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We report on a single-shot longitudinal phase-space reconstruction diagnostic for electron beams in a laser

wakefield accelerator via the experimental observation of distinct periodic modulations in the angularly

resolved spectra. Such modulated angular spectra arise as a result of the direct interaction between the

ultrarelativistic electron beam and the laser driver in the presence of the wakefield. A constrained theoretical

model for the coupled oscillator, assisted by a genetic algorithm, can recreate the experimental electron

spectra and, thus, fully reconstructs the longitudinal phase-space distribution of the electron beam with a

temporal resolution of approximately 1.3 fs. In particular, it reveals the slice energy spread of the electron

beam, which is important to measure for applications such as x-ray free electron lasers. In our experiment, the

root-mean-square slice energy spread retrieved is bounded at 9.9 MeV, corresponding to a 0.9%–3.0%

relative spread, despite the overall GeV energy beam having approximately 100% relative energy spread.
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I. INTRODUCTION

Laser wakefield acceleration (LWFA) [1–3] has gained

much attention in the past few years due to its capability

for generating multi-GeV electron beams [4–11] and the

potential TeV energy gain with proposed dephasingless

laser wakefield acceleration concepts [12–14]. It is now

entering a new stage [15] toward practical applications in

various science frontiers such as TeV electron-positron

colliders [16], compact x-ray free electron lasers (XFELs)

[17–19], and strong field quantum electrodynamics

[20,21], to name but a few. These applications require,

generally, very high beam quality, in terms of (slice) energy

spread, emittance, beam charge, shot-to-shot stability, dark

current, and so on. For example, a high-gain XFEL requires

a relative energy spread smaller than the characteristic FEL

parameter [18]. Although the relative energy spread of a

beam from LWFA is typically large, the slice energy

spread can be sufficiently small [22,23]. The required

overall low energy spread of the beam can be achieved

with the dechirping techniques in plasma wakefields

[23–26] and radio-frequency (rf) cavities [27]. To achieve

high beam qualities, one has to precisely control the beam

dynamics in LWFA, which, in turn, can be done only with

detailed diagnostics of the electron beam and wakefield

dynamics. However, this is still extremely difficult due to

the highly nonlinear acceleration process and the sub-

micrometer, subfemtosecond spatiotemporal diagnostic

requirements.

Recently, Downer et al. [28] summarized extensively the

techniques for diagnosing the electron beam properties and

even the wakefield structures. For example, state-of-the-art

diagnosis of the wakefield structures have been performed

with frequency-domain holography [29–31], femtosecond

shadowgraphy [32–35], Faraday rotation [36,37], and

electron radiography [38–40]. The evolution of the wake-

field has also been investigated with multiple-shot trans-

verse shadowgraphy [32] and single-shot frequency-

domain streak cameras [41]. The techniques of diagnosing

electron beam charge and energy are rather mature nowa-

days, normally with calibrated scintillating screens or

image plates together with magnetic spectrometers which

also provide spatial resolving capability. Slice energy

spread, an important parameter that determines the minimal

achievable energy spread [18,42], has not been measured in

LWFA directly, although indirect measurement with coher-

ent transition radiation has been performed [22]. Transverse

beam emittance has been measured directly with a destruc-

tive conventional pepper-pot mask [43,44] and focus scan

technique [45] and indirectly with betatron [46–48] and

Thomson scattering [49–51] x-ray spectroscopy. The tem-

poral beam profile has been retrieved from the coherent

transition radiation when passing through the plasma-

vacuum boundary [52,53] or a radiator [54–59], from

the magneto-optic technique [37], and by the transverse

deflection of a laser [60].

It is worth noting that the wakefield structures diag-

nosed so far provide little information on the electron

beams. The techniques for electron beam characterization

are normally designed very specifically for one particular

property, and none of these techniques give insight on the

phase-space distributions. Thus, the single-shot direct

diagnosis of the electron beam in 6D phase space is still

extremely challenging.

Here, we present a single-shot diagnosis of the electron

beam’s longitudinal and potentially a full phase-space

distribution using a standard angularly resolved electron

spectrum combined with a constrained theoretical model

that describes the resulting, unique herringbonelike peri-

odic modulations. Such modulated spectra are a result of

the direct interaction between the electron beam and the

laser pulse while inside the wakefield [61]. The theoretical

model, which couples the motion of electrons in the laser-

driven wakefields and the oscillations in the laser fields,

successfully captures the unique features of the spectra

and, hence, reconstructs the longitudinal phase-space

distribution of the electron beams with a temporal reso-

lution better than that of the state-of-the-art X-band

transverse deflection structure [62] that are used predomi-

nately in conventional rf accelerators. Such reconstruction

reveals in great detail the transverse and longitudinal

momentum distributions, which give the energy chirp of

the electron beam and bunch shape (and, hence, pulse

duration) as well as slice energy spread.

II. EXPERIMENT

The experiments were performed on the Gemini laser at

the Central Laser Facility (United Kingdom). The exper-

imental setup, as shown in Fig. 1, is typical for LWFA

experiments [63–67]. A linearly polarized laser beam, with

a peak amplitude of the normalized vector potential of

a0 ¼ 1.3� 0.1, a full width at half maximum (FWHM)

pulse duration of 52� 4 fs, and FWHM focal spot of

FIG. 1. Schematic of the experimental setup. A horizontally

lineally polarized laser pulse was focused on the entrance of a

two-stage gas cell. A thin Kapton tape was placed after the gas

cell to block the residual laser pulse. The LWFA-generated

electron beam was deflected by a permanent magnet in the

vertical direction to resolve the energy spectrum.
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50ð�2Þ μm × 40ð�2Þ μm, was focused into a 3D-printed

two-stage variable-length gas cell [66]. The first stage was

filled with a gas mixture with 2% nitrogen and 98% helium

as an “injector,” and the second stage was filled with pure

helium as the “accelerator” stage. The plasma density in the

gas cells was varied in the range ne ¼ 0–2.6 × 1018 cm−3,

measured with Raman sidescattering [63]. The angularly

resolved electron spectrum was measured by an electron

spectrometer, which consists of permanent magnets with

measured magnetic field distribution and Lanex screens.

The laser polarization is perpendicular to the magnetic

deflection, so that the modulation of the spectrum due to the

laser can be resolved on the detector.

Typical angular spectra of the electron beamswith obvious

modulation are shown in Fig. 2(a). Unlike the ordinary

energy spectra, which can be found in Refs. [64–67] for

the same experimental campaign, these reported here show

extraordinary transverse oscillations, i.e., a “herringbone”

structure. For all of them, the upper and the lower part of the

oscillation crests (the peaks and valleys) are always offset.

This can be explained only by the fact that the transverse

momentum modulation was caused by the laser field.

The modulated electron spectra reveal the temporal

beam profile and, hence, the pulse duration, as well as

the centroids of the transverse and longitudinal momenta

distributions. With these three aspects as inputs, we

reconstructed the electron spectra, as shown in Fig. 2(b),

based on the theoretical model in Sec. III and the method

explained in Sec. III A. As can be seen from the comparison

between Figs. 2(a) and 2(b), the reconstructed spectra agree

with the experimental results quantitatively well. This, on

one hand, verifies the validation of the theoretical model;

on the other hand, the comparison indicates that more

information of the electron beam can be revealed with

fitting parameters which are shown later.

III. COUPLED MOTION OF ELECTRONS

IN LASER-DRIVEN WAKEFIELDS

AND LASER FIELDS

In this section, we give the details of the theoretical

model and the method of electron spectrum reconstruction.

We first review the coupled motion of electrons under-

going betatron oscillations in laser-driven wakefields along

with oscillations in the laser fields while including the

accelerating fields of the wake. The interaction of the laser

with electrons in the presence of plasma channel fields is a

well-established area of research [68–75], which was often

referred as direct laser acceleration. The difference here

compared to typical studies is that the electron beam is

ultrarelativistic when it starts to interact with the fields. In

particular, this leads to the interaction being sensitive to the

difference between the laser phase velocity and the electron

beam velocity.

We establish a simple model with the following assump-

tions. Throughout, we use a system of normalized units

with t → ωpt, x → ωpx=c, p → p=mec, A → eA=mec,

etc., with ωp ¼ e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n0=meε0
p

the plasma frequency corre-

sponding to a reference plasma number density n0. A laser

pulse with central wave number k0 propagates in the xk
direction with group velocity vg described by a transverse

vector potential A⊥ðξ;x⊥; tÞ only (i.e., ignoring longi-

tudinal field contributions), where the coordinates ðx⊥; ξ ¼

xk − vgt; tÞ arise from a Galilean transform to a frame

moving at vg and x⊥ is the position vector transverse to the

wake propagation direction, e.g., in the x-y plane if xk ≡ z.

A paraxial description of a pulsed laser typically leads to

the ordering of gradient scales jk0A⊥j ≫ j∂A⊥=∂x⊥j,
j∂A⊥=∂ξj ≫ j∂A⊥=∂tj. For simplicity, we neglect the

explicit t dependence, e.g., diffraction and focusing effects.

Hence, we may write A⊥ ¼ 1
2
Ã⊥e

ik0ζ þ c:c:, where the

complex amplitude is Ã⊥ðξ;x⊥Þ and the laser carrier

phase depends on ζðξ; tÞ≡ xkðξ; tÞ − vϕt, with vϕ the laser

phase velocity. The wake is generated by the laser ponder-

omotive force and, therefore, is also assumed to be a

function of ξ and x⊥ only and described by a wake potential

ψðξ;x⊥Þ ¼ ϕ − vgAk.

It can be shown (see the Appendix) that, for an electron

interacting with transverse laser fields in the presence of a

(a) (b)

FIG. 2. Herringbone structures observed in (a) experiment

and (b) the corresponding theoretical fittings. For each row,

the identical black dashed lines represent the centroids of the

theoretical fit. Note that the experimental data here are selected to

show different numbers of laser cycles. The different energy

ranges between I–IV and V–VII are due to different electron

spectrometer configurations.
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wake potential, the longitudinal momentum can be

related to the transverse displacement x⊥ and transverse

momentum p⊥ via

pk ≃ pk0 −
γ2p

pk0

�

1

2
α2pk0x

2
⊥ � p2

⊥

�

; ð1Þ

where the x2
⊥ term is due to betatron oscillations in the

wakefield, linearized about the center with gradient α2, and

the p2
⊥ term is due to the oscillation in the laser fields. The

term pk0 is the momentum of the particle in the wake in the

absence of any transverse oscillations, because the con-

tribution of the oscillations can be treated perturbatively

under the conditions studied here. The “�” sign depends on

whether the particle is either faster or slower than the wake.

The transverse motion of the electrons obey solutions to

a (damped) forced harmonic oscillator equation, as shown

in the Appendix:

x⊥ ¼
êa0

k0ηZ
sin ðk0ζ þΦÞ þ x⊥t;

p⊥ ¼
êa0

Z
cos ðk0ζ þΦÞ þ p⊥t; ð2Þ

where the function ηðζ;x⊥; tÞ ¼ γðvk − vϕÞ describes the

change in laser phase of the electron, Φ is a constant

phase term, ê the polarization vector, a0 the peak amplitude

of the normalized laser vector potential, and Z ¼
1 − ðα2γ=2k20η

2Þ describes a betatron resonance [69,76,77].
x⊥t and p⊥t are the transient solutions to the oscillator

equation and correspond to the betatron oscillations of the

electrons in the wake in the absence of the laser. Together,

Eqs. (1) and (2) describe the distinctive herringbone-shaped

trajectory (see Fig. 10 in the Appendix).

A. Reconstruction of the electron spectra

and the retrieval of the phase space

In the presence of the laser and the wakefield, each

trapped, high-energy electron should follow a trajectory

given by Eqs. (1) and (2). At the end of the gas cell, the

plasma is rapidly (with respect to ζ) switched off, and the

canonical momentum is subsequently conserved so that

the momentum distribution measured on the detector

represents the particle phase space at the end of the plasma.

To reconstruct the expected measured momentum distri-

bution of the particles, we make an ergodic argument that

the average behavior of electrons may be determined by

assuming the electrons fill the trajectory of a single particle.

However, the electrons will be on different trajectories

owing to their initial energy spread or transverse momen-

tum spread, etc. The magnetic spectrometer detector

projects the distribution onto a 2D plane, and so, from

here on, we specify the parallel and perpendicular direc-

tions to be labeled z and x, respectively. In the experiment

here, x is in the laser polarization direction. The goal for

matching experimental data, e.g., Fig. 3(a), is to find the

distribution in phase space fðpz; px; ζÞ constrained to be

constructed only by trajectories that obey Eqs. (1) and (2).

We note that the transient solution will be set by the initial

betatron oscillations, which can be assumed to be adia-

batically matched such that pxt can be sampled from an

assumed normal distribution with width σpxt
.

The amplitude of the steady-state solution of Eq. (2)

can be extracted from the envelope of the experimental

spectrum from the herringbone, and that of the transient

solution can be extracted from the width of the exper-

imental spectrum. Thus, the transverse momentum can be

rewritten as

pxðζÞ ¼ p̂xsðζÞ
a0

Z
cosðk0ζ þΦÞ þ p̂xtðζÞpxt: ð3Þ

Here, p̂xs and p̂xt are the normalized envelope of the

steady-state and transient transverse momentum distribu-

tions [as functions of pz and, hence, ζ, since pzðζÞ can be

inferred from the observed oscillations] extracted from the

experimental spectrum. a0 represents the momentum

amplitude of the steady-state oscillation of each particle.

pxt represents the transient solution due to the betatron

oscillation, which, therefore, takes the form of a normal

distribution for a beam which can be characterized as

pxt ¼ σpxt
·N , with its mean at 0 and the standard

deviation as σpxt
; N stands for the standard normal

distribution function. Similarly for the real-space distribu-

tion xðζÞ.
Therefore, the longitudinal momentum distribution can

be rewritten as

pz ¼ pz0 −
γ2p

pz0

�

1

2
α2pz0

�

x̂sa0

k0ηZ
sinðk0ζ þΦÞ þ x̂tσxtN

�

2

þ

�

p̂xsa0

Z
cosðk0ζ þΦÞ þ p̂xtσpxt

N

�

2
�

: ð4Þ

Here, we take the “þ” sign in the parentheses in Eq. (1) for

the reason explained in the Appendix. The first term on the

right-hand side that is due to the wakefield acceleration

takes the form pz0 ¼ pz;exp þ Δpz, where pz;exp is the

centroid that can be extracted from the experimental

spectrum as we mentioned above and Δpz ¼ σΔpz
·N is

due to the slice energy spread distribution. Note that we

treat the slice energy spread ΔE equivalent to the slice

longitudinal momentum spread Δpz as ΔE ≃ Δpzc for

ultrarelativistic electrons.

Apart from the extracted transverse, longitudinal

momentum distributions, and longitudinal beam profile

as the backbone of the reconstruction, the unknown

parameters γp, α, a0, σpxt
,σxt , Φ, and σΔpz

serve as fitting

parameters.
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Therefore, the reconstruction is an optimization problem

in a seven-dimensional parameter space that can be solved

with a genetic algorithm (GA) [78–81]. Figure 3 demon-

strates an example of the reconstruction optimization using

the GAwith a differential driver [78]. The goal for the GA

was set as the experimental spectrum shown in Fig. 3(a). In

each iteration, 20 individuals formed the parent generation,

and five of the best ones were selected as the parents to pass

their genes on to the next generation with a population

of 20. For each individual, the spectrum was reconstructed

by using Eqs. (3) and (4) with the fixed transverse,

longitudinal and beam profile, and the seven parameters

with random values as genes. Then, the randomly recon-

structed spectrum was compared with the goal by using a

figure-of-merit (FOM) function as the sum of the mean

square error. The smaller the FOM, the better the GA

performance. The five best children were selected as the

new parents with a mutation and crossover of their genes to

produce the next generation. The process repeated until the

GA was converged.

The best reconstructed spectrum in the last iteration, as

shown in Fig. 3(b), agrees quantitatively with the exper-

imental spectrum in Fig. 3(a). Figure 3(c) shows the

progression of the FOM, which clearly illustrates the

convergence of the GA as the minimum of the FOM has

stabilized. The convergence of all other parameters have

meaningful physical implications. For example, γp depends

on only the plasma density, and, due to the uniform plasma

density distribution, it was found to be confined to

approximately 100. α reached a value close to 0, which

indicates the disappearance of the plasma wake. The

standard deviation of Φ was found to be approximately

zero, meaning that all particles are in phase (with the laser

pulse) with a small phase error. It is worth noting that σxt ,

which characterizes the particles’ distribution in real

space, did not converge due to the fact that α converged

to zero and the two parameters are coupled in Eq. (4).

Note that the uniqueness of the GA solution was tested by

performing hundreds of repeated GA runs with random

starting points, which all converged to the same genes

(except for σxt).

We now examine what information of the electron beam

can be retrieved. The modulated electron energy spectra

reveal three aspects directly: First, identifying the energy

(and, hence, the longitudinal momentum) of each peak and

valley, along with the assumption that they are separated by

a half laser period in the time domain, the longitudinal

momentum distribution pz;expðζÞ is determined [black

dashed line in Fig. 4(d)]; second, integrating the signals

in between each peak and valley, the temporal beam profile

and, hence, the pulse duration is determined [Fig. 4(b)]

with a temporal resolution of a half laser period; third, the

envelope of the angular spectrum gives the transverse

momentum distribution pxsðζÞ [red dashed line in

Fig. 4(c)]. With all the best-fitting parameters as well as

the beam profile, the distributions of the transverse and

longitudinal momenta can be given, as can be seen from the

false color plots in Figs. 4(c) and 4(d). From Fig. 4(d), the

distributions of the slice energy spread can be read out

directly, as shown in Fig. 4(e). Apparently, the modulation

due to the coupled motion increases the slice energy spread

only with the minimum limited to the slice energy spread

when modulations are absent. For this particular example,

the slice energy spread is around σΔpz
≃ 19.3mec, corre-

sponding to a relative energy spread of 0.9%–3.0%. Note

that, while the slice energy spread can be a function of ζ,

the fact that a fixed single value can give a fitting close to

the experimental spectrum indicates the weak dependence

of slice energy spread on ζ. Moreover, it is well known that

the finite divergence angle of the electron beam causes an

energy uncertainty on the electron spectrometer, which

further smears the herringbone features. This indicates that

(a)

(b)

(c)

(e)

(g)

(i)

(d)

(f)

(h)

(j)

FIG. 3. Reconstruction optimization assisted with a differential

genetic algorithm. (a) The experimental energy spectrum as the

goal of the optimization. (b) The best reconstruction in the last

iteration. The black dashed lines represent the centroid of the

theoretical fitting, which was also displayed in (a) for reference.

(c) The progression of the FOM. (d)–(j) The progression of all the

genes, including (d) γp, (e) α, (f) a0, (g) σpxt
, (h) σxt , (i) Φ, and

(j) σΔpz
. In (c)–(j), blue dots represent all individuals, and the

orange dots represent the best five in each iteration.
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the real slice energy spread could be even smaller, and the

reconstruction gives an upper limit.

It is worth emphasizing the effects of the slice energy

spread on the reconstruction. As demonstrated in Fig. 5,

a small slice energy spread results in sharp edges, as in

Fig. 5(a), while a large slice energy spread smears the

herringbone features, as in Figs. 5(d) and 5(e). The case of

σΔpz
¼ 20mec [Fig. 5(c)] is close to the best fitting. Thus,

our method provides a direct measurement of the slice

energy spread. The diagnosis of the slice energy spread is

of great importance in the design and the performance of

XFELs [17,18,42], as it determines the lower limit on the

projected energy spread. Also, FEL gain requires energy

spread to be small only over the “cooperation length” in the

undulators, which can be smaller than the electron beam

length. Note that, although the method reported here relies

on the energy chirp, monoenergetic electron beams can still

be achieved with dechirping techniques [23–27].

B. Validation in particle-in-cell simulations

We demonstrate here the generation of herringbone in

particle-in-cell (PIC) simulations and use the reconstruction

of the herringbone to validate the method in Sec. III A.

The simulation was performed with the EPOCH 2D PIC

code [82]. The simulation box with a moving window had

dimensions of 120 × 300 μm in z and x with a resolution of
Δz ¼ 0.025 μm and Δx ¼ 0.2 μm, where z and x are the

longitudinal and transverse directions, respectively. There

were eight macroparticles in each grid cell. The laser, with a

wavelength of λL ¼ 800 nm, was linearly polarized in x
with a peak amplitude of the normalized vector potential

a0 ¼ 1.7, a FWHM pulse duration of τ ¼ 57 fs, and a 1=e2

spot size of w0 ¼ 40 μm. The laser pulse shape was

Gaussian in both transverse and longitudinal directions.

The background plasma was 32-mm-long preionized

plasma with a uniform density of ne ¼ 5.5 × 1017 cm−3.

There was a 500-μm-long linear ramp at either end of the

plasma region. The first 3 mm of the plasma region was

doped with 2% preionized N5þ ions to utilize ionization

injection [83–88].

The simulation results are given in Figs. 6 and 7.

Figure 6(a) shows a snapshot, at t ¼ 110 ps, of the plasma

density distribution overlapped with the density distribu-

tion of the injected electron beam and the laser field. At this

moment, the electron beam has caught up with the rear of

the laser pulse, which has caused the real-space (ζ, x)

(a)

(b)

(c)

(d)

(e)

FIG. 4. Retrieval of the electron beam phase-space distributions

for the same experimental spectra in Fig. 3(a). (a) The angularly

resolved energy spectrum as an example to demonstrate the

reconstruction of the temporal beam profile as well as the

longitudinal and transverse momentum distributions. (b) Tempo-

ral beam profile. (c) Transverse momentum distribution.

(d) Longitudinal momentum distribution. (e) Absolute slice

energy spread with and without the modulation caused by the

laser pulse.

(a)

(b)

(c)

(d)

(e)

FIG. 5. Effect of slice energy spread on the reconstructed

electron spectra. The absolute slice energy spreads in (a)–(e) are

σΔpz
¼ 1; 10; 20; 40; 60mec. All other fitting parameters are the

same given by the optimization in Fig. 3.
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oscillation of the electron beam in phase with the laser.

Because of the linear longitudinal accelerating field in

the plasma wake and the fact that the electron bunch was

injected locally, a quasilinear energy chirp developed

naturally, as shown in Fig. 7(a). A monotonic energy chirp

encodes the spatial modulation of the electron beam into its

energy spectrum. As a result, collective oscillations emerge

in the energy spectrum, as can be seen from Fig. 6(b). Such

an oscillating spectrum is quite distinct from the sinusoidal

collective betatron oscillation [89] or the angularly sym-

metric “scalloping” of electron beams [90,91] because of

the fact that there is a phase shift of π between the top and

the bottom halves of the spectrum and because the

oscillations show a preferable bending direction in longi-

tudinal. As mentioned above, the herringbone feature is a

result of the coupled motion of electrons in the wakefield

and the oscillations in the laser field, which can be

described with the theoretical model. Therefore, we can

reconstruct such modulated spectrum using the longitudinal

and transverse momenta distributions extracted from the

simulation. The reconstructed energy spectrum is illus-

trated in Fig. 6(c), with the centroid of distribution plotted

in both Figs. 6(b) and 6(c) for benchmarking. The recon-

structed spectrum matches the simulated one very well.

We emphasize that all the information used in the

reconstruction process was entirely from the modulated

electron spectrum in Fig. 6(b) and the method is the same

as described in Sec. III A except for using the “−” sign

in the parentheses in Eq. (1) for the reason explained in

the Appendix.

The significance of performing the reconstruction using

simulated data is that the retrieved phase-space distribution

of the electron beam can be directly compared with the

actual simulated data. Thus, we can examine the validation

of the reconstruction method. For the example simulation

in Fig. 6, the parameters for the optimal reconstruction are

(a)

(b)

(c)

FIG. 6. Snapshot of the PIC simulation at t ¼ 110 ps. (a) Dis-

tributions of the plasma density ne, accelerated electron bunch

density nb, and the transverse laser field Ex. (b) The modulated

electron spectrum in the PIC simulation. (c) Reconstructed

electron spectrum based on the theoretical model. The dashed

curve in (c) is the centroid of the reconstructed spectrum which

is also displayed in (b) for reference. The fitting parameters

are γp ¼ 56.0, α ¼ 0.1, a0 ¼ 3.0, σpxt
¼ 3.0mec, σxt ¼ 0.5 μm,

Φ ¼ π, and σΔpz
¼ 16mec.

(a) (f)

(g)

(h)

(i)

(j)

(b)

(c)

(d)

(e)

FIG. 7. Comparison between simulation results (left column)

and the reconstruction (right column). (a),(f) Longitudinal mo-

mentum distributions ðζ; pzÞ. The orange curves are the slice

energy spread distributions. (b),(g) Beam current distributions,

i.e., temporal profiles. (c),(h) Real-space distributions (ζ, x). (d),
(i) Transverse momentum-space distributions (ζ; px). (e),(j)

Transverse phase-space distributions (x; px). The shaded areas

in (a)–(i) are where no reconstruction can be made due to a low

number of particles (on the left) and the flat chirp at the tip of the

electron beam (on the right). Note that the dashed contour line in

(f) represents the 1=e2 intensity of the reconstruction. It was also

displayed in (a) for reference. In both (b) and (g), the beam

current from simulation and the reconstruction are overlapped for

direct comparison. Similarly, in (c)–(i), the same dashed curves

are overlapped on both simulation and reconstruction panels for

comparison.
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γp ¼ 56.0, α¼0.1, a0¼3.0, σpxt
¼ 3.0mec, σxt ¼ 0.5 μm,

Φ ¼ π, and σΔpz
¼ 16mec. With these fitting parameters,

the reconstructed phase-space distributions are given in

Figs. 7(f)–7(j). Figure 7(f) shows the reconstructed longi-

tudinal phase space, which looks qualitatively similar to

that from the simulation in Fig. 7(a). Quantitatively, the

mean FWHM slice energy spread of the reconstructed

longitudinal phase space is Δ̄pz;rec ¼ 46.0mec, compared

to the actual value of Δ̄pz;sim ¼ 40.2mec in the simulation.

Integrating the longitudinal phase-space distributions along

the momentum dimension, we obtain the temporal

beam profiles, as shown in Figs. 7(b) and 7(g), which

show good agreement between the simulation and the

reconstruction. The simulation gives a FWHM temporal

pulse duration of τe;sim ¼ 12.06 fs, while a Gaussian fitting

of the reconstruction gives τe;rec ¼ 12.12 fs, i.e., a relative

error of 0.5%. It is worth mentioning that the part of the

head and the tail of the beam cannot be reconstructed due to

a low number of particles in the tail and the flat chirp at the

head, as indicated by the shaded areas, which accounts

for 17.6% of the total beam charge. Unlike the example

given in Figs. 3 and 4, where only longitudinal phase space

was retrieved, the fitting parameter α ≠ 0 for the PIC

simulation enables the retrieval of the transverse phase-

space distribution. With a nonzero α, σxt can be determined,

which leads to the reconstruction of the real-space distri-

bution, as shown in Fig. 7(h). Together with the recon-

structed transverse momentum distribution in Fig. 7(i),

the transverse phase space can be retrieved, as shown in

Fig. 7(j). The reconstructed transverse phase-space distri-

bution looks similar to that of the simulation.

Quantitatively, the normalized transverse emittance from

the reconstruction is ϵx;nðϵx;n;trÞ ¼ 6.77ð6.25Þ mm mrad

compared to 6.27 (5.89) mm mrad for the simulation,

where ϵx;n and ϵx;n;tr are the normalized emittance and

normalized trace-space emittance [92], respectively.

Note that the transverse phase-space distributions dis-

cussed here are modulated by the laser pulse. By sub-

tracting the retrieved centroid trajectories [dashed curves in

Figs. 7(h) and 7(i)], the transverse phase-space distribution

can be decoupled from the laser modulations. In this

case, the emittance is ϵx;nðϵx;n;trÞ ¼ 5.26ð4.94Þ mm mrad.

In addition, such unmodulated transverse real-space and

momentum-space distributions should be isotropic in trans-

verse directions, governed by the random betatron motions.

This means that the transverse phase-space distribution

associated with the motion perpendicular to the laser

polarization plane in (y; py) should be close to that in

ðx; pxÞ. Therefore, the 6D phase-space distribution of the

electron beam in the simulation is retrieved.

In addition to the retrieval of the electron properties,

the reconstruction also reveals meaningful information

about the wakefield. For example, among the seven fitting

parameters, γp and α are not directly related to the electron

beam properties but to the wakefield. With the fitted γp, one

can infer the plasma density, since γp ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

nc=np
p

. Here, the

best-fitted γp ¼ 56.0 corresponds to a plasma density of

ne ¼ 5.55 × 1017 cm−3, which is in perfect agreement with

the plasma density in the simulation. The parameter α,

which characterizes the strength of the wake potential, turns

out to be much smaller than one (α ¼ 0.1). This indicates a

weak wakefield, which agrees with the density distribution

in Fig. 6(a). However, it is worth noting that one should not

take quantitatively the plasma density inferred from γp, the

wake potential from α, and the normalized laser intensity

from a0 due to the rapid development of the plasma wave

and the laser pulse.

The discrepancies between the simulation and

reconstruction, such as the slight difference in emittance

values and the difference of the fine features in the energy

spectra, are probably due to numerical dispersion and to the

inability to retrieve a portion of the beam.

IV. DISCUSSIONS

As mentioned above, Fig. 2(a) demonstrated the typical

herringbone spectra as an example. The conditions under

which the herringbone spectra were observed are summa-

rized in Fig. 8. In the parameter space of plasma density and

plasma length (np; L), most of the herringbone spectra are

FIG. 8. Herringbone appearance in the parameter space of

plasma density and plasma length. The blue plus signs represent

the conditions for all shots, and the orange circles represent the

conditions under which herringbone spectra were observed. Each

data point represents multiple shots. The color represents the

probability of the herringbone shots over the total shots in each

separated region. The red curve indicates the dephasing length as

a function of the plasma density using the scaling law from

Ref. [93]. The stars represent the experimental shots in Fig. 2.
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located in a belt near to the upper-right corner. This means

the production of herringbone requires a relatively long

plasma length and a high plasma density. Since the

dephasing length depends on the plasma density as

Ld ¼ 2=3ðnc=npÞλp [93], we marked the dephasing length

curve on the same parameter space ðnp; LÞ. It is clear that
the majority of the herringbone spectra are very close to

or above the dephasing length curve. This indicates that

the electron beam must catch up with the laser pulse in the

late stage of LWFA, ensuring the coupled motion of

electrons in the wakefield and the laser pulse. Note that

we also observed the spectra without herringbone structures

throughout the whole parameter space, but at the optimal

condition, i.e., beyond dephasing, the probability of the

herringbone can be as high as 70%.

As mentioned in Sec. III B, the fitting parameters also

reveal information about the wakefield and the laser pulse.

The best-fitted γp lies in the range 20–100, which corre-

sponds to the density range 4.3 × 1018–1.7 × 1017cm−3,

and agrees with the measured density for the herringbone

shots in Fig. 8. The wakefield strength parameter α

converged to zero indicates the disappearance of the

wakefield, which agrees with the fact that the majority

of the herringbone shots were observed beyond dephasing

(as seen in Fig. 8).

The correlation between the longitudinal energy chirp

and the electron beam charge could reveal the beam-

loading effects in the plasma wake [94–98]. As shown

in Fig. 9, the energy chirp varies quasilinearly as the

electron beam charge. This indicates the plasma wake was

overloaded so that the injected electron beam flattens the

longitudinal wakefield, which causes the head of the beam

feels a stronger field than the tail and eventually leads to a

positive energy chirp, as indicated by Fig. 7(a). Thus, the

chirp direction can be determined.

The extracted transverse momentum distribution is

imprinted with the amplitude of the laser pulse at the

location of the electron beam, since pxsðζÞ ∝ a0ðζÞmec.
Hence, from the shape of pxsðζÞ, we can determine

whether the electron beam is at the rear part of the laser

pulse or whether it has passed through the peak of

the pulse.

It is worth noting that we assume a flat laser phase in

the reconstruction with a carrier wavelength of 800 nm.

However, redshifting of the laser driver was observed in our

experiment [63] with an average wavelength increase of

approximately 20% for the herringbone shots recorded in

this paper. This consequently places an uncertainty on the

beam parameters, such as the temporal profile, but the slice

energy spread retrieval is not affected, as reconstruction can

be done with arbitrary ζ. Redshifting occurs predominantly

at the front of the pulse, so, in practice, the uncertainties are

likely small, since the beam interacts with the back of

the pulse.

V. CONCLUSION

In conclusion, we have applied a theoretical model

describing the coupled motion of electrons in the laser-

driven wakefields and the oscillations in the laser fields

to reconstruct the electron longitudinal phase space in

LWFA. Such coupled motion modulates the electron

spectrum and results in unique herringbonelike struc-

tures. Our method is able to reconstruct the longitudinal

momentum distribution, and, hence, the energy chirp,

longitudinal spatial distribution, and the temporal beam

shape as well as the pulse duration. Moreover, it reveals

directly the slice energy spread of the electron beam in

high resolution. It is worth mentioning that the full 6D

phase space of the electron beam can be reconstructed

with properly designed experimental scenarios, such as

with a shaped laser pulse or a second laser pulse, where

the electron spectral modulation happens inside the

nonlinear plasma bubble. Such comprehensive diagnosis

and reconstruction have been realized in a single-shot

mode, which could advance the laser wakefield accel-

erator diagnostics for providing high-quality electron

beams for various scientific frontiers.

Indeed, the theoretical model and the reconstruction

method in our work are not constrained to the case of

plasma accelerators. They can also be applied for electron

beams from traditional accelerators, providing unprec-

edented temporal resolution, which could, therefore, sub-

stantially advance diagnostics for the whole accelerator

community.

FIG. 9. Correlation between energy chirp and beam charge. The

energy chirp was characterized by the average energy gradient,

i.e., the energy difference between the bunch head and tail ΔE
over the total bunch length Le. The horizontal error bars represent

the uncertainty of the charge calibration. The vertical error bars

represent the deviations to a linear chirp.
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APPENDIX: DETAILS OF THEORETICAL

MODEL

After canonical transformation to the (wake) coordinates,

the Hamiltonian for an electron in the combination of a

laser and wake moving at vg is

H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ½PþAðξ;x⊥; tÞ�
2

q

− pkvg − ψðx⊥; ξÞ; ðA1Þ

where P ¼ p −A is the canonical momentum and p the

kinetic momentum. The only explicit time dependence in

this expression enters through the laser phase k0ζðξ; tÞ. We

may write this expression as k0ζðξ; tÞ ¼ k0½ξþ ðvg − vϕÞt,
which indicates that if vg and vϕ are assumed to be close to

the speed of light, the explicit time dependence is small.

Therefore, we may assume that H is approximately con-

served such that

γme − pkvg − ψ ≈ C1; ðA2Þ

where γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ½PþAðx⊥; ξ; tÞ�
2

p

and C1 is a constant

of motion.

From the Hamiltonian, Eq. (A1), we may derive

the equations of motion for the ith component of a test

particle as

dPi

dt
¼ −e

ðP⊥ þA⊥Þ

γ
·
∂A⊥

∂xi
−

∂ψ

∂xi
: ðA3Þ

For electrons that are close to the axis, it may be assumed

that the transverse gradient in A⊥ is negligible, so

A⊥ðζ;x⊥Þ ≃A⊥ðζÞjx⊥¼0. The plasma wake potential can

be Taylor expanded in the transverse coordinates as

ψ ¼ ψ0ðξÞ þ x⊥ ·∇⊥ψ jx⊥¼0ðξÞ

þ
1

2
x⊥x⊥∶∇⊥∇⊥ψ jx⊥¼0ðξÞ þ � � � ; ðA4Þ

where ∇⊥ is the gradient in the plane perpendicular to

the propagation direction and the colon : indicates the

tensor product. For a wake with azimuthal symmetry, close

to the axis the transverse gradient of the wake potential

can, therefore, be written as ∇⊥ψ ≃ x⊥∇
2
⊥ψ jx⊥¼0, which

we define as −ðα2=2Þx⊥. In the “blowout” regime,

ψ ¼ ½rbðξÞ
2½1þ βðξÞ� − r2�=4 [99] and so α2 ¼ 1. For a

partially evacuated wake, we may expect α2 < 1. The

transverse equation of motion [Eq. (A3)] can, therefore,

be written as

d

dt

�

γ
dx⊥

dt

�

¼ −
dA⊥

dt
−
α2

2
x⊥: ðA5Þ

We may express this equation in terms of the laser

phase coordinate, ζ ¼ xk − vϕt, by defining a function

ηðζ;x⊥; tÞ ¼ γðvk − vϕÞ as

d

dζ

�

η
dx⊥

dζ

�

¼ −
dA⊥

dζ
−
α2γ

2η
x⊥: ðA6Þ

Note that η would be a constant of motion in vacuum

(proportional to C1). Neglecting the transverse profile, the

laser field is described by A⊥ ¼ 1
2
Ã⊥ðξÞ expðik0ζÞ þ c:c:,

and so Eq. (A6) can be written as

�

d2

dζ2
þ 2Γ

d

dζ
þ κ2β

�

x⊥ ¼ −
eik0ζ

2η

�

ik0Ã⊥ þ
dÃ⊥

dζ

�

þ c:c:;

ðA7Þ

where the betatron oscillation frequency (with respect to ζ)

is κβ ¼ ðα=ηÞ
ffiffiffiffiffiffiffi

γ=2
p

and 2Γ ¼ dη=dζ. This is a driven

oscillator equation, with Γ acting as a damping term. If we

assume that the variation in η is slow compared with 1=k0
and 1=κβ and the laser complex amplitude Ã⊥ can be simply

expressed in terms of an amplitude a0, polarization vector ê,

and constant phase eiΦ, Ã⊥ ¼ êa0e
iΦ, we have a standard

driven oscillator equation with steady-state solutions

x⊥s ¼
a0ê

k0ηZ
sinðk0ζ þΦÞ; p⊥s ¼

a0ê

Z
cosðk0ζ þΦÞ;

ðA8Þ
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where Z ¼ 1 − ðα2γ=2k20η
2Þ effectively describes the beta-

tron resonance [69,76,77]. Note that, for an electron in

vacuum and initially at rest, α → 0 and η → −1, thereby

reducing Eq. (A8) to the expected solutions. Transient

solutions to the equation are simply betatron oscillations

with betatron frequency κβ:

x⊥t ¼ x1 cos κβζ þ x2 sin κβζ; ðA9Þ

p⊥t ¼ p1 cos κβζ þ p2 sin κβζ: ðA10Þ

The general solutions are the superposition of the transient

and steady-state solutions:

x⊥ ¼ x⊥s þ x⊥t; ðA11Þ

p⊥ ¼ p⊥s þ p⊥t: ðA12Þ

The longitudinal momentum of the accelerated electron

is given by rearranging Eq. (A2) [100]:

pk ¼ γ2pðC1 þ ψÞ

 

vp �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
1þ p2

⊥

γ2pðC1 þ ψÞ2

s
!

; ðA13Þ

where γp ¼ ð1 − v2p=c
2Þ−1=2 with vp ¼ vg the phase veloc-

ity of the plasma wave. The two solutions given by the “�”

sign depend on whether the particle is faster or slower

than vp. The longitudinal momentum contains oscillations

owing to both p2
⊥ and x2

⊥ through the (spatially dependent)

wake potential ψðξ;x⊥Þ. To the lowest order, the contri-

bution from the p2
⊥ oscillation term (assuming ψ is small,

i.e., when the electron is close to maximum energy) is

Δpkðx⊥ ¼ 0Þ ≃ −
p2
⊥

2C1

; ðA14Þ

and the contribution from the x2
⊥ term is

Δpkðp⊥ ¼ 0Þ ≃ −
1

2
α2γ2pC1x

2
⊥: ðA15Þ

The relative ratio of the magnitude of these contributions is

jΔpkðx⊥ ¼ 0Þj

jΔpkðp⊥ ¼ 0Þj
¼

k20η
2

γ2pC
2
1α

2
: ðA16Þ

In general, the η function may be complex, and there

could consequently be a resonant enhancement of the

oscillations, making it difficult to predict the amplitude.

However, since p⊥ ¼ ik0ηx⊥ under the assumptions of the

model, we may fit the expected distribution in pk using the

measured p⊥. Expanding Eq. (A13) for p⊥=pk ≪ 1,

pk ≃ pk0 −
1

2
α2γ2px

2
⊥ ∓

p2
⊥

2½C1 þ ψ0ðξÞ�
: ðA17Þ

To leading order in γp, pk0 ≃ 2γ2p½C1 þ ψ0ðξÞ� is the

momentum in the absence of oscillations, i.e., simply

due to acceleration of an on-axis electron in the absence

of a laser field, allowing Eq. (A17) to be rewritten as

pk ≃ pk0 −
γ2p

pk0

�

1

2
α2pk0x

2
⊥ � p2

⊥

�

: ðA18Þ

Without considering the transient solution, i.e., for an

electron initialized with zero transverse momentum, the

typical trajectories can be seen in Fig. 10. With linear

longitudinal acceleration, indicated by the black dotted line

in Figs. 10(a) and 10(d), the shape of the trajectories in

phase space ðpk; p⊥=pkÞ, i.e., the angular spectrum in the

case of a realistic electron bunch, is determined by the

combination of a0, α, and γp, as shown in Figs. 10(c)

and 10(f). For some combinations, the oscillation patterns

depart from a regular damping sinusoidal significantly,

forming distinct herringbone features. The pointing direc-

tion of such features is determined by α and γp through the

sign change of Z in Eq. (A8) as well as the choice of the

sign in the parentheses in Eq. (A18).

For a realistic electron bunch, the central laser frequency

k0 ≈ ω0 can be substituted, and pk0 can be measured. The

unknown parameters are those associated with the wake-

field, γp and α, which may be used as fitting parameters.

The transient solutions due to betatron oscillations can be

characterized with normal distributions. Note that η is

not an independent parameter and can be determined by

the electron energy γ and the phase velocity of the wake-

field from γp. If the laser is assumed to have flat phase,

the momentum as a function of laser phase ζ can be

determined, and, therefore, the momentum distribution in

(ζ, pk0) as well as (ζ, p⊥) space can be determined.

There are two important remarks to make. First, the

significance of Eq. (A16) is that there is a π=2 phase

difference between the x2
⊥ and p2

⊥ contributions. Therefore,

to observe a clear herringbone pattern in the electron

spectrum, i.e., the (pk, p⊥) phase space, the longitudinal

momentum change needs to be dominated by the p2
⊥ term.

Otherwise, if the x2
⊥ term dominates, individual trajectories

with different amplitudes will smear the herringbone

pattern due to the phase mismatch between p⊥ and pk.

In other words, the wake potential parameter α needs to be

small to observe a clear herringbone pattern. This agrees

with both the experimental and simulation results. Second,

the choice of the sign in the parentheses in Eq. (A18) can be

determined practically based on the measured electron

spectrum. For example, when the hooks of the herringbone

point to the high-energy end of the spectrum, for electrons

on the same trajectory at the same pk0, an increase in p⊥
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means an increase in pk. Thus, the contribution of the p2
⊥

term is positive, and we take the “−” sign in the parentheses

in Eq. (A18). This corresponds to the case of the exper-

imental results. On the contrary, when the hooks point

to the low-energy end of the spectrum, an increase in p⊥

means a decrease in pk. Thus, the contribution of the p2
⊥

term is negative, and we take the “þ” sign in the

parentheses in Eq. (A18). This corresponds to the case

of the simulation results. The fact that the hooks point to

opposite directions in experiments and simulations might

be an indication of numerical dispersion in PIC simula-

tions. To eliminate the dispersion effect in plasma, one

might perform such a reconstruction via direct laser-

electron interaction in vacuum, similar to the proposed

method in Ref. [101].
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