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Motivated by the ongoing analysis by the BESIII Collaboration on the single-tagged eþe− →
eþe−ηπþπ− reaction, we present a phenomenological study of the diphoton fusion to ηπþπ−, focusing

on the production mechanism of the f1ð1285Þ resonance. Contributions from the f1ð1285Þ → a0ð980Þ�π∓
and f1ð1285Þ → σ=f0ð500Þη channels are included without introducing free parameters within an effective

Lagrangian approach. Assuming the destructive interference between the amplitudes, we predict the

invariant mass distributions, angular distributions, and total cross sections of the γ�γ → ηπþπ− process,

which will be tested by the forthcoming BESIII measurements.

DOI: 10.1103/PhysRevD.110.094043

I. INTRODUCTION

Photon-photon fusion is considered to be a clean way

to explore the inner structure of mesons with positive

C-parity. The importance of this process is heightened by

its relevance to the physics of the Muon g − 2. In the first

edition of the white paper by the Muon g − 2 Theory

Initiative [1–21], the experimental measurements of the

photon-photon fusion to three mesons, such as γð�Þγ� → 3π,

KK̄π, ηππ, are listed as the priority in order to provide the

necessary theoretical input for the data-driven approach: the

transition form factors (TFFs) of the axial-vector mesons

a1ð1260Þ, f1ð1285Þ, and f1ð1420Þ, as well as tensor

mesons [e.g., a2ð1232Þ].
The f1ð1285Þ TFFs have been studied in previous

phenomenological studies [13,22,23]. Two recent para-

metrizations of f1ð1285Þ TFFs have been proposed [24,25]
based on the resonance chiral theory and the holographic

model. The asymptotic behavior of axial-vector TFFs has

been derived in Ref. [26], which is incorporated in a vector-

meson dominance inspired parametrization of f1ð1285Þ
TFFs [27,28]. However, due to the lack of the direct

experimental data, the f1ð1285Þ TFFs are not well

determined.

Currently, the BESIII Collaboration has performed

feasibility studies on the γγ� → ηπþπ− [29], KþK−π0

processes [30], and the analysis of γð�Þγ� → πþπ−π0 is

planned. To align with those experimental progresses, we

have conducted phenomenological studies of the γγ →

πþπ−π0 [31] and the γγ� → K�K̄�∓ð892Þ → KþK−π0 [32]

reactions within an effective Lagrangian approach. The

proposed models could serve as input for the Monte Carlo

(MC) generators for the ongoing data analysis of BESIII.

In this paper we present a theoretical study of the γ�γ →
ηπþπ− process, which is the prime reaction to extract the

TFFs of the lowest-lying axial-vector meson f1ð1285Þ,
given the f1ð1285Þ → ηππ branching ratio is ∼52.2% [33].

Besides the f1ð1285Þ production mechanism, there is also a

very close pseudoscalar ηð1295Þ, which could theoretically
be produced in the diphoton fusion to ηππ process.

However, this state was not observed in previous experi-

ments of the untagged measurement of γγ → ηπþπ−. Apart
from the already relatively well studied η0ð958Þ state, also
the ηð1405Þ state can be produced in the γ�γ → ηπþπ−

reaction. Given the large mass differences, these narrow

resonances η0ð958Þ, f1ð1285Þ, and ηð1405Þ are expected to
be well separated in the ηπþπ− mass spectrum. Therefore,

the γ�γ → ηπþπ− presents an ideal process to investigate

the f1ð1285Þ state.
In the 1980s, Mark II [34] and TPC/Two Gamma [35]

Collaborations measured the eþe− → eþe−ηπþπ− reaction

with tagged and untagged final-state electrons, and

observed the f1ð1285Þ state in the tagged two-photon

fusion process. Subsequently, the L3 Collaboration [36,37]

also reported the production of the f1ð1285Þ state in the

same process, and measured the branching fraction

Γðf1ð1285Þ → a0ð980ÞπÞ=Γðf1ð1285Þ → ηππÞ. However,
the L3 Collaboration used an indirect method, which relied
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on the comparison with the Monte Carlo distributions, to

extract the momentum transfer. Until now, no new exper-

imental research on this process has been reported.

Recently, a feasibility study of the single-tagged eþe− →
eþe−ηπþπ− reaction in the f1ð1285Þ energy region was

performed based on BESIII data [29]. In this analysis, the

“GGResRC” MC generator [38] was used to interpret the

experimental data. As in this generator any interference

among the helicity amplitudes of different channels is

neglected, a precision extraction of the f1ð1285Þ TFFs is
hampered in such an approach.

To address this issue, we propose in this work a

phenomenological model focusing on the f1ð1285Þ
production in the s-channel. As illustrated in Fig. 1, the

two major decay processes f1ð1285Þ → a0ð980Þ�π∓ and

f1ð1285Þ → σ=f0ð500Þη are considered. Within the effec-

tive Lagrangian approach, we determine the couplings via

the relevant decay widths. Through the destructive inter-

ference between the amplitudes of both channels, as hinted

by the L3 data [37], we present our predictions for the

invariant mass distributions, angular dependence, and total

cross sections of the γ�γ → ηπþπ− reaction. Additional

potential mechanisms, such as the ρ0-exchange in the t- and
u-channels of the γ�γ → ση → ηπþπ− process, are

expected to be suppressed due to the heavy vector meson

exchange. Moreover, the decay mechanism for f1ð1285Þ

into ηππ is also possible via a triangle K�K̄K one-loop

rescattering [39,40]. The latter contribution is, however,

subdominant in the energy region of the f1ð1285Þ excita-
tion compared with the large tree diagram contribution

f1ð1285Þ → a0π → ηππ as shown in Ref. [39].

The paper is organized as follows: In Sec. II, we present

the amplitude of γ�γ → ηπþπ− in our phenomenological

model within the effective Lagrangian approach. In Sec. III,

the predictions of the polarized (differential) cross sections

and angular distributions of γ�γ → ηπþπ− are shown in the

low Q2 region of BESIII measurement, and the sensitivity

to the f1ð1285Þ TFFs is studied. Finally, we summarize the

main results in Sec. IV.

II. FRAMEWORK

In this section, we formulate the Feynman amplitudes of

the γ�ðq1; λ1Þ þ γðq2; λ2Þ → ηðpηÞ þ πþðpπþÞ þ π−ðpπ−Þ
reaction in our minimal model using the effective

Lagrangian approach. The kinematical invariants of this

2 → 3 process are defined by

s ¼ W2 ¼ ðq1 þ q2Þ2 ¼ 2q1 · q2 −Q2

1
;

t ¼ ðq1 − pη − pπþÞ2;
u ¼ ðq2 − pη − pπþÞ2;

M2

π�η
¼ ðpπ� þ pηÞ2;

M2

πþπ− ¼ ðpπþ þ pπ−Þ2 ð1Þ

with q2
1
¼ −Q2

1
and q2

2
¼ 0.

A. Transition amplitude of γ�γ → f 1ð1285Þ
The transition amplitude of the γ�ðq1; λ1Þ þ γ�ðq2; λ2Þ →

AðPA;ΛAÞ reaction, where A represents the axial-vector

meson with momentum PA ¼ q1 þ q2 and helicity ΛA, is

parametrized by the three-independent structures [22,41],

MAγ�γ� ¼ ie2εμðq1;λ1Þενðq2;λ2Þεω�ðPA;ΛAÞϵρστω
�

Rμρðq1;q2ÞRνσðq1;q2Þðq1−q2Þτ
ν

M2

A

FTT
Aγ�γ�ðQ2

1
;Q2

2
Þ

þRνρðq1;q2Þ
�

q
μ
1
þQ2

1

ν
q
μ
2

�

qσ
1
qτ
2

1

M2

A

FLT
Aγ�γ�ðQ2

1
;Q2

2
ÞþRμρðq1;q2Þ

�

qν
2
þQ2

2

ν
qν
1

�

qσ
2
qτ
1

1

M2

A

FTL
Aγ�γ�ðQ2

1
;Q2

2
Þ
�

; ð2Þ

where the three TFFs F
ðTT;LT;TLÞ
f1γ

�γ� ðQ2

1
; Q2

2
Þ, which are

functions of both photons’ virtualities, describe the inner

structure of the f1ð1285Þ resonance. The superscript TT
denotes the fusion of two transverse photons, while TL
(LT) denotes the first photon in the fusion process being

transverse (longitudinal) while the second photon is longi-

tudinal (transverse), respectively. In Eq. (2) εμðqi; λiÞ with
i ¼ 1, 2 are the polarization vectors of the incoming

photons with helicity λi. The symmetric transverse tensor

is defined as

Rμνðq1; q2Þ≡ −gμν þ 1

X
½νðqμ

1
qν
2
þ q

μ
2
qν
1
Þ

þQ2

1
q
μ
2
qν
2
þQ2

2
q
μ
1
qν
1
�; ð3Þ

with the virtual photon flux factor

(a) (b)

FIG. 1. Feynman diagrams of the γ�γ → ηπþπ− process via the

f1ð1285Þ → a�
0
ð980Þπ∓ (a) and f1ð1285Þ → σ=f0ð500Þη (b)

decays.
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X ≡ ðq1 · q2Þ2 − q2
1
q2
2
¼ ν2 −Q2

1
Q2

2
; ð4Þ

ν≡ q1 · q2 ¼
W2 þQ2

1
þQ2

2

2
: ð5Þ

In the present work, we focus on the single virtual case, i.e.,

γ�ðq1; λ1Þγðq2; λ2Þ → f1ð1285Þ. For this process, the above
amplitude reduces as

Mf1γ
�γ ¼ ie2εμðq1;λ1Þενðq2;λ2Þεω�ðq1þq2;Λf1

Þϵρστω

×

��

νgμρgνσðq1−q2Þτ−gμρqν
1
qσ
2
qτ
1

þgνρ
�

q
μ
1
þq

μ
2
þQ2

1

ν
q
μ
2

�

qσ
2
qτ
1

�

1

M2

f1

FTT
f1γ

�γ�ðQ2

1
;0Þ

−gνρ
�

q
μ
1
þQ2

1

ν
q
μ
2

�

qσ
1
qτ
2

1

M2

f1

FLT
f1γ

�γ�ðQ2

1
;0Þ

�

: ð6Þ

To describe the fusion of one virtual photon and one real

photon, only two independent TTFs FTT;LT
f1γ

�γ� ðQ2

1
; 0Þ are

needed, while the third one, FTL
f1γ

�γ�ðQ2

1
; 0Þ, decouples in

the single virtual case [42]. The two independent helicity

amplitudes describing the γ�γ → f1ð1285Þ transition are

then given by

M
λ1¼λ2¼1;Λf1

¼0

f1γ
�γ ¼ e2

νQ2

1

M3

f1

FTT
f1γ

�γ�ðQ2

1
; 0Þ;

M
λ1¼0;λ2¼1;Λf1

¼−1

f1γ
�γ ¼ −e2

νQ1

M2

f1

FLT
f1γ

�γ�ðQ2

1
; 0Þ: ð7Þ

One thus notices that the polarized cross section σTT for the

fusion of two transversely polarized photons is suppressed

by a factorQ2

1
=ð2M2

f1
Þ in comparison with the cross section

σLT in which the first photon is longitudinally polarized, in

accordance with the Landau-Yang theorem [43,44]. This

feature will be helpful to determine the TFF FTL
f1γ

�γ�ðQ2

1
; 0Þ

nearly model independently, as discussed in Ref. [32].

Currently, the f1ð1285Þ TFFs are not well determined

due to the lack of the direct experimental data. The dipole

form of f1ð1285Þ TFFs, which is derived in the quark

model [22], has been widely used in, e.g., Refs. [37,45].

Melnikov and Vainshtein [13] proposed a parametrization

of the f1 TFFs constrained by the large-Nc and operator

product expansion arguments, which was subsequently

antisymmetrized in Ref. [23] to satisfy the Landau-

Yang suppression. Recently, the f1ð1285Þ TFFs have been
studied using the resonance chiral theory [24] and the

holographic models [25]. For high virtualities, the asymp-

totic behavior of f1 TFFs has been derived from the

light-cone expansion [26]. Incorporating this high-energy

constraint, a vector meson dominance inspired parametri-

zation of the f1ð1285Þ TFFs have been proposed in

Refs. [27,28] through a global fit of all relevant data.

For the sake of providing cross section estimates in the

present work, we employ the quark model relation to

determine FTT
f1γ

�γ�ðQ2

1
; 0Þ and FLT

f1γ
�γ�ðQ2

1
; 0Þ,

FTT
f1γ

�γ�ðQ2

1
; 0Þ ¼ −FLT

f1γ
�γ�ðQ2

1
; 0Þ ¼ −

FLT
f1γ

�γ�ð0; 0Þ
ð1þQ2

1
=Λ2

f1
Þ2 ; ð8Þ

where we use the dipole form to parametrize the TFFs,

which satisfies the asymptotic behavior 1=Q4

1
at large

virtuality, as given in [26]. The dipole mass Λf1
, which

can be adjusted according to the relevant data, is fixed as

Λf1
¼ 1040 MeV, estimated by the L3 Collaboration [37].

As to the normalization FLT
f1γ

�γ�ð0; 0Þ, it is conventional

to define an equivalent two-photon decay width of

f1ð1285Þ as

Γ̃f1→γγ ≡ lim
Q2

1
→0

M2

f1

2Q2

1

Γðf1 → γ�LγTÞ

¼ πα2

4
Mf1

1

3
½FLT

f1γ
�γ�ð0; 0Þ�2: ð9Þ

The equivalent f1ð1285Þ→ γγ decay width has been

estimated by the L3 Collaboration as [37]

Γ̃f1→γγ ¼ 3.5� 0.8 keV; ð10Þ

resulting in the normalization

FLT
f1γ

�γ�ð0; 0Þ ¼ 0.44� 0.05: ð11Þ

B. γ�γ → a0ð980Þ�π∓
→ π

+
π
−
η channel

To obtain the amplitude of the γ�γ → f1ð1285Þ →
a0ð980Þ�π∓ → πþπ−η channel, we need two further ver-

tices: f1 → a0π and a0 → πη. The Lagrangian to describe

the f1ð1285Þ decay to a0ð980Þπ is given by
1

Lf1a0π
¼ gf1a0π

2
f
μ
1
ð∂μπ · a0 − π · ∂μa0Þ; ð12Þ

where π and a0 denote the isovector π and a0 fields, and f
μ
1

is the f1ð1285Þ vector field. The dimensionless coupling

gf1a0π is determined by the partial decay width of

f1ð1285Þ → a0ð980Þπ, which is a p-wave decay process,

Γf1→a0π
¼ Γf1→aþ

0
π− þ Γf1→a−

0
πþ þ Γf1→a0

0
π0

¼
g2f1a0π

8πM2

f1

½qf1→a0π
ðM2

f1
Þ�3; ð13Þ

with the center-of-mass (cm) momentum in the rest frame

of the f1ð1285Þ → a0ð980Þπ decay process,

1
Note that the expression of Lf1a0π

¼ gf1a0πf
μ
1
∂μπ · a0 is

equivalent to Eq. (12) if the on-shell condition applies.
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qf1→a0π
ðW2Þ ¼ λ1=2ðW2;M2

a0
; m2

πÞ
2W

; ð14Þ

and λ being the Källén triangle function λðx; y; zÞ≡
x2 þ y2 þ z2 − 2xy − 2xz − 2yz. The partial decay width

Γ
Exp
f1→a0π

≃ 8.63� 1.00 MeV ð15Þ

is obtained using the branching ratio Bðf1ð1285Þ →
a0πÞ ¼ 38%� 4% averaged by PDG [33]. The coupling

constant gf1a0π is then estimated via Eq. (13) as

gf1a0π ≃ 5.26� 0.69: ð16Þ
The effective a0πη interaction is described by the

Lagrangian

La0ηπ
¼ ga0ηπa0 · ∂μπ∂

μη; ð17Þ

where we absorb the m2
π term ∼a0 · πη in the chiral

Lagrangian [46] into the effective coupling ga0ηπ.
2

The coupling ga0ηπ can be fixed via the decay width of

the a0ð980Þ → ηπ:

Γa0→ηπ ¼ Γaþ
0
→ηπþ ¼ Γa−

0
→ηπ− ≃ Γa0

0
→ηπ0

¼ g2a0ηπ

8πM2
a0

qa0→ηπðM2
a0
Þ

× fM2
a0
½qa0→ηπðM2

a0
Þ�2 þm2

πm
2
ηg: ð18Þ

There are five decay modes of the a0ð980Þ resonance:

a0ð980Þ→ηπ, a0ð980Þ→KK̄, a0ð980Þ→η0π, a0ð980Þ→ γγ,

and a0ð980Þ → eþe−, as listed in the PDG review [33].

Assuming that the total a0ð980Þ width comes from the first

two dominant channels, the partial decaywidth of a0 → ηπ is

given as

Γ
Exp
a0→ηπ ≃

1

1.172
Γ
Exp
a0 ¼ 85.32%Γ

Exp
a0 ; ð19Þ

where we have used the PDG-averaged branching ratio

Γða0 → KK̄Þ=Γða0 → ηπÞ ¼ 0.172� 0.019 [33]. We note

that the position and width of the a0ð980Þ resonance have a
large model dependence. In this work, we employ the latest

result for the a0ð980Þ parameters, reported by the Belle

Collaboration [48]:

M
Exp
a0 ¼ 982.3ðþ0.6

−0.7Þðþ3.1
−4.7Þ MeV;

Γ
Exp
a0 ¼ 75.6ðþ1.6

−1.6Þðþ17.4
−10.0Þ MeV;

where the first (second) bracket refers to the statistic (sys-

tematic) uncertainty. This then leads to the coupling constant:

ga0ηπ ¼ 6.85� 0.65 GeV−1: ð20Þ

Having specified all vertices, one can express the

s-channel amplitude of Fig. 1(a) via the a�
0
ð980Þπ decay

channel as

Ma ¼ Maþ
0
π− þMa−

0
πþ ; ð21Þ

where

Maþ
0
π− ¼ ie2gf1a0πga0ηπεμðq1;λ1Þενðq2;λ2Þ

P

ε�αðPf1
;Λf1

ÞεβðPf1
;Λf1

Þ
ðq1þq2Þ2−M2

f1
þ iMf1

Γf1
ðP2

f1
Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D1½qf1→γ�γðsÞRf1
�

D1½qf1→γ�γðM2

f1
ÞRf1

�

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D1½qf1→a0π
ðsÞRf1

�
D1½qf1→a0π

ðM2

f1
ÞRf1

�

s

×ϵρσταðpπ−Þβ
pπþ ·pη

p2

aþ
0

−M2
a0
þ iMa0

Γa0
ðp2

aþ
0

Þ

��

νgμρgνσðq1−q2Þτ−gμρqν
1
qσ
2
qτ
1

þgνρ
�

q
μ
1
þq

μ
2
þQ2

1

ν
q
μ
2

�

qσ
2
qτ
1

�

1

M2

f1

FTT
f1γ

�γ�ðQ2

1
;0Þ−gνρ

�

q
μ
1
þQ2

1

ν
q
μ
2

�

qσ
1
qτ
2

1

M2

f1

FLT
f1γ

�γ�ðQ2

1
;0Þ

�

;

Ma−
0
πþ ¼Maþ

0
π− jpπþ↔pπ−

; ð22Þ

with the f1ð1285Þ momentum Pf1
≡ q1 þ q2 and the a0ð980Þþ momentum paþ

0

≡ pη þ pπþ . The Blatt-Weisskopf barrier

factor [49] D1ðxÞ ¼ 1=ðx2 þ 1Þ is taken into account in the amplitude for the p-wave decay of f1ð1285Þ → a0ð980Þþπ−.
The constant Rf1

is the effective range parameter for the f1ð1285Þ resonance, which we fix as Rf1
¼ 3.0 GeV−1,

consistent with the range reported in [48]. The energy-dependent width of the intermediate f1ð1285Þ resonance is

parametrized as

2
Note that in Ref. [47] the structure ga0ηπa0 · πη is used to describe the a0πη vertex, which, however, does not obey the chiral limit

behavior.
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Γf1
ðP2

f1
Þ ¼ Γf1

ðM2

f1
Þ
�

Bðf1 → a0πÞ
Mf1

ffiffiffi

s
p

�

qf1→a0π
ðsÞ

qf1→a0π
ðM2

f1
Þ

�

3 D1½qf1→a0π
ðP2

f1
ÞRf1

�
D1½qf1→a0π

ðM2

f1
ÞRf1

�ΘðP
2

f1
− ðMa0

þmπÞ2Þ

þ Bðf1 → γρ0Þ Mf1
ffiffiffiffiffiffiffi

P2

f1

q

qf1→γρ0ðP2

f1
Þ

qf1→γρ0ðM2

f1
ÞΘðP

2

f1
− ðMρ0Þ2Þ

þ ½Bðf1 → π0π0πþπ−Þ þ Bðf1 → ηππÞ þ Bðf1 → ρ0πþπ−Þ þ Bðf1 → KK̄πÞ�
P2

f1

M2

f1

�

; ð23Þ

where the branching ratios of f1ð1285Þ resonance are listed in Table I. For the three- and four-body decay modes, we follow

Ref. [48] to parametrize their contribution to the energy-dependent width as the linear term P2

f1
=M2

f1
.

Correspondingly, the energy-dependent width of the a0ð980Þþ resonance is parametrized as

Γa0
ðp2

aþ
0

Þ ¼ Γa0
ðM2

a0
Þ
�

Bða0 → πηÞ Ma0
ffiffiffiffiffiffiffiffi

p2

aþ
0

q

qa0→πηðp2

aþ
0

Þ
qa0→πηðM2

a0
ÞΘðP

2
a0
− ðmπ þmηÞ2Þ

þ Bða0 → KK̄Þ Ma0
ffiffiffiffiffiffiffiffi

p2

aþ
0

q

qa0→KK̄ðp2

aþ
0

Þ
qa0→KK̄ðM2

a0
ÞΘðp

2

aþ
0

− ð2mKÞ2Þ
�

; ð24Þ

where the branching ratios Bða0 → πηÞ and Bða0 → KK̄Þ
are 85.32% and 14.68%, respectively, as determined by

Eq. (19).

The rest-frame momenta of the considered channels are

given by

qf1→γ�γðsÞ ¼
λ1=2ðs;−Q2

1
; 0Þ

2
ffiffiffi

s
p ; ð25Þ

qf1→a0π
ðsÞ ¼

λ1=2ðs; p2

aþ
0

; m2
πÞ

2
ffiffiffi

s
p ; ð26Þ

qa0→πηðp2

aþ
0

Þ ¼
λ1=2ðp2

aþ
0

; m2
η; m

2
πÞ

2

ffiffiffiffiffiffiffiffi

p2

aþ
0

q : ð27Þ

C. γ�γ → σ=f 0ð500Þη → π
+
π
−
η channel

We next discuss the f1ð1285Þ→ ση channel. The

effective Lagrangian to describe the f1ση interaction vertex

is given by

Lf1ση
¼ gf1ση

2
f
μ
1
ð∂μησ − η∂μσÞ; ð28Þ

and the effective coupling constant gf1ση can be determined

from the partial decay width of f1ð1285Þ → σ=f0ð500Þη.
We use the following expression:

Γf1→ση ¼
1

ΔMσ

Z

Mmax
σ

Mmin
σ

dMσ

g2f1ση

24πM2

f1

q3f1→σηðM2

f1
Þ;

qf1→σηðP2

f1
Þ ¼

λ1=2ðP2

f1
;M2

σ; m
2
ηÞ

2

ffiffiffiffiffiffiffi

P2

f1

q ; ð29Þ

by averaging over the mass range Mσ from Mmin
σ ¼

400 MeV to Mmax
σ ¼ 550 MeV, with ΔMσ ¼ 150 MeV.

According to the PDG review [33], the branching ratio

of f1ð1285Þ → ηππ excluding the f1 → a0π contribution

is averaged as 14%� 4%. We use this result as the

maximum value of Γf1ση
leading to the coupling

constant

gf1→ση ≃ 2.62� 0.39: ð30Þ

In this way, the effects of the higher resonances,

such as f0ð980Þ, f2ð1270Þ, in the same production mecha-

nism as the ση channel are considered effectively. To

estimate the contribution from the γ�γ → ση → πþπ−η
process, we first describe the amplitude for the γ�γ → ση

subprocess as

TABLE I. Decay channels of f1ð1285Þ [33].

Branch ratio Value

Bðf1 → a0πÞ 38%� 4%

Bðf1 → π0π0πþπ−Þ 21.8%� 1.3%

Bðf1 → ηππÞ [excluding a0π] 14%� 4%

Bðf1 → ρ0πþπ−Þ 10.9%� 0.6%

Bðf1 → KK̄πÞ 9.0%� 0.4%

Bðf1 → γρ0Þ 6.1%� 1.0%
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Mση ¼ ie2gf1σηεμðq1; λ1Þενðq2; λ2ÞϵρσταðpηÞβ
P

ε�αðPf1
;Λf1

ÞεβðPf1
;Λf1

Þ
ðq1 þ q2Þ2 −M2

f1
þ iMf1

Γf1
ðP2

f1
Þ

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D1½qf1→γ�γðP2

f1
ÞRf1

�
D1½qf1→γ�γðM2

f1
ÞRf1

�

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D1½qf1→σηðP2

f1
ÞRf1

�
D1½qf1→σηðM2

f1
ÞRf1

�

s

��

νgμρgνσðq1 − q2Þτ − gμρqν
1
qσ
2
qτ
1

þ gνρ
�

q
μ
1
þ q

μ
2
þQ2

1

ν
q
μ
2

�

qσ
2
qτ
1

�

1

M2

f1

FTT
f1γ

�γ�ðQ2

1
; 0Þ − gνρ

�

q
μ
1
þQ2

1

ν
q
μ
2

�

qσ
1
qτ
2

1

M2

f1

FLT
f1γ

�γ�ðQ2

1
; 0Þ

�

; ð31Þ

where we take the same form of the energy-dependent

width of f1ð1285Þ as given in Eq. (23). The Blatt-

Weisskopf barrier factor D1ðxÞ from the p-wave decays

f1ð1285Þ → γ�γ and f1ð1285Þ → ση is taken into account

with the momenta qf1→γ�γ and qf1→ση defined in Eqs. (25)

and (29), respectively.

To describe the subsequent decay of σ=f0ð500Þ →
πþπ−, we use the s-wave isospin I ¼ 0 Omnès function,

ΩðxÞ ¼ exp

�

x

π

Z

∞

4m2
π

dx0

x0
δðx0Þ
x0 − x

�

; ð32Þ

which accounts for the rescattering effects through the

σ=f0ð500Þ resonance. Since the Omnès function is nor-

malized as Ωð0Þ ¼ 1, one needs to introduce a coupling C,

which has the dimension GeV−1, to obtain the amplitude of

the γ�γ → ση → πþπ−η process,

Mb ¼ CMσηΩðM2

πþπ−Þ; ð33Þ

where, in principle, the coupling C is a function of Mπþπ− .

Due to the lack of experimental data of this process, here

we take it as a constant for simplicity. Note that one needs

to replace Mσ appeared in Eq. (31) of the γ�γ → ση

amplitude as the invariant mass Mπþπ− in Mb.

To determine the coupling C, we perform a matching at

the level of the polarized total cross sections between the

γ�γ → ση and γ�γ → πþπ−η processes. By taking into

account the Mσ uncertainty in the γ�γ → ση process, we

have the following relation by including the branching ratio

Brðσ → πþπ−Þ ¼ 2=3:

σ
γ�γ→ηπþπ−

þþ ¼Brðσ→πþπ−Þ
ΔMσ

Z

Mmax
σ

Mmin
σ

dMσσ
γ�γ→ση
þþ ðMσÞ;

σ
γ�γ→ηπþπ−

0þ ¼Brðσ→πþπ−Þ
ΔMσ

Z

Mmax
σ

Mmin
σ

dMσσ
γ�γ→ση
0þ ðMσÞ; ð34Þ

where we average the two-body helicity cross sections by

integrating over the σ mass from 400 MeV to 550 MeV.

Since C is approximated as a constant, we determine for

s ¼ M2

f1
and the virtuality Q2

1
¼ 0.5 GeV2, which is the

virtuality corresponding with the BESIII measurements

discussed below, constraining its absolute value

as jCj ≃ 13.88 GeV−1.

III. RESULTS AND DISCUSSION

In our model, tailored to describe the f1ð1285Þ reso-

nance excitation in the γ�γ → ηπþπ− process, the ampli-

tude can be written as a sum of two subprocesses shown

in Fig. 1,

Mγ�γ→ηπþπ− ¼ Ma þMb; ð35Þ

where Ma and Mb correspond to the amplitudes of the

a�
0
π∓ and ση channels, respectively. The relative phase

between both amplitudes is not constrained by the above

arguments, and will be chosen from the best fit to the

available data as discussed further on. By introducing the

helicity amplitudesMλ1λ2
of the γ�γ → ηπþπ− process, one

can evaluate the differential polarized cross sections of

γ�γ → ηπþπ−

dσTT

dM2

πþηdM
2

πþπ−d cos θπþηdϕ
¼ ðMþþj2 þ jM−þj2Þ

128ð2πÞ4sλ1=2ðs;−Q2

1
; 0Þ ;

dσLT

dM2

πþηdM
2

πþπ−d cos θπþηdϕ
¼ jM0þj2

64ð2πÞ4sλ1=2ðs;−Q2

1
; 0Þ ;

ð36Þ

with the angle θπþη between q1 and the πþη momentum

Pπþη ¼ pπþ þ pη in the γ�γcm frame. ϕ is defined as the

angle between the γ�γ → aþ
0
π− scattering plane and the

aþ
0
ð980Þ→ πþη decay plane.

Equations (36) allow one to calculate the invariant mass

distributions dσ=Mπþη and dσ=Mπþπ− as well as the angular

distribution dσ=d cos θπþη, which are functions of the total

energy W and the virtuality Q2

1
. Since our purpose in the

present work is to provide the input for a Monte Carlo

generator for the ongoing BESIII analysis of the γ�γ →
ηπþπ− process in the f1ð1285Þ energy region, the invariant

mass distributions and angular distributions are presented by

averaging over the total energy bin 1.22 ≤ W ≤ 1.36 GeV:
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dσðQ2

1
Þ

dMπþη
¼ 1

ΔW

Z

Wmax

Wmin

dW
dσðW;Q2

1
Þ

dMπþη
; ð37Þ

with Wmin ¼ 1.22 GeV and Wmax ¼ 1.36 GeV. An analo-

gous averaging procedure applies to the calculations of

dσ=dMπþπ− and dσ=d cos θπþη.

We first present the invariant mass distributions using the

parametrization for the f1ð1285Þ TFFs given by Eq. (8).

We note that the line shapes of the transverse-transverse

(TT) and the longitudinal-transverse (LT) cross sections

exhibit very similar behavior, apart from their magnitude.

We therefore first discuss the result of the LT mass

distributions in Fig. 2 for photon virtualities Q2

1
¼ 0.25,

0.5, 0.75, 1.0 GeV2 covering the range of forthcoming

BESIII data for the γ�γ → ηπþπ− reaction. We show our

results for destructive interference between the a�
0
π∓ and

ση amplitudes, resulting in a negative value for the coupling

C in Eq. (33), i.e., C ≃ −13.88 GeV−1. In Fig. 2 and the

following, we also provide the error bands of our pre-

dictions, which result from error propagation of the

couplings given by Eqs. (11), (16), (20), and (30), which

typically are known with around 10% accuracy. The

resulting Mπþη mass distribution is consistent with the

feature of L3 data: a clear aþ
0
ð980Þ peak and a small

shoulder on the lower side of the a�
0
ð980Þ resonance peak,

appearing as a kinematic reflection, as shown in Fig. 4(c) of

Ref. [37]. We note that this shoulder is further enhanced as

a small bump through the interference with the ση channel.

However, the information provided by the L3 data is rather

limited, as theMπþη mass spectrum is only presented within

the large bin ofQ2: 0.1–6.0 GeV2. Furthermore, there is no

information about the Mπþπ− mass distribution, which

prevent us from performing a detailed comparison with

the L3 data.

For theMπþπ− distribution, which is also shown in Fig. 2,

the typical feature is the double peak structure around the

edges of the Mπþπ− physical region, which is produced by

the destructive interference of both amplitudes. This fact

indicates that the interference among the amplitudes of

different channels is important for achieving the correct

interpretation of experimental data. If there is no interfer-

ence, or if the interference were constructive, only one peak

around Mπþπ− ¼ 500 MeV would appear in the Mπþπ−

spectrum. The destructive interference between the a�
0
π∓

and ση amplitudes resulting in both enhancements near the

edges of the Mπþπ− mass distribution provides a definite

prediction of the underlying reaction mechanism which can

be tested with the forthcoming high statistics BESIII data.

The TT cross section is suppressed in magnitude relative

to the LT cross section over most of theQ2 range. We show

in Fig. 3 the TT=LT cross section ratio for the same mass

distributions as shown in Fig. 2. At Q2 ¼ 0.25 GeV2, the

σTT result is around 10 times smaller than the σLT result. As

Q2 increases, this difference becomes smaller. When Q2

reaches around 1.0 GeV2, the TT=LT cross section ratio

rises to about 0.3. Such evolution is consistent with Eq. (7),

which results in σTT suppressed by the factorQ
2

1
=ð2M2

f1
Þ in

comparison with σLT .

FIG. 2. The predicted mass distributionsMπþη andMπþπ− of the longitudinal-transverse cross section σLT of the γ
�γ → ηπþπ− process

for Q2 ¼ 0.25, 0.5, 0.75, 1.0 GeV2. The black solid lines denote the total results of our model. The contributions from the a�
0
ð980Þπ∓

and ση channels are indicated by the red dashed and blue dotted curves. The gray bands present the uncertainties of our results at the

1σ level.
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To better illustrate the above-mentioned effect of

the destructive interference between both contributing

channels, we also present the angular distributions

dσTT=d cos θπþη and dσLT=d cos θπþη in Fig. 4. One can

see that the TT result, which is dominated by the

a�
0
ð980Þπ∓ channel, increases with increasing cos θπþη.

In contrast, the behavior of the LT case is opposite, as

dσLT=d cos θπþη decreases with increasing cos θπþη. The

order of magnitude difference between TT and LT is also

seen again.

We present the W-dependence of the total cross section

σLT for the γ�γ → ηπþπ− process in Fig. 5. An interesting

feature is that the contribution from the a�
0
ð980Þπ∓ channel

nearly saturates the entire cross section. This can be

FIG. 3. The ratio dσTT=dσLT of mass distributionsMπþη andMπþπ− of the γ
�γ → ηπþπ− process for Q2 ¼ 0.25, 0.5, 0.75, 1.0 GeV2.

The curve conventions are the same as in Fig. 2.

FIG. 4. Predictions of the angular distribution for both the TT and the LT cross sections of the γ�γ → ηπþπ− process for Q2 ¼ 0.25,

0.5, 0.75, and 1.0 GeV2. The curve conventions are the same as in Fig. 2.
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understood by the results of the invariant mass distributions

and angular distributions as shown in Figs. 2–4. However,

the contribution from the ση channel cannot be neglected,

because the destructive interference between the a�
0
π∓ and

ση amplitudes is crucial for understanding the typical

features of invariant mass distributions. Note that the effect

of the BW factor was checked to be negligible in the cross

sections and lies well within our shown error bands.

Finally, in Fig. 6 we compare the Q2 dependence of σTT
and σLT total cross sections at the resonance position, i.e.,

for W ¼ 1.285 GeV. We note that the cross section σTT
increases gradually with increasingQ2, whereas σLT shows

a different functional dependence: it reaches its maximum

atQ2 ¼ 0.5 GeV2 and gradually decreases asQ2 increases.

Such Q2 dependence will be a sensitive observable in

determining the f1ð1285Þ TFFs from forthcoming high

statistics BESIII data.

IV. SUMMARY AND OUTLOOK

In conjunction with the current progress of the BESIII

measurement on the diphoton fusion to the three-meson

processes, we have proposed a phenomenological model

of the γ�γ → ηπþπ− reaction tailored for the f1ð1285Þ
energy region. The channels from the a0ð980Þ�π∓ and

σ=f0ð500Þη intermediate states are considered within the

effective Lagrangian approach. The destructive interference

between both channels captures the main features of the

invariant mass distributions of γ�γ → ηπþπ−. This finding
indicates that the interference among the helicity ampli-

tudes is essential in interpreting the experimental data. We

also predict the angular distributions and polarized total

cross sections of γ�γ → ηπþπ− in the low Q2 region of the

BESIII measurement.

Our work will serve as input to develop a Monte Carlo

generator to assist the BESIII data analysis of the

single tagged eþe− → eþe−γ�γ → eþe−ηπþπ− reaction.

In this procedure, other possible mechanisms of γ�γ →
ηπþπ− may be included in order to achieve a good

description of the expected high-statistics BESIII data.

In the longer term, we aim to generalize this phenom-

enological study in a model-independent manner within a

dispersion framework once the relevant data become

available.
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