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Beam-based identification of magnetic field errors in a synchrotron using
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We report on the recovery of both linear and nonlinear optics in a hadron synchrotron using the novel
deep Lie map network (DLMN) approach. The DLMN enables the construction of a detailed accelerator
model by integrating charged particle dynamics with machine learning methods within a data-driven
framework. The primary observable is the centroid motion over a limited number of turns, captured by
beam position monitors. The DLMN generates an updated description of the accelerator in terms of
magnetic multipole components, which can be directly utilized in established accelerator physics tools and
tracking codes for further analysis. In this study, the DLMN approach is employed to recover a linear optics
model, including gradient errors, from a single measured trajectory. Nonlinear optics, including sextupole
errors, are recovered using three measured trajectories. We assess the validity of these results by
comparison with the linear optics from closed orbits algorithm and through estimates of resonance driving
terms. Additionally, we illustrate an application of the deep Lie map network and the predicted synchrotron
optics by comparing measured and simulated tune scans.
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I. INTRODUCTION

The ever-growing demand for high intensity and high
brilliance hadron beams by various users ranging from
nuclear physics to antimatter studies has increased syn-
chrotron performance requirements. Magnetic field errors
originating from feed down caused by misalignment,
fabrication errors, or power supply failures are detrimental
to beam quality, as resonances may be excited or instability
thresholds crossed, resulting in beam loss. In order to
operate synchrotrons close to their performance limitations,
an accurate accelerator model including both linear and
nonlinear magnetic field errors is desirable. The detailed
study of the interplay of magnetic resonances, motion in 6D
phase space and collective effects like space-charge forces
necessitates numerical simulation studies and, thus,
detailed computer models. Realistic computer models
can be developed through methods that attribute the
discrepancies between the nominal performance of an
accelerator and experimental observations to underlying
physical quantities and machine properties, such as mag-
netic multipole components. This is particularly useful for
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operating hadron synchrotrons where space-charge induced
resonance crossing is a major intensity limitation like the
SIS18 [1] and SIS100 [2] and comparable synchrotrons
[3—6]. The SIS100 is going to be the central workhorse of the
Facility for Antiproton and Ion Research (FAIR) project
aiming at the highest intensities of heavy-ion beams [7].
A detailed accelerator optics model based on actual mea-
surements facilitates the development of resonance compen-
sation schemes, especially for accelerators lacking bench
measurements of each magnet’s magnetic field.

The SIS18 synchrotron, first commissioned in 1990, is
going to serve as an injector to the future SIS100 [8].
A systematic shift in betatron tune and a discrepancy in
chromaticity between the nominal optics model serving the
control system and measurements is observed in operation.
Furthermore, the presence of unexpected skew sextupole
resonances is revealed by tune scans. Thus, SIS18 serves as a
good candidate to improve the linear and nonlinear optics
model based on the measurement data. It provides an
interesting test bed to compare the newly developed
approach of deep Lie map networks (DLMN) to other,
commonly employed optics measurement methods.

An established method to obtain an accelerator model
including linear field errors is the linear optics from closed
orbits (LOCO) method [9]. LOCO requires the measurement
of an orbit response matrix (ORM), which in linear approxi-
mation links the effect of steering magnets to the change in
orbit. This measured ORM is fitted by a computer model,
which yields both normal and skew quadrupole errors
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capable of explaining the measurement. Successful applica-
tions are reported for instance in [10,11].

Different methods to generate a model of nonlinear
magnetic field errors have been proposed. The measure-
ment of resonance driving terms (RDT) estimates the
strength of sextupole errors from the spectra of centroid
oscillations induced by a kicker magnet. This method
allows a localization of the error up to its neighboring
beam position monitors [12], but suffers from decoherence
due to chromatic and amplitude detuning. The nonlinear
tune response (NTRM) method is based upon measurement
of the change in tune caused by deforming the orbit
globally [13,14]. Nonlinear field errors yield a quadrupole-
like error contribution via feed down and, thus, change the
betatron tune [15]. The measured tune shift in dependence
of steering magnets yields a matrix comparable to the
ORM, which is then fitted by a computer model. This
method is limited by the accuracy of tune measurements
and by its perturbative modeling approach, which neglects
effects like amplitude detuning. Both the application of the
RDT as well as the NTRM method for the measurement of
nonlinear optics require an accurate linear optics model.

The rapidly growing field of machine learning and
artificial intelligence facilitates the search for new methods
to generate accurate accelerator models from limited
amount of data and, thus, in a beam time efficient manner.
In [16], a physics-inspired neural network (PNN) using
Taylor map (TM) layers, henceforth referred to as TM-
PNN, is proposed to model synchrotron optics. The work
successfully applies a TM-PNN to closed orbit correction.
A generalization to linear and, further, nonlinear particle
accelerator optics is challenging due to the exponential
growth of degrees of freedom. Consequently, we observe
over-fitting issues which could not be resolved by the
proposed soft constraint of symplectic regularization [17].

In [18], the deep Lie map network (DLMN) approach is
demonstrated in simulations, which applies training algo-
rithms from the field of machine learning with conventional
models from particle accelerator optics in order to improve
an optics model in a data-driven way. The DLMN produces
a linear or nonlinear magnetic field error model based on
one or three measured centroid trajectories. It fits a
computer model to the trajectory of the beam centroid,
observed for few turns only by means of beam position
monitors, after the beam is excited by a kicker magnet. In
contrast to TM-PNN, particle optics are modeled in drift-
kick approximation, which significantly reduces the num-
ber of degrees of freedom and ensures symplecticity. The
DLMN’s degrees of freedom are identical to the magnetic
multipole components characterizing each beam line ele-
ment’s magnetic field and can thus be interpreted physi-
cally and transferred to other simulation codes. The
approach has the potential to be very efficient in beam
time as no time-consuming installation of orbit bumps
along the accelerator is required. In contrast to RDT or

NTRM measurements, which require data acquisition for
few thousand turns in order to recover tunes and higher
harmonics from spectra, the short time interval required by
the DLMN measurement in the time domain leaves the
method relatively unaffected by decoherence effects, as
detailed in [18].

Time-efficient methods for modeling synchrotron optics
increase an accelerator’s up time and may pave the way
toward monitoring machine optics during regular opera-
tion. This is of particular interest to synchrotrons that
accelerate various ion species under rapidly changing user
demands and machine settings.

The present work reports on the first application of the
DLMN method to measurement data. First, results are
demonstrated using a heavy-ion beam at the SIS18 booster
synchrotron. A linear optics model is recovered from a
single trajectory only, and its plausibility gauged by
comparison to a spectral analysis of turn-by-turn BPM
data and a LOCO fit of a measured orbit response matrix.
Nonlinear optics are recovered from a data set comprising
three trajectories, and the DLMN’s predictions are com-
pared to an evaluation of resonance driving terms and to
amplitude detuning observed in measurements. We discuss
the potential of this novel approach in comparison to
established alternative approaches.

The remainder of this paper is structured as follows:
Sec. II reviews the DLMN approach, Sec. III describes the
beam experiment at SIS18, the results are discussed in
Sec. 1V, followed by a conclusion.

II. DEEP LIE MAP NETWORKS

The deep Lie map network (DLMN) approach models
the accelerator in the framework of Hamiltonian dynamics
[18]. The equations of motion can be approximately solved
for sections with a magnetic field invariant along the
reference path, i.e., beam line element by element, using
the drift-kick approximation. The result is a concatenation
of analytic maps, updating particle position and momentum
in an alternating scheme. This modeling approach allows
for the consideration of multipole components of arbitrary
order. The only approximation made is the chosen split
scheme, which specifies the distribution of discrete coor-
dinate updates used to approximate an element’s nonlinear
transfer map up to a certain order. Split schemes of arbitrary
order are known [19]. Magnetic fringe fields are taken into
account up to the first order, which is necessary to model
the edge focusing of bending magnets. The motion of the
beam is modeled by a single particle. Hence, decoherence
of the centroid motion is not taken into account. The
DLMN is used to predict the centroid trajectory only for a
few turns, which is short compared to the synchrotron
oscillation period and, thus, rf-cavities can be neglected.
The exclusion of rf-cavities prevents the DLMN from
modeling synchro-betatron resonances, which have not
been found to be significant at SIS18. If synchro-betatron
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resonances are found to be relevant, rf-cavities can be
incorporated to enable their analysis.

The drifts and kicks are given by analytic expressions
and can be differentiated analytically. Although possible, it
is unfeasible to apply the chain rule from calculus to the
complex concatenation of many drifts and kicks because of
expression swelling, which even overstrains computer
codes capable of symbolic differentiation. The technique
of automatic differentiation [20] is well suited as it
evaluates the chain rule by consecutively evaluating each
coordinate update’s derivative. The predicted trajectory can
be differentiated with respect to the individual multipole
components describing the magnetic field in each beam line
element. The complexity of beam dynamics arises from the
concatenation of many of these simple building blocks, an
analogous situation to the structure of artificial neural
networks. An artificial neural network maps some input
vector x to its output y = ANN(x). Training of an ANN
alters the network’s weights such that the network pre-
diction (x, ANN(x)) matches the observation (x, y), on
average and over many observations. In case of the DLMN,
the magnetic multipole components are understood as
weights, the input x is a phase-space vector serving as
initial condition, and the observation y is a centroid
trajectory measured by means of beam position monitors.

This analogy allows implementation of the DLMN
model in common machine learning frameworks and
utilization of established training algorithms. The training
results presented in this work are obtained by means of the
ADAM algorithm [21], a gradient-descent based optimi-
zation algorithm that scales parameter updates based on the
running average of past gradients. The impact of magnetic
multipole components on beam centroid motion differs
greatly depending on their order, resulting in loss function
gradients that vary by orders of magnitude across the
DLMN’s degrees of freedom. Therefore, the optimization
algorithm must accommodate gradients of varying scales
and adjust step sizes individually for each parameter. The
ADAM algorithm, effective for sparse and highly variable
gradients, outperformed other methods, such as gradient
descent, Adagrad [22], Adadelta [23], and RMSprop [24]
in simulations.

The DLMN is initialized by means of the nominal
accelerator optics model, which originates from nominal
multipole strengths of the magnets and their location in the
tunnel. It defines the desired accelerator status and under-
lies the accelerators control system. Unknown discrepan-
cies like misalignment, fabrication errors, ground motion,
stray fields from magnetic septa, and power supply cali-
bration errors result in a different accelerator status,
perturbed particle optics, and changed beam properties.
It is, therefore, desirable to update the nominal accelerator
model using beam-based optics measurements.

The DLMN method yields an effective machine model in
terms of magnetic multipole components, taking into

account the effect of these discrepancies as sensed by
the beam. High-frequency errors occurring over time scales
similar to the data recording interval are averaged out by the
training procedure, while the minimal amount of required
training data permits regular monitoring of the machine’s
condition. The refined DLMN model may then be applied
to shed light on the origin of those discrepancies in
simulation studies and guide countermeasures like power-
ing corrector magnets.

A. Comparison to alternative methods

Central to optics measurements are beam position
monitors (BPMs) installed periodically in a synchrotron,
which measure the transverse position of the beam cent-
roid. Transverse beam profiles are more difficult to mea-
sure, and in case of SIS18 only a single intensity profile
monitor (IPM) exists with limited spatial resolution [25].
The only observable of transverse beam dynamics taken
into account here is, therefore, the transverse beam position
at N x M discrete positions, with M denoting the number
of considered turns and N the number of BPMs installed
along the circumference. A BPM measurement yields the
beam centroid position as a time series. In the first-order
approximation of a single-particle dynamics, the centroid
position (z) undergoes a sinusoidal oscillation around some
fixed point, the closed orbit, with the tune Q, denoting its
frequency. If not stated otherwise, z represents either the
horizontal x or vertical plane y in this manuscript.

Possible approaches to optics measurements are (i) meas-
uring the linearized change in orbit induced by dipole
correctors — yields an orbit response matrix (ORM) that
may be fitted by a computer model (LOCO), (ii) observing
the linearized change in tune induced by orbit bumps —
nonlinear tune response matrix (NTRM), (iii) performing a
spectral analysis of centroid motion to estimate amplitudes
of harmonics of betatron motion — resonance driving terms
(RDT), and (iv) analyzing the centroid motion along the
circumference — TM-PNN and DLMN.

Each approach yields a different quantity which may be
fitted by a computer model. Approaches (i) and (ii) require
the time-consuming installation of orbit bumps along the
circumference. In contrast, approaches (iii) and (iv) observe
the centroid motion without actively sweeping optics
settings. Approach (iii) requires different excitation
strengths from the kicker to sample different transverse
amplitudes. In case of the DLMN, we vary the rf-frequency
offset to sample a chromatic tune shift yielding a total of
three different settings for the beam’s fractional momentum
offset &€ [—1 x 1073,0, 1 x 107%]. Neglecting considera-
tions with respect to noise, this amounts to three cycles
required by the synchrotron. Therefore, these approaches
may in principle be more efficient in terms of beam time.

It is common to all approaches that they neglect effects
originating from the finite phase-space volume occupied by
the beam distribution, such as nonlinear amplitude and
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chromatic detuning, as well as collective effects. Such
detuning effects result in damping of the centroid oscil-
lation, commonly known as decoherence.

Approach (i) is less affected by turn-by-turn BPM noise
as it averages out over long sampling lengths applicable to
closed orbit measurements. In contrast, this approach is
subject to shot-by-shot fluctuations of the closed orbit. In
case of SIS18, the closed orbit rms orbit fluctuation across
different cycles amounts to ~100 um, not to be confused
with the BPM turn-by-turn measurement uncertainty of
~150 pm. This approach is unique in that decoherence has
no effect at all while, at the same, it is limited to recovering
a linear optics model only in its original formulation
LOCO. A generalization to the second-order optics is
possible by repeated measurement of orbit response matri-
ces at different beam energies called NOECO [26]. The
orbit response’s energy dependence can be studied using
perturbation theory to reveal sextupole errors.

Approach (ii) detects nonlinear field errors from changes
to the betatron tune due to feed down induced by varying
the closed orbit. It relies on inference of the betatron tune
from BPM turn-by-turn data with high precision.
Therefore, advanced algorithms for frequency analysis,
such as numerical analysis of fundamental frequencies
(NAFF) [27] or SUSSIX [28], are applied, which reach a
frequency resolution of the order of 1/N? on nonnoisy
oscillation signals and, thus, outperform the frequency
resolution of a fast-Fourier transform (FFT) of the order
1/N. While obeying a similar scaling law for the resolution
with respect to the number of turns, further improvement in
tune resolution is achievable by analyzing the beam motion
using many beam position monitors [29].

If the BPM readings are subject to noise, the frequency
resolution of the advanced algorithms can be severely
reduced down toward the one achievable by an FFT
[30]. The applicability of this approach is, thus, restricted
by two factors: decoherence, which limits the sample
length N, and the signal-to-noise ratio of the BPM system.

Approach (iii) performs a spectral analysis of centroid
oscillations and is subject to turn-by-turn BPM noise.
Assuming the noise to be of white Gaussian type
x N (0,0), the amplitude of each spectral line follows a
Rayleigh distribution [31]

|ay| o« Rayleigh <s = (1)

o
)
where the scale parameter s depends on the standard
deviation of the white noise and the sample length of N
turns. In order to measure resonance driving terms, the
corresponding spectral line must be distinguishable from
background noise floor given by Eq. (1). In contrast, to
lower the noise floor by sampling for many turns, the
number of turns N is limited by the decoherence length.
Furthermore, decoherence prohibits determination of the
actual amplitudes, complicating a fit by a computer model.

Decoherence can be suppressed by driving centroid oscil-
lations using an ac dipole. A switch from free to driven
betatron oscillations introduces systematic changes to the
driving terms, complicating the theoretical treatment and
interpretation of measurement results [32].

Approach (iv) aims at matching the time series obtained
from the BPMs and thus are subject to BPM noise. In
contrast to approach (iii), which performs a spectral
analysis of the centroid motion, these methods do not
benefit from the 1/+/2N reduction in noise. Conversely, the
limitation to short time series comprising few turns only
makes these approaches rather unaffected by decoherence
and thus allows absolute values for betatron amplitudes to
be recovered. A unique feature to approach (iv) is the
simultaneous reconstruction of linear and nonlinear optics.
Hence, the recovery of nonlinearities does not require an
a priori established, accurate linear optics model.

The DLMN approach in particular yields an optics
model in terms of magnetic multipole components. This
warrants a physical interpretation of the results as well as
further use by means of established tools and simulation
codes in the accelerator physics community.

III. EXPERIMENT AT SIS18 SYNCHROTRON

The DLMN method is trained on trajectories measured at
the SIS18 synchrotron. Training the DLMN varies quadru-
pole and sextupole strengths in order to minimize the
discrepancy between predicted and observed beam centroid
motion. This discrepancy is quantified by the mean squared
error (MSE)

L= LZ i i (é}l,m.n - ql,m,n)2 (2)
- LMN 0',2

comparing predicted and measured centroid positions g =

[x,y]T at discrete locations of N beam position monitors

over M turns for L different initial conditions. Here, x, y

denote the predicted horizontal and vertical centroid

positions, variables assigned a hat refer to measurements.
The normalization factor

01(Z)) = max{A,C)} e ey 3)

is given by the single-particle amplitude

Ay =\/2p, ], + D33, Q)

which depends on the initial condition Z§' = [p,, py. 5],

Beta functions f,, dispersions D, and linearized actions J,,
are computed from the initial accelerator model.

A successful training yields a DLMN capable of repro-
ducing the measured motion of the beam centroid. A
comparison of the magnetic field strengths between the
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nominal accelerator model and the more realistic, trained
DLMN yields an error model for transverse optics corre-
sponding to the conditions at the time the training data was
recorded. Averaging the centroid position discrepancies at
N BPMs over M turns reduces the impact of high-
frequency errors occurring on time scales shorter than
the trajectory recording interval. Additionally, averaging
over multiple shots targeting BPM noise, as described in
Sec. III C, mitigates the effects of time-varying errors on
the order of the machine’s cycle duration.

Previous measurements at SIS18 revealed a systematic
discrepancy in betatron tunes [33,34] and chromaticity in
both planes [35] in comparison to the existing nominal
accelerator model. The SIS18 serves as a useful test case for
applying the DLMN, as both linear and nonlinear optics
require improved modeling.

Training of the DLMN improves the quality of its
predicted trajectories in that the mean squared error is
continuously reduced. The validity of the optics model
obtained from DLMN training is discussed in Sec. I'V.

A. The SIS18 synchrotron

The DLMN model is applied to the heavy-ion synchro-
tron SIS18 at GSI, Darmstadt, Germany. This 216 m long
accelerator ring is designed to accelerate ions ranging from
protons to uranium, up to a maximum magnetic rigidity of
18.5 Tm. SIS18 features 12 lattice cells, which symmet-
rically repeat a configuration of two bending magnets and
three quadrupoles per cell. The quadrupoles are grouped
into a family of defocusing quadrupoles named QS2D,
which is surrounded by two families of focusing quadru-
poles, QS1F and QS3T. The SIS18 uses a triplet optic
during injection to achieve a large admittance [36]. During
acceleration, the focusing strength of the QS3T family is
reduced to about 10% of the QS1F family, approaching a
doublet optic. The reported experiments were all conducted
at flattop using the doubletlike optics. Additionally, the six
odd-numbered cells each comprise two sextupoles featur-
ing individual power supplies. For chromaticity correction,
the sextupoles are grouped into two families of focusing
and defocusing sextupoles, referred to as KS1C and
KS3C, respectively. The layout of such an odd-numbered
cell together with nominal £ functions and horizontal
dispersion function are displayed in Fig. 1(b). No field
measurements of the installed magnets are available; thus,
the MAD-X [37] based nominal optics model does not
include magnetic field errors. Consequently, recovering
linear and nonlinear optics from measurements may prove
valuable for operations.

B. Beam properties

Although the DLMN is trained on trajectories compris-
ing a few turns only, decoherence of the centroid oscillation
affects the resolution of magnetic field errors. The DLMN
predicts trajectories of the beam centroid by modeling it by

Injection

30 — Bx
= By
— 20 — Dx
E
10
T T T T T T T T T T
0 6 12 18
position s [m]
QS1F QS2D QS3T
KS1C KS3C
(b)
FIG. 1. Layout (a) and linear optics functions (b) of the SIS18

synchrotron. (a) Layout of the SIS18 synchrotron [38]. (b) A
18 m long cell of SIS18 drawn to scale. The depicted odd-
numbered cell contains two sextupole magnets, while the even-
numbered cells exhibit a similar structure but do not include
sextupole magnets. Bending magnets are shown in red, followed
by the KS1C and KS3C sextupoles in blue. The sextupoles
enclose the yellow quadrupoles QS1F and QS2D, the QS3T
quadrupole is located behind the second sextupole. The BPM
shown in black is installed at the cell end. The f functions and
horizontal dispersion are shown for the doubletlike optics.

a single particle and hence does not take into account
decoherence due to chromatic or amplitude detuning.
Previous simulation studies [18] have shown the benefit
of utilizing a “pencil-like” beam for measurements, i.e.,
a beam with small momentum spread and transverse
emittances.

We report about our measurements performed with
Au®* jons at an intermediate magnetic rigidity of
5.5 Tm, which is a trade-off between adiabatically shrink-
ing of the transverse emittances toward high energy and
achieving a reasonably large amplitude from the excitation
kick. The momentum spread is estimated from the longi-
tudinal Hamiltonian H in small amplitude approximation.
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FIG. 2. Single shot beam position monitor readings collected

without beam excitation. The histogram of the measured centroid
position follows a normal distribution, with its Gaussian fit
displayed in red. The inset plot on the upper right displays the
turn-by-turn data. The part of the cycle used for noise analysis,
highlighted by the orange bar, comprises 100,000 data points
collected from 4 bunches over 25,000 turns. The inset plot on the
lower right displays a frequency spectrum of the turn-by-turn data
utilized for noise estimation.

Sufficiently long after the ramp, the longitudinal phase-
space distribution becomes stationary. This is supported by
the noise analysis of transverse centroid position data, which
does not reveal any residual centroid oscillations before
excitation, cf., Fig. 2. The bunch length is measured by
means of a fast current transformer (FCT) [39] and is linked
to the rms-momentum spread assuming small amplitude
synchrotron oscillations [40]. We estimate the rms-momen-
tum spread of the Au®* beam to o5 = 4.8 x 1074,

The nonnormalized transverse emittances ¢,, €, are
inferred from the measured transverse beam size

(z?) = \/B.€. + Do, (5)

where ., D, denote # function and dispersion, respec-
tively, and z denotes either the horizontal x or vertical y
plane. The rms-beam size (z?) is obtained by measuring the
transverse profile by means of an ionization profile monitor
(IPM). The measured beam profile is approximately
Gaussian and the normalized transverse emittances are
estimated to eyimy, =20pm and efims, =4 pm. The
emittances are large compared to the beam centroid’s
action J=~1 pum induced by the kicker magnet.
Consequently, the centroid oscillations amplitude of
approximately 2 mm is small compared to the horizontal
rms beam size of 4 cm.

An overview of SIS18 key properties is given in Table 1.

C. Measurement uncertainty of trajectory

The trajectory of a single bunch can be recovered at the
location of 12 beam position monitors (BPMs), which yield

TABLE I. Properties of SIS18 and key beam parameters.
Parameter Value
Circumference 216 m
Momentum compaction a¢ 3.21 x 1072
Synchrotron tune Q; ~1000 turns
Set betatron tunes Q,, Q, 4.29, 3.29
Natural (absolute) chromaticity &™), £ —6.43/— 4.89
Magnetic rigidity (Bp) 5.5 Tm
Ton Aubt
Energy E 150 MeVu™!
Momentum spread o5 48 %107
Transverse emittances eﬁ,‘;’gr‘}n, e;‘;;'ggn 20 pm, 4 pm

the horizontal and vertical position of the bunch centroid on
a turn-by-turn basis. The position of single bunches at
subsequent BPMs can then be identified and causally
connected in order to construct a trajectory for each bunch
across all sectors and over several turns after an oscillation
is excited by an instantaneous kick. This is possible thanks
to a sub-ns synchronization and the high resolution of the
BPMs, which sample the beam position at 250 MHz [41].

The BPMs installed at SIS18 are of shoe-box type. Their
measurement uncertainty is expected to mainly originate
from thermal noise on the electrodes and thus follow a
normal distribution. The signal-to-noise ratio is affected by
the beam current and amplifier settings. We estimate the
uncertainty of the measured centroid position from meas-
urement data. After sufficiently long time after the energy
ramp, the beam dilutes into its equilibrium state before
centroid oscillations are excited by the kicker magnet. The
fluctuations of the recorded centroid positions follow a
normal distribution with uniform frequency distribution,
and we take its standard deviation as BPM resolution,
cf., Fig. 2.

The estimated measurement uncertainty of the bunch
centroid in dependence of beam intensity is discussed in
detail in Appendix A. The majority of shots are recorded
with a centroid position resolution of ~150 pm in the
horizontal plane, and ~75 pm in the vertical plane.

In order to achieve an improved resolution of the
centroid trajectory, we average over ~500 shots of the
synchrotron. The uncertainty of the mean trajectory cannot
be inferred directly from the BPM resolution since no
analytic expression for the beam intensity distribution
among many cycles is at hand. Instead, we observe that
the recorded centroid position closely follows a normal
distribution characterized by a mean x and a standard
deviation o. Testing this hypothesis with a Shapiro-Wilk
test [42] underpins that the data statistics does not deviate
from a Gaussian normal distribution. Among the most
prevalent formal tests for normality, the Shapiro-Wilk test
is demonstrated to be most sensitive to deviations from a
normal distribution [43,44]. Consequently, the sample mean
it follows a normal distribution with standard deviation

024601-6



BEAM-BASED IDENTIFICATION OF MAGNETIC ...

PHYS. REV. ACCEL. BEAMS 28, 024601 (2025)

M e1077
£ —— -1
€
= 24 =0
) —— 1
o
o
S 0
o
<
S -2
5
e
_4 -
TTrrr T TTrrr T TTrrrr T T
0 1 2 3
no. turn after kick
91 6[1073]
— —— —1]
g_ 8 _ —o— 0
= —— 1
o
o 7
°
©
2 6 1
S
n
5 -
TTrrr T TTrrr T TTrrrr T T
0 1 2 3
no. turn after kick
FIG. 3. Trajectories used for DLMN training (top) and their

standard errors (bottom) after exciting centroid oscillations with a
transverse kick. The different colors represent an relative change
in beam momentum ¢ originating from a deliberate mismatch of
the rf-frequency with respect to the revolution frequency.
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where M denotes the sample size. The standard error 6,
estimates the uncertainty of the sample mean by replacing the
unknown standard deviation of the distribution ¢ by the
standard deviation of the sample 6. We use the standard error
as measurement uncertainty of the averaged centroid tra-
jectory used to reconstruct field errors, cf., Fig. 3.

The standard error of the averaged trajectories increases
when the beam is radially displaced by mismatching the rf-
frequency with respect to the magnetic rigidity at flattop.
We attribute this to beam losses caused by the beam halo
touching the vacuum chamber, which measures 19.6 cm x
6.6 cm at the location of the BPMs [45]. As a consequence,
BPM noise is increased due to charged particles hitting its
electrodes. In order to push the BPM performance to its
limits, a trade-off is required between high beam current
yielding a high signal-to-noise ratio and a small transverse
size enabling an excitation of the beam without losses. In
the particular case of SIS18, the transverse beam size and

injected beam current are proportional due to the used
multiturn injection scheme [46]. Furthermore, the standard
error of the averaged trajectories increases after the beam
completes one revolution. This is caused by the non-
rectangular overshoot of the kicker pulse, see
Appendix B and, cf., Fig. 13.

D. Scenarios investigated at SIS18

The machine experiment is performed using the nominal
doubletlike optics at extraction energy. Chromaticity is
corrected by the foreseen two-family correction scheme
featuring the two sextupole families KS1C and KS3C. We
distinguish between the following two experimental sce-
narios: (i) Chromaticity is corrected using all 12 lattice
sextupoles. (i) A single sextupole GS09KS1C is turned
off while all other sextupoles are powered at the same
currents as in (i). This mimics a sextupole field error to be
identified by the DLMN.

Data for both scenarios are recorded 36 h apart and
analyzed as two independent datasets, allowing to check
how reproducible the DLMN training turns out with respect
to linear optics. The recorded datasets mainly differ in the
intensity of the Au®T jon source, which was recalibrated in
between.

E. Changes to training procedure

In order to apply the DLMN method to SIS18, a few
improvements are implemented compared to the original
proposal of the method in [18]. (i) The SIS18 features a
kicker magnet rotated by 45° allowing simultaneous beam
excitation in both planes. Unfortunately, neither the exact
rotation angle nor the magnetic field strength of the kicker
is known precisely. Instead, we use the DLMN to back-
propagate the centroid position measured at the first BPM
downstream of the kicker location. A phase-space vector
serving as initial condition, which is necessary to predict a
trajectory with the DLMN, is inferred from

7= (DLMN) ™ 'Zgpy & M~ Zgpy + O(Zgpm)?] (1)

in the first order approximation. Assuming zero initial
transverse displacement, i.e., Z = [0, p,.,0, p,,0,6]", the
effective kick angles are calculated. The first-order approxi-
mation M of the DLMN is equivalent to the linear transfer
matrix from the location of the kicker magnet to the first
downstream BPM. The obtained transverse momenta p,,
py of the initial condition depend on DLMN model
parameters as there a several magnets in between kicker
and BPM. Thus, the initial conditions are updated during
each iteration of the training procedure. (ii) The training
procedure investigated in simulations [18] uses trajectories
recorded over three turns to account for the synchrotron’s
periodicity. To minimize the influence of stochastic meas-
urement errors, the number of turns can be increased, which
helps mitigate these errors due to the averaging effect
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inherent in the mean squared error, cf., Eq. (2). We consider
a range of 3 to 23 turns for training and observe that the
training results converge for more than seven turns after
centroid oscillations are excited by the kicker magnet.
Therefore, all training runs presented use seven turns, a
duration short enough to justify neglecting the decoherence
of centroid oscillations. (iii) The beam momentum offset &
is varied through an offset of the rf-frequency. Both
quantities are linked via the relation

%:< _L>5 g
frt * ) ®

by the momentum compaction factor a, of the accelerator
and the Lorentz-factor y of the beam. a,. describes the
change in path length originating from transverse
dispersion. In contrast to the original simulation study,
we update our momentum offset § based on the set rf-
frequency and the «, predicted by the DLMN during each
iteration of the training procedure. This is necessary
because the fractional momentum deviation is not a tunable
parameter, but rather a consequence of the set rf-frequency
and the implicitly varying momentum compaction factor.
(iv) We subtract the equilibrium centroid position from
each time series recorded at each BPM, as obtained from
the noise analysis, cf,. Sec. IIl C. This serves to keep the
final optics model free from the influence due to (i) BPM
misalignment, (ii) errors in the zero-reference calibration,
and (iii) shot-to-shot deviation of the closed orbit. This step
requires subtraction of the transverse dispersion offset as
predicted by the DLMN at the respective iteration of the
training procedure.

IV. DLMN OPTICS OBTAINED BY TRAINING

The quadrupole degrees of freedom of the DLMN
comprise the separate normal and skew quadrupole com-
ponents associated with each lattice quadrupole, corre-
sponding to six degrees of freedom allocated to the three
quadrupole magnets present in each cell. Additionally, the
normal sextupole strength of the lattice sextupoles located
in odd-numbered cells are varied. Hence, the DLMN
training procedure varies 72 quadrupole components in
addition to 12 sextupole components of the DLMN model
in order to reproduce the measured trajectories.

The training dataset used for DLMN training consists of
three trajectories corresponding to different beam momenta,
S5€[—1x1073,0,1 x 1073], with the kicker magnet excit-
ing the beam’s centroid to an action of J ~ 0.4 pm.

The training process iteratively refines the magnetic
multipole components of the DLMN. In line with the
conventions of machine learning, we refer to iterations as
epochs, and each epoch updates the DLMN’s degrees of
freedom to minimize the MSE, see Eq. (2). In the initial half
of the iterations, training is restricted to a single trajectory

with § = 0, focusing solely on variations in the linear optics
degrees of freedom. In the latter half, all three trajectories
are included, and the full set of DLMN degrees of freedom
is varied. This strategy has been demonstrated to facilitate
convergence, as outlined in [18]. Training requires about
45 min on a standard desktop computer.

During training of the DLMN, we observe convergence
of the predicted to the measured trajectories by means of
the mean squared error, e.g., Eq. (2). Because of the short
time scale of seven turns and measurement uncertainties of
the trajectory, cf., Sec. III C, the results may be subject to
overfitting. The obtained DLMN optics, therefore, requires
validation by comparison to a spectral analysis of BPM
turn-by-turn data and the linear optics from closed orbits
algorithm (LOCO).

A. Validation methodology

The DLMN linear optics model is validated using tunes,
phase advances, and relative beta functions from BPM turn-
by-turn data and compared with beta functions and
dispersion from a LOCO fit of the orbit response matrix.
The nonlinear optics are verified using an analysis of
resonance driving terms.

The recorded trajectories enable a tune measurement and
allow to infer phase advances per sector. We apply the
NAFF algorithm [27] to the reconstructed sector-by-sector
trajectory in order to measure the betatron tune, which is
capable of achieving a higher frequency resolution than an
FFT. The sample length is limited to 2048 turns after
excitation by the kick because of signal decoherence.

The phase advance per sector is calculated by comparing
the betatron oscillations phase at two adjacent BPMs. The
phase is obtained from the complex Fourier coefficient

1 & ‘
a; =~ Dz, e72mOn ©)
n=lI

related to the tune Q, determined by NAFF. Here, z denotes
either the horizontal x or vertical y plane.

The horizontal dispersion is obtained from the closed
orbit variation induced by the change in beam energy by
mismatching the rf-frequency. The measurement uncer-
tainty is deduced from the shot-by-shot rms closed orbit
fluctuation, while the impact of turn-by-turn BPM noise
becomes negligibly small due to the 25 ms long integration
interval covering ~22, 600 turns.

The LOCO approach identifies a linear optics model by
fitting a measured ORM. An ORM was measured in a
subsequent beam time [47]. For SIS18, measuring an orbit
response matrix takes approximately 30 min, which is
significantly longer than the 5 min required to collect the
statistics for the DLMN training set. Unfortunately, no
statistical evaluation of the orbit response with respect
to steerer magnet settings was performed. Instead,
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we estimate the measurement uncertainty of the ORM
matrix elements from the observed shot-by-shot orbit
fluctuations of about =100 pum to amount to
0.1 mrad!. In the case of SIS18, we vary the individual
strength of the 36 upright lattice quadrupoles in order to
obtain a linear optics model from the measured ORM.

The influence of nonlinearities like sextupole magnets
on the centroid trajectory can be estimated by normal form
analysis. Reference [48] applied the nonresonant normal
form to express the beam position in the presence of
nonlinearities as

x(T) = ﬁxRe[ 2, Cr0.THy.)

. . k=1 Lim
- ZZZ]fjklm(zlx)Hz (zly)lz

Jjklm
x el (1=j+k) (220, T+y.) oi(m—1)(2rQ,T+y,) , (10)

far from resonant tunes. Equation (11) expresses the
horizontal position x at turn 7 in terms of the (nonlinear)
actions I, 1, and initial phases y,, y,. The amplitudes
f jkim of harmonics of the betatron oscillation are referred to
as resonance driving terms. Each driving term is linked to a
resonance condition in the Hamiltonian governing the
equation of motion, and their magnitude depends on the
set working point. The f5(, represents the driving strength
of the 3Q, = 13 resonance, which is the closest the third-
order resonance to the presently configured working point
at (Q, = 4.31, Q, = 3.27) including the identified discrep-
ancies to the control system settings. Thus, f3qqq is the most
relevant driving term to this experiment.

According to the nominal SIS18 optics model, the
resulting amplitude of the 2Q, oscillation driven by
Jf3000 18 between 3 and 7 pm for the maximum available
kick strength. Hence, the nonlinear motion is a small
quantity compared to the measurement uncertainty of the
beam position monitors ¢ =~ 150 pm. This underpins the
necessity to suppress BPM noise by averaging trajectory
data over many shots, resulting in a standard error roughly
the size of the quantity of interest, cf., Fig. 3.

The resonance driving terms can be determined from
spectral analysis of BPM turn-by-turn data according to
Eq. (11). Therefore, we record further trajectories in
addition to the DLMN training set by varying the kicker
magnet’s excitation strength, cf., Appendix C. The ampli-
tude of the spectral line related to the resonance driving
term must be distinguishable from the noise floor, which is
distributed according to a Rayleigh distribution, cf., Eq. (1).
The noise level decreases « 1/+/2N with increasing sample
length N. In the case of SIS18, the sample length is limited
to 2048 turns because of decoherence. We characterize the
noise floor by the 95th percentile of the noise distribution.
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FIG. 4. The spectra of the horizontal centroid position are
displayed for a single synchrotron shot (gray) and for an average
over 506 shots (blue). A Hanning window is applied to suppress
spectral leakage of the dominant peak originating from the
horizontal betatron oscillation. The spectral noise is subject to
a Rayleigh distribution displayed in the inlet plot. A fit of the
distribution yields its expectation value and standard deviation
denoted by the vertical resp. horizontal line. The horizontal
dashed lines represent the 95th percentile of the distribution,
characterizing the noise floor. After averaging, the horizontal
betatron oscillation’s second harmonic at 2Q,, the synchrotron
oscillation at Q,, and the vertical betatron oscillation at Q, are
distinguishable from noise.

In case of the trajectory shown in Fig. 4, averaging over
~500 shots reduces the noise floor from 3.4 to 0.14 pm.

B. Linear optics

The tunes predicted by the DLMN converge against the
measured tunes within their measurement uncertainty after
a few iterations, cf., Fig. 5.

A comparison of observed and DLMN-predicted phase
advances shows reasonable agreement, cf., Fig. 6. Two
independent training sets for the DLMN were collected on
Friday afternoon and Sunday morning. The SIS18 was
operated based on the same settings during both shifts,
while on the Sunday shift the Au®>* source yielded a higher
beam current. The difference in phase advance estimated
from Fourier coefficients is negligible. The phase advances
recovered from DLMN training match each other within
the uncertainty of the BPM readings. The largest discrep-
ancies between measured and DLMN-predicted phase
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advances are observed immediately downstream of the
kicker magnet which is installed in sector 5.

The beta function can be estimated from the magnitude
of Eq. (9) but suffers a systematic reduction for all BPMs
due to decoherence. We, therefore, compare beta functions
normalized to their mean along the accelerator’s circum-
ference, which cancels out the (averaged) centroid action.
Error bars take into account a variation in spectral ampli-
tude originating from spectral noise. In order to compare
the relative course of the horizontal beta function to
absolute values predicted by either a trained DLMN or a
LOCO fit of the ORM, we divide by the average beta
function as predicted by the DLMN. In the comparison
between the spectral amplitude analysis of trajectory data
and the DLMN predictions, we find an excellent agreement
of beta functions and dispersion, in particular in view of the
relative differences between BPMs, cf., Fig. 7.

The orbit response matrix (ORM) is a criterion to verify
whether the DLMN predictions interpolate well between
the ith beam position monitor locations where the centroid
motion is observed. Each ORM matrix element

0z U
Y7 00;  2sinzQ

ORM cos (7Q — [y —y)|) (1)

incorporates beta function and phase advance at the location
of the jth steerer magnet. Here, z denotes the change in either
horizontal or vertical orbit caused by the deflection ®;. The
discrepancy between measured and DLMN-predicted ORM
elements is normal distributed with standard deviation
o~4x 1072 mrad~!, which is smaller than the elements’
measurement uncertainty of 0.1 mrad~!. Hence, the ORM
obtained from the DLMN corresponds to the measurement
within its uncertainty.

The beta functions and dispersion predicted by LOCO
agree well with the DLMN prediction, cf., Fig. 7.

From the accurate DLMN prediction for the ORM, we
conclude that the DLMN linear optics model is not only
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FIG. 5.

Evolution of horizontal (blue) and vertical (orange) tune
during training of the DLMN. The dotted lines display the
measured tunes and the errorbars indicate their uncertainty.
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FIG. 6. Horizontal phase advance measured from turn-by-turn
BPM data (gray) compared to DLMN predictions. Shot-to-shot
fluctuations are accounted for by calculating the mean and
standard deviation over ~500 synchrotron shots, with the
standard deviation used to construct the error bars. The training
results are obtained from two independent measurements per-
formed on Friday (red) and Sunday (cyan). The black dashed line

displays the phase advance predicted by the nominal accelerator
model.
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Horizontal beta function (top) and dispersion (bottom)
evaluated at BPM locations from spectral analysis of turn-by-turn
data (gray). For comparison, the DLMN predictions (blue) and
LOCO results (orange) are displayed by dots. The black dashed
lines display predictions from the nominal accelerator model.
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meaningful at the location of beam position monitors but
also provides a good reconstruction of beta functions and
phase advances at the location of the steerer magnets. The
DLMN prediction may be harnessed for closed orbit
control.

The identified DLMN optics coincide well with mea-
sured betatron tunes, phase advances, beta functions, and
dispersion. We observe that the DLMN’s linear degrees of
freedom have converged during the first half of iteration,
where only a single trajectory with 6 = 0 is considered.
Consequently, recording the trajectories for different beam
momenta, obtained by varying the rf-frequency, can be
omitted if only a linear optics model is required.

This demonstrates that the DLMN method is capable of
reconstructing a valid linear optics model from short-term
trajectory data evaluated over seven turns. The DLMN’s
prediction for the linear optics model is of similar quality
when only a single trajectory with 6 =0 is used for
training. No scan of either the beam momentum or the
kicker magnet’s excitation strength is necessary, which
underpins the potential saving in beam time.

C. Nonlinear optics originating from sextupoles

The SIS18 is equipped with a total of 12 lattice sextu-
poles for chromaticity correction, with two sextupole
magnets located in each odd-numbered sector. The typi-
cally applied chromaticity correction scheme in the SIS18
control system consists of two families with six sextupoles
each. We power the sextupoles accordingly and then turn
off a single sextupole in order to break the symmetry of the
ring on purpose. The resulting operating chromaticity was
measured as (&,,&,) = (—1.15,—0.98). This scenario
serves as a test bed to demonstrate that the DLMN
(i) recovers the correct chromaticity as a global quantity
and (ii) localizes nonlinear magnetic field errors.

The DLMN is initialized at natural chromaticity without
any prior knowledge about the nonlinear magnetic fields. In
addition to the normal and skew quadrupole strength of
three quadrupoles per lattice cell, we allow the DLMN
training procedure to vary the sextupole strength of each
lattice sextupole individually. The spectra of the recorded
trajectories reveal higher harmonics from nonlinear dynam-
ics due to normal sextupoles but show no peaks associated
with skew sextupoles. The observed coupling is attributed
to skew quadrupole components, suggesting that skew
sextupole degrees of freedom would primarily be deter-
mined by stochastic measurement errors. Therefore, we
exclude skew sextupole degrees of freedom from the
training process.

With 12 sextupole degrees of freedom, the DLMN
predicts a horizontal chromaticity that agrees well with
the measured one (A&, /&% = 0.6%), cf., Fig. 8. The
predicted vertical chromaticity slightly exceeds the meas-
urement (A&, /&3 = 5%) but is more accurate compared to
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FIG. 8. Horizontal (blue) and vertical (orange) chromaticity

normalized to the natural chromaticity as calculated from the
nominal optics model. The measured normalized chromaticities
are marked by the dotted lines, and solid lines display the DLMN
prediction during training. Chromaticity is corrected according to
the nominal optics model setting, shown by the black dashed line.
The DLMN varies each of the 12 lattice sextupoles individually.

the nominal accelerator model (A&,/&Y, A&, /&) =
(6%,33%).

Decoherence decreases the spectral lines amplitude,
which introduces a systematic underestimation of the
resonance driving terms. This systematic error may be
corrected if the decoherence of the centroid oscillation can
be quantified. Instead, we evaluate the relative resonance
driving terms with respect to their mean along the accel-
erator’s circumference. These relative resonance driving
terms are independent of the actions /, and /,, and hence of
the centroid oscillations’ mean amplitude over the FFT
window. The relative magnitude of the local resonance
driving term f3(q, serves as an indicator for the location of
sextupole errors, narrowing it down to the region between
two adjacent BPMs.

The value of f3g is determined at the locations of
BPMs, see Appendix C, for the case of the regular
chromaticity correction scheme where two families of
sextupoles are employed, with the exception of a single
sextupole GSO09KS1C that is turned off in sector 9. The
predicted effect on £ is a local increase at the location of
the perturbation in sector 9 and a consecutive decrease on
the opposite site of the ring in sector 3.

The measured resonance driving term f3q, is compared
to predictions from the nominal accelerator model and the
DLMN after training, cf., Fig. 9. The perturbation to f3(
in sector 9 and its mirroring on the opposite site in sector 3
agree well with the nominal accelerator optics. The DLMN
predicts a large increase in f3( in sector 9, which agrees
qualitatively with the measurement. A quantitative differ-
ence, however, is larger than our uncertainty estimate of the
measured resonance driving terms in sectors 10 and 12.
This is most likely related to the DLMN training set
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FIG. 9. Comparison between simulated and measured (error-
bars) resonance driving terms f3g09. The symmetry breaking is
caused by a single sextupole GSO9KS1C being turned off in
sector 9. The red line displays the DLMN prediction after
training, which varies both linear and nonlinear degrees of
freedom (DOF). The black line displays the simulated f3qqq in
case the DLMN linear optics are complemented by the set
sextupole strengths.

comprising only 7 turns compared to 2048 turns used as an
FFT sample length, as stochastic measurement errors do
not average out over few data points. The DLMN training
procedure targets at a minimal discrepancy between pre-
dicted and measured trajectories, and thus DLMN degrees
of freedom are adjusted to reproduce erroneous beam
positions.

In addition to sextupole components, predicting reso-
nance driving terms requires knowledge of the accelerator’s
beta function. The prediction of f3qqy, based on the linear
optics calculated by the DLMN and complemented by the
sextupole strengths set in the control system, agrees with
the measured values within their uncertainties across all
sectors. This consistency supports the validity of the linear
optics predicted by the DLMN and rules out isolated
sextupole errors in the SIS18.

Moreover, the amplitude detuning is an observable to
judge the quality of the trained DLMN. Trajectories
recorded at five different excitation strengths of the kicker
magnet in combination with precise algorithms to deter-
mine the betatron tune [29] reveal an increase of the tunes
with the beam centroid’s action in both planes. The tunes
predicted by the DLMN exhibit comparable amplitude
detuning, with the horizontal plane predictions matching
the measured values within their uncertainties, cf., Fig. 10.

D. Possible applications of trained DLMN: Tunescans

One key advantage of the DLMN method stems from its
physically meaningful degrees of freedom, which are
magnetic multipole components. This warrants further
use of the training results to perform either analytic or
simulation studies. The obtained refined optics model can
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FIG. 10. Comparison of the horizontal (blue) and vertical
(orange) amplitude detuning between measurement and DLMN
prediction. The tunes are displayed with respect to the action of
the beam centroid induced by the kicker magnet, and the tune of
the lowest excitation is subtracted.

be converted to lattice files of common tracking codes like
MAD-X [37] or XSUITE [49].

Using the case of SIS18 as an example, we measure the
qualitative effect of resonances with a dynamic tune scan.
A beam comprising 1.2 x 10'° protons is accelerated from
11.4 to 400 MeVu~! to suppress the influence of space-
charge present at injection energies. The transverse
emittance before blow up at the vertical integer resonance
and momentum spread are eijgé‘é ~ 1 pm resp. Ap/p~
3x 107*. All lattice sextupoles are turned off and
observed resonances are attributable to unknown mag-
netic field errors. At constant energy, the continuously
stored bunched beam is first increased in transverse size
by moving the working point close to the vertical integer
resonance 30, = 9 causing the beam emittance to grow.
Just when first beam loss is encountered, the working
point is moved vertically upward toward the vertical half-
integer resonance. Each resonance crossed in this pro-
cedure causes a peak in normalized loss rate (1/1)|%|.
The losses are recorded by measuring the instantaneously
stored beam current / by means of a dc current trans-
former. This approach is repeated for many different
horizontal tune settings to cover a 2D area in the trans-
verse betatron tune space.

The results of this dynamic tune scan for SIS18 are
presented in the left panel of Fig. 11. They confirm the shift
in tune AQ, ~2 x 1072, AQ, ~ 1 x 1072 between set and
actual value. Consequently, the normal sextupole resonance
(3, 0, 13) is found below rather than above Q, = 4.33, cf.,
Fig. 11 in the left panel. Here, we use the notation (a, b, c¢)
to indicate resonance condition aQ, + bQ, = c fulfilled
by integers a,b,c € Z. Furthermore, the measurements
reveal the presence of excited skew sextupole resonances.
They may originate from nonzero linear coupling.
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Comparison of measured dynamic tune scan (left) and simulated static tune scan based on DLMN predictions (right). Set tune

refers to the tune specified in the accelerator control system. The systematic tune shift between nominal accelerator optics model and
measurements is evident from the location of sextupole resonances. In case of the simulated tune scan based on DLMN optics, matched
tune refers to the working point passed to the XSUITE matching routine.

A previous tune scan performed at SIS18 at injection
energy is reported in Ref. [34], where space-charge effects
were suppressed by using low intensities. The scan is
subject to various systematic betatron tune shifts with
respect to the now deprecated previous control system
named SISMODI. In agreement with our dynamic tune
scans, the presence of linear coupling resonance as well as
the third-order resonances originating from upright sextu-
poles is observed. Furthermore, the skew sextupole and
octupole resonances at (0, 3, 10) resp. (0, 4, 13) are detected
by both scans.

A simulation study to investigate the origin of these
resonances and possible mitigation schemes may be per-
formed by means of DLMN training results. The DLMN
predictions for normal and skew quadrupoles, as well as for
normal sextupoles, are loaded into XSUITE, and a simulated
static tune scan is performed, see the right panel of Fig. 11.
The simulation tracks a bunched beam at natural chroma-
ticity. The static tunescan is very sensitive to the difference
resonance (1, —1, —1) because of the large emittance of the
used U”?* beam foreseen for the FAIR project. All
experimentally observed normal sextupole resonances are
excited, with the (1, 2, 11) resonance being stronger than
the (1,—2,—2) resonance in agreement with the measure-
ment. The skew sextupole resonance (2, 1, 12) is excited by
normal sextupole errors in combination with skew quadru-
pole errors which provide linear coupling. This is verified
by comparison to a resonance diagram computed with all
DLMN-predicted skew quadrupole components being
removed. Hence, it is plausible that their excitation can
be cured by correcting linear coupling and restoring
symmetry of the f3g resonance driving term. Several
higher order resonances observed in the measured dynamic
tune scan are excited by the DLMN quadrupole and
sextupole field error predictions. Most notably, the mag-
netic field errors recovered by the DLMN drive the normal
octupole resonances (4, 0, 17) and (2, 2, 15), which are

clearly excited in the measurements. A major difference
from the DLMN error model is the observation of skew
sextupole and skew octupole resonances, (0, 3, 10) and
(0, 4, 13). This suggests the presence of a source of skew
sextupole errors in SIS18, which are not included in the
DLMN training procedure. Related peaks in the spectrum
of BPM turn-by-turn data were not detected and are likely
covered by the noise floor. One possibility to hunt skew
sextupole errors by the DLMN approach is to move the
working point closer to the related resonances and thus
increase the magnitude of their driving terms.

The study of resonances by means of comparing simu-
lated tune scans to measurements is exemplary for possible
applications of DLMN training results. The nonlinear
optics model in terms of magnetic multipole components
predicted by the DLMN can readily be used for simulation
studies. The DLMN results may be applied to identify the
origin of resonances and enable their compensation.

V. CONCLUSION

The DLMN approach to identify magnetic field errors
has been applied in a hadron synchrotron experiment for
the first time. A refined optics model based on the measured
beam motion has been created for the SIS18 synchrotron.
One possible application of the DLMN training results is
presented in terms of resonance analysis by means of
tracking simulations, which make use of the DLMN-
identified field error multipole values.

In contrast to established alternative approaches, the
DLMN reconstructs both linear and nonlinear field errors in
parallel. To reconstruct nonlinear optics, its application
does not necessitate an accurate linear optics model before-
hand. The learned linear optics model is observed to
accurately recover tunes, beta functions, and dispersion.
Predicted phase advances agree well with a spectral
amplitude analysis of beam position monitor turn-by-turn
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data. The accelerator optics predicted by the DLMN are
consistent with a LOCO-fit of a separately measured orbit
response matrix (ORM). Unlike the ORM measurement,
the DLMN does not require a systematic scan of steerer
magnet deflection angles. The construction of a linear
optics model requires measurement of a single trajectory
only.

The reconstruction of sextupole degrees of freedom is
limited by the measurement uncertainty, which, in case of
the considered synchrotron, is of similar magnitude as the
nonlinearities of interest. The effective lattice model
established via DLMN exhibits approximately correct
chromaticities, that is a deviation of (AZ, /&M, AL, /&) =
(0.6%.5%) vs (AL /&Y, AL, /&) = (6%,33%) of the
control system. Furthermore, the spatial evolution of
resonance driving term f3py, is qualitatively recovered.
However, the length limitation of the utilized trajectories to
seven turns makes the DLMN more prone to beam position
monitor noise than FFT-based methods, which typically
take into account hundreds of turns.

The DLMN approach yields an effective accelerator
model in terms of magnetic multipole components. This
enables further study of the DLMN-predicted refined optics
model (and lattice) by means of tracking codes and similar
established tools in accelerator physics. The refined optics
model enables a more detailed study of resonance induced
beam loss with a more accurate accelerator behavior. It may
be applied to correction of linear coupling and resonance
compensation.

The limited amount of trajectories, one in case of linear
and three in case of nonlinear optics, required to train the
DLMN allows its integration into regular operation. A
monitoring of the accelerator’s state and optics on a daily
basis is thus possible.
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APPENDIX A: BEAM POSITION MONITOR
RESOLUTION

The measurement uncertainty of the centroid position is
subject to systematic errors originating from misalignment
and thermal noise. A lateral shift of the BPM electrodes is
negligible to this measurement, as it only affects the
measured equilibrium beam position. During this meas-
urement, only the dynamic motion of the beam centroid
around the equilibrium after excitation is of interest, and the
closed orbit is disregarded.

A potential issue is rotations of the BPMs with respect to
the laboratory reference system. Such misrotated BPMs

would detect an erroneous coupling between the horizontal
and vertical centroid motions. The BPMs are included in
the components that are precisely aligned with a tolerance
of £0.3 deg, and we neglect BPM misrotations in our
analysis.

The stochastic measurement uncertainties are expected
to primarily originate from thermal noise on the electrodes,
which is expected to be normal distributed. Crucial to the
resolution of the beam centroid is the signal-to-noise ratio.
The noise contribution is expected to be proportional to
temperature. The signal strength is proportional to the beam
current and the centroid oscillation amplitude. When the
beam rests in its equilibrium state, the noise level can be
estimated from the fluctuating beam position, cf., Fig. 2.
The observed fluctuations are consistent with a normal
distribution.

The uncertainty depends on the beam current resulting
in a variation of the resolution performance of the BPMs
on a shot-to-shot basis, cf., Fig. 12. The beam current at
magnetic flattop varies due to fluctuations of the ion
source, which is particularly true for the utilized Au®+
source.

The distribution of estimated BPM resolution per sector
and plane is shown in A. The majority of shots are recorded
with a centroid position resolution of 120 to 180 pm in the
horizontal plane, and 60 to 90 pm in the vertical plane. The
vertical plane shows an improved signal-to-noise ratio due
to the smaller electrode distance of 6.6 cm, compared to
19.6 cm in the horizontal plane [45]. Shots with an
estimated resolution worse than 630 um, which originate
from very low beam currents, are excluded from further
data analysis.

The fluctuating beam current is subject to an unknown
distribution, and thus, an analytic calculation of the effect
on the trajectory uncertainty is not feasible.

Instead, we empirically observe that the recorded beam
position sector-by-sector downstream of the initial kick is
normal distributed, with some mean u and standard
deviation o, consistent with the Shapiro-Wilk test. The
averaged trajectory is given by the sample mean /i, which is
itself normal distributed with standard deviation

=06 (A1)

where N denotes the sample size. The standard error 6,
estimates the uncertainty of the sample mean by replacing
the unknown standard deviation of the distribution ¢ by the
standard deviation of the sample 6.

The estimation of resonance driving terms requires a
frequency analysis of BPM data and, hence, is subject to
BPM noise. Assuming that the BPM readings over N turns
are normal distributed

x, x N(0,0), (A2)
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FIG. 12. Standard deviation of the normal distributed noise of the centroid position vs beam current. The colors illustrate the noise
behavior as a function of the beam’s fractional momentum offset, . A large beam current suppresses fluctuations in the beam position
reading while the beam is in its equilibrium state, whereas the noise level is independent of the beam’s radial position.

the Fourier coefficients

(A3)

real and imaginary part are normal distributed as well

c
Re(a;),Im(a;) « N 0,—— ). A4
(@ ma) < N (072) (aw
Hence, the amplitude
la] = \/Re2(ay) + Im*(a) o Rayleigh(c)  (AS)

is subject to a Rayleigh distribution. The expected noise
amplitude is a systematic addition to the spectrum of
centroid motion.

APPENDIX B: BEAM EXCITATION
VIA KICKER MAGNET

The dynamics of centroid motion are investigated by
deflecting the beam out of its equilibrium state. This is done
employing a fast kicker magnet which creates a magnetic
field enduring roughly the revolution period of the par-
ticles. Ideally, each bunch is subject to a constant Lorentz-
force during a single passage of the short kicker magnet,
resulting in an instantaneous change of transverse
momenta. This kick can be used as an initial condition
for tracking. The ideal magnetic fields time dependence is,
therefore, a rectangular pulse with zero time spent on the
rising and falling flank.

The SIS18 features a single kicker magnet rotated by 45°
with respect to the laboratory frame, located in sector 5.
Because of the installation orientation both horizontal
and vertical momentum are affected simultaneously.
Furthermore, the power supply is unipolar, limiting the beam
excitation to positive kick strengths.

The pulse shape of the magnetic field can be inferred
from a voltage signal proportional to the current and
recorded by an oscilloscope. Due to technical limitations,

150 - arbitrary phase difference!f
S L &
Yi00l/D A BCDABTCDABCDABT CDAGBTCDA B] 2
© '05 —
3 e
> oo Do
2 504 L 2
< -—05 Y
0 1 2 3 4 5 6 7 8

time [us]

FIG. 13.

Time course of the kicker magnetic field (orange) compared to longitudinal charge signal (blue) recorded by a fast current

transformer (FCT). The black bars indicate the mean of the kicker voltage during the flattop resp. overshoot. The SIS18 hosts four
bunches denoted by letters. The phase between kicker voltage and FCT signal is arbitrary since the oscilloscope recording the kicker

signals runs independently of the accelerator timing system.
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FIG. 14. Dependence of the spectral line’s amplitude at 20, on
the horizontal action J, observed in different sectors of SIS18.
The dependency is consistent with the expected linear increase in
action and the resonance driving term f3go, obtained from
the slope.

the oscilloscopes reading could only be stored as a
screenshot, preventing a thorough statistical analysis of
the pulse shape and estimation of noise among different
cycles. The kicker pulse features steep rising and falling
flanks, an approximately constant flattop and an over-
shoot, cf., Fig. 13.

APPENDIX C: DETERMINATION OF
RESONANCE DRIVING TERM f3000

The resonance driving term f3o iS most relevant to this
experiment as the SIS18 working point (Q, =4.31,
Q, = 3.27) is close to the associated 3Q, = 13 resonance.

upright / normal

3.50 SRR
3.33 -
>
(7
£ | RS A =
3
> . ,
3.17 A ARV AR RN -
3.00
4.00 417 4.33 4.50
hor. tune Qy
FIG. 15.

Following Eq. (11), its value is obtained by fitting the
amplitude of the spectral line located at twice the betatron
tune with respect to the action of the beam centroid.

The amplitude of the spectral line A is connected to the
amplitude

A = acsA + A + Apgises a,¢,5€(0,1), (CDhH
obtained from the Fourier coefficient of turn-by-turn BPM
data. Here, a and ¢ denote a systematic reduction due to
amplitude resp. chromatic detuning, s the scalloping effect
when the Fourier coefficient is sampled at a slightly off
frequency, A, the spectral leakage from the dominant
horizontal betatron oscillation peak and A, the contri-
bution from BPM noise.

The scalloping effect is minimized by precise estimation
of the betatron tune using NAFF, the leakage effect is
suppressed by application of a Hanning window and both
are neglected in further analysis. One drawback of tackling
spectral leakage using a window is its peak widening and
reduction of amplitude, which further complicates estimat-
ing the absolute value of A. The noise contribution is
random, and its systematic effect canceled by subtracting
the expectation value. The errorbars indicating measure-
ment uncertainty range from the 25th to 75th percentile of
the noise distribution.

The systematic effects of amplitude and chromatic
detuning cannot be estimated without knowledge of the
beam distribution in phase space. Instead, we evaluate
relative resonance driving terms by dividing by the average
amplitude across the synchrotrons circumference. Because
the decoherence time ¢ is larger than the revolution period

3.50

3.33

ver. tune Q,

3.17 +

hor. tune Qy

Overview over resonances located in the tune quadrant intended for SIS18 operation. Resonances driven by normal/upright

multipole components are shown on the left, resonances inflicted by skew multipoles are displayed on the right. The naming scheme
(a, b, ¢) resembles the resonance condition aQ, + bQ, = ¢ with a, b, ¢ € Z. The third-order resonances are colored in solid black, the
fourth-order resonances in dash-dotted blue, and the fifth-order resonances in dashed orange.
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FIG. 16. Resonance diagram of SIS18 predicted by DLMN trained on measurements. The resonance diagram is computed by tracking
over 20,000 turns and evaluation of beam loss. The 6D tracking simulation is performed using XSUITE based on control systems settings
and magnetic field errors resulting from DLMN training. In contrast to the full magnetic field error model (left), the scan displayed on

the right foregoes reconstructed skew quadrupole errors.

t > T, the factors a and ¢ are the same at every location
in the ring.

The resulting amplitudes increase linearly with the beam
centroid’s action, which agrees with the theoretical expres-
sion of Eq. (11) derived from normal form analysis, cf.,
Fig. 14. The estimation of relative resonance driving terms
is independent from uncertainties regarding the action, but
requires solid knowledge of the local beta function.

APPENDIX D: ADDENDUM FOR
RESONANCE DIAGRAMS

In addendum to the discussion of experimentally
observed and DLMN-predicted resonance diagrams, see
Sec. IV D, we show the course of nonlinear resonance up to
the fifth order in Fig. 15.

A comparison of a resonance diagram computed from
the full error DLMN-predicted field error model to the
same model with any skew quadrupole error removed is
shown in Fig. 16.
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