the SIMION software [32], the geometry structure

and electromagnetic settings of the TOF detector were

modeled for the TOF detector used in the experiment. The

trajectories of the secondary electrons released from the

surface of the carbon foil were simulated. The flight times

of secondary electrons te from the carbon foil to MCP are

depicted in Fig. 10. It turned out that te is a quadratic
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polynomial function of the ion passage position (x, y), see
the fitting function in this figure. Particularly, for theoretical

calculations in Fig. 5, the average center position of the

simulated ion orbit in direction ŷ was shifted from the

center of the carbon foil to −2 mm. This is done to ensure a

nonzero average ∂te=∂y effect, otherwise, the additional

peak labeled as B would not appear in the AmpðfÞ
spectrum in Fig. 5(b).
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