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In the most extreme astrophysical environments, such as core-collapse supernovae (CCSNe) and neutron
star mergers (NSMs), neutrinos can undergo fast flavor conversions (FFCs) on exceedingly short scales.
Intensive simulations have demonstrated that FFCs can attain equilibrium states in certain models. In this
study, we utilize physics-informed neural networks (PINNs) to predict the asymptotic outcomes of FFCs,
by specifically targeting the first two moments of neutrino angular distributions. This makes our approach
suitable for state-of-the-art CCSN and NSM simulations. Through effective feature engineering and the
incorporation of customized loss functions that penalize discrepancies in the predicted total number of v,
and 7,, our PINNs demonstrate remarkable accuracies, with an error margin of <3%. Our study represents
a substantial leap forward in the potential incorporation of FFCs into simulations of CCSNe and NSMs,

thereby enhancing our understanding of these extraordinary astrophysical events.
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I. INTRODUCTION

Core-collapse supernovae (CCSNe) and neutron star
mergers (NSMs) are among the most extreme astrophysical
phenomena, representing the death of massive stars’ life
cycles and the collision of extremely dense remnants,
respectively. These events not only signify the demise of
massive stars and dense objects but also reveal some of the
universe’s most energetic and mysterious phenomena.

At the heart of these extraordinary settings lies a
captivating process: the emission of neutrinos, released
in copious amounts during both CCSNe and NSMs [1-6].
During their propagation through the extreme conditions
within these events, neutrinos undergo a fascinating phe-
nomenon known as collective neutrino oscillations [7—13]
(for a recent review see Ref. [14]). This intriguing behavior
emerges from the intricate interplay between the propa-
gating neutrinos and the dense background neutrino gas,
where coherent forward scatterings play a crucial role. This
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phenomenon behaves in a nonlinear and collective manner,
leading to a complex tapestry of flavor conversions.

Of particular interest are the so-called fast flavor con-
versions (FFCs), which occur on scales characterized by
~(Ggn,)7! (see, e.g., Refs. [15-64]). Here, Gy represents
the Fermi coupling constant, and n, denotes the neutrino
number density. These FFCs can take place on scales much
shorter than what would be expected in the vacuum. FFCs
occur iff the angular distribution of the neutrino lepton
number, defined as,

60 = V36e [ (11, () - 1., 0)
—(fDE(P)—faX(P))]’ (1)

crosses zero at some v = v(u, ¢,), with u = cos6, [34].
Here, E,, 0,, and ¢, are the neutrino energy, the zenith, and
azimuthal angles of the neutrino velocity, respectively. The
f,’s are the neutrino occupation numbers of different
flavors, with v, and 7, denoting the heavy-lepton flavor
of neutrinos and antineutrinos. When v, and 7, have similar
angular distributions, a scenario commonly observed in
state-of-the-art CCSN simulations, this expression trans-
forms into the conventional definition of the neutrino
electron lepton number, vELN.
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FFCs tend to occur on spatial and temporal scales which
are expected to be significantly shorter than those typically
addressed in hydrodynamical simulations of CCSNe and
NSMs. As a consequence, integrating FFC into these
simulations presents a notable challenge. A potential strat-
egy to address this challenge involves breaking down the
problem into two scale hierarchies. This consideration
motivates conducting local dynamical simulations at shorter
scales and subsequently integrating the findings into some
practical prescriptions. Such prescriptions can then be
efficiently applied to the broader astrophysical modelings
and hydrodynamic simulations [29,45,57,58,65-67].

The assessment of the outcome of FFCs has undergone
thorough examinations of local dynamical simulations con-
ducted within confined spaces employing periodic boundary
conditions [44,48,51-54,68-73] (see also Ref. [74] for the
possible impact of the choice of boundary conditions).
Insights from these investigations indicate a tendency toward
kinematic decoherence in flavor conversions, generally
resulting in quasistationary states. These stationary states
can be characterized by survival probabilities, which are
governed by the conservation of neutrino lepton number and
have been demonstrated to be possibly modeled by analytical
formulation to a good accuracy [73].

Despite the existence of such analytical formulas for the
angular distribution of survival probabilities, implementing
FFCs in CCSN and NSM simulations remains a challenge.
The obstacle lies in the requirement of having access to
complete angular distributions of neutrinos to determine
FFC outcomes through these analytical expressions.
However, acquiring such detailed angular information
proves challenging in most cutting-edge CCSN and NSM
simulations due to their computationally intensive nature.

As a practical alternative to considering the full neutrino
angular distributions, many state-of-the-art simulations opt
for a more feasible approach by simplifying neutrino
transport through a limited set of angular distribution
moments [75-77]. In our specific investigation, we con-
centrate on radial moments, defined as,

L= [ [T [TEEE ). @

These moments effectively capture crucial aspects of the
neutrino angular distribution while facilitating a computa-
tionally more manageable treatment.’

In practical scenarios, one often encounters a situation
where simulations directly provide only the first two
moments, / and /;, for (anti)neutrinos. The problem then

'Our primary focus is presently on axisymmetric crossings,
particularly emphasizing radial moments where the angular
distribution integrates over ¢,. It is crucial to highlight that
our current study excludes nonaxisymmetric crossings. Exploring
these aspects is a subject reserved for future investigations.

becomes determining the ultimate values of /; and I
following FFCs, based on their initial states. Note that
despite the availability of analytical formulas for the
angular distribution of the neutrino survival probabilities,
determining these final values is inherently complex.

This paper represents a pioneering effort in predicting
the asymptotic outcomes of FFCs in the moments scenario,
using artificial neural network (NNs). NNs imitate closely
the brain’s network of connected neurons. Specifically, they
have layers of artificial neurons that handle information.
NNs have been proven to be useful in solving tricky
problems due their strong learning capacities, resulting
from adjusting the connections between neurons during the
training phase. Their ability to learn from data without
explicit programming sets NNs apart, making them attract-
ing tools across various domains. In particular, NNs have
been extensively used in the field of astrophysics and high
energy physics [78,79].

Our approach involves the utilization of a NN, which
takes the essential information extracted from the initial
(anti)neutrino zeroth and first moments and then outputs
the corresponding moments regarding the asymptotic out-
come of FFCs. In particular, we employ physics-informed
neural networks (PINNs), where the learning and perfor-
mance of the NN can be enhanced with the utilization of the
domain knowledge (specialized information specific to the
problem that can be integrated into the NN) [80-82]. Our
findings demonstrate the efficacy of a single hidden layer
PINN, achieving a remarkable accuracy for the asymptotic
values of I, and ;.

The paper is structured as follows. In Sec. II, we initiate
by detailing our simulations of FFCs and elucidating the
assumptions to deriving the outcomes of FFCs. Moving
forward in Sec. III, we delve into the architecture of our
NNs, shedding light on the requisite feature engineering
and the deployment of customized loss functions. The
ensuing discussion encompasses the results gleaned from
both two- and three-flavor scenarios. Finally, we conclude
in Sec. IV.

II. FFCs SIMULATIONS

To effectively train our NN, we require a substantial
number of training samples containing initial values of the
(anti)neutrino moments, /, and /;, within the neutrino gas.
These samples should also encompass their corresponding
final values, reflecting the asymptotic outcomes of FFCs.

Our chosen physical model involves the evolution of
FFCs within a one-dimensional (1D) box, mirroring the
setup outlined in Ref. [52]. This model assumes translation
symmetry along the x and y axes, axial symmetry around the
z axis, and periodic boundary conditions in the z direction.
Notably, we omit considerations of vacuum mixing and
neutrino-matter forward scattering in this model.

In this study, we prime the neutrino gas for tracking
its flavor evolution by employing two widely utilized

043024-2



PHYSICS-INFORMED NEURAL NETWORKS FOR PREDICTING ...

PHYS. REV. D 109, 043024 (2024)

parametric neutrino angular distributions documented in
existing literature. The first one is the maximum entropy
distribution defined as,

FUH T (u) = expln + apl, 3)

where we here consider the ¢, -integrated distribution, i.e.,

o= [ [E EidE, Bl @

This is a very natural choice for the neutrino angular
distribution since the maximum entropy closure [83] is
currently very popular in the moment-based neutrino
transport methods. This parametric distribution has been
also used to detect vELN crossings using fitting and
machine learning techniques [84-86]. Another angular
distribution considered in the literature of FFCs (see,
e.g., Refs. [52,87]) is the Gaussian distribution defined as,

_Ml,

79 ) :

= Aexp

(5)

Note that both of these distributions have a parameter
which determines the overall neutrino number density,
namely # and A, and the other parameters determining
the shape of the distribution, i.e., a and &. Allowing for two
distinct forms of angular distributions takes into consid-
eration potential deviations in the shape of neutrino angular
distributions in realistic simulations, which can occur, e.g.,
due to the use of different closure relations.

To ready our datasets, we begin with the initial angular
distributions of neutrinos, which can either follow a
maximum entropy distribution or a Gaussian distribution.
Subsequently, we utilize analytical neutrino survival prob-
abilities to determine the asymptotic outcome of FFCs. By
performing integration over the neutrino angular distribu-
tions, we can obtain the initial and final values of I, and /;.

In our analytical treatment of the survival probability, we
follow closely our recent work in Ref. [73]. We assume that
G(u)(= [$"d¢,G(v)) has only one zero crossing .. This
helps us to define,

r, =‘ /_j duG(u)®[G(w)] |,

=‘ /_ i duG(u)® —G(M)]” (6)

as the integration of positive and negative parts of G(u).
Here O is the Heaviside theta function. In the following, we
specify the y range over which the above integral is smaller
(larger) by u=(u”). For the survival probability in the two-
flavor scenario, we use the analytical formula:

1 f <,
P2 () = { o (7)

S(u)  for p~,

where the distribution over ¢~ is formulated as,

§0) = 1 = 3 hlle ~ el /). Q

Here, h(x) is a u-dependent function that monotonically
decreases from 1 to O when x increases from O to infinity.
To be specific, we here assume A (x) to have a power-1/2
form, i.e., h(x) = (x*> 4+ 1)~'/2. In addition, the parameter ¢
can be found such that the survival probability function is
continuous.

In the three-flavor case where v, and v, are indistin-
guishable, one can simply find the survival probabilities by
the expression P3f.(u) = 1-4[1 — PX.(u)]/3.

As illustrated in Table. 1 of Ref. [73], adopting a power-
1/2 form for the survival probability proves to yield a
comparatively low error in computing /, and /; analyti-
cally. This explains the rationale behind opting for this
analytical survival probability in this work. In the con-
cluding part of Sec. III, we also explore the scenario where
the outcomes derived from actual simulations of FFCs
are applied.

III. APPLICATIONS OF NEURAL NETWORKS

Before unveiling our findings, it is crucial to emphasize
that to ensure high performance of our NN models in the
test set, it is necessary to divide the dataset into three
distinct sets. These sets are defined as follows: (i) training
set: This set serves as the foundation for training the NN,
allowing it to learn and adapt based on the provided data.
(ii) development set: Also known as the validation set, this
subset plays a pivotal role in determining the optimal
hyper-parameters of the algorithm. It serves as a testing
ground to fine-tune the model for optimal performance.
(iii) test set: To assess the NN efficacy on novel, unseen
data, the test set is utilized. This set provides a critical
evaluation of the model’s generalization capabilities
beyond the training data.

A. The architecture of NNs

For a given arbitrary neutrino gas, one is provided with
the initial values of /,’s and I;’s of v,, ¥,, and v,. In this
context, we make the assumption that the initial distribu-
tions of 7, and v, are identical (though their final ones
following FFCs could be different), a simplification that
aligns with the majority of state-of-the-art CCSN and NSM
simulations. In order to enhance the performance of our
NNs, we introduce a layer of feature engineering, employ-
ing the following features as pertinent inputs in our NNs:
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a, Q. F,,g, F,;e, and va’
. ng n 1
with: @ = —<, a, =—*, and F,= (—1) . (9)
nl/g n’/e IO v

Note that the selection of these features offers explicit
insights into the configuration of neutrino angular distri-
butions, which plays a crucial role in understanding the
asymptotic outcome of FFCs. Moreover, with the provided
values of I, and /, for a specific neutrino species (derivable
from q, ) and F,), we use the root-finding function fsolve
in PYTHON to determine the complete shape of the neutrino
angular distribution, being either maximum entropy or the
Gaussian one. Furthermore, it is worth highlighting that all
quantities in this context are normalized by the initial v,
number density, allowing the convenient choice of setting it
to niM@ = 1. This simplification reduces the number of
inputs to our NNs, and notably, there is no input parameter
related to n,, .

Though the aforementioned features serve as a necessary
foundation for developing a NN, there remains room for
further enhancement through more advanced feature engi-
neering to optimize the performance of our NNs. This
optimization can be achieved by gaining insights from the
neutrino survival probability’s shape, as expressed in
Eq. (7). Substantial information pertaining to the distribu-
tion of the survival probability can be derived by learning
the position of y,.. Another valuable piece of information,
given ., is determining the specific side of y. on which
equipartition occurs, while the behavior of the survival
probability on the other side is governed by conservation
laws. Information regarding the side on which equipartition
occurs is provided in the quantity Eg;, a binary number
which is 1 if the equipartition occurs for p. < u, and 0
otherwise.

In our NN framework, we explore two distinct archi-
tectures, as illustrated in Fig. 1. In the foundational
architecture, we integrate only a, @, , F,, F;, and F,
into our NN. An alternative NN that we examine involves
an additional layer of feature engineering, as discussed in
the preceding paragraph, encompassing information about
He and E RL-

Practically, this augmentation is accomplished by con-
structing a separate regression model trained on our
dataset, from which information regarding p. and Eg;
can be readily extracted. We have confirmed that the
computation of Eg; and u. can be performed with small
errors.

As illustrated in Fig. 1, our feedforward NN has a single
hidden layer containing 50 neurons, unless stated other-
wise. The rationale for this choice is illustrated in Fig. 3 and
the text around it. Also regarding the output layer, our NNs
provide the values of I, and I, for both v, and 7,,
effectively utilizing a total of 4 neurons. The determination
of I and I, for v, and U, can be deduced by applying the

nh=50

extra features

FIG. 1. Schematic architecture of our NNs. The green zone
shows the implementation of the extra features, y., and Eg;,
which are obtained through an extra layer of regression, using
linear and logistic regressions, respectively. Here, u,. is the
crossing direction and Epg; is a binary, which is 1 if the
equilibrium occurs for . < p, and 0 otherwise. In our basic
NN, referred to as the NN with no extra features, the NN only
takes the inputs highlighted in Eq. (9). However and in our PINN,
we provide our NN with the extra features u,. and Ep; .

principles of neutrino and antineutrino number density and
momentum conservation. In simpler terms, our NN’s
ensures that the fundamental laws governing neutrino
conservation are respected without any exceptions.

B. Loss functions

The loss function, £, is a crucial component in training
NNs, serving as a measure of the model’s predictive
performance. It quantifies the disparity between predicted
values and actual target values, providing a guide for the
model to adjust its parameters during the optimization
process.

When it comes to neutrino flavor conversions in CCSNe
and NSMs, a critical parameter of utmost significance
is the number of neutrinos in the electron channel, i.e.,
Ny 45, =n,, + ny_, as opposed to the number of neutrinos
in the heavy-lepton channel, N, ,; =n, +n; . Leveraging
this crucial physical insight to enhance the performance of
our NN, we incorporate an additional loss term in the
optimization of the NN model with the extra features. This
loss term is designed to penalize discrepancies in N,
and is defined as,

Vet

1

Z(AN,,15,0)%, (10)

Lexira =
sample

where A, Npple- and X; denote the difference between the
true and predicted values, the number of samples in the
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training set, and the summation over the training samples,
respectively. This loss term provides an additional constraint
for the model. The integration of the domain knowledge
characterizes this particular NN architecture as a PINN,
given that its distinctive nature is shaped by our insights into
the underlying physics of the problem [80-82]. The PINN
should be compared with our basic NN, referred to as NN
with no extra features, for which the loss term only includes
the ordinary mean squared errors of the output parameters.
Note that the incorporation of the domain knowledge in our
PINN includes both architectural aspects, utilizing addi-
tional features, and learning-based enhancements via the
loss function. It’s also important to highlight that unlike
what typically observed in PINNs, our approach does not
involve a loss term associated with some partial differential
equations.

C. Three-flavor scenario

In this section, we discuss the evaluation of our NNs
concerning their predictions for the asymptotic outcome of
FFCs in the three-flavor scenario. To train and assess our
model, we utilize a dataset comprising a well-balanced

combination of maximum entropy and Gaussian initial
neutrino angular distributions. The total size of our dataset
is 2x10° points. The ultimate outcome of FFCs is
determined through a three-flavor survival probability, as
detailed in Eq. (7) and the surrounding text. To better
encapsulate realistic conditions regarding the values of n,’s
and the hierarchy among F’s, we prepare each sample by
randomly selecting the inputs for our NNs. Specifically, we
setae(0,2.5),a, €(0,3),F, €(0,1), F; €(0.4F, .F, ),
and F, €(0.4F; ,F; ). This selection process ensures
consistency with the expected hierarchy F, <F; SF,,
characteristic of CCSN environment. Given these quan-
tities, one can then determine the initial angular distribu-
tions of neutrinos. Using the analytical survival probability,
the final I’s can be derived.

In the left panels of Fig. 2, we present the performance
results of our PINN model. Here, an epoch refers to a single
pass through the entire training dataset during the training
phase. Notably, the relative error in the electron neutrino
number density, defined as |A(n, + n; )|/(n,, + n;, ), can
attain values as low as 2.5%. Furthermore, we observe that
the mean absolute error in the output quantities, defined as

PINN no extra features w/o enforcing conservations
0.14r — [A(w, + )|/ (. +n5,) 7 O14F 0.14p ]
absolute error
0.12f 0.12f 0.12f ]
0.10} 0.10} 0.0} 1
g 0.08f 0.08f 0.08 — |An|/n, |
g — |ALl/L
0.06} 1 006 0.06 ]
0.04h“‘ ”" I ' I 1 004 0.04 1
0.02f 1 002 0.02 1
000 =""50""T00 150 200 250 300 g 50 100 150 200 250 300 *% 50 100 150 200 250 300
epochs epochs epochs
100% 100% 100%
80% 80% 80% 1
w 60% 60% 60% 1
£z
=
3
40% 40% 40% 1
20% 20% 20% 1
%0 0.1 0.2 0.3 0.4 o5 %o 0.1 0.2 0.3 0.4 05 Yo 0.1 0.2 0.3 0.4 05

error

error error

FIG. 2. Performance evaluation of various NN models. In the upper panels, we present the absolute error in the output parameters of
the NN models, along with the relative error in the total number of neutrinos within the electron channel, N, .; . Moving to the lower
panels, one can find the distribution in the error of N, Dt The results are showcased for our PINN, our basic NN with no extra features,
as well as a NN model that does not enforce the conservation laws for neutrinos, respectively. In the upper right panel, the black and
green curves represent the relative error in the total number and its first moments for (anti)neutrinos.
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PINN no extra features w/o enforcing conservations
0.10 , , , , 0.10 , : : , 0.107 . : : :
—=— A, + 15|/ (0 + 70,) { ‘=
—o— absolute error
0.08f 1 0.08f 1 0.08f
0.06 1 0.06f

error

0.04r

—— |An,|/n,
—-e- |AL|/I

0.02f 1
0-004 50 100 10 200 250 "% 50 00 10 200 250 0% 50 100 150 200 250
IlllHlb(i‘I' ()f neurons number Of neurons number ()f neurons
FIG. 3. Performance evaluation of various NN models (on the validation set) as a function of the number of neurons in the hidden layer.

It is evident that the NNs perform best on the validation set once n;, 2 50. The labels and NN models are the same as those in Fig. 2.

(|AIy | + |ALF| + |AIy | + |AL¢]) /4, can reach values
~3%. Additionally, from the lower panel, it is evident that
almost 90% of the predictions exhibit errors of <5%
inN, ;.

In the middle panels of Fig. 2, we present the perfor-
mance of our basic NN with no extra feature and no loss
term for enhancing the accuracy of N, . Itis evident that
the errors in this case are a bit greater than those of the
PINN model. It is also worth noting that while the error in
N, .p, is smaller than the absolute error in the output
quantities, the gap between them has been reduced. This
could be attributed to the lack of a specific loss term
targeting the reduction of errors in N, _,; . In addition and
by examining the lower panel, we can observe that almost
85% of the predictions still exhibit errors of <5%in N, . .

Instead of rigidly enforcing the conservation of neutrino
quantities, an alternative approach involves a more flexible
NN model for which strict conservation laws are not
forcefully respected. Instead, one can aim to derive all
the neutrino moments (/,’s and /,’s for all flavors) as
outputs, while introducing an additional loss term, which
effectively enforces the conservation of (anti)neutrino
number densities and momenta. This increased flexibility,
combined with the loss term addressing conservation, has
the potential to enhance the training of the NN, resulting in
reduced errors in its predictions. Consider that this NN
architecture could also be referred to as a PINN due to its
loss term encompassing domain-specific knowledge,
accounting for the conservation laws governing neutrino
number density and momentum.

However, our findings emphasize the potential signifi-
cant risks associated with applying such an informed NN to
our specific problem. This concern is evident in the right
panel of Fig. 2. While the absolute error and the error
observedin N, ,; are comparable to what one observes in
the left and middle panels, there is a new type of error

which appears in the total number of neutrinos and its first
moment, soaring to values as high as 1%-3%. Such errors,
whether in total neutrino number density or momentum,
have the potential to distort the physics of CCSNe and
NSMs. Note that such errors can generate greater risks in
scenarios where a disparity might exist between the training
and test datasets.

All calculations presented so far employ a feedforward
NN with a single hidden layer containing n;, = 50 neurons.
The rationale for this choice of the number of neurons is
illustrated in Fig. 3, where different errors are shown for
different NN architectures. It is evident that the NNs
perform best on the validation set once n;, = 50. It is
also illuminating to note that if, for any reason such as
computational constraints, a simpler NN with a smaller n,,
is used, the performance of the PINN surpasses notably that
of the model without additional features. However, this
performance gap diminishes as larger n;, values are utilized.
Furthermore, it is evident that even the model without
explicitly enforced conservation laws achieves its optimal
performance when n;, = 50.

In Fig. 4, we present an analysis of the performance of
our PINN as a function of the size of the training set. The
red curve represents the absolute error in the PINN’s
output, while the blue curve illustrates the relative error
in N, 5. It is noteworthy that as the training dataset
expands to incorporate several thousand data points, the
error rapidly diminishes to values below 5% and the
difference between the error in the validation and training
set disappears. This establishes the absolute minimum
number of data points essential for conducting dependable
calculations using NN’s. However, it is important to bear in
mind that this requisite number is expected to inherently
grow as one explores increasingly intricate models involv-
ing more inputs and outputs. It is also interesting to observe
that the performance of our NN remains satisfactory even
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PINN
0.35 T T :
—&— [A(ny, + np)|/(nw, + 1)
0.30 —&— absolute error b
validation
0.25¢ e training ]
., 0.20F 1
o
g
© 015} 1
0.101 1
0.051 1
0.00 102 103 10* 10°

training size

FIG. 4. Absolute error in the output of our PINN (red curve) vs
the relative error in the number of neutrinos in electron channel,
ie., N, 15 (blue curve). Note that having a few thousand data
points in the training set already leads to an error <5%, and also
the disappearance of error variations between the validation and
training sets.

when trained on relatively small datasets, comprising just a
few hundred data points.

D. Two-flavor scenario

In this section, we conduct an evaluation of the perfor-
mance of our NNs within a two-flavor scenario. The
architectural configuration of the NNs and the training
process closely mirror those detailed in the preceding
section. A notable departure from the prior section lies in
the fact that, in this case, we employ the two-flavor version
of the survival probability [Eq. (7)]. Additionally, we have
considered the results derived from our 1D box simulations
of FFCs. These simulations encompass 10,000 data points
characterized by the Gaussian angular distributions. It is
crucial to emphasize that when working with the simulation
results, no analytical prescription is employed for the
survival probability. Instead, we derive the outcomes of
FFCs directly from the simulations. This distinctive
approach offers the advantage of enabling us to assess the
reliability of the NN models trained on artificial data, when
tested on outcomes derived from actual simulations of FFCs.

The left panels of Fig. 5 present the performance of our
NN trained using the artificial data, when tested on the
simulation data. Notably, the PINN consistently outper-
forms the basic NN with no extra features, particularly in
the error associated with N, ; . Itis crucial to observe that
the errors exhibit more pronounced variations compared to
previous cases. This increased variability might be attrib-
uted to inherent systematic errors in the analytical pre-
scription (for an estimation of the error associated with the
analytical prescription, see Table. 1 of Ref. [73]).

During the evaluation of our NNs’ performance on
simulation data, we noted the critical importance of
ensuring the equivalence between the input parameter
space covered in the training set and the test set. This
holds particularly true for the ranges of a and «, , as well as
for the hierarchical relationship among F,’s. To elaborate
further, if the test set encounters regions within the input
parameter space that were completely unseen during the
training phase, it could significantly degrade the perfor-
mance of the NN, potentially resulting in very poor
performance.

The middle and right panels of Fig. 5 display errors
encountered during the computations in which both train-
ing and testing were performed on identical datasets—
either artificial data generated using analytical formulas or
data obtained from simulations. As discussed before, we
have considered here a single form of neutrino angular
distributions, namely the Gaussian one. This analysis
provides insights into the inherent errors presented in each
of the training sets. Then by comparing them with the left
panels, one gets an idea of the error existing in the
analytical formula.

The results depicted in Fig. 5 demonstrate the notable
enhancement achieved by utilizing our PINN method in the
case of two-flavor scenario. Specifically, a noticeable
disparity is evident between the performance of PINN
and that of the NN with no extra features, surpassing the
distinctions observed in Fig. 2 for the three-flavor scenario.
This fundamental discrepancy between two- and three-
flavor scenarios highlights a greater degeneracy in the
former, ultimately resulting in a more overall performance
improvement when additional information, such as the
implementation of PINN, is incorporated.

It is also worth noting a shift in the hierarchy between the
absolute error and the errorin N, ; , in the two- and three-
flavor scenarios (compare Fig. 5 with the left and middle
panels of Fig. 2). Although this observation is intriguing, it
is crucial to recognize that comparing an absolute error with
a relative error may not be entirely equitable. Such a
hierarchy is anticipated to be sensitive to changes in the
data, and thus, its intrinsic merit is limited. To address this
concern, we investigated the hierarchy between the relative
absolute error and the relative error in N, ; . This led us
to find that the hierarchy remains consistent when consid-
ering these two types of errors, providing a fair basis for
comparison.

Despite what discussed above, we opted to utilize
absolute error instead of relative absolute error throughout
this study for two primary reasons. First, in our calcula-
tions, we have already normalized all quantities by n, ,
resulting in having relative values for each quantity. This
implies that any absolute error could be interpreted already
to be relative in spirit. Second, to avoid excessive sensi-
tivity to the small values associated with some of the
neutrino quantities, we found it more appropriate to employ
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FIG.5. The performance of our NN in the two-flavor scenario for the PINN and the NN with no extra features. The left, middle, and
right panels present the performance of the NN model trained using artificial data (with analytical prescription) and tested on simulation
data, the one trained and tested on the artificial data, and the model trained and tested on the simulation data, respectively. Note that the
PINN continues to outperform especially when it comes to the error in the total number of neutrinos in the electron channel.

absolute error as a metric in our study. This decision
ensures a balanced and meaningful evaluation of our
results.

It is important to note that our NNs are not specifically
designed to capture vELN crossings. Hence, a practical
implementation involves first employing one of the
classical ML methods outlined in Refs. [85,86].
Subsequently, if fast modes are identified, our NNs can
be effectively utilized. Despite this, given the broad range
of our training set, which includes cases with both narrow
and shallow crossings, our method is expected to provide
accurate results, even in the absence of a crossing (where
our approach should return outputs that are very close to the
initial values).

IV. DISCUSSION AND OUTLOOK

Intensive simulations have demonstrated that FFCs can
achieve equilibrium states in some models. In this study, we
have employed neural networks (NNs) to predict the
asymptotic outcome of FFCs in a three-flavor neutrino
gas within a 1D box with periodic boundary conditions.
Specifically, our focus was on the first two moments of
neutrino angular distributions as inputs/outputs, making
our NN models applicable to cutting-edge CCSNe and
NSM simulations. We have shown that our NNs can predict
the asymptotic outcomes of the (anti)neutrino /,’s and /;’s
with a notable accuracy, corresponding to an error of <3%.

In order to enhance the performance of our NNs, we
implement some novel features aiming at capturing the
characteristics of the expected neutrino survival probability
distributions. First, we incorporate a new feature related
to the position of the zero crossing in the distribution of
VvELN, p.. Additionally, we introduce another feature
indicating on which side of y. the expected equipartition
between different neutrino flavors occurs. Both of these
features are derived through a layer of regression applied to
the initial inputs of the NN (see Fig. 1).

In the context of neutrino flavor conversions in CCSNe
and NSMs, a critical parameter is the quantity of neutrinos
and antineutrinos in the electron channel. To further
optimize our NNs, we incorporate a supplementary loss
term penalizing any discrepancies in predicting N, . . The
results demonstrate a relative improvement in our custom-
ized physics-informed neural network (PINN) due to the
incorporation of extra features and a tailored loss function,
outperforming a basic neural network that uses a standard
mean squared error loss function and lacks these extra
features.

We have also conducted a comprehensive evaluation of
the performance of our NNs focusing on the variance
between the training and validation sets (Fig. 4). Our
findings reveal that the observed variance almost disap-
pears when considering a minimum of a few thousand data
points. This establishes an absolute minimum number of
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data points essential for developing a dependable NN for
predicting the outcome of FFCs in our model.

An intriguing observation arising from our study is that,
even with the utilization of relatively small datasets, the
variance remains modest, with an associated error limited
to <15%. This insight further emphasizes the potential of
NN in scenarios where obtaining extensive datasets may
be challenging or resource-intensive.

Instead of rigidly adhering to the strict conservation of
neutrino quantities, we have also assessed the performance
of a NN with a more flexible approach, where all the
neutrino moments (/’s and /;’s for all flavors) are treated
as outputs. Here, we introduced an additional loss term
effectively ensuring the conservation of (anti)neutrino
number densities and momenta. However, our research
has underscored noteworthy concerns associated with the
application of such an informed NN to our specific
problem. Indeed, we have shown that there could exist
unignorable errors in the total number of neutrinos and their
first moments, indicating a capacity to distort the physics of
CCSNe and NSMs.

In our research, our NN models were predominantly
trained on artificial data derived from two initial parametric
angular distributions: the maximum entropy and Gaussian
distributions. Additionally, we assessed the performance of
our NN models using simulation data in a two-flavor
scenario. Our findings indicate that the observed errors
can be rationalized by accounting for the anticipated
discrepancies between analytical and numerical results,
as well as the inherent errors present in the training set.

In summary, our findings underscore the viability of NNs
in forecasting the asymptotic outcomes of FFCs, once only
the initial two moments of neutrino angular distributions
are taken into account. This marks a significant advance-
ment in the potential integration of FFCs into simulations
of CCSNe and NSMs. However, there are still vital avenues
for further exploration. First, our NN models were notably
constrained to scenarios where neutrino distributions were
assumed to be axisymmetric. Additionally, we operated

under the assumption that v, and 7, exhibit similar
distributions. Relaxing these assumptions necessitates
access to training datasets derived from actual simulations
of FFC evolution in models without imposed axisymmetry,
and where v, and 7, distributions may differ. Furthermore,
our results are founded on a single-energy neutrino gas,
prompting a crucial question regarding expectations in a
multienergy neutrino environment. This consideration is
especially relevant, given that almost all practical applica-
tions involve predicting FFC outcome regarding the neu-
trino energy spectrum. Given the efficacy of NNs in this
domain, taking these crucial steps enhances remarkably the
feasibility of incorporating FFCs into CCSN and NSM
simulations.
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