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Engineering of maximally entangled orbital angular momentum states via path identity
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Cutting-edge quantum technologies lean on sources of high-dimensional entangled states (HDESs) that
reliably prepare high-fidelity target states. The idea to overlap photon paths from distinct but indistinguishable
sources was recently introduced for the creation of HDESs, known as entanglement by path identity. In this
regard, the use of orbital angular momentum (OAM) modes is promising, as they offer a high-dimensional
and discrete Hilbert space to encode information. While entanglement by path identity with OAM has been
verified experimentally, a detailed investigation of how the OAM distribution of photon pairs can be engineered to
maximize the entanglement is lacking. We address this gap and identify an optimal dimensionality for maximally
entangled states (MESs) when the spatial engineering of the pump beam and the path-identity approach are
combined. Our theoretical study reveals notable limitations for the fidelity of high-dimensional target states.
We also establish the equivalence of entangled biphoton states pumped by a spatially engineered beam and
generated via path identity. These findings constitute a valuable step toward the optimized preparation of MESs

in high dimensions.
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I. INTRODUCTION

Entangled photon pairs are a crucial resource to build
the future quantum internet and underpin secure quantum
communication and distributed quantum computing [1-5].
Especially the entanglement between (d > 2)-dimensional
quantum systems, called qudits, offers unique advantages
compared to the use of two-dimensional qubits. These include
enhanced capabilities with superdense coding, increased noise
resistance, and higher error tolerance in quantum information
processing applications [6,7].

Photon-pair sources are usually based on the probabilis-
tic interaction of an intense pump laser with nonlinear
materials, as in spontaneous parametric down-conversion
(SPDC) [8]. Remarkably, photonic qudits can be encoded in a
wide range of degrees of freedom (DOFs), including photon
number [9,10], polarization [11-13], spatial modes [14,15],
temporal and frequency modes [16—18], and time bins [19,20].

Among these DOFs, transverse spatial modes of pho-
tons that carry orbital angular momentum (OAM) stand out
as a prime candidate to realize bipartite high-dimensional
entangled states (HDESs) [21,22]. Their suitability for long-
distance communication, both in fiber [23] and in free
space [24,25], alongside efficient generation and progres-
sively improving measurement techniques [26—30], positions
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them as a scalable and practical platform for advanced quan-
tum communication protocols [31-33].

While SPDC naturally generates spatially entangled pho-
ton pairs based on the conservation of OAM [34,35], a key
limitation exists: The broad but nonuniform OAM distribution
of the down-converted pair [36—38] prevents the formation of
maximally entangled states (MESs) [39,40]. These states are
characterized by uniformly distributed, nonseparable OAM
modes, where the amplitudes of d constituent modes are pre-
cisely 1/ Vd, and all other OAM modes have zero amplitude.

Various methods have been studied to tune the OAM dis-
tribution of the photon pair, which span from modification of
the spatial spectrum of the pump beam [41-44] to a deliberate
control over the nonlinearity of crystals [45-47]. Although
equally probable and nonseparable OAM modes are prepared,
the current methods are restricted to a projection subspace of
the full Hilbert space [48—50]. The full state is not maximally
entangled, since OAM modes outside this defined subspace
remain undetected. One direct consequence is a reduced de-
tection rate, which can significantly limit the achievable key
rate in quantum key distribution [51].

A recent idea to customize photon pairs is entangle-
ment by path identity [52]. Here the experimental setup
ensures a coherent overlap of photon paths, placing the pair
in a superposition of multiple indistinguishable origins. A
proof-of-concept experiment [53] demonstrated the versatile
utility of path identity with OAM modes, but still faces the
limitation of nonmaximal HDES preparation outside a spe-
cific subspace.

To overcome this drawback, we present a comprehensive
investigation that merges the advantages of pump beam shap-
ing with path-identity principles. Our method enables the
creation of high-fidelity maximally entangled OAM states.
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Interestingly, our study uncovers fundamental fidelity bounds
for target states. We also formulate conditions under which
the path-identity approach and pump-beam engineering are
equivalent.

Finally, we demonstrate that the optimal dimensionality
d for preparing true MESs in path-identity setups with n
nonlinear crystals is d = 2n. We provide an example by
designing setups with n = 2 coherently pumped crystals to
generate maximally entangled ququarts (d = 4). Those result-
ing states are generalized four-dimensional Bell states, which
are beneficial for high-dimensional entanglement swapping
protocols [54-56] or to beat the channel capacity limit for
superdense coding [57]. Our findings are also readily scalable
to setups with additional crystals, opening new avenues for the
efficient generation of high-dimensional MESs.

II. THEORETICAL FOUNDATIONS

Spontaneous parametric down-conversion is a three-wave-
mixing process where an intense pump beam interacts with
a medium exhibiting a second-order nonlinearity x®. The
interaction generates correlated photon pairs, also known as
the signal and idler. The energy and momentum are strictly
conserved in the SPDC process. Because the intensity of the
pump beam far exceeds the low generation rate of the photon
pairs, the pump beam is typically modeled as a classical field.

A. Biphoton state in the OAM basis

To accurately grasp experiments involving OAM mode
entanglement, we first derive the quantum state of the
photon pair, the biphoton state, using well-known approxima-
tions [58-62].

Specifically within the paraxial approximation, the longi-
tudinal wave-vector component k, is much larger than the
transverse momentum ¢, assuming the photons propagate qua-
sicollinearly along the z axis. Using k, > ¢q allows us to write
k.(q, ) ~ k(w) — |q|?/2k(w). The longitudinal component is
completely described in terms of the transverse momentum
vector g and the wave number k = % Within this regime, the
frequency o is referred to as the spectral DOF and ¢ as the
spatial DOF.

The longitudinal wave-vector mismatch is expressed
as Akz(qsv qs) = kp,z(qs + qs) - ks,z(qs) - ki,z(qi)s where the
subscripts p, s, and i denote the pump, signal, and idler,
respectively. The conservation of transverse momentum ¢, =
q, + gq; is enforced if the transverse dimension of the crys-
tal (typically on the order of centimeters) is considerably
larger than the size of the pump beam (on the order of mi-
crons) [63,64].

We also employ the narrowband approximation, wherein
the spectral bandwidths of the photons are assumed to be
sufficiently small. In this regime, all frequency-dependent
quantities can be evaluated at their central values, which sat-
isfy the energy conservation w, = ws + ;. The narrowband
regime is experimentally enforced using frequency filters [65].
Under the given assumptions, the spatial biphoton state can be
written as

=N//dqsdqifb(qs,qi)[&l(qs)®&§(qi)]|vac>, )]

where N is a normalization constant and a' the creation
operator for the signal and idler modes. The mode function ®
encodes the spatial correlations between the signal and idler
photons via

L/2 )
q)(qs7 ql) = Vp(qs + ql)/ dZX(Z)(Z)elAk;(quIs)Z. (2)
—L/2

The mode function consists of two principal constituents:
the transverse spatial distribution of the pump beam V,
and the phase-matching function. The latter is an integral
whose parameters include the second-order susceptibility
x@, the crystal length L, and the longitudinal wave-vector
mismatch Ak,. Minimizing the phase mismatch via angle
tuning [66] or quasi-phase-matching [67] is crucial to directly
increase the down-conversion efficiency and photon-pair gen-
eration rate.

An important experimental insight is that OAM is con-
served between the pump photons and the generated pairs
in quasicollinear configurations [68,69]. Consequently, the
OAM of the incoming pump beam is a vital tool to steer the
OAM distribution, i.e., the spatial DOF of the signal and idler
photons.

Therefore, we describe both the spatial profile of the pho-
ton pair and pump in terms of the Laguerre-Gaussian (LG)
modes LGf,(q, w). As eigenstates of the OAM operator, LG
modes provide an infinite yet discrete and measurable basis
that allows for the straightforward encoding, measurement,
and manipulation of high-dimensional quantum states [70].
Here w is the beam waist and p is a positive integer called
the radial index. The spiral index ¢ € Z accounts for the
projection of £ OAM onto the z axis due to an azimuthally
twisted phase distribution [71].

We model the transverse pump spatial distribution by
Volgp) = LGfJ‘; (gp, wp) and decompose the continuous bipho-
ton state into the discrete LG basis to characterize the OAM
distribution of the signal and idler photons

chﬁsfhups,es,wa@|pi,ei,wi>>, 3)
Ps»Ls pinti

where |p, £, w) = quLGﬁ(q, w)a'(g)|vac) is the single-
photon state representation of the LG modes. The parameters
ws and w; are the modes sizes of the signal and idler. The
expansion amplitude is obtained by

Cll = ((py, &1 ® (pi, GDIY)

_N// dqsdq1/ dZ X(z)(Z)elAkf(‘Iv‘I,)Z
L/2

x LG} (¢, + ¢ wp)[LG (g, wy)] [LGY (g1, wi)]"
(4)

Details of the derivation of these amplitude are given in Ap-
pendix A.

The projection probability to find the signal photon with
£sh and the idler photon with £;7 OAM is given by

b= leh (5)

Ps»Di
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FIG. 1. Sketch of an SPDC setup and the corresponding normal-
ized OAM spectrum. A pump beam carrying OAM ¢, = 0 triggers
the generation of a photon pair along paths A and B. The pump
is blocked afterward. The generated OAM distribution of signal
and idler photons represents a high-dimensional entangled quantum
state. Since the OAM is conserved, the OAM spectrum shows an
antidiagonal line of possible modes whose OAMs add up to zero.
The projection probability is in general nonuniformly distributed, as
can be seen from the bars of different heights.

The probability distribution (5) in terms of £ and ¢; is also
called the OAM spectrum.

B. Projection and fidelity of OAM states

In most applications, high-dimensional states are measured
projectively [72,73], often using holograms on spatial light
modulators (SLMs). These devices convert an OAM mode
into a Gaussian mode, enabling efficient coupling into a
single-mode fiber [74]. Nevertheless, the precise experimen-
tal measurement of the radial part of LG modes (p > 0) is
challenging due to their complex transverse structures [75,76],
which can drastically increase the number of required mea-
surements [77]. Therefore, in many experiments, it is common
to project only LG modes with p = 0, even though this choice
discards a portion of the photon pairs [78]. The projection
results in considering only the first term in Eq. (5), so we
redefine

W) =) Crille) @ 1) ==Y _CHhle) @ 16)  (6)

£, 6 £, 6

and only concentrate on the entanglement of the spiral index
of the photons.

Due to OAM conservation, the state can be written as a
single sum

[ee]

=Y CtO AR — )4 (7)

{=—00

Here the subscripts A and B denote the propagation paths
of the signal and idler photons, respectively, as illustrated
in Fig. 1. We adopt this notation throughout the paper for
all experimental setups. The figure shows a typical OAM
spectrum generated by a Gaussian pump beam £, = 0. As
a consequence of OAM conservation, the down-converted
modes are created along an antidiagonal £ 4 = ¢, — £5. Since
these modes have different amplitudes, they do not form an
MES. An MES, in contrast, is characterized by target modes
with uniform projection probabilities (bars of equal height)
and zero probability for all other modes [46].

To quantify the overlap between the generated OAM state
|¥') and a maximally entangled target state | Wy, ), we employ
the quantum fidelity 7, defined as F = |[(We,|¥')|?. This
metric provides a measure of the closeness between the two
quantum states, spanning a range from F = 0 (for orthogonal
states) to F = 1 (for identical states up to a global phase
factor). Therefore, an ideal OAM spectrum for an MES is
characterized by a fidelity of F = 1, which indicates that all
OAM contributions are exclusively concentrated on the target
modes. For our further analysis, we need to distinguish be-
tween the fidelity of the full Hilbert space F and the subspace
fidelity Fgyp. The latter is calculated when the summation in
Eq. (7) is restricted to a specific range of OAM values £.

III. ENGINEERING OF THE OAM SPECTRUM

In our work we aim to shape the OAM spectrum to gen-
erate high-fidelity, maximally entangled target states. This
section discusses relevant quantum state engineering methods
used to alter the OAM probability distribution of photon pairs.

A. Spatially engineered pump beams

Spatial light modulators have revolutionized beam shaping,
enabling both the measurement and creation of exotic light
fields [79]. This advancement has opened new perspectives for
tailoring the pump beam in SPDC. A suitable hologram can be
programed onto an SLM to generate an arbitrary superposition
of LG pump modes with various OAM values:

Vol@p) = > ar, LGy (g, wp). ®)

&

We again set all radial indices p, = 0, since the OAM spec-
trum of signal and idler photons can be shaped by directly
adjusting the spiral index of the LG pump mode. The holo-
grams provide independent control over each weight ay,
allowing us to program any desired superposition of LG pump
modes. Consequently, when the pump beam (8) is used in
SPDC, it produces a photon pair in the following state:

o0

W)= > D a,C 04 @ 16 — O

{=—00 ¥,

Next to the pump beam waist wy, the pump weights a,, pro-
vide a powerful tool for manipulating the OAM distribution
of the entangled photon pair. The resulting OAM spectra are
straightforward to visualize. Each pump mode contributes to
OAM conservation, resulting in multiple antidiagonals in the
OAM spectrum of the generated photon pairs.

Figure 2 illustrates this concept for a pump beam superpo-
sition of £, = —2, 0, 2. By appropriately choosing the pump
coefficients a,,, the OAM spectrum can be engineered to
populate multiple antidiagonals simultaneously and to equal-
ize the distribution of the down-converted OAM modes. For
instance, setting a_»/ay and a4,/ag appropriately equalizes
the amplitudes for the modes {|—1, —1), |0, 0}, |1, 1)}. These
weights can be found either analytically [46,62] or using
stochastic algorithms [49].

The fidelity of the MES |Wy,) = %(|—1, —1) +10,0) +
[1, 1)) is Fgp = 0.876 when considering only modes within
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FIG. 2. Sketch of an SPDC setup and the corresponding nor-
malized OAM spectra. Suppose a superposition of different OAM
modes pumps the nonlinear crystal. In that case, the OAM spectrum
of the photon pair spans multiple antidiagonals, ensuring that the
conservation law is fulfilled for each term in the superposition. The
OAM spectrum can be adjusted by the additional parameters ay,,.
Here, for example, a superposition of OAM indices ¢, = —2,0,2
is chosen such that the biphoton OAM modes |—1, —1), |0, 0),
and |1, 1) have the same detection probability. The fidelity for the
state Vi) = l/ﬁ(|—1, —1) +10,0) + |1, 1)) in the subspace £ =
{—1,0, 1} (shown in the inset) is Fg,, = 0.876. However, a large
number of modes are concentrated outside this subspace, which is
quantified by the fidelity 7 = 0.401 for the whole space.

the ¢, = ¢; = —1,0, 1 subspace (as depicted in the inset in
Fig. 2), while all other modes are disregarded. In contrast, the
global fidelity is significantly lower at 7 = 0.401, a conse-
quence of the large OAM distribution.

B. OAM and phase shifts

There are several ways to change the OAM of generated
photons. A spiral phase plate (SPP) [80] is a cylindrical com-
ponent with an azimuthally varying thickness that imprints a
phase retardation, twisting the wave front. The OAM value
changes by A{ depending on the SPPs step height and the
operating wavelength. The device can either add or subtract
OAM depending on the handedness of its design. In addition
to SLMs and SPPs, other components manipulate the OAM
of photons include generalized SPPs [81] and g-plates, which
convert spin angular momentum into OAM [82].

The action of an SPP operation can be written as A [£) =
|€ + Af), where the operator A€ acts on the OAM mode
representation |£) as

j0) > / dqLG!_(g, w)e™ @ & (g)|vac) = |¢ + AL).

LG/ L5 (g.w)

€))

This transformation is valid only for the lowest radial order
p =0, as assumed in our analysis through projection onto
ps = pi = 0. If all radial modes are considered [see Eq. (5)],
the SPP may generate a mixture of LG modes with the in-
tended OAM index but different radial numbers [83].

Since the biphoton state is in a superposition of different
OAM modes, mode shifting elements which add or subtract
Aly OAM in path A and A¢p OAM in path B would affect

FIG. 3. Mode transformation via OAM shifts. After generation,
the OAM of photons traveling along paths A and B can be ma-
nipulated by adding or subtracting Af4 or Alp quanta of OAM,
respectively. This is achieved using components such as spiral phase
plates. In collinear configurations, the transformation is typically
A4 = Alp as both photons pass through the same device. Non-
identical shifts A€, # Afg are possible when the components are
placed after the photon pair has been separated. The action of ap-
plying A¢y, =4 and Alg =5 is illustrated on the right for an OAM
spectrum generated by an initial pump mode £, = —4. These mode
shifts affect all OAM modes simultaneously, displacing the entire
antidiagonal.

the state as
(o]
W)= D CHTE+ Aly) 4 ® 1y — £+ Alg) .

{=—00

Figure 3 illustrates the same setup as before, but with
mode shifters inserted along paths A and B. One possible
implementation employs two different SPPs, each placed in
a separate arm after the photon pair is deterministically split
by a polarizing beam splitter or dichroic mirror. Alternatively,
in a collinear configuration, a single mode-shifting element
can be used to apply the same phase shift to both photons
Aly = Alp.

Such an operation can in principle shift any mode on
the antidiagonals to a desired spot in the OAM spectrum as
exemplified in Fig. 3. While the operation shifts all modes
simultaneously, the height of the mode probability remains
unchanged.

The optical phase of the down-converted photons can
also be adjusted using phase-shifting components such as
waveplates (quarter-half-quarter scheme [53]), tilting glass
wedges [84], piezoactuated mirrors [85], or trombone sys-
tems [86]. Figure 4(a) shows a phase shifter inserted into
the previous setup. Each path introduces phase delays ¢4 and
@p, respectively, which enter the quantum state as exponential
multiplicative factors

o0
W)= Y CEOt e 4 Aly) 4 ® €V, — £+ Alp)y

l=—00

oo
_ Z Chb—tgloaten g 4 Ala) 4 ® €y — £+ Alp)p,

{=—00 i—el¥

which corresponds to a total phase shift ¢ only in one path
[see Fig. 4(b)]. A phase shift applied to the pump beam before
down-conversion can also introduce a phase for the biphoton
state, as illustrated in Fig. 4(c) using an SLM [48]. The phase
shift is not relevant in a single-crystal configuration, where it
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FIG. 4. Phase transformations via phase shifters. Very similar to the mode shift concept in Fig. 3, the optical phase can be altered along
paths A and B. (a) Shifters add a phase factor ¢4 along path A and ¢z along B, which effectively adds a global phase factor of ¢ := @4 + @5
for the two-photon state. (b) Such a shift is mathematically equally obtained by a shift ¢ only in one of the paths or (c¢) inherited from the pump
beam, if the pump beam undergoes a phase shift as well, e.g., via an SLM.

vanishes upon projection, but is crucial for introducing a rela-
tive phase between different crystals in path-identity setups.

C. Path identity

The principle of path identity in multicrystal setups re-
lies on the indistinguishability of the photon-pair generation
process [52,87,88]. When a laser pumps multiple identical
crystals aligned to emit into the same spatial modes, the result-
ing quantum state is a coherent superposition of all possible
generation events, assuming only one photon pair is created.
In other words, quantum interference is achieved by matching
all DOFs of the generated photons, thereby eliminating any
which-crystal information that could distinguish their origin.

A simple realization of path identity can be realized in
a two-crystal configuration. Consider merging two single-
crystal setups and overlapping the paths from crystal 2 with
those from crystal 1, as sketched in Fig. 5, placing the pair in
a superposition of origins. Each crystal is pumped by a distinct
OAM mode: crystal 1 by £, and crystal 2 by £,,,.

Next to their paths, also the joint spectral amplitude [89]
and polarization of the crystals must match. For this reason,
these setups typically use identical nonlinear crystals, which

Epl €p2
1l o1 e, |2 02 Ay,
\ > N > B
1 i_, )
U
AKBI AEBz

FIG. 5. Two-crystal path-identity setup. The paths from crystal
1 are made identical (perfectly overlapped) with the paths .4 and
B from crystal 2. Both crystals are coherently pumped with OAM
values £, and £,,. The setup can be built by using a single pump
beam consecutively, i.e., without blocking the pump. Alternatively,
it can be realized interferometrically, where the initial pump beam is
split and its OAM is modified differently on each path before being
directed to the crystals. Any distinguishability between the photon
pairs generated in crystals 1 and 2, such as misalignment of the paths,
will reduce the quantum interference of different generation events.
By incorporating the transformation components discussed earlier
for the OAM and phase, we can directly engineer high-dimensional
quantum states.

ensures consistent phase-matching conditions for polarization
and a shared spectral range for the down-converted photons.
To ensure temporal indistinguishability in the setup, two con-
ditions must be met: First, the arrival times of the signal
and idler photons must be indistinguishable, and second, no
temporal information can reveal whether the pair originated in
crystal 1 or crystal 2. Appendix B provides a detailed account
for these conditions.

We explicitly operate in the low-gain regime, ensuring that
only a single photon pair is present at any given time in
the setup. At higher gain, simultaneous multipair emissions
may occur [90]. In the absence of photon-number-resolving
detection, these higher-order contributions act as noise and
reduce the coherence of the photon-pair generation processes.

In Fig. 5, mode shifts Afy, g, and phase shifts ¢; are
also included after each crystal, j € {1, 2}. To independently
manipulate the photons along paths A and B with optical
components, these paths may first be spatially separated and
then recombined to exactly overlap with the corresponding
paths from crystal 2.

For the purposes of this paper, we will assume perfectly
overlapped paths and lossless optical components. Under our
assumptions, the resulting quantum state after the second
crystal is a coherent superposition of the states produced in
each crystal,

L
JN

where each individual state is given by

V) = (IW1) + X[¥2)), (10)

[e.¢]

|Wq) = Z Cfl,fpﬁflei(wﬁ(ﬁz)wl + Aly, + AEA2>A
[1:700
X ®|ly, — €1 + Al + Alg,),,
o0
|\.IJ2) — Z sz,lﬁz_fzelwz‘zz_‘_AeAZ)A
@2:700

X ®|ly, — r + Alg,),.
The normalization is ensured by the constant
N = Z |C£],lm — |2 + X2 Z |Clz,Kp27K2|2‘
e] 82

In the provided setup, the photon pair originating from crystal
1 undergoes two sequential OAM and phase shifts. The pair
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from crystal 2 is subject to only one state transformation. The
factor X is used to tune the relative pump strengths between
crystals 1 and 2 as P, = AP; with equal strengths when
X =1

The total state can be controlled in several ways: by shap-
ing the OAM pump mode of individual crystals, by altering
the pump strength ratio with X', and by shifting the OAM
mode distribution in between. In the ideal case, these oper-
ations allow for an increase in the dimension of the state. A
generalization to n-crystal setups can be found in Appendix C.

As an example, we consider a scenario where two crys-
tals are pumped with equal strength. One crystal produces
the OAM state |0,0), while the other produces the state
J%qo, 1) + |1, 0)). Through path identity, the total state is a
coherent superposition of the outputs from the two crystals,
resulting in a normalized state given by

_ L
V2

a partially separable state with nonequal amplitudes.

The balance of the superposition can be adjusted by chang-
ing the relative pumping strength to X’ = +/2; the pump power
for crystal 2 is increased relative to crystal 1. This can be
achieved experimentally using an unbalanced beam splitter to
pump on average crystal 2 more. If the photons from crystal
1 experience an addition of OAM Afl,, = Alg, = 2, we pre-
pare the three-dimensional MES

1
|¥) 10.0) + 5(10. 1) + 11, 0)).

1

2,2 0,1 1, 0)).
\/§(| ) +10, 1) +11,0))

V) =

IV. RESULTS AND DISCUSSION

This section establishes the equivalence between the state
in Eq. (10) and the biphoton states generated by the spatially
engineered pumps from Sec. III A. We will also identify the
conditions under which the fidelity for MESs is less than one
and discuss the resulting limitations for generating genuine
MESs. Unless specified otherwise, our analysis assumes iden-
tical L = 10 mm type-II periodically poled potassium titanyl
phosphate crystals, pumped by a 405-nm continuous-wave
laser. The configuration produces degenerate ks = k; photon
pairs, spectrally centered around 810 nm. The parameters used
are adapted from Ref. [53].

A. Equivalence to pump engineering

In the path-identity approach, the relative pump power
between crystals serves as a new tuning parameter to engi-
neer OAM spectra. Additionally, using different OAM pump
modes £, £,,, ... or applying specific OAM shifts can cause
the final state to occupy multiple antidiagonals in the joint
OAM spectrum. Adjusting the relative pump power between
crystals pumped by different OAM modes is analogous to
adjusting the weights of a pump superposition in Eq. (8).

In the following example, we show that path-identity
approach and the use of spatially shaped pump superposi-
tions (8) are equivalent methods in terms of the resulting OAM
spectrum. Consider the generation of the maximally entangled

target state

1
[Vriar) ﬁﬂ 2,-2) +10,0) +12,2)).

The most straightforward path-identity setup to generate
these three-dimensional MES includes three crystals, 1, 2, and
3, pumped by OAM modes ¢, = —4,£,, =0, and £,, =4,
respectively. This scenario is sketched in Fig. 6(a). The rela-
tive pump strength for crystals 1 and 3 can be setto X ~ 1.72,
where P, = XP; = X'P;. This sets the photon-pair creation
of the biphoton modes |—2, —2), |0,0), and |2,2) equally
likely. Nevertheless, OAM conservation also lead to the pop-
ulation of several unintended modes, those not contributing to
the desired target state. In Fig. 6(b), a realistic OAM spectrum
is shown for w, = 15 ym and wy = w; = 25 ym.

Here, for the diagonal £, =0, most of the ampli-
tude is concentrated on |0, 0), but for the diagonals £, =
—4 and £,, =4, there are nonvanishing contributions from
|—1, —=3) and |—3, —1) and from |1, 3) and |3, 1). In the next
section we will see that the amplitude ratios of these modes to
|2,2) and |—2, —2) are fixed. In turn, this leads to a reduced
fidelity over the whole OAM space, F = 0.687. When the
photons are projected only in the subspace £ € {—2, 0, 2}, we
find Fgy, = 1 but leave a significant amount of pairs unused.

The same OAM spectra can also be generated by a single
crystal pumped with an LG superposition of

V, = a_4LGy* + a)LGY + a,LG}, (11)

by setting a_4/ag = ay4/ap as depicted in Fig. 6(c). Since
the OAM spectra for Figs. 6(a) and 6(c) are the same, the
fidelity is equally F = 0.687. The experimental effort for
entanglement by path identity requires coherently setting up
the three crystals while ensuring that at most one photon
pair is generated simultaneously. Using the spatially engi-
neered pump in only one crystal avoids these problems. An
alternative design uses path identity to pump all three crys-
tals with the same OAM mode £, = 0, shown in Fig. 7.
By carefully choosing the pump and collection waists, the
configuration almost exclusively produces the |0, 0) mode,
thereby avoiding unintended side modes. Then, by inserting
OAM shifts of Aly, = Alp, = —4, Aly, = Alp, =2, and
Aly, = Alp, = 0, the target MES with a full-space fidelity
close to unity can be prepared. This choice was avoided in the
proof-of-principle experiment from Ref. [53]. Even a slight
noncollinear emission of the photons resulted in an imper-
fect OAM shifts preventing to implement Afy, = Afg, and
Aly, = Alp, with one SPP, respectively. Overcoming this
challenge would require a more sophisticated interferometric
setup, using type-0 or type-I SPDC for a perfect collinear
emission [91] or a combination of quarter waveplates, half
waveplates, and g-plates.

When the crystals are pumped by OAM modes £, =
£y, = --- =0, the dimensionality of HDESs generated via
path-identity approach scales linearly with the number of
crystals. For n crystals, n OAM mode shifters placed af-
ter each crystal can be used to add another term to the
resulting superposition, yielding a state with dimensional-
ity d = n. Increasing the dimensionality to d + 1 requires
adding another crystal with a corresponding mode shifter
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FIG. 6. Two different methods to generate high-dimensional entangled states with the same OAM distribution. (a) Entanglement by path
identity using three crystals 1, 2, and 3, each coherently pumped by a laser beam that was split into three parts beforehand. In each crystal, a
different pump OAM mode (£, = —4, 0, 4, respectively) triggers the generation of a photon pair. (b) The detection setup is configured such that
the crystal pumped with £, = 0 produces only the biphoton OAM mode |0, 0). The other two crystals generate the modes |—2, —2) and |2, 2),
as well as a broader range of OAM modes satisfying the OAM conservation. As a result, the fidelity of the MES |y,,) = 1/ V3(-2,-2) +
[0, 0) 412, 2)) over the full space is F = 0.687. By postselecting the subspace { = —2, 0, 2, the fidelity is Fy, = 1. (¢) The same OAM
spectrum shown is prepared using an engineered pump superposition with suitably weighted OAM modes £, = —4, 0, 4.

to the setup. A better compromise between achieving a
high fidelity and maintaining a simple setup could be found
by generating high-fidelity HDESs within a single crys-
tal and coherently superposing the entangled states. As
we will show in the next section, we are limited in this
regard.

B. Fidelity bounds

Efficient entanglement generation using the path-identity
approach requires creating high-fidelity target modes in each
crystal. These modes are then coherently superposed, as
shown with the |0, 0) mode in Fig. 7. Therefore, it is necessary

1 —ﬂ4 2 x 3 A
»0 U »0 Ll »0 Db
X o o 1 B
U U D
-4 +2

FIG. 7. Alternative path-identity setup to generate the tar-
get MES [,,) = %(l—Z, —2) +10,0) + |2, 2)). In comparison to
Fig. 6, three coherently pumped nonlinear crystals by a Gaussian
mode £, produces the state |0, 0) and mode shifters are used to create
a superposition of distinct OAM modes. Since this approach does not
generate unintended side modes due to OAM conservation, since we
are able to concentrate most of the amplitude solely on |0, 0), the
fidelity is much higher, 7 = 0.984

to force the amplitude of unintended modes to vanish. How-
ever, the intrinsic conservation of OAM places a constraint on
the tuning of the expansion amplitudes given in Eq. (4).

Here we consider symmetric OAM spectra C%4 = Cti-6,
which is valid under the conditions of equal momenta ks = k;
and collection waits wg = wj. This symmetry is highly benefi-
cial for preparing HDESs, as the modification of a given mode
results in direct adjustment of its symmetric mode without any
further modification [46,62].

For any given OAM mode of the pump, the ratios between
all amplitudes C* % that fulfill either £, £; > 0 or £, £; <0
are fixed, i.e., these modes can be adjusted independently
of each other. The ratio cannot be adjusted by changing the
pump waist wy, the collection waists w, and wj, or the crystal
length L. An analytical proof for this claim is provided in
Appendix A. This limitation affects every occupied antidi-
agonal in the OAM spectrum, meaning the fixed amplitude
ratios cannot be adjusted by changing relative pump powers
or spatially shaped pump beams.

A pivotal role is filled by the relative mode number
(RMN) defined by Ng = [£,| — €] — €] € {0, =2, -4, ...}
The RMN has been studied for decoupling spatial and spectral
DOFs [62] and for enhancing OAM entanglement via phase-
matching modifications [46]. The RMN is closely related to
the fidelity bounds, as all modes with RMN Ny = 0 exhibit
this untunable property, meaning their relative amplitude ra-
tios are fixed and cannot be adjusted by changing the pump or
collection waists. Conversely, modes with Ng < O are tunable
and can be suppressed by appropriately choosing the pump
waist wy, and the collection waists wy = wj.

The number of modes with fixed amplitude ratios increases
with the magnitude of the pump OAM |¢,|. For instance, £, =
2 generates three modes |0, 2), |1, 1), and |2, 0) that satisfy
£, £; > 0. In contrast, £, = 5 already yields six modes with
the same property: |0, 5), ..., |5, 0). These individual modes
cannot be adjusted independently due to the fixed amplitude
ratio. The permanent presence of unintended modes, which
cannot be equalized with target modes, inevitably reduces
the fidelity of the target state. The fixed ratios P%2/P! =
1/2 (see Fig. 2) or P13/P>2 = 2/3 and P**/P>? = 1/6 (see
Fig. 6) significantly reduce the fidelity of the target state.
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S
---------------------- 5(11,2) +12,1))
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FIG. 8. Tuning of the pump w, and collection waists ws and w; for maximal fidelity in a single nonlinear crystal of different exemplary
target states. We consider a range of typical waist parameters commonly used in experiments involving OAM modes of light. (a) The target
states |0, 0) (solid line) and %qo, 1) 4+ |1, 0)) (dashed line) exhibit similar fidelity behavior and can be optimized to reach maximal fidelity

F = 1 through appropriate waist tuning. (b) In contrast, the fidelity for the target states |1, 1) (solid line) and %(l 1,2) 4+ |2, 1)) (dashed line)
is significantly lower and cannot exceed bounds F < 1. The fidelity for pump modes with £, = 2 (£, = 3) is limited by the generation of
additional modes, like |0, 2) and |2, 0) (|0, 3) and |3, 0)) which are prepared alongside the target state. These unintended modes are present
independently of the values of the waist sizes and therefore reduce the achievable fidelity. This limitation does not apply to the target states in
(a), where all undesired modes can be effectively suppressed by appropriate waist tuning.

The fidelity bounds confine us to a specific set of target
states that are achievable with near-unity fidelity in a single
crystal. For these states, we can identify target modes satisfy-
ing the condition £, £; > 0 or £, £; < 0 (which is equivalent
to having an RMN of Ni = 0). All other modes generated by
the conservation law £, = £, + ¢; violate this condition, i.e.,
have Ng < 0. By carefully choosing the waist parameters, we
can concentrate nearly all the amplitude onto these specific
target modes. The target states that meet these criteria are

[¥1) = 10,0),
1
=—=(0,1 1,0)),
[V2) ﬁ(l ) +11,0))
1
1¥3) = —=(—=1,0) + 10, =1)).

/2

These states can be tuned to achieve fidelities of F ~ 1.
All biphoton states generated by |£,| > 1 will have fidelities
F < 1. Figure 8(a) shows the fidelity for the target states |y/;)
({p = 0) and |y2) (£, = 1) as a function of pump and collec-
tion waists in an experimentally typical range of waist sizes.
Due to the property C%% = (C~%~4)* (see Appendix A or
Ref. [62]), the plot for the state |v/3) pumped by £, = —1 is
analogous.

Maximal fidelity is possible with extreme waist configura-
tions, either a small pump waist with large collection waists
or vice versa, but the choice significantly reduces the pair
generation efficiency [92]. This is because the spatial overlap
integral between the pump and down-converted photon modes
is diminished. To increase the overlap, one can choose wy, and
ws to be close to each other. For example, the yellow curve
peaks at w, = 15 um and wy = w; = 25 um, yielding a high
fidelity of F = 0.985.

For pump OAM modes with £, > 2, it is not possible
to find equalizable target modes that all have Nz = 0. Fig-
ure 8(b) displays the |1, 1) and 1/ﬁ(|1, 2) + |2, 1)) states
pumped with £, = 2 and £, = 3. Here the target modes with
the highest amplitude are chosen to be the targets. Due to
symmetry, for odd £,, those are automatically two modes.
The fidelity is fundamentally bounded to a value F < 1 due
to the presence of conserved but unintended modes with an
RMN of Ng = 0. These modes have fixed amplitude ratios,
like P%2/P'2 = 1/2 or P%3/P"2 = 1/3, and cannot be tuned
by adjusting the waists. The undesired presence leads to an
unavoidable reduction in the overall fidelity of the desired
state.

C. Preparation of maximally entangled ququarts

Previous proposals for creating entanglement by path iden-
tity have primarily considered crystals pumped by a Gaussian

Q. 0.

1| o1y | 2 2 Ay,
A o , 1 B
i H C
AKBl AKBQ

FIG. 9. Sketch of a general optimal two-crystal setup. Taking
into account the fidelity bounds, the optimal dimensionality forad =
4 MES can be achieved in a configuration of two crystals pumped by
OAM modes £, = ¢, = 1.
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mode (£, = 0). The separable |y/) state yields a high pair
generation rate [53,93], but limits the achievable entangle-
ment dimensionality. If the state |y,) or |y3) is generated in
each crystal, a higher dimensionality d = 2n of the entangled
state can be achieved compared to |¥) for given number of
crystals n.

Here we discuss two-crystal setups where the crystals
are pumped by an £, = 1 beam preparing the high-fidelity

J

Bell state |1/,) in each crystal. Due to the property C%% =
(C~%~4)*, analogous arguments hold for the state |i3)
pumped by £, = —1 (see Appendix A).

When the paths of two crystals, each pumped by £, = 1,
are coherently overlapped, entangled ququarts (d = 4) can be
prepared, representing the optimal entanglement dimensional-
ity for a two-crystal path-identity configuration. The state will
have the general form of

W) = 2( )| ALy, + Ala,, 1+ Alp, + Alp,) + O |1+ Aly, + Als,, Ay, + Alp,)
+ | Aly,, 1+ Alp,) + €[] + Aly,, Alg,)), (12)

and the general setup is shown in Fig. 9. Depending on how
the four OAM mode shifts are chosen, we can design MESs
for d = 4. The condition |A€y g, + Als p,| + |ALsp,| = 2is
necessary to guarantee that the OAM modes are not partially
separable. Shifting the OAM of the photon pair from crystal
1 far enough relative to the pair from crystal 2 prevents any
separability of modes in the superposition.

We will now construct high-fidelity MES in the OAM
space £ 4 = £ = {|0), |1), |2), |3)}. A possible setup is pro-
posed in Fig. 10. If the photon pair is created in crystal 1,
the OAM is shifted by a A€y, = Afp, =2 operation. The
pair generated in crystal 2 is left unchanged. The resulting
superposition corresponds to two MESs

V) = 310, 1) +11,0) £12,3) £ 13,2))

FIG. 10. Setup for the generation of the four-dimensional MES
W) = 2210, 1) + €2[1, 0) + 1922, 3) 4 el01+9)]3, 2))
by path identity, along with the resulting OAM spectrum. The
fidelity is near unity, meaning all OAM modes are fully concentrated
on the target state.

(

if the phases are set to ¢; = 0 or ¢; = 7, respectively, while
¢> = 0. Similarly, Fig. 11 shows the generation setup for the
MESs given by

W) = 5(£10,3) £11,2) +12, 1) 4 13,0)),

when ¢, = 0 and ¢; = 0 or 7, respectively. A crucial aspect
of this setup is that the OAM shifts along paths A and B
have opposite signs. A consecutive setup might use g-plates,
which shift the OAM differently for photons with orthogonal
polarization, as is the case in type-II SPDC.

These states are a generalization of the Bell state |y,) to
d = 4 and valuable for various applications in quantum infor-
mation processing. As we cannot separate the entangled OAM
modes prepared in a single crystal, we can only manipulate
them as a whole and retain the original intrinsic structure of

0y =1 0y, =1

2

==
v

FIG. 11. Alternative design for a path-identity setup to
generate the four-dimensional MES [,) = 1(e"“1792|0, 3) +
e |1 2) 4 ei2|2, 1) + €/2(3, 0)) and the corresponding OAM
spectrum. The fidelity is near unity, meaning all OAM modes are
fully concentrated on the target state.
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[Y2). A major advantage of our setups is that only the paths
from two crystals need to be overlapped.
In contrast, to generate a HDES like

[Yar) = 5(10,0) + 1, 1) +12,2) +3,3)),  (13)

we need to design a four-crystal setup, where each crystal
prepares a separable |y;) state, posing greater experimental
demands in terms of setup complexity and coherence condi-
tions. Here each term from Eq. (13) is produced by a crystal
and an appropriate OAM mode shift.

The transition from a separable state (d = 1) to an entan-
gled Bell state (d = 2) in each crystal effectively doubles the
dimensionality dp; for the HDES via path identity. As a result,
we can halve the number of crystals needed to achieve a given
total dimensionality. This also means that setups using an
equal number of crystals pumped by ¢, = 1 instead of £, = 0
can yield a HDES with twice the dimension 2dp;.

A better scaling is closely tied to engineering high-fidelity
entangled states with dimensionality d > 2 from a single crys-
tal. A potential solution to this challenge and overcoming the
fidelity bounds presented may lie beyond tuning the pump
beam, as a customized phase-matching function [46] has been
shown to also affect the amplitude of OAM modes with RMNs
NR < 0.

V. CONCLUSION

This paper provides an intuitive introduction to how path-
identity interference can be used to generate and engineer
HDESs using OAM of light. We place special emphasis on
achieving states with a high fidelity in the full OAM space,
ensuring that projecting into a desired OAM subspace in-
cludes nearly all of the photon pairs produced from parametric
down-conversion.

We have demonstrated the existence of fundamental fi-
delity bounds below F = 1 for biphoton states generated by
OAM pump modes with |£,| > 1. These limitations cannot
be overcome by pump-beam shaping or a suitable choice of
collection waists. As a consequence, we recommend using
path-identity setups where individual crystals are configured
to prepare high-fidelity building blocks, specifically |0, 0)
(from £, = 0) or 1/ﬁ(|0, £1) + |£1, 0)) (from £, = £1).

When using OAM pump modes with [£,| > 1 in a mul-
ticrystal path-identity setup, unintended modes are inevitably
generated, which reduces the overall fidelity. These resulting
OAM distributions can be realized in a less demanding setup
by using a single SPDC process with a spatially engineered

J

L2

C[l;::f;i (Pp, £y, wp; X(Z)’ Ly ws, wi) = Nf
—_— —— —— —L/2

pump crystal ~ collection

pump consisting of an unequally weighted superposition of
OAM modes.

Finally, we highlight that a path-identity setup with two
crystals, each pumped by an OAM mode of ¢, =1, can
generate ad = 4 MES. We found this to be the optimal dimen-
sionality, as any attempt to increase the dimensionality of the
HDES further results in a fidelity below F < 1. Our proposed
configuration allows for a reduction in the number of required
crystals by half compared to equivalent states produced by
setups with four crystals pumped by Gaussian beams.

Path identity also appears promising for generating mul-
tiphoton states, such as Greenberger-Horne-Zeilinger states,
using either bulk [94] or integrated optics [95,96]. An inter-
esting direction for future research would be to investigate
whether the complexity of such setups could be reduced by
using crystals that emit entangled states, rather than separable
states, similar to the bipartite case demonstrated in our work.
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APPENDIX A: FIDELITY BOUNDS

In this appendix we provide some more detail to calculate
the expansion amplitudes from Eq. (4). The full expression for
the LG modes is

2p! gl \"
LG(q, w) = wp —1P+5/2< )
A =T T\ Ve

2.2
xe""zwz/“Llf'(—'q'zw )e’larg("). (Al)

Here LJU“ (+) are the generalized Laguerre polynomials and w is
the beam waist. The LG modes are characterized by two mode
numbers. The radial index p is a positive integer that refers to
the nodes observed in the transverse plane. The spiral index
£ € Z accounts for the twists in the phase, which result in a
projection of £ OAM onto the z axis. We assume the beams
are focused on the center of the nonlinear crystal. Inserting
Eq. (A1) into Eq. (1), we arrive at

iAk. X V4 X
dz / / dq.dg,x® (2)e ™4 1LG (g, + g;, wp)[LGE (g, wo)] [LGY (g, w)]"-

Assuming periodic poling structure for x®)(z) [98] such that for the center frequencies kp — ks — ki =0 leaves the

mismatch at

AR

|qi|2 _ g +‘Ii|2

k(q, w) = k(2

2ki(wi)

2kp(wp)
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Further, the LG modes from Eq. (A1) can be decomposed via [62]

P
¢ _lalPw? /4 it ¢ 2u+e
LGp(‘L w) = e 1MW /4l drg(q)ZTup, (w)lq| utlel
u=0

(A2)

where

(_l)erul-Z

Pw) = M(lfwzm
Tu (w) \/f ﬁ (p_u)'(|e|+u)'u|

Inserting Egs. (A2) and (A3) into the expression for the coincidence amplitude, we can switch to polar coordinates and simplify
the expression analytically, as done in detail in Ref. [62].

As described in the main text, the conditions ks = k; and ws = w; imply equal expansion amplitudes for the generated
OAM modes in SPDC, i.e., C%% = C%*. Under these assumptions, and considering the projection p = p, = p; = 0, the full
expression can be written as two parts

(A3)

L2

bt szv557zi(wp’ wy, wi)/ dz Gt (2). (A4)

—L/2

Here we define

A 0,¢ 0,4, 0,4 [Epl+1 e, 4i|+1
T80 (wy, wg, wi) = Ty (wp) T (w) Ty (wy) oc wy ™ wlbH Ll (A5)
The kernel in the integral is a cumbersome function of z given by

)

o [ D(z)'™
G™i(z)oc Yy <n>r[b]r[h(n>]

b+h(n)
=0 B(z) 2

2
£ |:h(n), b1+ dn), 2@ ]

B(z)?

with the abbreviations

p_ K&
D(Z)Z—T—z—kp,
wp wl ok =k
B = T ek,
& 14l
b=lty 5
h(n)zl_’_@_p G 16| -
2 2 2
d(n) = 4; —n.

The function G***i(z) can actually be distinguished in two cases,
(Ls+2i)!
[B()—D@1*FH [B(2)+D(2)]

max(|6]. |6 )!D(x)™ % 14D
[B(z)—D(z)]maxUEsLIGDHT[ B(7) 4D (z)mindes L 16D+1

y if6,>0, 6, >0
Ghi(g) =
>0

if £, <0, ¢ orly >0, ¢ <O.

(

This explains the special behavior for ¢; > 0 and ¢; > 0.
For all coincidence amplitudes fulfilling the condition, the
integral in Eq. (A4) gives the same result. When looking
at (AS), the dependence of the beam waists for ws = w; will

syl .
cancel out for the ratio 2,5172' if £, £; > 0. We are left with

the ratio of the proportional constant from Eq. (AS), which is

given by
Chrti 05,14,
Clat | £,

fixed. The ratio between the projection probabilities results in
Pl g e,
J 25,16,

Since for £, = £, +£; <0 we use Chb = (C~%~4)*, the
same argument holds for the region £, < 0 and ¢; < 0.

APPENDIX B: TEMPORAL COHERENCE CONDITIONS

Figure 12 shows an interferometric setup, which is a com-
mon implementation for coherently pumping two crystals.
A single pump beam is split into two parts, which are then

for amplitudes pumped by the same OAM mode, i.e., £, =
£s, + &, = €5, + £;,. In conclusion, for £, ¢; > O the ratios of
different modes and therefore their projection probability is

individually transformed into modes with OAMs £, and £;,.
To ensure temporal indistinguishability, the following two co-
herence conditions are crucial to fulfill. First, we must ensure
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FIG. 12. Path-identity setting for two crystals. A laser produces
a pump beam, which is split by a beam splitter (BS) to coherently
pump crystals 1 and 2. The generation of a pair is triggered in either
crystal and detected at detectors along A and B.

that we cannot distinguish between the arrival times of the
signal and idler photons, which is guaranteed by

(B1)
|

|Lf4 - Lis| < LZoh,DC

o0
V) = L(./Yl Z Cloto —tigi@1+p2t )

51:—00

00
+ X § Clz,fpz—lzei(<ﬂ2+"-+<ﬂn)

Zz:*OO

for j =1, 2. Here Li‘! g 1s the optical path length of the pho-

tons from crystal j along A or B and Lgoh‘DC the coherence
time of the down-converted pair. Second, we must not have
temporal information that reveals whether the photon pairs
were generated in crystal 1 or 2, which is satisfied by

[Lp = Ly = Loc| < Leonp-

Here Leon p is the coherence length of the pump, L? are
the optical path lengths from the splitting point to crystals
1 and 2, and Lpc is the path length of the down-converted
photons. Note that Lpc < Lj4. Experimentally, the indistin-
guishability can be tested via visibility measurement when
detecting simultaneous twofold coincidences when the optical
path length is altered. A perfect visibility of V = 1 indicates
that the crystals are perfectly indistinguishable [99].

APPENDIX C: GENERALIZED SCHEME

Here we generalize the two-crystal path-identity setup dis-
cussed in the main text to a setup involving n crystals, labeled
1 to n. Equation (10) transforms to

€+ Alp, 4+ Alay + -+ Aly)  ® [y, — €+ Alg + Alp, + -+ Alg ),

4 Ala,+- -+ Al ) ® [y, — o+ Alg, + -+ Alp )+ -+

o0
+ A Z Clrtmlneltr 1€, + AKA)A ® [y, — £+ AEBn)B)’

{,=—00

where we placed n OAM shifters along paths A, Ala, . .,
and B, Alp, .., respectively, as well as n phase shifters

.....

lp

(

@i....n- Figure 13 sketches this scenario. The X}, X,, ..., &,
are the relative pump powers. In this case, the updated

lp

i 2 n
1 01004, 2 02 Aly, n on A4,
i H-04
\ S > . ‘ o B
i I i D
AKBI AKBQ AEBn

FIG. 13. The modular two-crystal path-identity configuration can be easily generalized to a setup with n crystals. Here photon pairs from
crystal 1 undergo n mode and phase shifts in total, given by Aly, + Aly, + -+ + Alys,, Alp, + Alg, +---+ Alg,,and @, + @ + - - - + @3
photon pairs from crystal 2 undergo n — 1 mode and phase shifts in total, given by Aly, + - -+ Aly,, Alp, +---+ Alg,,and s + - - - + @y}
and so on. Photon pairs from crystal n undergo a single mode and phase shift A¢,,, Afp,, and ¢,. The mode shifters may transform the OAM
of the photons to values that are not available solely from the down-conversion process. This allows enlarging the OAM Hilbert space. Different

pumping strengths of OAM pump modes ¢
being created in crystals 1, ..., n.

IJERN

., £,, can be used as new tuning parameters to increase or decrease the probability of pairs
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(re)normalization constant reads

N =X ) 4 | )

4
% Z ICltn=t2 4o 4|, Z |Clwtm =t
123 Ly

With n stages of mode shifters, we retain the flexibility to
generate states that require specific shifts within the desired

Hilbert space. However, setups are not unique. For instance,
when a crystal emits a mode that is already part of the final
superposition, we can assign this crystal as number n, and
only n — 1 mode shifters are needed. This is the case for
the state shown in Fig. 7, which can be equivalently realized
with three stages of mode shifters as Aly, = Alp, = =2,
Aly, = Alp, = =2, and Aly, = Alp, = 2. In Fig. 11, for
example, the mode shifter after the last crystal is essential to
obtain the desired MES.
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