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Abstract. I discuss the investigation of heavy exotic mesons using lattice

QCD static potentials and the Born-Oppenheimer approximation. I summarize

selected recent results for b̄b̄qq tetraquarks, for I = 0 bottomonium and for

I = 1 bottomonium.

1 Introduction

In this talk I summarize theoretical studies of heavy exotic mesons, mostly tetraquarks, based

on lattice QCD static potentials and the Born-Oppenheimer approximation. In detail I discuss

b̄b̄qq tetraquarks in Sec. 2 (here and in the following q ∈ {u, d, s}), b̄b ordinary bottomonium

together with b̄bq̄q tetraquarks with I = 0 in Sec. 3 and b̄bq̄q tetraquarks with I = 1 in

Sec. 4. b̄b̄qq tetraquarks have not yet been observed experimentally, but one of their charm

counterparts, the Tcc tetraquark with quantum numbers I(JP) = 0(1+), was recently found by

LHCb [1]. There are quite a number of b̄b and b̄bq̄q states with I = 0 listed in the Review

of Particle Physics [2]. b̄bq̄q tetraquarks with I = 1 were also found by experiments, notably

the electrically charged tetraquarks Zb(10610) and Zb(10650) [2].

Due to limited time I do not discuss b̄b hybrid mesons, which can be studied using similar

methods. I refer to Refs. [3, 4] for the lattice computation of hybrid static potentials, to Refs.

[5–7] on how to set up corresponding coupled channel Schrödinger equations and to Refs.

[8, 9] concerning the lattice computation of hybrid flux tubes.

A more comprehensive recent discussion of both light and heavy tetraquark studies with

lattice QCD methods can be found in Ref. [10].

2 b̄b̄qq tetraquarks

2.1 Basic idea of the Born-Oppenheimer approximation

The basic idea of studying b̄b̄qq tetraquarks with lattice QCD and the Born-Oppenheimer ap-

proximation is to split the problem into two separate steps. In the first step lattice QCD is used

to compute potentials of two static antiquarks, representing the b̄b̄ pair, in the presence of two

lighter quarks qq. In the second step these potentials are inserted into a Schrödinger equation
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for the relative coordinate of the heavy b̄ quarks. Using standard techniques from quantum

mechanics and scattering theory one can then check, whether these potentials are sufficiently

attractive to host bound states or resonances, which indicate the existence of QCD-stable

tetraquarks or tetraquark resonances. The two steps of the Born-Oppenheimer approximation

are sketched in Figure 1 (left).

→ V(r)

step 1

r

positions
fixed

→ existence of a tetraquark

step 2

... or not

V(r)

Figure 1. (left) Study of a b̄b̄qq tetraquark in the Born-Oppenheimer approximation (red circles rep-

resent the two heavy antiquarks b̄b̄, green circles the two light quarks qq). Step 1: Lattice QCD com-

putation of an antistatic-antistatic potential V(r). Step 2: Solving the Schrödinger equation with the

potential V(r) for the relative coordinate of the b̄ quarks provides information about the possible exis-

tence of a tetraquark. (right) The most attractive antistatic-antistatic potential [12].

2.2 Computation of antistatic-antistatic potentials with lattice QCD

To determine antistatic-antistatic potentials V(r), one can use lattice QCD to compute tempo-

ral correlation functions

C(t) = 〈Ω|O
†

BB
(t)OBB(0)|Ω〉 (1)

of interpolating operators

OBB = (CΓ)AB(CΓ̃)CD

(

Q̄a
C(−r/2)qa

A(−r/2)
)(

Q̄b
D(+r/2)qb

B(+r/2)
)

. (2)

V(r) and the correlation function (1) are related via

C(t) ∝t→∞ e−V(r)t. (3)

Q̄Q̄ are static antiquark operators, qq are light quark operators and C = γ0γ2 is the charge

conjugation matrix. The static spin components are coupled with Γ̃ ∈ {(1+ γ0)γ5, (1+ γ0)γ j},

j = 1, 2, 3, which is mostly irrelevant, since energy levels are independent of the orientation

of the static spins. The light spin components are coupled with Γ ∈ {(1 + γ0)γ5, (1 − γ0)γ5},

which allows to select the spin and parity quantum numbers characterizing static potentials.

Since q ∈ {u, d, s}, one can also select flavor quantum numbers, e.g. qq = ud−du corresponds

to I = 0 or qq ∈ {uu, ud + du, dd} to I = 1. Consequently, there is not just one, but a large

number of different potentials. Some of them are attractive, others are repulsive and there are

three characteristic asymptotic values for large Q̄Q̄ separations r corresponding to the energy

of two P = − static-light mesons, a P = − and a P = + static-light meson and to two P = +

static-light mesons (the P = + static-light meson is around 400 MeV heavier than its P = −

counterpart). For details I refer to Ref. [11].

The most attractive potential has quantum numbers (I, | jz|, P, Px) = (0, 0,+,−) (see Ref.

[11] for details) and corresponds asymptotically to a B(∗)B(∗) meson pair, when interpreting

the static antiquarks as b̄ quarks (in the static limit the B and the B∗ meson are mass degener-

ate). Lattice QCD results from an ongoing computation [12] are shown in Figure 1 (right).
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2.3 Schrödinger equation, QCD-stable b̄b̄ud tetraquark with I(JP) = 0(1+)

The lattice data points from Figure 1 (right) can be parameterized consistently by

V(r) = −
α

r
exp

(

−

(

r

d

)p)

+ V0 (4)

with fitting parameters α, d, p and V0. The 1/r term is motivated by 1-gluon exchange at

small r and the exponential function reflects color screening at large r and V0 represents

the B(∗)B(∗) threshold. V(r) can be interpreted as a b̄b̄ potential and be used in a standard

non-relativistic Schrödinger equation for the relative coordinate of the heavy b̄ quarks,

(

1

mb

(

−

d2

dr2
+

L(L + 1)

r2

)

+ V(r) − V0

)

R(r) = ER(r). (5)

Possibly existing bound states corresponding to energy eigenvalues E < 0 indicate QCD-

stable b̄b̄ud tetraquarks. There is exactly one bound state for orbital angular momentum

L = 0 of the b̄b̄ pair with binding energy E = −90+43
−36

MeV with respect to the BB∗ threshold

[11, 13]. The quantum numbers I(JP) = 0(1+) of the respective QCD-stable tetraquark follow

from symmetry arguments. There are no bound states for L > 0.

2.4 Further b̄b̄qq results

Are there further QCD-stable b̄b̄qq tetraquarks with other I(JP) and/or light flavor

quantum numbers?

No, not for qq = ud (neither for I = 0 nor for I = 1), also not for qq = ss (see Ref. [14]).

However, b̄b̄us has not yet been investigated within the Born-Oppenheimer approximation

and there is strong evidence from full QCD computations that a QCD-stable b̄b̄us tetraquark

exists (see e.g. Refs. [15–17]).

Effects due to the finite mass of the b̄ quarks and the heavy quark spins

Such effects, which were completely ignored in Sec. 2.3, are expected to be of order

mB∗ −mB ≈ 45 MeV. In Ref. [18] they were considered in a crude phenomenological way via

a BB∗ and B∗B∗ coupled channel Schrödinger equation with the experimental mass difference

mB∗−mB as input. The resulting binding energy is E = −59+38
−30

MeV, i.e. significantly reduced

with respect to the binding energy obtained from the single channel Schrödinger equation (5).

The physical explanation is that the attractive potential shown in Figure 1 (right) does not only

correspond to a BB∗ pair, but has also a sizable heavier B∗B∗ contribution.

Are there b̄b̄qq tetraquark resonances?

In Ref. [19] resonances were studied using standard techniques from scattering theory, how-

ever, without considering effects due to the finite mass of the b̄ quarks and the heavy quark

spins. Indication for a b̄b̄ud tetraquark resonance with I(JP) = 0(1−) was found with energy

E = 17+4
−4

MeV above the BB threshold and decay width Γ = 112+90
−103

MeV. In Ref. [20]

the finite mass of the b̄ quarks and the heavy quark spins were included using the approach

discussed in the previous paragraph. Within such an improved setup, the b̄b̄ud resonance

does not exist anymore. The reason is that the relevant attractive potential does not only

correspond to a BB pair, but has also a rather large heavier B∗B∗ contribution.

Is the QCD-stable b̄b̄ud tetraquark a meson-meson (BB) state or a diquark-antidiquark

(Dd) state?

Lattice QCD is the ideal tool to answer this question, because one can use not just one inter-

polating operator of BB type (Eq. (2)), but also a second interpolating operator of Dd type

(see Eq. (3) in Ref. [21]). One can then compare the contribution of each operator to the
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antistatic-antistatic potential V(r). For r <∼ 0.2 fm clear diquark-antidiquark dominance was

found, whereas for r >∼ 0.5 fm the system corresponds essentially to two mesons. A simple

integration over r leads to an estimate of the composition of the tetraquark, around 60% BB

and around 40% Dd. For details I refer to Ref. [21].

3 Bottomonium, I = 0

Investigating bottomonium with I = 0, i.e. b̄b and b̄bq̄q with q̄q ∈ {ūu + d̄d, s̄s} is technically

more complicated than the previously discussed b̄b̄qq case, because there are two competing

channels: a quarkonium channel, Q̄Q (with Q ≡ b) and a heavy-light meson-meson channel,

M̄M (with M = b̄q). At small r the quarkonium channel is energetically lower until at r ≈

1.0 fm the gluonic string breaks and the meson-meson channel is favored. Consequently, a

lattice QCD computation of the potentials of both channels is needed, as well as of the mixing

potential. The pioneering work reported in Ref. [22] provides these three potentials, but was

carried out with rather heavy u/d quark masses (mπ ≈ 650 MeV) and only 2 dynamical quark

flavors. More recent work [23] used more realistic light quark masses and 2 + 1 dynamical

quark flavors, but did not compute the mixing potential.

In Refs. [24–26] an approach was proposed to crudely adapt the lattice QCD potentials

from Ref. [22] to 2+1 quark flavors and physical quark masses and to use them in a 7×7 cou-

pled channel Schrödiger equation, where the 7 components of the wave function correspond

to quarkonium, to the spin-1 triplet of a B̄(∗)B(∗) pair and to another spin-1 triplet of a B̄
(∗)
s B

(∗)
s

pair. After projecting to definite total angular momentum of the light degrees of freedom, one

can use standard techniques from scattering theory to determine e.g. scattering amplitudes

and the T matrix. A numerical search of the T matrix poles in the complex energy plane

provides energies of bottomonium bound states and resonances and for the latter also decay

widths. Moreover, the components of the resulting wave functions provide the compositions

of the states in terms of quarkonium and meson-meson percentages %Q̄Q and %M̄M.

Numerical results are collected in Ref. [26]. Masses of bound states and resonances are

consistent with experimentally observed states within the expected large systematic errors (as

already mentioned, the lattice QCD results for the potentials were obtained with unphysically

heavy u/d quark masses; moreover, heavy quark spin effects and corrections due to the finite

b quark mass were neglected). There exist several QCD-stable bottomonium states with clear

experimental counterparts. There are also two resonance candidates for the Υ(10753) state

recently reported by Belle: an S wave state with %Q̄Q = 1 − %M̄M ≈ 24% and a D wave

state with %Q̄Q = 1−%M̄M ≈ 21%. Moreover, Υ(10860) was confirmed as an S wave state

with %Q̄Q = 1 −%M̄M ≈ 35%.

Note that there is a conceptually similar approach [27] developed independently, which

also uses the lattice QCD static potentials from Ref. [22] to study I = 0 bottomonium as well

as charmonium.

As discussed in Sec. 2, static potentials are independent of the heavy quark spins. Thus,

systematic errors are possibly large, of order mB∗ − mB ≈ 45 MeV. Such spin effects and

further corrections due to the finite b quark mass can be expressed order by order in 1/mb

(see e.g. Refs. [28, 29]). The corresponding correlation functions are Wilson loops with field

strength insertions. Computations in pure SU(3) lattice gauge theory (i.e. without sea quarks)

up to order 1/m2
Q

can be found in Ref. [30]. In a subsequent work [31] these 1/mQ and

1/m2
Q

corrections were used to predict low lying (stable) bottomonium states via first order

stationary perturbation theory. These corrections led to clear improvements, but convincing

and satisfactory agreement with experimental bottomonium results could not be reached.
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4 Bottomonium, I = 1

Bottomonium with I = 1, i.e. b̄bq̄q with q̄q ∈ {ūd, ūu − d̄d, d̄u}, includes the experimentally

observed tetraquarks Zb(10610) and Zb(10650). Studying this system is technically even more

complicated than the previously discussed bottomonium with I = 0, because the relevant

B̄(∗)B(∗) potential does not correspond to the ground state, but to an excited state. The reason

is that ordinary bottomonium Υ ≡ b̄b and a pion (possibly with non-vanishing momentum)

have the same quantum numbers, but lower energies. In lattice QCD it is possible to compute

excited state energies, but only if all energy levels below are computed as well.

The relevant low-lying potentials were recently computed for the first time in Ref. [32]

(see Figure 2 in that reference). The relevant B̄(∗)B(∗) potential is represented by the red data

points. For small separations it corresponds to the second excited state (Υ + π at rest [blue

data points] and with one quantum of momentum [black data points] are below).

Solving a single-channel Schrödinger equation with the computed B̄(∗)B(∗) potential leads

to a bound state close to the B̄(∗)B(∗) threshold with binding energy E = −48+41
−108

MeV. This

state might be related to Zb(10610) and Zb(10650). Clearly, this is an interesting result,

however, with a possibly large systematic error. A main source contributing to this systematic

error are again heavy spin effects and corrections due to the finite b quark mass, which are

currently neglected. Moreover, the coupling of the B̄(∗)B(∗) channel to the other channels, in

particular to Υ + π, was ignored. In a follow-up work, three related four-quark sectors with

quantum numbers differing in parity and charge conjugation were investigated. Neither of

them shows any sign of a bound state [33].
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