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Damping of spin waves

David Wagner ,1,2,* Masoud Shokri ,1,† and Dirk H. Rischke 1,3,‡

1Institut für Theoretische Physik, Johann Wolfgang Goethe–Universität, Max-von-Laue-Strasse 1, D–60438 Frankfurt am Main, Germany
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We show that, in ideal-spin hydrodynamics, the components of the spin tensor follow damped wave equations.

The damping rate is related to nonlocal collisions of the particles in the fluid, which enter at first order in h̄ in a

semiclassical expansion. This rate provides an estimate for the timescale of spin equilibration and is computed

by considering a system of spin-1/2 fermions interacting via a quartic self-interaction as well as via (screened)

one-gluon exchange. It is found that the relaxation times of the components of the spin tensor can become very

large compared to the usual dissipative timescales of the system. Our results suggest that the spin degrees of

freedom in a heavy-ion collision may not be in equilibrium by the time of freeze-out, and thus should be treated

dynamically.
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I. INTRODUCTION

The well-known Barnett effect [1] predicts that a rotating

fluid consisting of particles with nonvanishing dipole moment

becomes polarized along the rotation axis. A similar effect

was conjectured to occur in noncentral heavy-ion collisions,

where the large orbital angular momentum gives rise to a

nonvanishing vorticity of the hot and dense matter created

in the collision, which in turn leads to a nonvanishing polar-

ization of � hyperons [2–5]. This theoretical prediction was

subsequently discovered experimentally [6–8]. A quantitative

explanation of the observed data has initiated many theoretical

investigations in recent years [9–53].

The theoretical computations of the polarization of parti-

cles often neglect the dynamics that cause the alignment of the

spin and the vorticity. Instead, the spin degrees of freedom are

assumed to be in equilibrium, such that the spin tensor of the

medium can be expressed through standard fluid-dynamical

gradients, such as vorticity and shear [54–56]. In this way

the polarization can be described by ordinary hydrodynamics,

without invoking any additional equations of motion. Such

a simplification is justified if the timescale of spin align-

ment is sufficiently short compared to the other characteristic

timescales in the system. In general, though, this need not

be true, and the evolution of the spin tensor is governed by

the conservation equation of the total angular momentum,
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which provides six additional equations to be solved. A fluid-

dynamical theory that incorporates this conservation law (and

possibly additional equations determining the dissipative spin

degrees of freedom) is referred to as spin hydrodynamics.

The question of whether the timescale governing the

spin-relaxation process is negligibly short is of eminent im-

portance for the correct computation of the polarization: If the

timescale is long enough for the dynamics of the spin tensor to

play a role in the finally observable polarization of particles,

it is mandatory to include its evolution in the hydrodynamic

treatment of the system.

Recently, several works have taken on the task of com-

puting the spin-relaxation timescale [57–64], with results

depending on the microscopic theory employed. Consider-

ing spin-flip interactions of strange quarks in a quark-gluon

plasma (QGP), Ref. [57] found that the respective relaxation

time is very long compared to the lifetime of the system.

On the other hand, the results of Ref. [64] suggest that the

timescale of spin relaxation for � hyperons is on the order of

the QGP’s lifetime, necessitating a dynamical treatment of the

spin degrees of freedom.

References [39,44] computed the timescales on which the

dissipative components of the spin tensor relax to their so-

called Navier-Stokes values and found them to be comparable

to the standard timescales of dissipative hydrodynamics, such

as, e.g., the relaxation time of the shear-stress tensor. How-

ever, in that work the relaxation times of the ideal components

of the spin tensor, i.e., the ones whose dynamics are de-

termined by the conservation equation of the total angular

momentum, have not been computed. The purpose of this

paper is to provide an estimate for the latter using quantum

kinetic theory.

As has been shown in Refs. [51,62,65,66], the ideal com-

ponents of the spin tensor follow wave-type equations. The

damping of the associated spin waves is usually associated

with dissipation, but, as has been discussed in Refs. [62,66] in

2643-1564/2024/6(4)/043103(12) 043103-1 Published by the American Physical Society



WAGNER, SHOKRI, AND RISCHKE PHYSICAL REVIEW RESEARCH 6, 043103 (2024)

a relaxation-time approximation of the Boltzmann equation,

the inclusion of nonlocal collisions induces similar effects. In

this work we will explicitly compute such damping through

the nonlocal collisions occurring at first order in h̄ in a semi-

classical expansion, using a scalar four-fermion interaction as

well as (screened) one-gluon exchange and considering the

Lorentz-covariant spacetime shifts computed in Ref. [67].

In this work we set c ≡ kB := 1 but keep the reduced

Planck constant h̄ to indicate the order of quantum effects.

The metric tensor is defined as gµν := diag(1,−1,−1,−1).

The scalar product of two four-vectors aµ, bµ is denoted as

a · b := aµbµ. The scalar product of a four-vector aµ with

the vector γ µ of Dirac γ matrices is written as /a := aµγµ.

The antisymmetrization of a rank-2 tensor A is defined as

A[µν] := Aµν − Aνµ, while its symmetrization reads A(µν) :=
Aµν + Aνµ. We denote the comoving derivative of a quantity X

as Ẋ := u · ∂X . The four-velocity uµ is normalized as u · u ≡
1. The projector orthogonal to uµ reads �µν := gµν − uµuν ,

and a projected vector aµ is denoted by a〈µ〉 := �µνaν . Simi-

larly, the traceless symmetric projector of rank 4 reads �
µν

αβ :=
�(µ

α �
ν)
β /2 − �µν�αβ/3, and we denote projected tensors by

angular brackets, A〈µν〉 := �
µν

αβAαβ .

II. IDEAL-SPIN HYDRODYNAMICS

The basic equations of spin hydrodynamics in the case of

an uncharged fluid are given by the conservation laws for

the energy-momentum tensor as well as the total angular-

momentum tensor,

∂µT µν = 0, ∂λJλµν = 0. (1)

The total-angular-momentum tensor can be decomposed as

Jλµν := Lλµν + h̄Sλµν , where Lλµν := T λ[νxµ] is the tensor

of orbital angular momentum and Sλµν is the spin tensor.

Inserting this decomposition, the second conservation law in

Eq. (1) takes the form

h̄∂λSλµν = T [νµ]. (2)

In the general case of a dissipative fluid, this system of

4 + 6 = 10 equations is not closed, because the energy-

momentum tensor (which does not need to be symmetric) has

16 components while the spin tensor has 24, which follows

from the antisymmetry in the last two indices, Sλµν = −Sλνµ.

The symmetric part of the energy-momentum tensor can be

decomposed as

1
2
T (µν) = εuµuν − P�µν + �µν, (3)

where uµ is the four-velocity of the fluid, ε and P denote

the energy density and pressure in local equilibrium, and

�µν collects the dissipative degrees of freedom. In the case

of a conventional ideal fluid, the dissipative degrees of free-

dom vanish, �µν = 0. Furthermore, the pressure P is not an

independent quantity but depends on ε via an equation of

state, P(ε), such that the ideal energy-momentum tensor is

completely characterized by the four fields {ε, uµ}. Alterna-

tively, since energy density and pressure in local equilibrium

are functions of the temperature T , the energy-momentum

tensor can equivalently be described by the fields {T, uµ}.
Thus, in conventional uncharged ideal fluids, the conservation

equation for T µν suffices to describe the fluid evolution. On

the other hand, for a dissipative fluid, one requires additional

equations to determine �µν .

In a similar manner, we define an ideal-spin fluid as a

fluid for which, for a given energy-momentum tensor, Eq. (2)

fully determines the evolution of the spin tensor. Then, the

number of independent components of the spin tensor Sλµν

must reduce to 6, which can be collected into an antisym-

metric second-rank tensor �µν called the spin potential. The

spin potential is a Lagrange multiplier for total angular mo-

mentum, just as the inverse four-temperature βµ := βuµ, with

β := 1/T , is the Lagrange multiplier for energy momentum.

The other 18 independent (and purely dissipative) quantities

in Sλµν are neglected. Note that “ideal” in our definition refers

only to the spin part, since T µν may still contain dissipa-

tive terms, if �µν �= 0. The resulting theory of ideal-spin

hydrodynamics consists of Eq. (2), the energy-momentum

conservation equation, plus additional equations to determine

the dissipative quantities in �µν , but neglects all dissipa-

tive terms in Sλµν . In global thermodynamic equilibrium,

�µν = ̟µν = const., with ̟µν := 1
2
∂ [νβµ] being the ther-

mal vorticity.1 In contrast, in ideal-spin hydrodynamics, the

spin potential remains an independent variable, which follows

an evolution equation.

To leading order, Sλµν is linearly proportional to the spin

potential, such that the tensor decomposition of the spin tensor

reads

Sλµν = Auλ�µν + Buλuα�α[µuν] + Cuλ�α[µ�ν]
α

+ Duα�α[µ�ν]λ + E�λ
α�α[µuν]

= (A − B − C)uλu[µκν] + Eu[µǫν]λαβuαωβ

+ (A − 2C)uλǫµναβuαωβ + Dκ [µ�ν]λ, (4)

where the quantities A, . . . , E are functions of the temperature

only, and we have used the following decomposition of the

spin potential:

�µν = u[µκν] + ǫµναβuαωβ , (5)

with the “electric” and “magnetic” components,

κµ := −�µνuν, ωµ := 1
2
ǫµναβuν�αβ , (6)

respectively. Note that the functional forms of the coefficients

A, . . . , E in Eq. (4) depend on the underlying microscopic

theory. We will explicitly compute them below in the frame-

work of kinetic theory. Assuming that the antisymmetric part

of the energy-momentum tensor is also linear in κµ and ωµ, it

can be decomposed as (cf. Refs. [34,68], and Appendix B)

T [µν] = −h̄2Ŵ(κ )u[µ(κν] + βu̇ν])

+ h̄2Ŵ(ω)ǫµνρσ uρ (ωσ + β�σ ) + h̄2�
µν
A , (7)

where �µ := 1
2
ǫµναβuν∇αuβ is the fluid vorticity vector.

Furthermore, �
µν
A = −�

νµ
A contains dissipative corrections,

which, in an ideal-spin fluid, are functions of the standard

dissipative degrees of freedom �µν . Note that as the system

1Note that in global equilibrium βµ is a Killing vector, i.e.,

∂(µβν ) = 0.
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evolves towards global equilibrium, up to a factor −β the

electric (magnetic) component κµ (ωµ) of the spin potential

approaches the fluid acceleration (the fluid vorticity), while

�
µν
A tends to zero. Then, T [µν] ≡ 0 in global equilibrium.

Under these conditions, Eq. (2) gives rise to the following

constraint on the coefficients A, . . . , E :

B − C − D − β
∂E

∂β
= 0. (8)

The derivation of this relation is shown in Appendix A. The

coefficients Ŵ(κ ) and Ŵ(ω) are determined by the underlying

microscopic theory, see below. In Eq. (7) we have also as-

sumed that T [µν] is of order h̄2, which we will confirm by

an explicit calculation in the kinetic-theory framework. Up

to first order in h̄, the conservation equation for energy and

momentum is then simply

∂µT (µν) ≈ 0. (9)

Considering Eq. (3), we observe that the spin potential does

not enter this equation. Thus, the evolution of the fluid fields

{T, uµ}, and that of possible dissipative terms in �µν , decou-

ples from the evolution of the spin potential. The latter is

solely determined by Eq. (2), which requires the fluid fields

as input.

In the following we assume the simplest solution to Eq. (9):

a fluid with constant temperature at rest, i.e., a static back-

ground with T = const., uµ = (1, 0)µ. Since the coefficients

A, . . . , E and Ŵ(κ ), Ŵ(ω) are functions of temperature only,

they also become constant.

III. WAVE EQUATIONS IN A STATIC BACKGROUND

In a static background, all derivatives of the four-velocity

and the temperature vanish, as do the dissipative quantities,

�µν = �
µν
A = 0. Then we insert the divergence of Eq. (4) on

the left-hand side of Eqs. (2) and (7) on the right-hand side.

We contract the resulting equation with uµ and 1
2
ǫµναβuβ to

find the following equations of motion for the components of

the spin potential:

(A − B − C)κ̇ 〈µ〉 = Eǫµναβuν∇αωβ + h̄Ŵ(κ )κµ, (10a)

(A − 2C)ω̇〈µ〉 = Dǫµναβuν∇ακβ − h̄Ŵ(ω)ωµ. (10b)

Here we also made use of the fact that ̟µν = 0 in a fluid

at rest. Defining κµ = (0, κ)µ and ωµ = (0,ω)µ, the equa-

tions above can be cast in the form

τκ κ̇ + κ = µκ∇ × ω, (11a)

τωω̇ + ω = −µω∇ × κ, (11b)

where we defined

τκ := −
A − B − C

h̄Ŵ(κ )
, µκ := −

E

h̄Ŵ(κ )
,

τω :=
A − 2C

h̄Ŵ(ω)
, µω := −

D

h̄Ŵ(ω)
. (12)

At this point it is already apparent that (provided τκ and τω are

positive) both κ and ω follow coupled relaxation-type equa-

tions, with the characteristic timescales given by τκ and τω.

Taking the divergence of Eqs. (11), we find that the longitudi-

nal components ∇ · κ and ∇ · ω relax to zero on timescales of

τκ and τω, respectively. Note that this result is consistent with

the findings of Ref. [65], where the relaxation times τκ and τω

diverge, such that the longitudinal components are constant in

time.

Let us now consider the dynamics of the transverse degrees

of freedom in the case ∇ · κ = ∇ · ω = 0. Then, taking the

time derivative of Eqs. (11), we obtain

Ẍ + aẊ + bX − c2
s
�X = 0, (13)

where X is either κ or ω and where we defined

a :=
τκ + τω

τκτω

, b :=
1

τκτω

, c2
s

:=
µκµω

τκτω

. (14)

Equations (13) constitute damped wave equations. For a

symmetric energy-momentum tensor, Ŵ(κ ) = Ŵ(ω) = 0, the

coefficients a and b vanish, while c2
s

stays finite. One thus

obtains undamped wave equations as in Ref. [65].

We now Fourier-Laplace transform the wave equa-

tions (13),

X(x, t ) =
∫ ∞

0

ds

2π

∫
d3k

(2π )3
X̃(k, s)e−ik·xe−st , (15)

and find the dispersion relations

s± =
1

2τκτω

[
τκ + τω ± i

√
4c2

s
τ 2
κ τ 2

ωk2 − (τκ − τω )2
]
. (16)

For wave numbers k > |τ−1
κ − τ−1

ω |/(2cs), s acquires an

imaginary part and the spin waves propagate, while for 0 �

k � |τ−1
κ − τ−1

ω |/(2cs) they only decay. Note that in the limit

k → 0 we have

s+ =
1

max(τω, τκ )
, s− =

1

min(τω, τκ )
, (17)

indicating that s+ dominates the dynamics of the system at

long wavelengths and late times. In the following we will

explicitly compute τκ and τω using quantum kinetic theory.

IV. KINETIC THEORY WITH SCALAR INTERACTION

In kinetic theory the symmetric part of the energy-

momentum tensor and the spin tensor are given by [39,44]2

1

2
T (µν) =

∫
dŴkµkν f (x, k, s), (18a)

Sλµν = −
1

2m

∫
dŴkλǫµναβkαsβ f (x, k, s). (18b)

Here, kµ = (k0, k)µ is the particle’s four-momentum, where

k0 ≡
√

k2 + m2, with m being the particle mass, and

dŴ := dKdS denotes the integration measure in momen-

tum and spin space, where dK := d3k/[(2π h̄)3k0], dS :=
m/

√
3π2d4

s δ(k · s)δ(s · s + 3), cf., e.g., Refs. [15,49,69].

The quantity f (x, k, s) = feq(x, k, s) + δ f (x, k) is the single-

particle distribution function, where

feq := e−β·k
(

1 −
h̄

4m
ǫµναβ�µνkαsβ

)
(19)

2For the sake of brevity, we omitted a term that does not contribute

to the equations of motion.
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is the local-equilibrium distribution function for spin-1/2 par-

ticles, while δ f (x, k) contains dissipative corrections and, for

an ideal-spin fluid, is independent of s. In a static back-

ground, δ f (x, k) vanishes and βµ is constant, while �µν can

be space-time dependent. Note that for the sake of simplicity,

we neglect quantum statistics. Inserting the distribution func-

tion (19) into Eq. (18a) and using the relation
∫

dS s
µ = 0

yields precisely the form (3), with ε = I20, P = I21, �µν ≡
0, where we introduced the thermodynamic integrals [70]

Inq :=
1

(2q + 1)!!

∫
dŴE

n−2q

k

(
E2

k − m2
)q

e−βEk . (20)

Here, Ek := u · k is the energy of a particle with three-

momentum k in the fluid rest frame. Similarly, inserting the

distribution function (19) into the spin tensor (18b) and using

the relations
∫

dS = 2 and
∫

dS s
µ
s
ν = −2(gµν − kµkν/m2),

we obtain Eq. (4), with the coefficients

A =
h̄

4
I10, B =

h̄

4m2
I30, C = D = E = −

h̄

4m2
I31,

(21)

which satisfy the constraint (8). Upon using these results as

well as the relation m2I10 = I30 − 3I31 in the general expres-

sions (12), we find

τκ =
I31

2m2Ŵ(κ )
, τω =

I30 − I31

4m2Ŵ(ω)
, (22)

whereas µκ = τκ/2, µω = µκŴ
(κ )/Ŵ(ω). We remark at this

point that c2
s

is not affected by T [µν] and agrees with the result

of Ref. [65], if we reduce the latter to classical statistics.

One can show (cf. Appendix B) that, on a static back-

ground, the antisymmetric part of the energy-momentum

tensor has the form

T [µν] =
1

2

∫
[dŴ]W̃�[µkν]( feq,1 feq,2 − feq f ′

eq), (23)

where we defined [dŴ] := dŴ1 dŴ2 dŴ′ dŴ. Furthermore, W̃

is the transition amplitude for the scattering of two particles

from a state with momenta k1, k2 and spins s1, s2 into a state

with momenta k, k′ and spins s, s′. Finally, �µ is the space-

time shift, which quantifies the nonlocality of the collision.

In Refs. [15,49,69], it was found that such a term, which

arises as a first-order correction in an h̄-gradient expansion,

can describe the mutual conversion of orbital and spin angular

momentum. The precise form of the transition amplitude and

the nonlocality depends on the microscopic interaction of the

particles [67].

Inserting Eq. (19) into Eq. (23), the antisymmetric part of

the energy-momentum tensor becomes

T [µν] = −
h̄

8m

∫
[dŴ]W̃�[µkν]e−β(Ek+Ek′ )�̃αβ

×
(
kα

1 s
β

1 + kα
2 s

β

2 − kα
s
β − k′α

s
′β)

, (24)

where we defined �̃µν := ǫµναβ�αβ . Then, we can write it in

the form (7), with the coefficients

Ŵ(κ ) :=
1

12m2

∫
[dŴ]W̃

m

h̄
�[µkν]e−β(Ek+Ek′ )uµuσ ǫνσαβ

×
(
kα
s
β + k′α

s
′β − kα

1 s
β

1 − kα
2 s

β

2

)
, (25a)

0.01 0.1 1 10 100

1

10

100

1000

z

τω/τπ

τκ/τπ

FIG. 1. The relaxation times τκ and τω as functions of z = m/T

in units of the relaxation time of the shear-stress tensor τπ . The solid

lines denote the result for a scalar four-fermion interaction, while the

dashed lines refer to (screened) one-gluon exchange.

Ŵ(ω) :=
1

24m2

∫
[dŴ]W̃

m

h̄
�[µkν]e−β(Ek+Ek′ )�ρ

µ�σ
ν ǫρσαβ

×
(
kα
s
β + k′α

s
′β − kα

1 s
β

1 − kα
2 s

β

2

)
. (25b)

We remark that although both Ŵ(κ ) and Ŵ(ω) diverge as 1/m2

in the limit of small masses, the coefficients (22) stay finite.

Note that if the collisions are purely local, i.e., if �µ = 0,

the energy-momentum tensor is symmetric. Consequently, we

then have Ŵ(κ ) = Ŵ(ω) = 0 and the spin waves in Eq. (13) are

undamped, which implies that the damping of the spin waves

originates solely from the nonlocal part of the collision term.

The latter drives the relaxation of the spin potential towards

the thermal vorticity.

V. NUMERICAL RESULTS

We now compute the relaxation times τκ and τω for a

scalar four-fermion interaction, Lint := G(ψψ )2 (for details,

see Appendix B). In Fig. 1 we show τκ and τω as functions of

z := m/T in units of the relaxation time τπ of the shear-stress

tensor in the 14-moment approximation [70], computed using

the same four-fermion interaction as for τκ , τω. Note that

τκ is of the same order of magnitude as τπ , as well as the

timescales of the dissipative parts of the spin tensor [39,44].

The ratio τκ/τπ stays approximately constant as a function

of z. On the other hand, the ratio τω/τπ ∼ 2 at small z and

grows like z2, such that τω/τπ ∼ 2 × 103 at z ≈ 100. How-

ever, the relaxation of both κµ and ωµ, and thus of �µν , is

dominated by the longest relaxation time, see discussion after

Eq. (17), which is τω. For strange quarks in the deconfined

phase of strong-interaction matter, z ≃ 0.5, and τω is about a

factor of 4 larger than τκ and a factor of 2 larger than τπ . In

this case the dynamics of the spin potential occur on similar

timescales as the dissipative processes in the system, and one

would have to solve the full system of spin-hydrodynamic

equations [39,44] to describe the evolution of spin degrees
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of freedom. On the other hand, for hyperons in the hadronic

phase, we have z ≃ 10, and the timescale over which the spin

potential �µν relaxes to its equilibrium value ̟µν is con-

siderably larger than the typical dissipative timescales of the

system.

We have repeated the calculation of the relaxation times

for various interactions (e.g., of vector and axial-vector type),

and the increase of τω/τπ with z seems to be a rather robust

feature. For comparison, in Fig. 1 we also show the results for

an interaction mediated by one-gluon exchange (and screened

by a thermal gluon mass), which is detailed in Appendix B.

Note that, in the limit of small z, τκ and τω assume the same

value, which is a property of any kind of vector interaction. On

the other hand, for large z, τω ≫ τκ , as for the scalar four-point

interaction.

VI. CONCLUSION

The main results of this work are the following three

statements: First, in ideal-spin hydrodynamics, the compo-

nents of the spin tensor in a static fluid background follow

wave equations, the solutions of which are damped if the

energy-momentum tensor has a nonvanishing antisymmetric

part. Second, if a kinetic description of the fluid is applicable,

the damping rate of the spin waves can be expressed through

integrals over the nonlocal parts of the collision term. Third,

an estimate using various types of interactions shows that the

relaxation time for the spin potential towards its equilibrium

value varies from timescales of the order of the other dissi-

pative processes (for z � 1) to timescales which are orders of

magnitude larger (for z ≫ 1).

The implication of the third finding for heavy-ion phe-

nomenology is the following: Approximating the spin poten-

tial with its Navier-Stokes value, i.e., the thermal vorticity, is

only justified in the high-temperature or small-mass regime.

In a high-energy heavy-ion collision, the spin potential equi-

librates to the thermal vorticity in a hot QGP with light

particles. This explains why the results of Refs. [54–56] are

consistent with the data.

However, in order to obtain a complete description of the

spin degrees of freedom even in high-energy collisions, one

has to treat the spin potential dynamically, at least as long as

the masses of the particles carrying the pertinent spin degrees

of freedom are of the order of the temperature of the system.

From a computational point of view, this means solving six

additional hydrodynamic equations (for κµ and ωµ) in the

ideal case, and several more in the dissipative case, as laid out

in Refs. [39,44]. This becomes even more relevant at lower

collision energies, where neglecting the dynamics of the spin

potential is certainly a poor approximation.

Our results agree qualitatively with those of previous works

that computed relaxation times due to collisions that flip the

spin of the particles. This agreement is to be expected, since

this type of collision corresponds to the nonlocal parts of

the collision term in our setup. Furthermore, compared to the

results of Ref. [62], which also considered nonlocal collisions,

the separation of our relaxation timescales is larger. We think

this difference can be attributed to the form of the colli-

sion integral and the use of the Lorentz-covariant nonlocal

contributions derived in Ref. [67]. We also point out that

there is no contradiction to the findings of Refs. [39,44],

which obtained rather short relaxation times for the dissipative

components of the spin tensor. The reason for the difference

is that these quantities relax to their Navier-Stokes values

through local collisions, which includes all types of processes

(including those where no spin is flipped) and constitutes the

dominant contribution to the collision term.
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APPENDIX A: DERIVATION OF EQ. (8)

Here we derive the constraint on the functions A, . . . , E

given by Eq. (8) that follows from the fact that the spin tensor

should be conserved in global equilibrium. Acting with ∂λ on

the spin tensor in global equilibrium (i.e., where �µν = ̟µν)

yields

∂λSλµν
eq = u̇α̟ α[µuν]

(
B − C − E − β

∂E

∂β

)

+ uα̟ α[µu̇ν]

(
B − C − D − β

∂D

∂β

)

+ ̟α
[µων]α (D − E ), (A1)

where we defined the vorticity ωµν := 1
2
∇[µuν] and used that

in global equilibrium ∇µuν = ωµν . Employing that in global

equilibrium

̟µν = −βu[µu̇ν] − βωµν, (A2)

we find that

̟α
[µων]α = βu̇αu[µων]α = −u̇αu[µ̟ ν]α = −u̇α̟ α[µuν],

(A3)

whereas uα̟ α[µu̇ν] = 0. Then, the divergence of the spin

tensor reads

∂λSλµν
eq = u̇α̟ α[µuν]

(
B − C − D − β

∂E

∂β

)
, (A4)

leading to Eq. (8) in the main text.

APPENDIX B: THE ANTISYMMETRIC PART OF THE

ENERGY-MOMENTUM TENSOR

In this section we derive the antisymmetric part of the

energy-momentum tensor that was used in the main text. Start-

ing from interacting Dirac fields and employing the Wigner-

function formalism, one can show that, to second order in

h̄, the conservation equation of the total angular momentum
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reads [39]

h̄∂λSλµν ≡
h̄

2
∂λ

∫
dŴkλ�µν

s
f (x, k, s)

=
h̄

4

∫
[dŴ]W̃�µν

s
[ f (x + �1 − �, k1, s1) f (x + �2 − �, k2, s2) f̃ (x + �′ − �, k′, s′) f̃ (x, k, s)

− f̃ (x + �1 − �, k1, s1) f̃ (x + �2 − �, k2, s2) f (x + �′ − �, k′, s′) f (x, k, s)]

≡ T [νµ], (B1)

where we defined �
µν
s := − 1

m
ǫµναβkαsβ , f̃ := 1 − f (for Fermi-Dirac statistics), and we have employed the Boltzmann

equation [67]. Moreover, we have made use of the “weak-equivalence principle” of Ref. [69] to simplify the collision term.

Furthermore,

W̃ := (2π h̄)4δ(4)(k + k′ − k1 − k2)m4Mα1α2β1β2 Mγ1γ2δ1δ2 hβ1γ1
(k1, s1)hβ2γ2

(k2, s2)hδ2α2
(k′, s′)hδ1α1

(k, s) (B2a)

is the transition amplitude [67] and

�
µ

1 := −
ih̄m3

4W̃
(2π h̄)4δ(4)(k + k′ − k1 − k2)Mα1α2β1β2 Mγ1γ2δ1δ2 hβ2γ2

(k2, s2)hδ2α2
(k′, s′)hδ1α1

(k, s)[h(k1, s1), γ µ]β1γ1
, (B2b)

�
µ

2 := −
ih̄m3

4W̃
(2π h̄)4δ(4)(k + k′ − k1 − k2)Mα1α2β1β2 Mγ1γ2δ1δ2 hβ1γ1

(k1, s1)hδ2α2
(k′, s′)hδ1α1

(k, s)[h(k2, s2), γ µ]β2γ2
, (B2c)

�′µ := −
ih̄m3

4W̃
(2π h̄)4δ(4)(k + k′ − k1 − k2)Mα1α2β1β2 Mγ1γ2δ1δ2 hβ1γ1

(k1, s1)hβ2γ2
(k2, s2)hδ1α1

(k, s)
[
h(k′, s′), γ µ

]
δ2α2

, (B2d)

�µ := −
ih̄m3

4W̃
(2π h̄)4δ(4)(k + k′ − k1 − k2)Mα1α2β1β2 Mγ1γ2δ1δ2 hβ1γ1

(k1, s1)hβ2γ2
(k2, s2)hδ2α2

(k′, s′)[h(k, s), γ µ]δ1α1
(B2e)

are the spacetime shifts, with

hαβ (k, s) :=
1

4m
[(1+ γ5/s)(/k + m)]αβ . (B3)

The fourth-rank tensors Mαα′α1α2
describe the vertices of the theory. In the case of a scalar four-point interaction, Lint := G(ψψ )2

with coupling strength G, they are given by

Mαα′α1α2
=

2G

h̄

(
δαα1

δα′α2
− δαα2

δα′α1

)
, (B4)

leading to the following expressions for the transition rate and the spacetime shift:

W̃ = (2π h̄)4δ(4)(k + k′ − k1 − k2)
8m4G2

h̄2
Re[Tr(hh2)Tr(h1h′) − Tr(hh1h′h2)], (B5a)

�
µ

1 = (2π h̄)4δ(4)(k + k′ − k1 − k2)
h̄

m

4m4G2

h̄2
W̃

Im[Tr(hh2)Tr(h1γ
µh′) − Tr(hh1γ

µh′h2)], (B5b)

�
µ

2 = (2π h̄)4δ(4)(k + k′ − k1 − k2)
h̄

m

4m4G2

h̄2
W̃

Im[Tr(hh2γ
µ)Tr(h1h′) − Tr(hh1h′h2γ

µ)], (B5c)

�′µ = (2π h̄)4δ(4)(k + k′ − k1 − k2)
h̄

m

4m4G2

h̄2
W̃

Im[Tr(hh2)Tr(h1h′γ µ) − Tr(hh1h′γ µh2)], (B5d)

�µ = (2π h̄)4δ(4)(k + k′ − k1 − k2)
h̄

m

4m4G2

h̄2
W̃

Im[Tr(hγ µh2)Tr(h1h′) − Tr(hγ µh1h′h2)]. (B5e)

Here, the traces are taken over Dirac space, and we abbrevi-

ated hi := h(ki, si ), i = 1, 2, and similarly for h, h′. In order

to obtain Eqs. (B5), we have used the fact that W̃ and �µ

are symmetric under the exchange (k1, s1) ↔ (k2, s2) under

the integral in Eq. (B1). Moreover, we have employed that

h† = γ 0hγ 0 as well as the fact that, for the vertices (B4), the

identity

γ 0
αβγ 0

α′β ′M
∗
ββ ′β1β2

γ 0
β1α1

γ 0
β2α2

= Mα1α2αα′ (B6)

holds. In the case of QCD, the interaction Lagrangian be-

tween the quarks and gluons reads Lint := gψγ µAµψ , with

the strong coupling constant g and the gluon field Aµ. When
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considering the lowest-order binary scattering of quarks me-

diated by thermal gluons, the vertices of the theory depend on

momentum and read

Mαα′α1α2
=

2g

h̄

[
γ µ

αα1

gµν

(k − k1)2 − m2
th

γ ν
α′α2

− γ µ
αα2

gµν

(k − k2)2 − m2
th

γ ν
α′α1

]
, (B7)

where mth :=
√

2Nc + N f gT/(3
√

2) is the thermal mass of the

gluons [71]. For the computation, we take Nc = N f = 3.

We now turn to a different way to express T [νµ] (cf.

Eq. (43a) of Ref. [40]),

T [νµ] =
h̄

m

∫
d4k

(2π h̄)4
D

[µ

V
kν], (B8)

where D
µ

V
= Re〈: Trγ µC :〉, with the matrix C being the col-

lision term in Dirac space.

Equations (B1) and (B8) provide us with two equiva-

lent descriptions of the antisymmetric part of the energy-

momentum tensor; in the following, we will use both of them.

From Eq. (B1) it is clear that T [µν] contains both local and

nonlocal parts, with the latter being proportional to gradients

of the involved distribution functions. This suggests that the

collision term D
µ

V
can also be split into local and nonlocal

parts (to be specified in Sec. B 2). Therefore, we can write the

local part of T [µν] as

T
[µν]

local = −
h̄

4

∫
[dŴ]W̃�µν

s
( f1 f2 f̃ ′ f̃ − f̃1 f̃2 f ′ f )

= −
h̄

m

∫
d4k

(2π h̄)4
D

[µ

V,local
kν], (B9)

where we abbreviated f1 := f (x, k1, s1) and similarly for f2,

f ′, and f . Note that the second line in this equation results

from Eq. (B8). On the other hand, using Eqs. (B1) and (B8),

the nonlocal part is given by

T
[µν]

nonlocal = −
h̄

4

∫
[dŴ]W̃�µν

s

×
{(

�λ
1 − �λ

)
[(∂λ f1) f2 f̃ ′ f̃ − (∂λ f̃1) f̃2 f ′ f ]

+
(
�λ

2 − �λ
)
[ f1(∂λ f2) f̃ ′ f̃ − f̃1(∂λ f̃2) f ′ f ]

+ (�′λ − �λ)[ f1 f2(∂λ f̃ ′) f̃ − f̃1 f̃2(∂λ f ′) f ]
}

= −
h̄

m

∫
d4k

(2π h̄)4
D

[µ

V,nonlocal
kν]. (B10)

In the following sections we will evaluate the local and non-

local terms separately.

1. Local part

To evaluate the local term of the antisymmetric part of the

energy-momentum tensor, we may use both lines of Eq. (B9),

since their equivalence is enforced by the conservation of

total angular momentum. It turns out to be advantageous to

explicitly compute the collision term D
µ

V
, which (to first order

in h̄) reads [67]

D
µ

V
:=

1

2
ImTr[γ µ(�>G< − �<G>)]

−
h̄

4
ReTr[γ µ({�>, G<}PB − {�<, G>}PB)]. (B11)

Here, �≷ are the greater and lesser self-energies, and G≷ are

the greater and lesser propagators, respectively. Furthermore,

we defined the Poisson bracket of two functions f (x, k) and

g(x, k):

{ f (x, k), g(x, k)}PB := (∂µ f )
(
∂

µ

k
g
)
−

(
∂

µ

k
f
)
(∂µg). (B12)

As shown in Ref. [67], we can expand the propagators and

self-energies in terms of “quasiclassical” and “gradient” con-

tributions,

G≷ = G≷
qc + G

≷
∇ , �≷ = �≷

qc + �
≷
∇ . (B13)

Since both the gradient and Poisson-bracket contributions in-

volve derivatives of the distribution functions, the required

local part of D
µ

V
consists solely of the quasiclassical contri-

butions,

D
µ

V,local := 1
2
ImTr[γ µ(�>

qcG<
qc − �<

qcG>
qc)]. (B14)

The quasiclassical propagators can be expressed in terms of

the distribution functions f and f̃ as

G<
qc(x, k) = −4mπ h̄δ(k2 − m2)

∫
dS(k)h(k, s) f (x, k, s),

(B15a)

G>
qc(x, k) = 4mπ h̄δ(k2 − m2)

∫
dS(k)h(k, s) f̃ (x, k, s),

(B15b)

where we defined the lesser propagator with a different sign

as compared to Ref. [67]. The quasiclassical contributions to

the self-energies are

�<
qc,αβ (x, k) =

m3

2

∫
dŴ1 dŴ2 dŴ′(2π h̄)4δ(4)(k + k′ − k1 − k2)Mαα′α1α2

Mβ1β2ββ ′

× hα1β1
(k1, s1)hα2β2

(k2, s2)hβ ′α′ (k′, s′) f (x, k1, s1) f (x, k2, s2) f̃ (x, k′, s′) (B16a)

and

�>
qc,αβ (x, k) = −

m3

2

∫
dŴ1 dŴ2 dŴ′(2π h̄)4δ(4)(k + k′ − k1 − k2)Mαα′α1α2

Mβ1β2ββ ′

× hα1β1
(k1, s1)hα2β2

(k2, s2)hβ ′α′ (k′, s′) f̃ (x, k1, s1) f̃ (x, k2, s2) f (x, k′, s′), (B16b)
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respectively. Here, the indices α, β, . . . are Dirac indices, and the Einstein summation convention is assumed. Inserting

Eqs. (B15) and (B16) into Eq. (B14), we find

D
µ

V,local
= −4mπ h̄δ(k2 − m2)

∫
dŴ1 dŴ2 dŴ′ dS(k)(2π h̄)4δ(4)(k + k′ − k1 − k2)Uµ( f1 f2 f̃ ′ f̃ − f̃1 f̃2 f ′ f ), (B17)

where we defined

U
µ :=

m3

4
Im[Mαα′α1α2

Mβ1β2ββ ′hα1β1
(k1, s1)hα2β2

(k2, s2)hβ ′α′ (k′, s′)hβδ (k, s)γ
µ

δα]. (B18)

Comparing this expression to Eq. (B2e) and employing the identity (B6), we find

(2π h̄)4δ(4)(k + k′ − k1 − k2)Uµ =
1

2h̄
W̃�µ. (B19)

Upon inserting Eq. (B19) into Eq. (B17) and subsequently into Eq. (B9), we arrive at the result

T
[µν]

local =
1

2

∫
[dŴ]W̃�[µkν]( f1 f2 f̃ ′ f̃ − f̃1 f̃2 f ′ f ). (B20)

Before proceeding, let us note that the result (B20) gives a precise meaning to the total angular momentum as a collisional

invariant. Subtracting the first from the second line of Eq. (B9), we find

1

2

∫
[dŴ]W̃

(
�[µkν] +

h̄

2
�µν

s

)
( f1 f2 f̃ ′ f̃ − f̃1 f̃2 f ′ f ) = 0, (B21)

which allows us to identify the collisional invariant as Jµν := �[µkν] + h̄
2
�

µν
s . Indeed, this intuitive form has already been

assumed in Refs. [44,69], and here we confirmed it rigorously.

In general, the distribution function can be written as f = feq + δ f , where

feq := f0

(
1 + f̃0

h̄

4
�µν

s
�µν

)
+ O(h̄2) (B22)

is the local-equilibrium distribution function, with f0 being the Fermi-Dirac distribution. Then, the local part of T [µν] takes the

form

T
[µν]

local ≡ T
[µν]

local,0 + δT
[µν]

local , (B23)

where δT
[µν]

local collects the dissipative contributions and is of no further interest for the following. Inserting the local-equilibrium

distribution function and neglecting terms of second order in h̄, we obtain

T
[µν]

local,0 =
h̄

8

∫
[dŴ]W̃ f̃0,1 f̃0,2 f ′

0 f0�
[µkν]�αβ

(
�αβ

s1
+ �αβ

s2
− �

αβ

s
′ − �αβ

s

)
. (B24)

2. Nonlocal part

To compute the nonlocal part of T [µν], it is simpler to employ the first and second lines of Eq. (B10) rather than the third one.

First, note that we can separate this expression as

T
[µν]

nonlocal = T
[µν]

nonlocal,1 + T
[µν]

nonlocal,2, (B25)

where we defined

T
[µν]

nonlocal,1 :=
h̄

4

∫
[dŴ]W̃�µν

s
� · ∂ ( f1 f2 f̃ ′ f̃ − f̃1 f̃2 f ′ f ), (B26a)

T
[µν]

nonlocal,2 := −
h̄

4

∫
[dŴ]W̃�µν

s

{
�λ

1[(∂λ f1) f2 f̃ ′ f̃ − (∂λ f̃1) f̃2 f ′ f ] + �λ
2[ f1(∂λ f2) f̃ ′ f̃ − f̃1(∂λ f̃2) f ′ f ]

+�′λ[ f1 f2(∂λ f̃ ′) f̃ − f̃1 f̃2(∂λ f ′) f ] + �λ[ f1 f2 f̃ ′(∂λ f̃ ) − f̃1 f̃2 f ′(∂λ f )]
}
. (B26b)

We will evaluate these expressions further by neglecting their dissipative contributions as well as terms of higher order in h̄, i.e.,

we set f = f0, and likewise for f1, f2, and f ′. This immediately implies that T
[µν]

nonlocal,1 = 0. Now, we write

∂λ f0 = − f0 f̃0kρ∂λβρ = f0 f̃0kρ (̟λρ − ξλρ ), (B27)

where we defined the thermal vorticity and the thermal shear, respectively, as

̟µν := − 1
2
∂ [µβν], ξµν := 1

2
∂ (µβν). (B28)
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Upon inserting Eq. (B27) into Eq. (B26b), we obtain

T
[µν]

nonlocal,2 = −
h̄

4

∫
[dŴ]W̃�µν

s
f̃0,1 f̃0,2 f ′

0 f0

(
�α

1 k
β

1 + �α
2 k

β

2 − �′αk′β − �αkβ
)
(̟αβ − ξαβ ). (B29)

Renaming integration variables and using that f̃0,1 f̃0,2 f ′
0 f0 = f̃0 f̃ ′

0 f0,1 f0,2, we can rewrite this as

T
[µν]

nonlocal,2 = −
h̄

4

∫
[dŴ]W̃ f̃0,1 f̃0,2 f ′

0 f0�
αkβ

(
�µν

s1
+ �µν

s2
− �

µν

s
′ − �µν

s

)
(̟αβ − ξαβ ). (B30)

Using the fact that the thermal vorticity is antisymmetric and the thermal shear is symmetric, the most general form of this

integral is

T
[µν]

nonlocal,2 = X µναβ̟αβ − Y µναβξαβ , (B31)

where X µναβ (Y µναβ) is antisymmetric (symmetric) in α and β. Explicitly, these rank-4 tensors read

X µναβ := −
h̄

8

∫
[dŴ]W̃ f̃0,1 f̃0,2 f ′

0 f0�
[αkβ]

(
�µν

s1
+ �µν

s2
− �

µν

s
′ − �µν

s

)
, (B32a)

Y µναβ := −
h̄

8

∫
[dŴ]W̃ f̃0,1 f̃0,2 f ′

0 f0�
(αkβ )

(
�µν

s1
+ �µν

s2
− �

µν

s
′ − �µν

s

)
. (B32b)

Since X µναβ and Y µναβ depend only on equilibrium quantities, their respective tensor decompositions read

X µναβ := X1 u[α�β][µuν] + X2 g[β
ρ �α][µ�ν]ρ, (B33a)

Y µναβ := Y1 u(α�β )[µuν], (B33b)

with scalar functions X1, X2, Y1, which can be obtained from the tensors X µναβ and Y µναβ by suitable projections,

X1 := 1
3
uµuβ�να X µναβ , X2 := 1

12
�νβ�µα X µναβ ,

(B34a)

Y1 := − 1
3
uµuβ�να Y µναβ . (B34b)

From these expressions it becomes clear that X µναβ = X αβµν , whereas there is no such relation for Y µναβ . Therefore, we can

write

T
[µν]

nonlocal,2 = X αβµν̟αβ − Y µναβξαβ , (B35)

or explicitly,

T
[µν]

nonlocal,2 = −
h̄

8

∫
[dŴ]W̃ f̃0,1 f̃0,2 f ′

0 f0�
[µkν]̟αβ

(
�αβ

s1
+ �αβ

s2
− �

αβ

s
′ − �αβ

s

)

+
h̄

8

∫
[dŴ]W̃ f̃0,1 f̃0,2 f ′

0 f0�
(αkβ )ξαβ

(
�µν

s1
+ �µν

s2
− �

µν

s
′ − �µν

s

)
. (B36)

3. Complete expression

Combining Eqs. (B24) and (B36), we find the following for the antisymmetric part of the energy-momentum tensor in local

equilibrium:

T
[µν]

0 =
h̄

8
(�αβ − ̟αβ )

∫
[dŴ]W̃ f̃0,1 f̃0,2 f ′

0 f0�
[µkν]

(
�αβ

s1
+ �αβ

s2
− �

αβ

s
′ − �αβ

s

)

+
h̄

8
ξαβ

∫
[dŴ]W̃ f̃0,1 f̃0,2 f ′

0 f0�
(αkβ )

(
�µν

s1
+ �µν

s2
− �

µν

s
′ − �µν

s

)
. (B37)

As expected, this only vanishes in global equilibrium, where �µν = ̟µν and ξµν = 0. Given the tensor structures at our disposal,

the most general decomposition is

T
[µν]

0 = h̄2Ŵ(κ )u[µ(�ν]α − ̟ ν]α )uα + h̄2Ŵ(ω)(�〈µ〉〈ν〉 − ̟ 〈µ〉〈ν〉) + h̄2Ŵ(a)u[µξ ν]αuα, (B38)
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where we defined the coefficients

Ŵ(κ ) := −2
X1

h̄2
=

1

12h̄
uµuβ�να

∫
[dŴ]W̃ f̃1,0 f̃2,0 f ′

0 f0�
[µkν]

(
�αβ

s1
+ �αβ

s2
− �

αβ

s
′ − �αβ

s

)
, (B39a)

Ŵ(ω) := −4
X2

h̄2
=

1

24h̄
�νβ�µα

∫
[dŴ]W̃ f̃1,0 f̃2,0 f ′

0 f0�
[µkν]

(
�αβ

s1
+ �αβ

s2
− �

αβ

s
′ − �αβ

s

)
, (B39b)

Ŵ(a) := 2
Y1

h̄2
=

1

12h̄
uµuβ�να

∫
[dŴ]W̃ f̃1,0 f̃2,0 f ′

0 f0�
(αkβ )

(
�µν

s1
+ �µν

s2
− �

µν

s
′ − �µν

s

)
. (B39c)

However, note that

ξ 〈ν〉αuα = 1
2

[
∇ν (βuα ) + �ν

λ∂
α (βuλ)

]
uα = 1

2
(∇νβ + βu̇ν ), (B40)

which, together with the relation (for uncharged fluids) ∇νβ = −β∇νP/(ε + P) and the equation of motion (neglecting

dissipative terms),

u̇ν =
∇νP

ε + P
(B41)

yields

ξ 〈ν〉αuα = 0, (B42)

such that we can drop these terms as they are of the same order as dissipative ones. Evaluating also the projections of the spin

potential and the thermal vorticity, we finally obtain

T
[µν]

0 = −h̄2Ŵ(κ )u[µ(κν] + βu̇ν]) + h̄2Ŵ(ω)ǫµναβuα (ωβ + β�β ), (B43)

where �µ := 1
2
ǫµναβuν∇αuβ is the fluid vorticity vector.
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