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Abstract We investigate nonperturbative aspects of the
interplay of chiral transitions in the standard model in the
course of the renormalization flow. We focus on the chiral
symmetry breaking mechanisms provided by the QCD and
the electroweak sectors, the latter of which we model by
a Higgs-top-bottom Yukawa theory. The interplay becomes
quantitatively accessible by accounting for the fluctuation-
induced mixing of the electroweak Higgs field with the
mesonic composite fields of QCD. In fact, our approach
uses dynamical bosonization and treats these scalar fields
on the same footing. Varying the QCD scale relative to the
Fermi scale we quantify the mutual impact of the symmetry-
breaking mechanisms, specifically the departure from the
second order quantum phase transition of the pure Yukawa
sector in favor of a crossover upon the inclusion of the gauge
interactions. This allows to discuss the “naturalness” of the
standard model in terms of a pseudo-critical exponent which
we determine as a function of the ratio of the QCD and the
Fermi scale. We also estimate the minimum value of the W
boson mass in absence of the Higgs mechanism.

1 Introduction

In the standard model of particle physics, chiral symmetry
breaking generates the masses of fermionic matter in the vis-
ible universe [1–3]. Two sectors of the standard model con-
tribute apparently independently to fermion mass generation:
at the Fermi scale, electroweak symmetry breaking triggered
by the parameters of the Higgs potential induce current quark
and charged lepton masses [2] through the Yukawa inter-
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actions to the Higgs field. Subsequently at the QCD scale,
the intricate dynamics of the strong interactions generate the
baryon masses that ultimately dominate the visible masses in
the universe [4,5]. With the Fermi scale corresponding to the
vacuum expectation value of the Higgs field v � 246 GeV
and the QCD scale �QCD � O(100) MeV, the two relevant
scales are 2–3 orders of magnitude apart.

The symmetry-breaking mechanisms are rather different
in the two sectors: mass generation in QCD is driven by the
gluonic interactions growing strong towards lower energies,
thus being an intrinsically nonperturbative phenomenon.
Mass generation in the electroweak sector – despite also
being a gauge theory – is described by the Yukawa inter-
actions with the Higgs field and appears accessible to per-
turbation theory. Also, all involved quantities including the
two different scales given above can be traced back to differ-
ent fundamental parameters of the model. Similar comments
apply to typical embeddings of the standard model in overar-
ching models, where the two scales are parametrized by the
breaking mechanisms towards the standard-model symme-
tries.

The qualitative difference between the two mechanisms of
chiral symmetry breaking becomes prominent when study-
ing the symmetry transitions as a function of control param-
eters within reduced model sectors. For instance, reducing
the electroweak sector to a pure Yukawa model involving the
Higgs field and the most strongly coupled top and bottom
quarks, the reduced model exhibits a chiral quantum phase
transition of second order as a function of the mass parame-
ter of the Higgs potential [6–8]. By contrast, the pure QCD
sector is essentially governed by the strong coupling con-
stant, and the long-range physics is always in the symmetry
broken phase. The combination of the two sectors therefore
suggests that the standard model is also always in the sym-
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metry broken phase, but exhibits a rapid quantum crossover
as a function of a suitable control parameter.

This rapid crossover is also a manifestation of the so-
called naturalness problem [9–13]: considering the standard
model as a function of microscopic (bare) parameters at
some high-energy scale � (an ultraviolet (UV) cutoff), one
of its parameters serving as a control parameter has to be
tuned rather finely to put the model rather close to the rapid
crossover. This fine-tuning is necessary to separate the high
scale � from the Fermi scale and the subsequent QCD scale,
� ≫ v > �QCD. It should be emphasized that the natu-
ralness problem is not a consistency problem of the standard
model, but rather a peculiar feature that may or may not find
an explanation within an embedding in a more fundamental
theory.

The present work is devoted to a study of the interplay
of the two chiral symmetry breaking sectors of the standard
model. This interplay is visible in the details of how the two
transitions merge into the expected rapid crossover. More-
over, it becomes apparent by the fact that the relevant degrees
of freedom partly share the same quantum numbers: in the
electroweak sector, we encounter the presumambly funda-
mental Higgs field, whereas a composite mesonic scalar field
serves as a useful effective degree of freedom for the descrip-
tion of the chiral QCD transition. We show that these scalar
fields can be dealt with on the same footing yielding only a
single effective field for the description of both chiral transi-
tions.

As an advantage, we can study the region near the rapid
crossover as a function of the microscopic parameters, allow-
ing to quantify the strength of the crossover in terms of a
pseudo-critical exponent. We argue that this exponent is a
measure for the amount of fine-tuning needed on the micro-
scopic level, thereby quantifying the naturalness problem. In
our approach, we can thus also compute how much the natu-
ralness problem in the electroweak sector is “alleviated” by
the presence of the QCD sector.

Finally, our approach can be used to estimate the proper-
ties of a non-fine-tuned version of the standard model. For the
case that chiral-symmetry breaking of QCD would dominate
fermion mass generation and condensate formation, QCD
would also generate masses for the electroweak gauge bosons
[14–16] the value of which we estimate in the present work.

A special class of such models are those that would solve
the hierarchy problem by requiring an enhanced symmetry,
scale invariance, which is then dynamically broken by means
of QCD-like dimensional transmutation. Typically, the mass
spectrum generated by this Coleman–Weinberg mechanism
is sensitive to the details of the bare Lagrangian at the UV
scale �, that is to say to the marginal couplings such as the
quartic Higgs coupling. Extracting an unambiguous predic-
tion for the mass spectrum in these scale invariant Coleman–
Weinberg scenarios then requires a UV completion being

able to remove the UV cutoff and to reduce the freedom in
the choice of these bare couplings. Still, the details of the
translation between the marginal couplings and the IR mass
spectrum and interactions remain nonperturbative. Thus, the
study presented in this article can be conceived as a first step
in this direction.

Rather than focusing straight ahead on the critical region
of approximate scale invariance, whose precise definition at
sizable gauge coupling is already a nontrivial problem, we
address a more general survey of the phase diagram, aiming
to provide an overall picture of how the two extremal sce-
narios, the pure-Yukawa sharp second-order phase transition
and the pure QCD universal chiral symmetry breaking, can
be reconciled and connected with an intermediate and less
understood regime, featuring the interplay of several sources
of symmetry breaking.

Our work uses methods of functional renormalization in
order to deal with the relevant nonperturbative aspects of the
problem, while some of the less relevant aspects are simpli-
fied in order to make the essence of our work more trans-
parent. Moreover, the renormalization-flow approach allows
us to treat fields as effective degrees of freedom in a scale-
dependent manner which is crucial to focus on the relevant
fields and remove redundant field variables.

In the following, we introduce the various relevant sectors
of the standard model in Sect. 2 in order to motivate the model
subset which we include in our quantitative analysis. Sec-
tion 3 briefly summarizes the central renormalization group
flow equations including the scale-dependent field transfor-
mations that facilitate a study of the interplay of the chi-
ral transitions. The nature of the transitions is quantitatively
studied in Sect. 4, containing most of our results. We con-
clude in Sect. 5. Technical details and additional quantitative
analyses are contained in the appendices.

2 Chiral symmetry breaking sectors of the standard
model

The complete model Lagrangian which is investigated in the
present work is summarized in Sect. 2.4 below. In the fol-
lowing, we discuss the underlying assumptions and resulting
simplifications for each sector of the model separately in
order to keep the presentation transparent.

We are mainly interested in the interplay between the
two sectors of the standard model which are responsible
for the fermion mass formation through chiral symmetry
breaking. For the electroweak sector, the driving mecha-
nism is controlled by the RG-relevant mass parameter of the
Higgs potential, whereas the QCD sector is controlled by
the marginally relevant non-Abelian gauge coupling. Also,
we neglect the long-range effects of the electroweak gauge
bosons associated to the U(1)Y×SU(2)L symmetry. The lat-
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ter are subleading with respect to gluons, even though the
limit of vanishing weak and hypercharge gauge couplings
is presumably not smooth; in the full system, the construc-
tion of observables therefore requires a more careful discus-
sion [17–21]. By dropping the electroweak gauge sector, our
study differs from those of other deformations of the stan-
dard model where the coupling strengths of the weak and
strong sectors are shifted relative to each other [14,22,23].
We also ignore most of the flavor asymmetry of the quarks
and leptons, accounting specifically for the third generation
of quarks which are most strongly coupled to the Higgs field,
and for the split between the top and bottom quarks.

Finally, we deal with the strong-coupling IR regime with
the help of a somewhat minimalistic description that never-
lessless gives us a qualitative and semi-quantitative access to
the chiral transition. For this, we start from microscopic QCD
and study the renormalization flow towards the quark-meson
model [24,25] along the lines familiar from functional RG
studies [26–29]. In fact, the quark-meson model can quanti-
tatively be matched to chiral perturbation theory [30,31] as
the low-energy limit of QCD. As argued below, the QCD-
induced mesonic scalar field can in fact account also for the
standard-model Higgs field by means of an appropriate iden-
tification of degrees of freedom and couplings.

2.1 From QCD to the quark-meson model

The QCD sector of the standard model consists of a non-
Abelian SU(Nc) gauge theory minimally coupled to Nf

massless Dirac fermions (quarks) defined by the (Euclidean)
action

S =
∫
x
ψ̄a
i i /Di jψ

a
j + 1

4
Fz

μνF
μν
z , (1)

which defines the UV starting point for our treatment of the
QCD sector. The fermions are described by ψa

i , where a, b =
1, ..., Nf denote the flavor indices and i, j = 1, ..., Nc the
fundamental color indices. The covariant derivative Dμ

i j in
the fundamental representation of the group SU(Nc) couples
quarks to the non-Abelian gauge bosons (Aμ)i j and is given
by

Dμ
i j = ∂μδi j − ig(Aμ)i j . (2)

In general, we work with the physical values of Nc = 3
colors and Nf = 6 flavors. However, when focusing on the
top-bottom family, we use Nf = 2 as is appropriate for a
single generation.

For the approach to the low-energy phase of QCD, we
map the microscopic QCD sector defined by Eq. (1) onto
the quark-meson model which we consider as a useful effec-
tive field theory for our purposes. We emphasize that we do

not introduce any new independent parameter but extract the
IR values of the quark-meson model parameters from the
RG flow. The translation from the high- to the low-energy
description proceeds most conveniently by studying the four-
fermion interactions which are induced during the RG flow
through quark and gluon fluctuations. For the sake of sim-
plicity, we focus solely on the scalar-pseudoscalar channel in
a point-like approximation. This is familiar from the Nambu-
Jona-Lasinio model which can become critical at strong cou-
pling and mediates chiral symmetry breaking [32]. At inter-
mediate scales, we therefore work with the effective action

� =
∫
x

{
ψ̄a
i i /Di jψ

a
j + 1

4
Fz

μνF
μν
z

+ 1

2
λ̄σ

[
(ψ̄a

i ψb
i )2 −

(
ψ̄a
i γ5ψ

b
i

)2
] }

, (3)

amended by a suitable gauge-fixing and ghost sector. Again,
the four-fermion interaction λ̄σ is not used as a model param-
eter, but computed from the RG flow of the microscopic
action; as a consequence, the four-fermi interaction does nei-
ther spoil renormalizability nor asymptotic freedom, since it
disappears λ̄σ ∼ g4 with the gauge coupling towards the UV.

Starting from the asymptotically free high energy domain,
the gauge coupling grows towards the low energy regime
[33,34], subsequently also driving the four-fermion coupling
λ̄σ to large values. This is indicative for the approach to chi-
ral symmetry breaking and condensate formation. The cor-
responding composite scalar degrees of freedom appearing
in the effective low-energy theory can be traced by means
of a Hubbard-Stratonovich transformation. Introducing the
auxiliary complex scalar field,

ϕab = −i
h̄

m2 ψ̄b
i PLψa

i , ϕ∗ab = −i
h̄

m2 ψ̄a
i PRψb

i , (4)

we can translate the four-fermion interaction into a Yukawa
interaction of the fermions with the new scalar degrees of
freedom. The resulting effective action includes the quark-
meson effective theory,

� =
∫
x
∂μϕab∂μϕ∗ab +U (ϕ, ϕ†) + ψ̄a

i i /Di jψ
a
j

+1

4
Fz

μνF
μν
z + ih̄ψ̄a

i

[
PRϕab + PLϕ∗ba] ψb

i . (5)

Again, the Yukawa coupling h̄ as well as the mesonic effec-
tive potentialU do not contain free parameters, but are deter-
mined by the RG flow of QCD and thus governed by the
gauge coupling. Clearly, this action still contains massless
gluons, and will do so even after an IR massive decoupling
of the quarks and mesons. Since we are interested in the chiral
transition, the presence of free massless gluons in the deep
IR of the model is not relevant. Of course, confinement and
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the Yang-Mills mass gap removes gluons from the physical
IR spectrum.

This model is invariant under SU(Nf)L×SU(Nf)R trans-
formations, where these transformations act independently
on the left- and right-handed spinor

ψR → URψR,

ψL → ULψL, (6)

as well as on their conjugate transposed as

ψ̄R → ψ̄RU†
R,

ψ̄L → ψ̄LU†
L. (7)

The scalar field transforms as

ϕ → URϕU†
L,

ϕ† → ULϕ†U†
R. (8)

Additionally the model is invariant under a U(1)B symmetry,
corresponding to baryon number conservation. It acts only
on the spinor, since the scalar fields are made up of quark-
antiquark pairs (c.f. Eq. (4)) and thus carry no baryon number

ψ → exp

(
iϑB

3

)
ψ

ψ̄ → exp

(
− iϑB

3

)
ψ̄. (9)

The U(1)A anomaly could be included in the present frame-
work [26,35–39], but is not relevant for our purposes. Chiral
symmetry breaking in this model induces a non-vanishing
vacuum expectation value for the scalar field. The phe-
nomenologically relevant breaking pattern corresponds to the
vacuum configuration

ϕ0 =

⎛
⎜⎜⎜⎝

σ0 0 . . . 0
0 σ0 . . . 0
...

...
. . .

...

0 0 . . . σ0

⎞
⎟⎟⎟⎠ , (10)

which breaks the SU(Nf)L×SU(Nf)R symmetry of the
model down to the diagonal SU(Nf)V subgroup.
In this case we consider a quartic approximation for the scalar
potential, in the symmetric (SYM) and in the spontaneous-
symmetry-breaking (SSB) regimes, respectively given by

U (ϕ, ϕ†) = m2
 + 1

2
λ1


2 + 1

4
λ2τ, SYM,

U (ϕ, ϕ†) = 1

2
λ1 (
 − 
0)

2 + 1

4
λ2τ, SSB, (11)

where we have introduced the invariants


 = tr
(
ϕ†ϕ

)
,

τ = 2 tr
(
ϕ†ϕ

)2 − 
2. (12)

Here 
0 denotes the scale-dependent minimum of the scalar
potential in the SSB regime. The scalar mass spectrum
obtained by spontaneous chiral symmetry breaking with
the vacuum configuration given by Eq. (10) is given in
Appendix B, and has been discussed in detail for general
Nf in Refs. [40,41]

For the case Nf = 3, the present model is reminiscent to a
linear-sigma-model description of scalar mesons [42] which
has become a phenomenologically mature field in the past
decades, see e.g. [43,44] for mesons near the GeV scale. In
the present work, however, we concentrate on those mesonic
field components which couple to the top-bottom family. This
is most relevant for us due to the large Yukawa couplings in
this heaviest family.

2.2 Identifying the overlap of the Higgs and meson degrees
of freedom

The auxiliary meson field ϕ introduced in the low-energy
effective description of strong interactions, and the funda-
mental Higgs doublet φ of the standard model play similar
roles, as their vacuum expectation value parametrizes mass
generation and chiral symmetry breaking. This similarity
poses fundamental questions, which are ultimately connected
with the challenge of bridging between effective field theories
valid at very different scales. See for instance Refs. [45,46]
for discussions of the possible interplay of these two fields.

The quark meson model is generically conceived as an
effective description of the strong interactions below ener-
gies of the order of a few GeV, with a characteristic scale of
breaking of the approximate chiral symmetry given by the
vacuum expectation value v of the σ field, Eq. (10), of the
order of fπ � 93 MeV. An effective UV cutoff scale – if it
exists – of the Higgs model is instead unknown. In the present
work, we parametrize it by a high-energy scale � which we
take as sufficiently large. Towards lower scales, the param-
eters of the Higgs potential generate the electroweak scale,
characterized by the breaking of the global SU(2)L×SU(2)R

custodial symmetry and of the exact chiral symmetry at the
characteristic Fermi scale of �F = 246 GeV. The Fermi scale
at the same time corresponds to the vacuum expectation value
v of the Higgs field. From this point of view there seems to
be no reason to aim at the simultaneous description of the
two phenomena by means of a single linear sigma model.

Following this perspective, a first investigation of the elec-
troweak phase transition in a chiral Higgs-top-bottom model
has been studied in Ref. [47] and is summarized in Appendix
C. This study adopts RG methods, along the lines for instance
of Ref. [8], and supplements the quark-meson model with an
independent elementary Higgs field.

As a matter of fact however, the effective descriptions
of symmetry breaking by the two sigma models describing
the strong and the Higgs sectors are indistinguishable, as
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the relevant corresponding components of the scalar fields
carry the same conserved quantum numbers (also in presence
of the full electroweak gauge sectors). Therefore, we focus
here on the simplest toy model, where we remove the redun-
dant double-counting of the parity-even scalar symmetry-
breaking channel. In the present Higgs-QCD model it is par-
ticularly clear that the overlap between the QCD meson field
and the Higgs sectors extends even beyond the single degrees
of freedom describing the sigma and Higgs particles, and can
include the whole Higgs doublet. Of course with doublet here
we mean a fundamental representation of the global SU(2)L

group only, which is a subgroup of the QCD chiral symmetry,
as the electroweak gauge sector of the standard model is not
taken into consideration in the present analysis.

In order to make this matching of the scalar degrees of
freedom explicit, we focus in the following on the 3rd gen-
eration of quarks, the top and bottom family for which we
reduce our equations to Nf = 2. The identification of the
Higgs doublet with some of the components of the collec-
tive QCD-meson field becomes transparent from an analysis
of the Yukawa interactions. Using a reparametrization of the
meson field as

�ab = 1√
2

(
ϕab + εacεbdϕ∗cd)

�̃ab = 1√
2

(
ϕ∗ab − εacεbdϕcd

)
, (13)

we find that each scalar field � and �̃ contains 4 real degrees
of freedom for the present case of Nf = 2, and the vari-
ous components can be related under complex conjugation
through

�∗ab = εacεbd�cd

�̃∗ab = −εacεbd�̃cd . (14)

These fields transform under the (2, 2̄) representation of the
SU(2)L×SU(2)R symmetry group.

� → UL�U †
R

�̃ → U †
R�̃UL. (15)

The conventional electroweak Higgs field φa as a complex
doublet can be identified by

φa ≡ �a2, implying φa
C = i (σ2)

ab φ∗b. (16)

As required, φa transforms under SU(2)L. In addition, we
can define φ̃a as a complex doublet under SU(2)R by

φ̃a = �̃2a , implying φ̃a
C = −i (σ2)

ab φ̃∗b, (17)

respectively. This allows us to rewrite the Yukawa interaction
in the quark-meson model as

L QM
Yuk = ih̄√

2

(
ψ̄a

L,iφ
abR,i + ψ̄a

L,iφ
a
C tR,i + h.c.

+ψ̄a
R,i φ̃

abL,i + ψ̄a
R,i φ̃

a
C tL,i + h.c.

)
. (18)

Here we have used the following standard notation for the
flavor components of the fermion field

ψL/R,i =
(
tL/R,i

bL/R,i

)
. (19)

Comparing this Yukawa interaction with the one of the Higgs-
top-bottom model for the special case Nf = 2, we observe
the scalar field φ to have the same quantum numbers as the
Higgs doublet, while the φ̃ field contains the remaining four
real degrees of freedom present in the mesonic field of QCD
(for Nf = 2). The latter has no analogue in the electroweak
sector, and here describes a doublet in the fundamental rep-
resentation of SU(2)R.

As quarks in the standard model have nonvanishing
electroweak charges, four-Fermi couplings exist in several
channels with a complicated charge assignment. The chan-
nels which are related to the Higgs field upon a Hubbard-
Stratonovich transformation are well known from top quark
condensation models [48–51]. Independently of the details,
the corresponding channels always have some overlap with
the QCD induced channels. After a Hubbard-Stratonovich
transformation, we match those parts of the mesonic field
that share the same quantum numbers with the Higgs field.

Although meson Yukawa couplings emerge as an effective
description of the quark four-fermion couplings induced by
QCD, the standard model features also fundamental Yukawa
couplings to the Higgs. As a consequence, we introduce new
coupling constants for the top and bottom Yukawa interaction
and arrive at the final form

LYuk = ih̃b√
2

(
ψ̄a

L,iφ
abR,i + b̄R,iφ

∗aψa
L,i

)

+ ih̃t√
2

(
ψ̄a

L,iφ
a
C tR,i + t̄R,iφ

∗a
C ψa

L,i

)

+ ih̄√
2

(
ψ̄a

R,i φ̃
abL,i + ψ̄a

R,i φ̃
a
C tL,i + h.c.

)
, (20)

where

h̃t/b = h̄t/b + h̄. (21)

Despite the simple new parametrization of Eq. (21), it is
important to stress that the flow of the couplings h̄t/b is
primarily driven by the electroweak sector, whereas h̄ is
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driven by QCD fluctuations. Notice also that the interac-
tion of the SU(2)R-doublet φ̃ with the quarks remains fully
parametrized by the QCD-induced coupling h̄.

The model inherits the U(1)B symmetry of Eq. (9) from the
quark meson model, corresponding to baryon number con-
servation in the theory. (NB: we ignore the U(1)B violating
sphaleron processes of the standard model in our analysis.)

While we have focused here on the top/bottom family,
the matching of the scalar fields also applies to the lighter
quark families as the corresponding sectors in the mesonic
field carries the same quantum numbers. In this manner, the
current quark masses are generated at the Fermi scale from
the corresponding fundamental Yukawa couplings. The main
difference, however, is that the lighter quarks do not decouple
near the Fermi scale and thus the corresponding mesonic
fields are predominantly driven more and more by QCD. In
addition, the full mesonic field also contains components that
link the different families to one another. These inter-family
components do not correspond to any part of the electroweak
Higgs field.

2.3 From the meson potential to the Higgs phase

We now want to construct a scalar potential out of the invari-
ants of the fields φ and φ̃,

ρ = φ†φ,

ρ̃ = φ̃†φ̃. (22)

The SU(2)L×SU(2)R invariant 
 defined in Eq. (12) then
yields


 = ρ + ρ̃. (23)

A particular quartic potential constructed out of these invari-
ants and inspired by Eq. (11) is given by

U (ρ, ρ̃) = m2 (ρ + ρ̃) + λ1

2
(ρ + ρ̃)2 + λ2ρρ̃. (24)

This potential, however, cannot be mapped one-to-one to the
scalar potential given in (11), since the τ invariant cannot be
expressed by ρ and ρ̃ alone. This mismatch between Eq. (24)
and Eq. (11) has a subdominant effect on the scalar spec-
trum, which slightly differs in the two cases as is discussed
in Appendix B.

In the symmetric case where m2 > 0, the minimum of
the potential has a vanishing field, ρ = 0 and ρ̃ = 0. In the
symmetry-breaking regime, we parametrize the potential by

U (ρ, ρ̃) = λ1

2
(ρ + ρ̃ − κ)2 + λ2ρρ̃. (25)

For being able to describe the standard-model-like Higgs
phase, we specify our vacuum to be ρ = κ and ρ̃ = 0.
The vacuum expectation value in the φ field spontaneously

breaks the SU(2)L×SU(2)R symmetry of the QCD part of
the model down to diagonal SU(2) and induces Dirac masses
for the fermions through the Yukawa interaction. Choosing
our vacuum to be

φ|vac =
(

0√
κ

)
, φ̃

∣∣∣
vac

=
(

0
0

)
, (26)

the induced fermion masses read

m2
top = h̃2

t

2
κ, m2

bot = h̃2
b

2
κ. (27)

The scalar spectrum contains N 2
f − 1 massless degrees of

freedom (Goldstone bosons), N 2
f degrees of freedom with

mass
√

λ2κ and one radial mode corresponding to the Higgs
particle with mass

√
2λ1κ . For conventional applications in

the quark-meson model with Nf = 2 light (first generation)
quark flavors, the three Goldstone modes are identified with
the pions. In the present setting, where we consider the third
generation, theφ field corresponds to the Higgs instead. Upon
embedding into the full standard model, the gauged SU(2)L

provides mass to the corresponding gauge bosons through the
Brout–Englert–Higgs mechanism and the Goldstone bosons
disappear. In the present simplified model, these massless
Goldstone bosons would naively remain in the spectrum. In
order to avoid artifacts caused by them, we decouple them
from the flow by giving them a mass of the order of the
longitudinal gauge bosons, once the Higgs field develops a
vacuum expecation value near the Fermi scale.

2.4 Summary of the complete model

The full effective average action we are working with then
reads

�k =
∫
x
Zφ

∣∣∂μφ
∣∣2 + Zφ̃

∣∣∣∂μφ̃

∣∣∣2 + ZLψ̄a
L,i i /Di jψ

a
L, j

+Zt
R t̄R,i i /Di j tR, j + Zb

Rb̄R,i i /Di jbR, j

+ ZF

4
Fz

μνF
μν
z + 1

2ξ

(
∂μA

μ
)2 +U (ρ, ρ̃)

+ ih̃b√
2

(
ψ̄a

L,iφ
abR,i + b̄R,iφ

∗aψa
L,i

)

+ ih̃t√
2

(
ψ̄a

L,iφ
a
C tR,i + t̄R,iφ

∗a
C ψa

L,i

)

+ ih̄√
2

(
ψ̄a

R,i φ̃
abL,i + ψ̄a

R,i φ̃
a
C tL,i + h.c.

)
, (28)

where we have suppressed the ghost sector for brevity. In
addition, we also include the RG flow of the fermionic self-
interactions as displayed in Eq. (3), but use the method of
dynamical partial bosonization, cf. Sect. 3.3 below, to trans-
late the flow of this operators into that of the scalar and the
Yukawa sector displayed here.
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In summary, the model contains the QCD sector as well as
the Higgs-top-bottom sector of the standard model. The cor-
responding parameters (strong gauge coupling, top/bottom
Yukawa couplings, Fermi scale, Higgs potential) are either
fixed to the standard model values or will be chosen to devi-
ate on purpose as described in the following sections. The
flow of the effective action (28) is then followed from the
UV cutoff across the Fermi scale down to the lowest energy
scales below the QCD scale.

Whereas the electro-weak gauge interactions as well as
the details of the light-quark and lepton sectors are largely
ignored here, Eq. (28) seems to contain additional degrees
of freedom and couplings, manifesting themselves, e.g., in
the additional field φ̃. However, this is not the case, as this
field solely parametrizes effective mesonic degrees of free-
dom which are fully generated by the QCD sector. No new
coupling parameter needs to be fixed for this sector in our
analysis.

3 RG flow equations

Effective field theories are a perfect tool for the description of
phase transitions, as is well established since the early work
of Ginzburg and Landau. However, to address issues such
as decoupling of degrees of freedom, hierarchy of scales,
or even the origin of symmetry breaking, they have to be
complemented with additional information. RG methods are
often the preferred source of this information. To be able
to follow the RG flow of our effective toy model from its
weak-coupling standard-model-like UV behavior down to
the chiral-symmetry-breaking regime, we need nonperturba-
tive methods. The precise running of the strong gauge cou-
pling and the details of the QCD IR dynamics are not essential
for our main case study of the interplay of the chiral transi-
tions. We therefore model the gauge flow with a simple ansatz
for the running gauge coupling described in the following.
On the other hand, the influence that this strongly coupled
gauge sector has on the matter fields and especially on the
Higgs-meson sector is of crucial relevance. For the latter,
we resort to functional RG methods whose description and
implementation is the main body of this section.

3.1 Gauge sector

In the gauge sector, we use a perturbative two-loop equa-
tion for the running of the gauge coupling. We improve this
flow such that we obtain an IR fixed point α∗ = g2∗/(4π)

for that coupling, whose presence e.g. in Landau gauge has
been put forward by a number of studies, see for instance
Refs. [52–58]. In the FRG scheme that we are using, such
a fixed point is rather generic as it is compatible with the
decoupling of IR modes due to confinement and mass gap

generation. This fixed point has to be chosen above the criti-
cal gauge coupling needed to induce chiral symmetry break-
ing [59–63]. The precise choice of α∗ is then irrelevant for
our analysis, as long as it exceeds the critical coupling. This
is, because the latter triggers hadronic mass generation and
thus a freeze-out, i.e. a decoupling of massive modes, occurs
before the coupling enters the fixed-point regime. Although
capturing chiral symmetry breaking, this ad hocmodification
of the beta function together with the restriction to pointlike
fermionic self-interactions is a somewhat crude approxima-
tion which can be substantially improved within a systematic
propagator and vertex expansion [64–68].

We describe the scheme-dependent intermediate flow
between the perturbative weakly coupled regime and the non-
perturbative fixed point by means of a smooth exponential
function [59]. Other parametrizations, for instance using a
Heaviside step function as the opposite extreme, would not
significantly change our results. The beta function for the
gauge coupling then reads

∂t g
2 = ηFg

2 = −2

(
c1

g4

16π2 + c2
g6

(
16π2

)2

)

×
(

1 − exp

(
1

α∗
− 1

g2

4π

))
, (29)

where we have introduced the universal constants

c1 =
(

11

3
Nc − 2

3
Nf

)
,

c2 =
(

34

3
N 2

c − 10

3
NcNf − 2C2(Nc)Nf

)
. (30)

At high energies, we use Nf = 6 active flavors within the
beta function but dynamically account for their decoupling
across their mass thresholds for the heavy quarks.
After crossing into the broken regime at k = ktrans, we grad-
ually switch off the top and bottom quark in the running of
the strong gauge coupling by decreasing the effective num-
ber of active flavors to 5 at the top mass threshold, and then
to 4 at the bottom threshold. The thresholds of both quarks
are determined by their respective Yukawa coupling at the
transition scale

m2
t ≈ 1

2
h̃2
t

∣∣
k=ktrans

k2
trans, m2

b ≈ 1

2
h̃2
b

∣∣
k=ktrans

k2
trans. (31)

Expressed through RG time, we decouple the quarks from
the running of the strong gauge coupling at

ttop = ln

(
h̃t√

2

)
and tbottom = ln

(
h̃b√

2

)
(32)

after we entered the broken regime.
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3.2 Matter sector

We study the matter sector of our model using the functional
renormalization group (FRG) as a method that allows us to
address strong-coupling regimes as well as the perturbative
accessible weak-coupling limit. The starting point is a (bare)
microscopic action S defined at an UV cutoff � and the RG
flow of a scale-dependent effective action �k given by the
Wetterich equation [69–72]

∂t�k = 1

2
STr

(
∂t Rk

�
(2)
k + Rk

)
. (33)

This scale-dependent effective action interpolates between
the bare action �k=� = S, and the full quantum effective
action �k=0 = �, where all quantum corrections have been
integrated out. In Eq. (33) Rk denotes the regulator, which is
to some extent an arbitrary function of momentum. Its addi-
tive insertion in the denominator (i.e. in the exact propagator)
serves as an IR cutoff for momenta smaller than k. On the
other hand, the derivative ∂t Rk in the numerator is chosen
to provide UV regularisation of the trace integral. Despite
its simple closed one-loop form, Eq. (33) can be proved to
be exactly equivalent to the standard functional-integral def-
inition of � in presence of a mass-like deformation Rk in
the bare action. This exactness, combined with systematic
approximation schemes like the derivative expansion or the
vertex expansion, turns Eq. (33) into a useful nonperturbative
tool, which has been extensively applied to a wide selection
of problems in quantum, statistical, or many body physics.
For more details we direct the interested reader to the rich
secondary literature [73–78].

For the application of the FRG equation, we project the
exact equation (33) onto the ansatz derived in the previ-
ous section, specifically Eq. (5) with the field redefinition
that leads to the standard-model-like Yukawa interactions of
Eq. (20). This can be understood as a leading order of the
derivative expansion for the quantum effective action. Addi-
tionally we allow for a scale-dependent kinetic term of the
fields by introducing a wave-function-renormalization factor
for each field. The gauge coupling, the scalar potentialU , the
Yukawa couplings, and the wave function renormalizations
for the various fields Zi are all scale dependent; we suppress
the index k often used to denote scale-dependent quantities
for notational clarity. Using this truncation in the Wetterich
equation and projecting onto the respective operators yields
the β functions for their couplings.

We account for the running of the wave-function renor-
malizations through the so-called anomalous dimensions of
the respective fields,

ηi = −∂t log Zi . (34)

Furthermore it is useful to introduce dimensionless, renor-
malized quantities as

ρ = Zφk
2−dφ†φ, ρ̃ = Zφ̃k

2−d φ̃†φ̃,

ht = Z−1
φ Z t

L
−1

Z t
R

−1
h̃t, hb = Z−1

φ Zb
L

−1
Zb

R
−1

h̃b,

h2 = Z−1
φ̃

Z t
L

−1/2
Zb

L
−1/2

Z t
R

−1/2
Z t

R
−1/2

h̄2. (35)

For concrete computations, we work in d = 4 later on. We
also employ the Landau gauge, where the gauge parame-
ter is set to zero. This gauge choice is know to be a fixed
point of the RG flow of the gauge-fixing parameter [79–81].
Using standard calculation techniques [73], we extract the
flow equations and obtain for the scalar potential

∂t u = −du + (d − 2 + ηφ)ρuρ + (d − 2 + ηφ̃)ρ̃uρ̃

+2vd

{
3ld0

(
μ2

G; ηφ

)
+ ld0

(
μ2

H; ηφ

)

+3ld0
(
μ2

m; ηφ̃

)
+ ld0

(
μ2

m,r; ηφ̃

) }

−2dγ Ncvd

{
l(F)d
0

(
μ2

t ; ηt

)
+ l(F)d

0

(
μ2

b; ηb

)}
,

(36)

where subscripts in u denote derivatives with respect to the
corresponding variable. The various threshold functions ld0 ,

l(F)d
0 etc. responsible for the decoupling of massive modes

can be found in the Appendix D for the special choice of the
linear regulator [82]. In Eq. (36), dγ = 4 is the dimension of
the Dirac spinor representations of the fermions, and v−1

d =
2d+1πd/2�(d/2). We have also introduce the abbreviations

μ2
t = h2

t

2
ρ + h2

2
ρ̃,

μ2
b = h2

b

2
ρ + h2

2
ρ̃,

μ2
G = uρ,

μ2
H = uρ + 2ρuρ,ρ,

μ2
m = uρ̃ ,

μ2
m,r = uρ̃ + 2ρ̃uρ̃,ρ̃ . (37)

We simplify the task of following the RG evolution of the
full effective potential by means of a quartic polynomial
truncation, adopting the parametrizations of Eq. (24) and
Eq. (25) in the SYM and in the standard-model-like SSB
regimes respectively. A more general functional analysis of
the scalar potential would be able to fully describe all pos-
sible SSB regimes [83,84]. The remaining flow equations of
the model can be found in the Appendix A.

3.3 Partial bosonization

For our scale-dependent analysis, the Hubbard-Stratonovich
transformation (4) which translates our four-fermion interac-
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tion into a Yukawa interaction between quarks and mesons
needs to be treated dynamically: If we translated the full four-
fermion interaction into the scalar sector at some fixed match-
ing scale km chosen ad hoc, gluonic fluctuations would gener-
ate a nonzero four-fermion coupling again at scales k < km.
To fully account for these radiatively generated interactions,
we apply the bosonization prescription continuously, i.e. at
every scale k. To this end we promote the scalar field to
be scale dependent, reabsorbing the four-fermion interaction
into the scalar sector for all k. This yields additional contri-
butions to the flow equation of the effective average action
[75,85–89]

Dt�k[ϕk] = ∂t�k[ϕk]
∣∣∣
ϕk

−
∫
x

δ�k[ϕk]
δϕk

∂tϕk, (38)

The first term on the right-hand side accounts for the RG flow
of the model of Eq. (3), without dynamical re-bosonization.
The second term takes the new scale dependence of the
fields into account and ensures a vanishing fermionic self-
interaction on all scales. In order to keep the concrete compu-
tations simple, we use the approximative scheme of [59,85].
See Refs. [74,76] for an introduction to this method.

We choose the following ansatz for the scale dependence
of the scalar field in momentum space

∂tϕ
ab
k (q) = −i

(
ψ̄b PLψa

)
(q)∂tαk(q) + ϕab∂tβk(q),

∂tϕ
∗ab(q) = −i

(
ψ̄a PRψb

)
(−q)∂tαk(q)+ϕ∗ab∂tβk(q),

(39)

with αk(q) and βk(q) being functions to be chosen such
that our four fermion coupling stays zero for the full flow
[59,74,85]. The scale dependence of the meson scalar fields,
descending from Eq. (39), entails a corresponding scale
dependence of the Higgs (left-charged) and dual-Higgs
(right-charged) scalar doublets, which can be straightfor-
wardly computed from the linear field transformation (14).

The scale dependence of the scalar field, together with the
second term in Eq. (38), yields additional contributions to the
flow equations, specifically to the flow of the Yukawa cou-
pling h and the scalar potential u. Recall that our parametriza-
tion of the Yukawa couplings shown in Eq. (20) assumes a
simple linear superposition of the meson-like and fundamen-
tal Higgs-like couplings, see Eq. (21). Correspondingly, we
capture the effects of the scale-dependent partial bosoniza-
tion solely in the meson-like Yukawa coupling h. This is of
course a simple modeling of a more intricate structure of
higher-dimensional operators mixing the quarks, the Higgs
and the mesons.

In the symmetric regime, the additional contribution to
the (dimensionless) mass parameter in the scalar potential is

conveniently expressed in terms of the ratio

ε = m2

k2h2 , (40)

and given by [59]

∂tε
∣∣
d.b.

= 2
ε

h2 (1+ε)(1+ (1+ε)Qσ )(β
g4

λσ
g4 +β

g2h2

λσ
g2h2),

(41)

where #
∣∣
d.b.

denotes the additional contributions stemming
from dynamical bosonization (the second term in (38)), while
the Yukawa contribution reads

∂t h
2
∣∣
d.b.

= 2(1 + 2ε + Qσ (1 + ε)2)(β
g4

λσ
g4 + β

g2h2

λσ
g2h2).

(42)

In the broken regime, we similarly find

∂tκ
∣∣
d.b.

= 2
κ

h2 (1 − κλ1)(1 + (1 − κλ1)Qσ )

×(β
g4

λσ
g4 + β

g2h2

λσ
g2h2) (43)

as the additional contribution to the running of the (dimen-
sionless) minimum of the potential, and

∂t h
2
∣∣
d.b.

= 2(1−2κλ1+Qσ (1−κλ1)
2)(β

g4

λσ
g4+β

g2h2

λσ
g2h2)

(44)

for the Yukawa coupling in the SSB regime. Here we have
used

β
g4

λσ
= −1

4

9N 2
c − 24

Nc
vdl

(FB)d
1,2

(
0, 0; ηψ, ηF

)
,

β
g2h2

λσ
= 48

Nc
vdl

(FBB)d
1,1,1

(
0, ε, 0; ηψ, η�, ηF

)
, (45)

for brevity. η� and ηψ denote the mean of the scalar and
fermion anomalous dimensions, i.e. η� = 1

2 (ηφ + ηφ̃) and

ηψ = 1
2 (ηt + ηb).

The quantity Qσ = ∂t
(
λ̄σ (k2) − λ̄σ (0)

)
/∂t λ̄σ (0) mea-

sures the suppression of the four-fermion coupling λ̄σ for
large external momenta and is, in principle, straightforwardly
computable. A suppression implies Qσ < 0. In the SSB
regime, where fermions are massive, non-pointlike four-
fermion interactions are suppressed by the inverse fermion
mass squared coming from the two internal propagators [90].
Therefore we choose the ansatz

Qσ = Q0
σ

2

(
m(FB)d

1,2

(
μ2

t , 0; ηt, ηF

)
+ m(FB)d

1,2

(
μ2

b, 0; ηb, ηF

))

(46)

which has the right decoupling properties but introduces a
free parameter Q0

σ . Tests for various different values of Q0
σ ∈
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[−0.5, 0] show that many low-energy results are qualitatively
independent of the precise choice of this parameter [47,59].
We quantify this dependence for our main results below.

3.4 Evaluation of the RG flows

Our main quantitative results are derived from the behavior
of the order parameter for chiral-symmetry breaking. In our
ansatz for the effective action, the order parameter dynamics,
i.e., the scalar sector, is captured by a derivative expansion
constituting a systematic and consistent expansion scheme
for the full effective action. Our ansatz (28) allows to quan-
tify the quality of this approximation by comparing leading
with next-to-leading order results. More precisely, we com-
pare the leading derivative order, the so-called local potential
approximation (LPA), where all anomalous dimensions of
the fields are neglected, to the generalization including the
running wave function renormalizations of the fields (some-
times called LPA′). This check confirms the stability of our
main results, that we present in the next section.

Furthermore and as mentioned above, our reduction of the
standard model comes with some artifacts such as unphys-
ical massless modes. As argued above, the massless gluons
do not affect the chiral transitions and can therefore safely
be ignored. By contrast, the massless would-be Goldstone
bosons of the Higgs field in the SSB regime would induce an
unphysical logarithmic flow. We cure this artifact by intro-
ducing masses in the SSB regime for these modes in order
to model the Brout–Englert–Higgs (BEH) mechanism in the
full model following the prescription of [8]. As studied in
more detail in Ref. [47] and substantiated for the present
work in Appendix B, this procedure has little to no influence
on the IR values of interest in this study.

Finally, we comment on a subtlety related to the different
parametrizations of the scalar potential elucidated in Sect. 2.
The parametrization Eq. (24) of the potential differs from that
of Eq. (11), as the invariant τ cannot be expressed in terms of
ρ and ρ̃. This leads to a slightly different scalar mass spec-
trum in the two cases. Because of the different spectrum,
the RG flow equation for the coupling λ2 in the potential
differs from the one found in the quark meson model (see
for instance Refs. [40,73]). For simplicity, we adopt the beta
function of λ2 stemming from the quark-meson model and
the potential parametrization (11), with the correct thresh-
olds corresponding to the scalar mass spectrum arising from
Eq. (24). The consistency of this approach is confirmed by
the stability of the results shown below. In fact, implementing
the RG equation coming directly from the form of Eq. (24)
would just change the IR value of the λ2 coupling by a small
amount, affecting only the masses of the SU(2)R doublet. By
contrast, the effects we are interested in do not depend on λ2,
as will quantitatively be shown below.

4 Nature of the chiral transition

Let us now investigate the nature of the chiral transitions
within our parametrization of the essential standard model
sectors. More specifically, we are interested in studying the
transitions as a function of the microscopic (bare) parameters.
From an RG perspective, the most RG-relevant parameter
that gives access to both sides of the transition can serve as
a control parameter to explore the near critical regime.

Let us start from the limiting case, where we consider only
the Higgs-top-bottom Yukawa sector. This sector exhibits a
behavior reminiscent to a second-order chiral quantum phase
transition with the mass parameter of the Higgs potential
serving as a control parameter [8]. In the language of critical
phenomena [91], the chiral order parameter corresponding
to the Higgs expectation value scales in the ordered (broken)
phase near criticality according to a power law

〈φ〉 ∝ |t |β, (47)

where β denotes a critical exponent, and t corresponds to the
reduced temperature in a thermodynamic setting, (for quan-
tum phase transitions, the corresponding control parameter
is often called δ). In the present model, the control parameter
can be identified as

t = ε − ε∗ ≡ δε�, (48)

where ε∗ denotes the critical value of the dimensionless mass
parameter of the Higgs potential at the UV cutoff � sepa-
rating the different phases. The precise value depends on
all other bare couplings as well as on the RG scheme, but
the deviation δε� is a suitable choice as an analogue for the
reduced temperature.

By means of so-called scaling and hyperscaling relations
[91], the critical exponent β can be related to two other
thermodynamic exponents used to describe the power law
behaviour of the correlation length, as well as the anomalous
dimension exponent η

β = ν

2
(d − 2 + η) . (49)

Hereη corresponds to the anomalous dimension coming from
the wave function renormalization evaluated at the critical
point. Thus, it describes the long-range behavior of the cor-
relation function (〈φ(0)φ(r)〉 ∝ r−d+2−η) when the correla-
tion length diverges. In addition, we encounter the correlation
length exponent ν. Using the RG approach to the theory of
critical phenomena, we can relate this critical exponent ν to
the RG scaling exponent � of the most relevant perturbation
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at the critical point by

ν = 1

�
. (50)

At small interactions, i.e., near the Gaussian fixed point,
the mass parameter of the Higgs potential is the most rel-
evant perturbation, with its dimensionless version ε scaling
as ε ∼ k−2 =: k−�, cf. Eq. (40), such that � = 2 char-
acterizes the non-interacting limit. Hence, � denotes the
power-counting dimension of the scalar mass parameter, and
reflects its quadratic running tied to the naturalness problem:
in presence of a high energy scale such as a UV cutoff � and
assuming all bare parameters to be of order 1 at this scale,
physical dimensionful long-range observables, like the vac-
uum expectation value of the scalar field (the Fermi scale),
are expected to be of the same order of magnitude of �.
Much smaller values are possible only at the expense of an
exceptional amount of fine-tuning of the bare parameters at
the scale � such that bare parameters and contributions from
quantum fluctuations cancel to a high degree.

In the vicinity of the Gaussian fixed point, perturbation
theory predicts corrections to the canonical scaling yielding

� = 2 − η, (51)

which – upon expansion – leads to at most logarithmic cor-
rections to canonical scaling in accordance with Weinberg’s
theorem. Upon insertion of Eq. (51) into Eq. (49), we find

β = 1

2

(
1 + η + 1

2
η2 + O

(
η3

))
. (52)

for the scaling of the order parameter.
Let us illustrate this using the quantum phase transition

of the reduced Higgs-top-bottom model [8]. For otherwise
fixed couplings, the vacuum expectation value of the Higgs
field in this ungauged model is shown in Fig. 1 as a function
of the control parameter δε�. For positive values of the con-
trol parameter, the model is in the symmetric phase v = 0.
For negative values, the order parameter v increases rapidly
according to the scaling law (47). Since the model is compar-
atively weakly coupled, we expect the critical exponents to be
close to their mean-field values β � 1/2 and η � 0. (More
precisely, the top-Yukawa coupling as the largest coupling
introduces sizable quantum corrections such that η � 0.07,
see below.)

Correspondingly, the model needs to be fine-tuned severely
in order to achieve a large scale separation. For instance for
Fig. 1, we have initiated the flow at � = 108 GeV. In order
to obtain a vacuum expectation value at the Fermi scale
v � 246 GeV, we have to tune the control parameter to
about δε� � −1 × 10−12 in units of the cutoff �. A “nat-
ural choice” of δε� ∼ −O(1) would have lead to a much

Fig. 1 Second order quantum phase transition in the Higgs-top-bottom
model: the chiral order parameter (vacuum expectation value of the
Higgs field) v is shown as a function of the control parameter δε�. In
the positive half plane we stay in the symmetric regime for the full
flow, i.e. there is no vacuum expectation value v = 0 in the long-range
limit. For negative values of δε�, we end up in the broken phase, as
is indicated by a non-zero vev v. Near the critical point δε� = 0, the
increase of the order parameter is governed by a power law, Eq. (47),
with critical exponent close to β � 1/2. A physical value for the Fermi
scale v � 246 GeV requires to fine-tune the control parameter rather
closely to the phase transition

larger order parameter and thus to unphysically large quark
and Higgs masses near the cutoff scale. The required amount
of fine tuning is governed by the critical exponent � � 2.
Therefore, the naturalness problem could be reduced, if �

received large corrections to power-law scaling through a
finite η.

The above reasoning is typically also applied to the full
standard model. This, however, relies on some assumptions,
which might not be realized in nature. A first assumption
is that the massless Gaussian fixed point be the relevant
fixed point for the understanding of the properties of the sys-
tem on all relevant scales. In presence of other fixed points
with different properties, the sensitivity of the mass spec-
trum on bare parameters might be completely different. The
second assumption is that – even at the Gaussian fixed point
– the relevant operator related to a scalar bare mass param-
eter be the only/most significant deformation determining
the mass spectrum of particles and in particular the physi-
cal value of the Higgs and W/Z bosons masses. In presence
of more than one scale-breaking relevant deformation, this
might not be the case. In particular, in asymptotically free
non-Abelian gauge theories there is always one marginally-
relevant deformation for each gauge coupling, with associ-
ated power-counting critical exponent � = 0. The interplay
of the chiral transition driving mechanisms and the under-
standing of the naturalness problem in presence of such cou-
plings is however much less advanced, and at the heart of our
following studies.
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Fig. 2 The phase transition of the full model in a logarithmic plot: the
increase of the order parameter v (a.u.) is shown as a function of the
control parameter δε� in the regime of a strong increase of v, similarly
to the left half plane of Fig. 1. The pseudo-critical exponent β for each
choice of initial value of the gauge coupling can be extracted from the
slope in this double-logarithmic plot (c.f. Eq. (47))

Upon inclusion of a QCD sector, the nature of the transi-
tion changes qualitatively rather independently of the initial
conditions: as QCD is always in the chirally broken phase,
the symmetric phase of the model disappears completely as
does the critical point. The second-order quantum phase tran-
sition of the ungauged model is washed out and becomes a
smooth crossover. Nevertheless, if the QCD scale is much
smaller than the Fermi scale, we expect the comparatively
sharp increase of the Yukawa model to remain a prominent
feature of v as a function of δε�. If this is the case, we refer
to the large-v regime to the left of this sharp increase as the
Higgs regime in contradistinction to the QCD regime to the
right of the rapid transition where v is much smaller.

If this is the case, we can still try to quantify this increase
by a power-law scaling similar to Eq. (47) with a correspond-
ing pseudo-critical exponent β. More precisely, we extract
the pseudo-critical exponent of the chiral transition by fit-
ting the vacuum expectation value in the Higgs regime to the
power law ansatz (Eq. (47)). This procedure is illustrated in
Fig. 2, where the chiral order parameter v (in arbitrary units)
is plotted doubly-logarithmically as a function of the control
parameter for different initializations of the gauge sector;
here, �g� measures the deviation of the initial conditions
for the gauge coupling from the physical point). Each case
displays a clear power-law for the order-parameter scaling
that can be fitted by Eq. (47).

In this way, we get an estimate for the pseudo-critical
exponent β, even though the transition is actually a crossover.
Using Eq. (52), we can re-express this exponent through η.
Upon insertion of η into Eq. (51), we obtain a correction
to scaling and can thus quantify the impact of the gauge
sector on the amount of fine-tuning necessary to separate
the Fermi scale from the UV scale �. If η is positive and

sufficiently large, the naturalness problem of the model could
be alleviated.

Let us finally point out two aspects that are not fully
accounted for here: first, the SU(2)L gauge group is ignored
here but participates also as a potential source for chiral sym-
metry breaking in its strong-coupling regime. In the Higgs
regime, this source is always screened by the finite gauge-
boson masses. In the QCD regime, it is potentially active.
However, since the QCD sector is much more strongly cou-
pled, it dominates the chiral observables quantitatively. We
expect our results to remain essentially unaffected, as long
as we preserve the hierarchy of the two non-Abelian gauge
sectors of the standard model.

Second, the picture of universality developed for the
Higgs-top-bottom model is not exact since the model does
presumably not feature a UV-complete limit. We therefore
have to work with a finite UV cutoff �, implying that slight
violations of universality can occur, but are generically sup-
pressed by powers of 1/�. We find that � = 108 GeV is
sufficient for our purposes. We have tested for violations of
universality by varying the initital conditions of the marginal
couplings on the O(1) level. The residual non-universal
effects in the QCD regime remain below the permille level,
see Appendix E.

4.1 The QCD regime

In the QCD regime, one expects the induced vacuum expeca-
tion value in the IR to be of the order of the scale of strong
interactions �QCD. In this work, we use a simple but useful
definition of this scale by identifying it with the location of
the IR Landau pole of the strong gauge coupling obtained
from the two-loop beta function. In the deep QCD regime,
the phase transition is triggered by the gauge sector (more
specifically via a strongly increasing four-fermion coupling
in the effective action Eq. (3) before performing the partial
bosonization), in contrast to quark and Higgs fluctuations in
the deep Higgs regime. This corresponds to a choice of ini-
tial values where the scalar mass m2 > 0 is of the order of
the UV scale �, making the scalar field non-dynamical and
thus reducing our model to a low-energy effective theory of
the strong interactions. In other words, a limiting case of our
reduced standard model is the pure quark meson model [40],
however with Nf = 6 quark flavors.

The vacuum expectation value induced in the deep QCD
regime depends solely on the value of the gauge coupling at
the initialization scale g�. Since there is no remnant of the
electroweak Higgs mechanism in this regime, all quarks have
zero current quark mass.

As it should be, the other marginal parameters of the model
(scalar self-interactions and Yukawa couplings) have hardly
any influence on the resulting vacuum expectation value.
More precisely, their influence arises only because of the
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Table 1 Comparison of the QCD scale �QCD (defined by the location
of the two-loop IR Landau pole for Nf = 6 active quark flavors) and the
vacuum expectation value in the deep QCD regime (vQCD). The physical
initial condition g� = 0.719 is chosen at � = 108 GeV such that we

obtain the experimentally measured value of αs(mZ) = g2(mZ)
4π

= 0.117
at the Z boson mass scale. The other bare couplings are set to zero at
the high energy scale (scalar self interactions) or by IR physics (top and
bottom Yukawa couplings). The chiral condensate however is (almost)
independent of the values of these other couplings, as is checked in
Appendix E

g� �QCD in GeV vQCD in GeV vQCD/�QCD

0.519 2.6 × 10−10 5.6 × 10−12 0.023

0.619 5.7 × 10−5 1.3 × 10−6 0.023

0.719 1.1 × 10−1 2.5 × 10−3 0.023

0.819 15 0.34 0.023

0.919 449 10.3 0.023

1.019 5250 118 0.023

fact that we work with a finite UV cutoff �; this introduces
violations of universality which vanish exactly in the limit
� → ∞. For completeness, we quantify these universality
violations in Appendix E for our practical choice � = 108

GeV and find them to be on the sub-permille level for the
quantities of interest.

This feature is expected since the gauge coupling g is
the only parameter present in fundamental massless QCD.
Through the scale anomaly encoded in the RG running man-
ifesting in dimensional transmutation, it is linked to the
dimensionful quantity �QCD setting the scale for all long-
range observables such as the vacuum expectation value v.
The chiral condensate v and �QCD are intimately connected;
using our simple definition of �QCD mentioned above, we
list some quantitative results for varying initial values of the
gauge coupling g� in Table 1.

We see that while v and �QCD vary a lot under shifts in g�,
the ratio of the two quantities stays approximately constant
over ranges of the bare strong gauge coupling considered in
this work. We consider the choice g� = 0.719 as the physical
initial condition at � = 108 GeV, since it corresponds to the

experimentally measured value ofαs(mZ) = g2(mZ)
4π

� 0.117
at the Z boson mass scale. This yields �QCD � 33 MeV
and v � 2.1 MeV for the IR QCD scales. Naively, this
appears to be rather small compared to the physical values,
e.g. v = fπ � 93 MeV. This, however, is a consequence
of the fact that our IR flow proceeds with Nf = 6 massless
quarks down to the scale of symmetry breaking. Since the
quarks induce screening, the gauge coupling grows strong
at lower scales compared to the standard model case that
includes the decoupling of the “heavy” quarks as a conse-
quence of the Higgs mechanism.

Notice that the value of the chiral condensate v is consis-
tently smaller than the scale obtained by the one-loop cal-

culation. Both vary exponentially as a function of g�. The
results show that the ratio between the QCD scale and the
would-be-Fermi scale v, far from being a free parameter,
actually features a maximum value of O(10). Furthermore
we observe that the ratio of the two scales varies rather slowly
over a wide range of initial conditions g�.

4.2 Pseudo-critical exponent

Let us now analyze the interplay between the chiral transi-
tions in the full model. For this, we first choose initial values
for the marginal couplings at the initialization scale �, and
then vary the relevant parameter of the scalar potential, i.e. the
control parameter δε�. Integrating the flow equations yields
the vacuum expectation value v as a function of δε� similar to
the chiral Higgs-top-bottom model, c.f. Fig. 1. As expected,
the second order phase transition of the latter becomes a
crossover for any finite value of the initial gauge coupling
g�, meaning that the discontinuity at δε� = 0 is smoothed
in a neighbourhood of the would-be-critical point. The size
of this critical region grows for increasing g�, as illustrated
in Fig. 3 using the value of the scalar anomalous dimen-
sion ηφ evaluated at the transition scale as an example. Still,
we generically observe a rather sharp transition between a
Higgs-like and a QCD-like regime. In this regime, we identify
the physical point for the Fermi scale where v = 246 GeV.
The required choice for the control parameter δε� lies typi-
cally at small negative values; we call the deviation from this
value δε

phys
� . Near the physical point, i.e. for |δεphys

� | � 1,
we fit the results for the vacuum expectation value to the
scaling hypothesis coming from the theory of second order
phase transitions, that is Eq. (47). Example results of such fits
have been shown in Fig. 2. Deviations from canonical power-
counting scaling occurs as departures of the pseudo-critical
exponent β from the value β = 1/2, which we measure in
terms of the pseudo-critical correction-to-scaling exponent
η according to Eq. (52). As discussed above, finite positive
values of η are a direct quantitative measure of how the inter-
play of the chiral transitions in the standard model alleviates
the naturalness problem.

Let us investigate how this quantity depends on the micro-
scopic parameters of the Lagrangian at the scale �. In gen-
eral, changing a microscopic parameter changes the physi-
cal quantities of the theory. For instance, changing the top-
Yukawa coupling in the Higgs regime corresponds to chang-
ing the top mass relative to the vacuum expectation value.
However, this direct influence on the long-range observables
becomes less pronounced – and even vanishes ultimately – in
the deep QCD regime where the full model is dominated by
the gauge sector. Since the physical point is near the transition
from the Higgs to the QCD regime, the precise dependence
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Fig. 3 The scalar anomalous dimensionηφ at the transition scale where
it can temporarily grow large. A small ηφ corresponds to a Higgs-like
regime (δε < 0) whereas a large one can be identified with a QCD-
like regime. While for small gauge couplings g� the scalar anomalous
dimension jumps at the critical point (characterized by δε = 0), indi-
cating that a critical point for a second order phase transition can be
straightforwardly defined, and thus extracting a pseudo-critical expo-
nent is sensible. For large gauge couplings, this region grows, making
it hard to define a critical point as well as extract a meaningful pseudo-
critical exponent

Fig. 4 The critical exponent η for different couplings at the high energy
scale �: the quartic couplings λ1 (upper left panel) and λ2 (upper right),
and the Yukawa couplings of the top (lower left) and bottom (lower right)
quarks. The gauge coupling g� at the initialization scale is kept fixed
at the physical value. The size of the fluctuations of η is a measure for
the numerical precision. Initial conditions that match standard-model
parameters at low energies correspond to λ1,� � 1.4 × 10−3, h2

t,� �
0.13, h2

b,� � 3 × 10−3 and λ2,� � 0 for � = 108GeV in our FRG
scheme

of the pseudo-critical exponent on the microscopic couplings
is a priori unclear.

The computational procedure is the same for all parame-
ters of interest: we keep all couplings fixed at the initialization
scale � while varying the control parameter δε

phys
� to extract

the behavior of the phase transition and to measure η for a
given set of parameters. We repeat this for different values

Fig. 5 Vacuum expectation value in vicinity of the Fermi scale v =
246 GeV for different values of the gauge coupling g� at the UV scale.
For larger gauge couplings we observe less change in the vacuum expec-
tation value under variation of the relevant direction of the scalar poten-
tial at the high energy scale δε�, indicating a stronger interplay of
the phase transitions and a corresponding mitigation of the naturalness
problem

of the coupling of interest at �, while keeping all other val-
ues fixed. Results are shown in Fig. 4 for all couplings in
the model except for the gauge coupling. We find that the
pseudo-critical exponent η remains basically unaffected by
the initial value of the Yukawa and scalar couplings in the
explored regime. Incidentally, we have studied the depen-
dence of η on the parameter Q0

σ introduced in Eq. (46) in
the range of Q0

σ ∈ [−0.5, 0] as well as on the fixed point
value of the gauge coupling α∗ introduced in Eq. (29) in the
range of α∗ ∈ [2.3, 4.5]. In both cases, up to numerical preci-
sion, we do not observe a dependence of η on these auxiliary
parameters which quantify our ignorance about some sec-
tors of our model; this insensitivity of η demonstrates that
these sectors are less relevant for our main results. The data
in Fig. 4 shows only some glitches on top of a constant value
which reflect the numerical precision. The fine-tuning pro-
cedure necessary to arrive at v = 246 GeV together with the
large integration range starting from � = 108 GeV leaves
room for an accumulation of numerical errors. For practical
reasons, we have restricted the scalar couplings to relatively
small values, since stronger scalar self-interactions would
require the flow to already start in the broken regime. This
choice is also justified by the observation that the Higgs quar-
tic coupling in the full standard model appears to be nearly
vanishing at the Planck scale.

By contrast, varying the initial value of the gauge coupling
has a strong influence on the transition from the Higgs to the
QCD regime. This is visible in Fig. 5, where the slope of the
order parameter field v as a function of the control parameter
flattens for increasing values of the gauge coupling; the lat-
ter is expressed in terms of the deviation �g� of the initial
condition from the physical point. This has a direct impact
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Fig. 6 Pseudo-critical exponent η for different initial conditions of g�.
By dimensional transmutation, we express g� as the QCD scale �QCD
(for Nf = 6). The Fermi scale �F is fixed to 246 GeV for this work. The
interplay between the chiral transitions in the standard model becomes
the more pronounced the closer the two scales are. For �QCD → �F,
the naturalness problem weakens significantly. The physical point cor-
responding to a standard-model-like running of the gauge coupling
is denoted by the red dotted line. We observe that the leading-order
derivative-expansion results for the effective action (LPA) agrees very
well with the next-to-leading order (LPA’), indicating the numerical reli-
ability of our results. The shaded region on the right marks the regime
where the chiral transition gets so smooth that the pseudo-critical expo-
nent becomes less meaningful

on the naturalness problem: the flatter the curve is when it
crosses the physical point, the less fine-tuning is needed to
put the system in the vicinity of the Fermi scale. We empha-
size that the physical point �g� = 0 already exhibits a flatter
curve than the pure Higgs-top-bottom model with canonical
power-counting. This demonstrates that the QCD sector in
the standard model already alleviates the naturalness prob-
lem compared to a pure Higgs–Yukawa model which is often
used to illustrate the naturalness problem.

Quantifying these results analogously to the previous anal-
ysis, we again extract the pseudo-critical exponent η for these
transitions. The interplay of the chiral transitions and the alle-
viation of the naturalness problem is visible from the mono-
tonic increase of η as a function of g�. In Fig. 6, we plot
the corresponding critical exponent against the dimension-
less ratio �QCD/�F; here, we have translated g� into �QCD,
denoting the QCD scale coming from dimensional transmu-
tation, �F denotes the Fermi scale which is set to 246 GeV
for this work.

Deep inside the Higgs regime, i.e. for �QCD/�F → 0,
we observe that the pseudo-critical exponent approaches a
constant value η � 0.07. This is the value of the pure Higgs-
top-bottom model arising from the fluctuations in the Yukawa
sector. Surprisingly, already in the limit of negligible QCD
corrections, the critical exponent differs from the pure Gaus-
sian value. This is an effect of having fixed the IR observables,
such as the Fermi scale v and the top mass m2

t , a requirement

that forces the theory off the Gaussian fixed point. A more
explicit argument supporting this interpretation is presented
in the next section.

For an increasing scale ratio �QCD/�F also η increases,
exemplifying a stronger interplay of the chiral transitions. At
the physical point which in our definition is characterized by
�QCD = 33 MeV, we observe that the pseudo-critical expo-
nent takes the value η = 0.16. We take this as a manifesta-
tion that the QCD sector exerts a non-negligible influence on
the chiral transition. Quantitatively, the naturalness problem
of the standard model is mildly alleviated by this interplay,
even though the reduction of the power-law scaling from the
canonical value � = 2 to � � 1.84 remains on the 10%
level and thus does not make a qualitative difference.

A “solution” of the naturalness problem would require
a pseudo-critical exponent η ∼ O(1). For values of �QCD

larger than the physical point, we observe the onset of a strong
increase of η near �QCD/�F � 10−2. Physically this implies
that an increasing part of the chiral order parameter is gener-
ated by the QCD sector. Correspondingly, the separation of
v from the cutoff scale � requires less and less fine-tuning of
the bare parameters in the Higgs sector, but is taken care of
by chiral symmetry breaking of QCD. The scale of the latter
depends only logarithmically on the high scale and a large
scale separation thus becomes natural.

However recall that the ratio �QCD/�F cannot attain arbi-
trarily large values, as we argued in the previous section.
Furthermore, the simplistic description of Fig. 5 of chiral-
symmetry breaking in terms of a pseudo-critical exponent η

breaks down well below that upper bound. This is because
the behavior of v across the transition between the symmetric
and the SSB regime ceases to be comparable to the power-law
ansatz of Eq. (47) for too large g�; in Fig. 6 this is indicated
by the shaded region.

For the quantitative reliability of our results, it is reassur-
ing to see that the leading-order approximation in terms of a
derivative expansion of the effective action in the scalar sec-
tor (LPA) agrees for the next-to-leading order (LPA’) over the
whole range of values plotted in Fig. 6. The small deviations
visible for some values of �QCD/�F presumably indicate
the numerical precision of our solutions (similar to the fluc-
tuations visible in Fig. 4), rather than quantify the deviation
of LPA vs. LPA’.

4.3 Scaling behaviour near the QCD-dominated regime

As observed in the preceding section, the pseudo-critical
exponent exhibits a strong increase beyond �QCD/�F �
10−2. We argue in the following that this can be under-
stood within a simple approximation of the flow equations.
Approaching the QCD regime from the side of the Higgs
regime, the RG flow transition between the symmetric and
SSB regimes starts to occur closer and closer to �QCD. Near
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the latter, the running of the Yukawa coupling, as well as the
scalar self interaction, becomes governed by the flow of the
strong gauge coupling g2. This can be seen by looking at the
β functions of these couplings in a specific limit:

Right above the scales before the RG flow enters the SSB
regime, the dimensionless mass parameter ε, and thus the
scalar masses, are negligible; by contrast, the meson Yukawa
coupling h2 near the QCD regime is much larger than the top
and bottom Yukawa couplings, which therefore can be set
to zero for the present analysis. Looking at the flow equa-
tions in this limit reveals that there are quasi fixed points in
the composite couplings h2/g2 and λ1/h2, implying that the
evolution of h2 and λ1 are directly connected to the flow of
g2. This kind of partial fixed point behavior is well know
both as a feature of IR flows, in which case it is called a
Pendleton-Ross kind of fixed point [92], as well as a UV
signature of total asymptotic freedom or safety, in which
case it has been referred to with a variety of names: eigen-
value condition [93,94], reduction of couplings [95,96], null-
cline [97], fixed flow [98] or quasi fixed point [99,100]. In
the present model, the quasi fixed point as a solution of the
RG equations has been first described by Cheng, Eichten and
Li (CEL) [101], and we therefore call it a CEL solution.

In this specific limit and considering for simplicity the one-
loop approximation for all beta functions of interest here, we
have

∂t g
2 = − 7

8π2 g
4,

∂t h
2 = h2

16π2

(
10h2 − 16g2 − 12

g4

h2

)
,

∂tλ1 = λ1

4π2

(
3h2 + 4λ1 − 3

2

h4

λ1

)
. (53)

Note that the last terms of the flow of h and λ1 arise from
dynamical bosonization. In Eq. (53), we have already set
d = 4, Nf = 2 in the Higgs-top-bottom sector beta functions,
Nf = 6 for the gauge coupling, and Nc = 3. It is useful to
introduce rescaled couplings ĥ = h

g , as well as λ̂1 = λ1
h2 .

Their flow equations read

∂t ĥ
2 = 1

32π2 g
2
(

20ĥ4 − 4ĥ2 − 24
)

,

∂t λ̂1 = 1

32π2

g2

ĥ2

[
24λ̂1+32ĥ2λ̂1+ĥ4

(
32λ̂2

1+5λ̂1−12
) ]

,

(54)

each of which exhibit a fixed point. These fixed points imply
that we have h2 ∼ g2 and λ1 ∼ h2 ∼ g2 within the valid-
ity regime of these one-loop equations. Correspondingly, the
scalar anomalous dimension takes the form

ηφ = 3

8π2 h
2. (55)

Fig. 7 The running of ηφ/g2 close to the transition from the disordered
to the ordered phase for different scale separations �QCD/�F. The RG
time t is normalized such that t = 0 coincides with the transition scale.
We can see that for increasing values of g�, and thus �QCD/�F → 1,
the running of ηφ/g2 levels out, corresponding to the quasi fixed-point
in ĥ and λ̂

As a consequence, in an intermediate interval of values of
g�, where the latter grows but the system is not yet fully dom-
inated by QCD fluctuations, the scalar anomalous dimension
scales as g2 close to the transition. This can be seen in Fig. 7,
where the flattening of the three upper trajectories near t = 0
(the RG time at which the flows enter into the SSB regime)
signals an effective scaling ηφ ∼ g2. When this happens, the
quasi-fixed point value of the field anomalous dimension at
the transition in turn becomes a good approximation of the
pseudo-critical exponent, as we now argue.

This phenomenon can be qualitatively understood as a
manifestation of the fact that a strongly growing scalar
anomalous dimension has has a sizable impact on the running
of the (dimensionless) mass parameter of the scalar potential:

∂tε = −(2 − ηφ)ε − 5

8π2 λ1 + 3

8π2 h
2. (56)

An increasing and large value of ηφ modifies the canonical
quadratic running of ε substantially and eventually removes
the fine-tuning problem, as is expected in a QCD-dominated
model. At the transition from the unbroken to the broken
phase, the scalar anomalous dimension can therefore be
expected to be related to the critical exponent η. This is
highlighted and quantitatively confirmed by a comparison of
the value of the scalar anomalous dimension ηφ (computed
within the full set of flow equations) at the SYM-SSB transi-
tion scale, and the pseudo-critical exponent η obtained from
the power law behavior of the vacuum expectation value v

close to the critical point (c.f. Eq. (47)), which is shown in
Fig. 8.

Starting from the deep Higgs regime for very low ratio
�QCD/�F, one can see in this figure that the anomalus

123



Eur. Phys. J. C            (2025) 85:56 Page 17 of 26    56 

dimension at the transition scale is positive ηφ > 0 already in
the pure Higgs-top-bottom model, since a nonvanishing top
Yukawa coupling is required by the IR conditions imposed
on the RG trajectories. In this limit, we observe that η is big-
ger than ηφ at the transition by about an order of magnitude.
We attribute this to a built-up of fluctuations at the onset of
the SSB regime from the transition scale to the freeze out
scale. This is a nontrivial result stemming from the thresh-
old and strong coupling effects along the RG flows. On the
other hand, moving towards the intermediate region, both
quantities exhibit a strong increase and approach each other
towards values of η ∼ O(1) near �QCD/�F � 10−1; the
latter correspond to g� values that trigger the onset of the
quasi-fixed-point behavior at the transition.

As a final remark on this intermediate scaling behavior,
let us mention another line of reasoning that can be used
to qualitatively expect and understand the results presented
above. Since the region between the deep Higgs and the deep
QCD regimes corresponds to intermediate values of the mass
parameter δε, it can be expected to include an almost-critical
point of minimal breaking of scale invariance. The latter is
in fact explicitely and severly broken in the two opposite
extrema of a deep Mexican-hat standard-model-like Higgs
potential (δε � −1) and of a very massive quasi-decoupled
QCD-like meson (δε � 1). Scale invariance is a defining
property of RG fixed points. In the present model the only
complete fixed point featured by our RG equations is the
Gaussian one. The CEL solution in turn describes the UV
critical surface of this fixed point in its vicinity, that is, the
weak-coupling parameterization of the locus of points corre-
sponding to a minimal breaking of scale invariance. In fact,
the relevant, i.e. mass-like, deformation from the fixed point
is zero on this surface. Hence, in the weakly coupled pertur-
bative regime, the CEL solution describes a technically nat-
ural theory, where the Higgs mass needs no fine tuning and
stays small due to the approximate scale symmetry, which
is broken only dynamically by QCD through a Coleman–
Weinberg mechanism. This expectation must be confronted
with the necessity to exit the mere perturbative regime and
follow the theory at strong coupling in the IR. The results of
this section therefore can be interpreted as a first quantitative
test of this perturbative understanding, beyond the weakly
coupled regime. Surprisingly, the CEL solution appears to
provide a fair first approximation of the location of the “nat-
ural” theory in the phase space of the model, even if for
� = 108 GeV the latter is close to g2

� = O(1).
Let us stress that the precise value of η at the physical point

in Fig. 8 is not only determined by the IR value of measured
quantities, but also depends on theoretical assumptions, such
as the precise RG flow of the standard model. Shifting the η

curve along the �QCD/�F � 10−2 axis is possible by chang-
ing the RG evolution, thus effectively changing g�, while
keeping the IR parameters fixed. Determining the RG flow is

Fig. 8 Comparison of the pseudo-critical exponent η and the scalar
anomalous dimensions ηφ evaluated near the transition of the RG flow
from the symmetric to the broken regime using the full set of flow
equations. Both exhibit a strong increase towards values of O(1) near
�QCD/�F � 10−2 indicating a strong interplay of the chiral transitions.
The physical point, characterized by the running of the gauge coupling,
is denoted by the red dashed line

not only a matter of improving the approximations over the
nonperturbative domain of the theory, but also and primar-
ily a question of defining the quantum field theory beyond
perturbation theory. As a possible embodyment of this fact
we can refer to the scenario of Refs. [102,103] where new
solutions of the RG equations were constructed by appro-
priately parametrizing the boundary conditions on the scale-
dependent effective action. These generalized solutions and
the new parameters that they involve allow to vary the RG
flow between the UV scale � and the IR, while preserving
the observables at the latter scale.

4.4 Electroweak gauge bosons

So far, we have ignored the electroweak gauge sector, as it
contributes only subdominantly to the interplay of the chiral
transitions. In turn, however, the chiral transition, of course,
affects the electroweak gauge sector strongly. This is well
known and fully standard in the Higgs regime, where the
chiral transition at the same time features the BEH mecha-
nism, rendering part of the electroweak gauge bosons mas-
sive. But analogous results also hold in the QCD regime. In
other words, the BEH mechanism does not need to be trig-
gered by a carefully designed or even fine-tuned scalar poten-
tial, but is also operative if the vacuum expectation value of
a composite effective scalar field is generated by other inter-
actions, such as the QCD sector.

As an illustration, let us include ingredients of the elec-
troweak gauge sector on an elementary level in order to esti-
mate the mass of the electroweak gauge bosons as a conse-
quence of the chiral transition in the QCD regime.
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For this, we use the flow equations extracted for the model
(c.f. Sect. 3), and amend them with the one-loop flow equa-
tion obtained for the SU(2) gauge coupling gEW.

∂t gEW = − g3
EW

(4π)2

(
22

3
− 4

3
ng − 1

6

)
. (57)

The first term in the parenthesis comes from gauge boson
loops, the second one from fermionic loops and the last con-
tribution stems from scalar loops. Since in our analysis we
focus on flows which start in the symmetric regime and end
up in the broken one, no threshold functions accounting for
the masses of the degrees of freedom are necessary for the
gauge and fermionic loops in the symmetric regime. The
scalar field however is massive in the SYM regime, and in
this regime we will account for this effect by introducing the
mass threshold corresponding to two internal scalar propa-
gators of the Higgs field for this contribution,

−1

6
→ −1

6

1 − ηφ

6

(1 + ε)2 . (58)

This coincides with the standard perturbative contribution in
the deep euclidean region ε → 0. In the following, we ignore
the hypercharge sector and thus also the mass splitting of the
W and Z bosons.

As soon as the flow enters the broken regime, the gauge
bosons and fermions obtain masses, leading to a freeze-out
of the flow in this regime. As a simple approximation, we use
the value of the electroweak gauge coupling at the transition
scale as the relevant IR value for an estimate of the W -boson
mass.

The W mass can then be read off straightforwardly, since
it is fully determined by the vacuum expectation value v and
the freeze-out value of its gauge coupling gEW,IR through

mW = 1

2
gEW,IRv. (59)

The initial conditions for the flow of the electroweak gauge
coupling are chosen such that they coincide with the running
in the standard model, namely its value at the Z boson mass
scale,

g2
EW

4π
(MZ ) � 0.034, where MZ = 90.117 GeV. (60)

In Fig. 9, we depict the resulting mass values for the W
boson across the chiral transition region for various initial
values of the QCD gauge coupling. In the Higgs regime,
we observe the conventional strong dependence of the gauge
boson mass on the control parameter which needs to be fine-
tuned to obtain the Fermi scale and – as a consequence – the
physical value of the W boson mass. For any nonvanishing

Fig. 9 W boson mass for different initial values of the strong gauge
couling at the UV scale g� as a function of the initial (dimension-
less) mass parameter δε�. Because the gauged system features only a
crossover, the W boson mass is nowhere zero in the phase diagram, cf.
Fig. 1. Instead, we observe a lower bound for the W boson mass in the
QCD regime (corresponding to δε� � 0)

Fig. 10 The minimal W boson mass in the deep QCD regime for dif-
ferent values of g�, expressed through the chiral condensate vQCD. We
extract the mass of the weak vector bosons in the far right half plane
of Fig. 9 and plot it against the chiral vev obtained in the QCD regime.
We observe an essentially linear dependence of the mass on the QCD-
induced vacuum expectation value

value of the QCD gauge coupling, the transition is actually
a crossover, such that the vacuum expectation value as well
as the W boson mass never vanish. In fact, in the deep QCD
regime, both dimensionful quantities approach a non-zero
value which is dominated by the QCD sector.

In this regime, the scale is set purely by the gauge cou-
pling, or (after dimensional transmutation) by �QCD. In order
to illustrate this dependence, we plot the resulting plateau
value for the W boson mass as a function of the QCD induced
chiral condensate v = vQCD, see Fig. 10. We observe an
essentially linear dependence. This plateau value can be inter-
preted as the minimum possible value of the W boson mass
for the case that the BEH mechanism is not driven by a scalar
Higgs potential but fully by the chiral QCD transition. This
minimum W boson mass value has, for instance, been esti-
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mated in [14,15]. However, a comparison of different results
is inflicted by the fact that it involves not only a comparison
of approximations within a theory, but rather a comparison
of different theories that arise from fixing quantum field the-
ories differently at different scales.

Taking our approach at face value, the scale in the QCD
regime is set by fixing the gauge coupling to its physical value
at a high scale, before evolving it into the IR. As discussed
above, this leads to a rather small value of the chiral conden-
sate v � 2.1 MeV in the QCD regime as a consequence of
the fact that the QCD sector runs with Nf = 6 (screening)
massless flavors all the way down to the SSB regime. As a
consequence, our straightforward estimate of the minimum
W boson mass value is mW = 0.74 MeV, which is a rather
small value compared to other estimates.

However, instead of matching our parameters to those of
the physical standard model at the high scale, we could also
perform a low scale matching: one possible choice (among
many others) is to fix the couplings such that the chiral con-
densate acquires its physical value v = fπ � 93 MeV also
in the deep QCD regime. As a consequence, our prediction
for the W boson mass would be mW = 33 MeV which is
similar to that of [14].

5 Conclusions

The naturalness puzzles of the standard model, e.g., the
gauge or the flavor hierarchy problems or the strong CP
problem, are typically addressed within pure model-building
arenas. In this sense, a common attitude is the expectation
that “solving” these problems amounts to creatively devising
new models able to draw a simple straightforward prediction
of parameters that would remain otherwise free and mys-
terious within the standard model. It is fair to say that this
goal often remains unattained, unfortunately. Several popular
and largely appreciated proposals for beyond-the-standard-
model physics, such as for instance technicolor or axions,
actually require complex nonperturbative computations to
extract quantitative predictions.

Even within the standard model itself, it is difficult to
quantitatively assess how unnatural the measured value of
some key parameter is; in general, this requires quite non-
trivial computations which go beyond the weakly-coupled
perturbative regime. This problem is intrinsic in the way in
which naturalness questions are often posed, that relies on
the ability to connect the input values at some microscopic
UV scale to the output values extracted from experiments.
The larger the gap between these two scales, the harder the
computations. In the standard model, the main responsible
building block for this difficulty is the QCD subsector: the
IR fluctuations of gluons are not tamed by any BEH mech-

anism, contrary to the electroweak W/Z bosons, and their
interactions grow stronger at lower energies.

The task of properly defining and quantifying unnatural-
ness is further aggravated by the ambiguity in the choice of
the UV scale at which the microscopic parameters ultimately
determining the measured observables are fixed. This sec-
ond problem is caused by the fact that the standard model
– as we understand it – is not a UV complete theory. The
main troublemaker in this case is the electroweak sector, and
specifically the U(1)Y gauge coupling. Finally, there is a pri-
ori no preferred probability distribution for the microscopic
parameters with respect to which naturalness can be quanti-
fied; also in this work, we implicitly use a flat distribution as
is standard for the discussion of tuning a control parameter
to a (quantum) phase transition.

In the present work, we have focused on the gauge-
hierarchy problem as a prototypical naturalness case study.
We have explored the possibility to quantitatively describe
this feature of the standard model, by adopting modern tech-
niques inspired by effective field theories and the renormal-
ization group, while pushing them into the nonperturbative
territory.

In this manner, we have been able to study the interplay
of the two main sources of chiral symmetry breaking of the
standard model: the electroweak Higgs interactions and the
QCD sector. Whereas the breaking scales, i.e., the Fermi and
the QCD scale, are several orders of magnitude apart, we
observe a qualitative and quantitative interplay: the second-
order transition of a pure Higgs-top-bottom sector is turned
into a crossover by the presence of the QCD sector, see Fig. 3.
We suggest to quantitatively characterize the deviation from
Gaussianity of the Higgs-mass fine-tuning problem by means
of a pseudo-critical exponent η. A result of this study is that
the QCD sector alleviates the naturalness problem naively
quantified by the quadratic running of the Higgs mass param-
eter by a pseudo-critical exponent η on the order of ∼ 10%,
see Fig. 4. Remarkably, we have observed that η is nonvan-
ishing even in case of negligible QCD corrections.

These conclusions have been drawn within the usual
understanding of the standard model as an effective theory
below a suitable UV cutoff, which in our study was set at
� ∼ 108 GeV, and with bare couplings at this scale fully
in the perturbative regime. The only non-standard ingredient
we used in our investigation is a non-perturbative improve-
ment of the RG equations to capture threshold effects in the
matter sector and the expected strong-coupling regime of the
QCD gauge coupling.

As a useful ingredient of our analysis, we have managed
to describe the fundamental Higgs field and a mesonic com-
posite scalar field on the same footing. This is particularly
insightful for the study of deformations of the standard model
in which the Fermi and the QCD scale are shifted relative to
each other. Specifically, an increase of the QCD scale demon-
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strates that the standard model can be continuosly connected
to a deformed model where all scales are set by the QCD sec-
tor and the pseudo-critical exponent renders the connection
between microscopic and macroscopic parameters natural.

In the latter case, the theory appears to enter into an almost
scale invariant regime which lies in a narrow intermediate
window between the deep Higgs and the deep QCD regimes.
This pseudo-critical region, where mass is expected to be
generated by a Coleman–Weinberg mechanism, has been
shown to be well approximated by a quasi-fixed point con-
dition of the Cheng–Eichten–Li type [101], despite the fact
that for standard-model-like IR observables this happens to
require values of the bare gauge coupling g� of order one.

This observation motivates interest in applying similar
methods to investigate the naturalness problem of extensions
of the standard model which are able to render the Coleman–
Weinberg scenario compatible with the measured values of
IR observables. Among these, of particular interest are UV
complete extensions, since in these models the quasi-fixed-
point behavior is expected to be continuously connected with
the controlled UV asymptotics for increasing values of �.

Of course, our treatment of the nonperturbative QCD sec-
tor is rather rudimental and relies on some model input in the
pure gauge sector. Nevertheless, it is capable of connecting
the microscopic description in terms of quarks and gluons to a
long-range description on terms of a quark-meson model that
can be matched quantitatively to chiral perturbation theory.
Still, there is, of course, room for substantial improvement
required for claiming a full quantitative control of the non-
perturbative domain. For instance, in the deep QCD regime
we have estimated the radiatively generated mass of the W
boson. We expect this estimate to be inflicted by the approx-
imations and assumptions made in this nonperturbative sec-
tor. Another subtle issue that we have not investigated in this
work, is the possible gauge and parametrization dependence
of our results, which we leave for future developments.

Nevertheless, we believe that our approach offers a useful
framework for addressing the interplay of the chiral transi-
tions in the standard model. As the transitions are considered
to root in rather different sectors, such a treatment in a unified
framework is valuable and has been missing so far.
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Appendix A: Flow equations of the model

The flow equations of the model are derived using the func-
tional renormalization group flow equation for the effective
action 33. Here all results are expressed in terms of dimen-
sionless quantities, c.f. Eq. (35).

For the Yukawa couplings we obtain

∂t h
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where κ denotes the minimum of the scalar potential. Here,
we have assumed h̃t = ht + h and treat ht and h sepa-
rately, accounting for the rebosonization procedure described
above.
Finally, the anomalous dimensions of the bosonic and
fermionic fields read
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Here, we specify dγ = 4, and it is useful to define anomalous
dimensions of the top and bottom quark as
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Appendix B: Scalar spectrum

In our quartic approximation, the scalar potential for the dif-
ferent regimes are parametrized as

U (ρ, ρ̃) = m2 (ρ + ρ̃) + λ1

2
(ρ + ρ̃)2 + λ2ρρ̃, SYM

U (ρ, ρ̃) = λ1

2
(ρ + ρ̃ − κ)2 + λ2ρρ̃, SSB (B1)

where we have used

ρ = φ∗aφa and φ = 1√
2

(
φ1 + iφ2

φ4 + iφ3

)
,

ρ̃ = φ̃∗a φ̃a and φ̃ = 1√
2

(
φ̃1 + iφ̃2

φ̃4 + iφ̃3

)
, (B2)

and the vacuum configuration of the fields are chosen as

φ|vac =
(

0√
κ

)
, φ̃|vac =

(
0
0

)
. (B3)

In the symmetric regime we have κ = 0, wheras in the broken
regime κ is non-zero.

The mass spectrum of the various components of the two
scalar fields (abbreviated by fi ) is given by

M2
fi = ∂2U (ρ, ρ̃)

∂ fi 2

∣∣∣∣
vac

. (B4)

In the symmetric regime, we find all components of the fields
to have the same mass, given by

M2
fi = m2. (B5)

In the broken regime, the components obtain different
masses. The components of the φ̃ field acquire a mass

M2
φ̃i

= λ2κ. (B6)
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Fig. 11 Dependence of the phase transition on the Goldstone mass
parameter λGoldstone. We find no significant influence on the critical
exponent η. This analysis has been performed for a fixed value of g� =
0.719

For the φ field we find

M2
φ4

= 2λ1κ

M2
φi

= 0 for i �= 4. (B7)

In comparison to the standard model, these massless Gold-
stone modes are an artifact of not having included the elec-
troweak gauge sector. The BEH mechanism renders these
modes together with the W and Z bosons massive. For our
purposes, it suffices to model the BEH mechanism by giving
a mass to these modes

M2
φi

= λGoldstoneκ for i �= 4 (B8)

proportional to the vacuum expectation value. In this way,
they are unaffected in the symmetric regime, but decouple
in the broken regime. This modeling of the BEH mecha-
nism comes at the expense of a new parameter λGoldstone. We
study the dependence of the phase transition on this param-
eter, but find no significant influence on the quantities of
interest such as the pseudo-critical exponent, see Fig. 11. For
the computational purposes, we simply set this parameter to
λGoldstone = 1 in this work.

It is instructive to compare the scalar spectrum found here
for the parametrization (B1) of the potential with that derived
from the complete quartic form (11), as discussed in the lit-
erature [40]. While the spectrum in the symmetric regime is
the same for both potentials, exhibiting 8 degrees of freedom
with squared mass m2, the masses in the broken regime dif-
fer for the two parametrizations. While we have one radial
mode with mass 2λ1κ for the SSB potentials in both cases, the
full quartic form (11) gives rise to four massless Goldstone
modes, and three modes with squared mass λ2κ , whereas
there are only three Goldstone modes and four λ2κ modes
for our potential (B1). The reason for this difference lies

in the fact, that the structure of the additional trace invari-
ant τ of Eq. (12) is not properly taken into account by our
parametrization in terms of ρ and ρ̃. Comparing the resulting
flow equations for the couplings in the scalar potential shows
no difference in the mass parameter m2 and quartic coupling
λ1 beta functions. The difference in the scalar spectrum, how-
ever, yields a slightly different flow equation for λ2 as a con-
sequence. To correct for this different parametrization, we
use the beta function for the λ2 coupling as it follows from
the complete quartic parametrization (11). Nevertheless, we
have checked that the use of the beta function that would fol-
low from Eq. (B1) has no significant influence on the results
of this work.

Appendix C: Comparison to an approach with separate
scalar fields

In a previous study [47], we have studied the interplay of
the chiral transitions using a description where the mesonic
degrees of freedom are not combined with the Higgs field into
one collective field, but both the meson and Higgs poten-
tial are kept separate and disentangled. Whereas two dis-
tinct scalar potentials, V for the mesons and U for the Higgs
field, offer the advantage of straightforwardly identifying the
degrees of freedom, it is not as easy to identify the “correct”
vacuum.

In the disentangled description, it naively seems possi-
ble to have a Higgs potential in the broken regime while the
meson potential is still symmetric, or vice versa. This is, how-
ever, modified by the fluctuations, since a non-vanishing vac-
uum expectation value in one of the potentials induces a linear

Fig. 12 Comparison of the results of this work with the approach used
in [47] based on disentangled scalar fields. Despite quantitative differ-
ences, we observe qualitative similarities in the sense that an increas-
ingly strong interacting gauge sector alleviates the fine-tuning necessary
in the model. The physical point, where the running of the strong gauge
coupling coincides with the standard model is denoted by the red dashed
line
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term in the other potential through the Yukawa interactions,
shifting the minimum away from vanishing field amplitude
also in the other potential. In the study [47], we have for sim-
plicity assumed that the true vacuum state is given by a linear
superposition of the two minima. Subsequently, an analysis
analogous to the one in this work is performed. Concentrat-
ing on the chiral transitions and the pseudo-critical exponent,
we find qualitatively similar results, i.e. the fine-tuning prob-
lem gets alleviated for growing gauge couplings in the UV,
as is shown is Fig. 12. For more details and computational
subtleties, we refer the reader to [47].

Appendix D: Threshold functions

The various quantities ldn (·), md
n(·), etc., denote threshold

functions. These quantities correspond to loop integrals of the
functional renormalization group and parametrize the decou-
pling of massive modes from the flow equations. These quan-
tities are numerically of order 1, their precise form depends
on the regulator. Even though the have been frequently dis-
cussed in the literature [8,40,59,73], we list the expressions
for the threshold functions used in this work explicitly for
completeness.

We define the regularized kinetic terms in momentum
space for bosons and fermions as

P(q) = q2 (
1 + rk,B(q)

)
,

PF(q) = q2 (
1 + rk,F(q)

)2

= q2 (
1 + rk,L(q)

) (
1 + rk,R(q)

)
,

where the last line is used for chiral fermions where regulator
shape functions are introduced for the left- and right-handed
part, respectively. The general definitions of the threshold
functions can be found in the literature [8,40,59,73,76].

For the present work, we use the piecewise linear regulator
[82] for the bosonic regulator shape function

rB =
(
k2

q2 − 1

)
�

(
k2 − q2

)
,

and define the fermionic one implicitly by

(1 + rB) = (1 + rL)(1 + rR), rL = rR.

This regulator allows to compute the threshold functions ana-
lytically which is advantageous for the subsequent numerical
integration of the flow equations. The explicit form reads
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Appendix E: Check of universality violations

Since the ungauged limit of our model, the Higgs-top-bottom
model, does not exhibit a UV complete limit, we have to
define it with an explicit UV cutoff �. This introduces a
scheme dependence of our results which can be mapped onto
a dependence of the choice of the bare couplings. Still, as long
as we study flows which spend a sufficiently long “RG time”
near the Gaussian weak-coupling fixed point, the dependence
of IR observables on the initial conditions (or on the scheme)
becomes suppressed by inverse powers of the cutoff scale �.
In the case that the limit � → ∞ can be taken, universality
violations vanish exactly. In practice, we need find a compro-
mise between a sufficiently large � such that universality vio-
lations remain quantitatively irrelevant, and a conveniently
small � in order to keep the numerical effort manageable.
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Fig. 13 Test of universality violations: normalized vacuum expecta-
tion value in the deep QCD regime for different values of the marginal
couplings at the UV scale, x� ∈ {λ1,�, λ2,�, h2

�} for the lower to upper
curve respectively. The initial value of the gauge coupling g� is kept
fixed for this analysis. We observe that the vacuum expectation value
changes at most on the 0.01% level for changes in the couplings studied
in this work

The latter is dominated by the need to “solve the fine-tuning
problem” in practice simply by fine-tuning the initial control
parameter in order to arrive at a Fermi scale v ≪ �. For
our purposes, the choice � = 108 GeV has turned out to
represent such a suitable compromise.

As an example of these universality violations, we show
the influence of the marginal Yukawa and scalar self-
interaction couplings on the vacuum expectation value v in
the deep QCD regime in Fig. 13. Varying the initial condi-
tions of these couplings at O(1), we observe that the vacuum
expectation value v varies merely on the sub-permille level
at most. This illustrates the fact that the IR and the scale of
all physical of physical observables is set only by the gauge
coupling.
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