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Cutting-edge quantum technologies lean on sources of high-dimensional entangled states (HDESs) that

reliably prepare high-fidelity target states. The idea to overlap photon paths from distinct but indistinguishable

sources was recently introduced for the creation of HDESs, known as entanglement by path identity. In this

regard, the use of orbital angular momentum (OAM) modes is promising, as they offer a high-dimensional

and discrete Hilbert space to encode information. While entanglement by path identity with OAM has been

verified experimentally, a detailed investigation of how the OAM distribution of photon pairs can be engineered to

maximize the entanglement is lacking. We address this gap and identify an optimal dimensionality for maximally

entangled states (MESs) when the spatial engineering of the pump beam and the path-identity approach are

combined. Our theoretical study reveals notable limitations for the fidelity of high-dimensional target states.

We also establish the equivalence of entangled biphoton states pumped by a spatially engineered beam and

generated via path identity. These findings constitute a valuable step toward the optimized preparation of MESs

in high dimensions.
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I. INTRODUCTION

Entangled photon pairs are a crucial resource to build

the future quantum internet and underpin secure quantum

communication and distributed quantum computing [1–5].

Especially the entanglement between (d > 2)-dimensional

quantum systems, called qudits, offers unique advantages

compared to the use of two-dimensional qubits. These include

enhanced capabilities with superdense coding, increased noise

resistance, and higher error tolerance in quantum information

processing applications [6,7].

Photon-pair sources are usually based on the probabilis-

tic interaction of an intense pump laser with nonlinear

materials, as in spontaneous parametric down-conversion

(SPDC) [8]. Remarkably, photonic qudits can be encoded in a

wide range of degrees of freedom (DOFs), including photon

number [9,10], polarization [11–13], spatial modes [14,15],

temporal and frequency modes [16–18], and time bins [19,20].

Among these DOFs, transverse spatial modes of pho-

tons that carry orbital angular momentum (OAM) stand out

as a prime candidate to realize bipartite high-dimensional

entangled states (HDESs) [21,22]. Their suitability for long-

distance communication, both in fiber [23] and in free

space [24,25], alongside efficient generation and progres-

sively improving measurement techniques [26–30], positions
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them as a scalable and practical platform for advanced quan-

tum communication protocols [31–33].

While SPDC naturally generates spatially entangled pho-

ton pairs based on the conservation of OAM [34,35], a key

limitation exists: The broad but nonuniform OAM distribution

of the down-converted pair [36–38] prevents the formation of

maximally entangled states (MESs) [39,40]. These states are

characterized by uniformly distributed, nonseparable OAM

modes, where the amplitudes of d constituent modes are pre-

cisely 1/
√

d , and all other OAM modes have zero amplitude.

Various methods have been studied to tune the OAM dis-

tribution of the photon pair, which span from modification of

the spatial spectrum of the pump beam [41–44] to a deliberate

control over the nonlinearity of crystals [45–47]. Although

equally probable and nonseparable OAM modes are prepared,

the current methods are restricted to a projection subspace of

the full Hilbert space [48–50]. The full state is not maximally

entangled, since OAM modes outside this defined subspace

remain undetected. One direct consequence is a reduced de-

tection rate, which can significantly limit the achievable key

rate in quantum key distribution [51].

A recent idea to customize photon pairs is entangle-

ment by path identity [52]. Here the experimental setup

ensures a coherent overlap of photon paths, placing the pair

in a superposition of multiple indistinguishable origins. A

proof-of-concept experiment [53] demonstrated the versatile

utility of path identity with OAM modes, but still faces the

limitation of nonmaximal HDES preparation outside a spe-

cific subspace.

To overcome this drawback, we present a comprehensive

investigation that merges the advantages of pump beam shap-

ing with path-identity principles. Our method enables the

creation of high-fidelity maximally entangled OAM states.
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Interestingly, our study uncovers fundamental fidelity bounds

for target states. We also formulate conditions under which

the path-identity approach and pump-beam engineering are

equivalent.

Finally, we demonstrate that the optimal dimensionality

d for preparing true MESs in path-identity setups with n

nonlinear crystals is d = 2n. We provide an example by

designing setups with n = 2 coherently pumped crystals to

generate maximally entangled ququarts (d = 4). Those result-

ing states are generalized four-dimensional Bell states, which

are beneficial for high-dimensional entanglement swapping

protocols [54–56] or to beat the channel capacity limit for

superdense coding [57]. Our findings are also readily scalable

to setups with additional crystals, opening new avenues for the

efficient generation of high-dimensional MESs.

II. THEORETICAL FOUNDATIONS

Spontaneous parametric down-conversion is a three-wave-

mixing process where an intense pump beam interacts with

a medium exhibiting a second-order nonlinearity χ (2). The

interaction generates correlated photon pairs, also known as

the signal and idler. The energy and momentum are strictly

conserved in the SPDC process. Because the intensity of the

pump beam far exceeds the low generation rate of the photon

pairs, the pump beam is typically modeled as a classical field.

A. Biphoton state in the OAM basis

To accurately grasp experiments involving OAM mode

entanglement, we first derive the quantum state of the

photon pair, the biphoton state, using well-known approxima-

tions [58–62].

Specifically within the paraxial approximation, the longi-

tudinal wave-vector component kz is much larger than the

transverse momentum q, assuming the photons propagate qua-

sicollinearly along the z axis. Using kz ≫ q allows us to write

kz(q, ω) ≈ k(ω) − |q|2/2k(ω). The longitudinal component is

completely described in terms of the transverse momentum

vector q and the wave number k = nω
c

. Within this regime, the

frequency ω is referred to as the spectral DOF and q as the

spatial DOF.

The longitudinal wave-vector mismatch is expressed

as �kz(qs, qs) = kp,z(qs + qs) − ks,z(qs) − ki,z(qi), where the

subscripts p, s, and i denote the pump, signal, and idler,

respectively. The conservation of transverse momentum qp =
qs + qi is enforced if the transverse dimension of the crys-

tal (typically on the order of centimeters) is considerably

larger than the size of the pump beam (on the order of mi-

crons) [63,64].

We also employ the narrowband approximation, wherein

the spectral bandwidths of the photons are assumed to be

sufficiently small. In this regime, all frequency-dependent

quantities can be evaluated at their central values, which sat-

isfy the energy conservation ωp = ωs + ωi. The narrowband

regime is experimentally enforced using frequency filters [65].

Under the given assumptions, the spatial biphoton state can be

written as

|ψ〉 = N

∫∫

dqsdqi�(qs, qi)[â
†
s (qs) ⊗ â

†
i (qi)]|vac〉, (1)

where N is a normalization constant and â† the creation

operator for the signal and idler modes. The mode function �

encodes the spatial correlations between the signal and idler

photons via

�(qs, qi) = Vp(qs + qi)

∫ L/2

−L/2

dz χ (2)(z)ei�kz (qs,qs )z. (2)

The mode function consists of two principal constituents:

the transverse spatial distribution of the pump beam Vp

and the phase-matching function. The latter is an integral

whose parameters include the second-order susceptibility

χ (2), the crystal length L, and the longitudinal wave-vector

mismatch �kz. Minimizing the phase mismatch via angle

tuning [66] or quasi-phase-matching [67] is crucial to directly

increase the down-conversion efficiency and photon-pair gen-

eration rate.

An important experimental insight is that OAM is con-

served between the pump photons and the generated pairs

in quasicollinear configurations [68,69]. Consequently, the

OAM of the incoming pump beam is a vital tool to steer the

OAM distribution, i.e., the spatial DOF of the signal and idler

photons.

Therefore, we describe both the spatial profile of the pho-

ton pair and pump in terms of the Laguerre-Gaussian (LG)

modes LGℓ
p(q,w). As eigenstates of the OAM operator, LG

modes provide an infinite yet discrete and measurable basis

that allows for the straightforward encoding, measurement,

and manipulation of high-dimensional quantum states [70].

Here w is the beam waist and p is a positive integer called

the radial index. The spiral index ℓ ∈ Z accounts for the

projection of ℓh̄ OAM onto the z axis due to an azimuthally

twisted phase distribution [71].

We model the transverse pump spatial distribution by

Vp(qp) = LG
ℓp

pp
(qp,wp) and decompose the continuous bipho-

ton state into the discrete LG basis to characterize the OAM

distribution of the signal and idler photons

|ψ〉 =
∑

ps,ℓs

∑

pi,ℓi

Cℓs,ℓi

ps,pi
(|ps, ℓs,ws〉 ⊗ |pi, ℓi,wi〉), (3)

where |p, ℓ,w〉 =
∫

dq LGℓ
p(q,w)â†(q)|vac〉 is the single-

photon state representation of the LG modes. The parameters

ws and wi are the modes sizes of the signal and idler. The

expansion amplitude is obtained by

Cℓs,ℓi

ps,pi
= (〈ps, ℓs| ⊗ 〈pi, ℓi|)|ψ〉

= N

∫∫

dqsdqi

∫ L/2

−L/2

dz χ (2)(z)ei�kz (qs,qi )z

× LG
ℓp

pp
(qs + qi,wp)

[

LGℓs

ps
(qs,ws)

]∗[
LGℓi

pi
(qi,wi)

]∗
.

(4)

Details of the derivation of these amplitude are given in Ap-

pendix A.

The projection probability to find the signal photon with

ℓsh̄ and the idler photon with ℓih̄ OAM is given by

Pℓs,ℓs =
∑

ps,pi

∣
∣Cℓs,ℓi

ps,pi

∣
∣
2
. (5)
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FIG. 1. Sketch of an SPDC setup and the corresponding normal-

ized OAM spectrum. A pump beam carrying OAM ℓp = 0 triggers

the generation of a photon pair along paths A and B. The pump

is blocked afterward. The generated OAM distribution of signal

and idler photons represents a high-dimensional entangled quantum

state. Since the OAM is conserved, the OAM spectrum shows an

antidiagonal line of possible modes whose OAMs add up to zero.

The projection probability is in general nonuniformly distributed, as

can be seen from the bars of different heights.

The probability distribution (5) in terms of ℓs and ℓi is also

called the OAM spectrum.

B. Projection and fidelity of OAM states

In most applications, high-dimensional states are measured

projectively [72,73], often using holograms on spatial light

modulators (SLMs). These devices convert an OAM mode

into a Gaussian mode, enabling efficient coupling into a

single-mode fiber [74]. Nevertheless, the precise experimen-

tal measurement of the radial part of LG modes (p > 0) is

challenging due to their complex transverse structures [75,76],

which can drastically increase the number of required mea-

surements [77]. Therefore, in many experiments, it is common

to project only LG modes with p = 0, even though this choice

discards a portion of the photon pairs [78]. The projection

results in considering only the first term in Eq. (5), so we

redefine

|ψ ′〉 =
∑

ℓs,ℓi

C
ℓs,ℓi

0,0 |ℓs〉 ⊗ |ℓi〉 :=
∑

ℓs,ℓi

Cℓs,ℓi |ℓs〉 ⊗ |ℓi〉 (6)

and only concentrate on the entanglement of the spiral index

of the photons.

Due to OAM conservation, the state can be written as a

single sum

|ψ ′〉 =
∞

∑

ℓ=−∞

Cℓ,ℓp−ℓ|ℓ〉A ⊗ |ℓp − ℓ〉
B
. (7)

Here the subscripts A and B denote the propagation paths

of the signal and idler photons, respectively, as illustrated

in Fig. 1. We adopt this notation throughout the paper for

all experimental setups. The figure shows a typical OAM

spectrum generated by a Gaussian pump beam ℓp = 0. As

a consequence of OAM conservation, the down-converted

modes are created along an antidiagonal ℓA = ℓp − ℓB. Since

these modes have different amplitudes, they do not form an

MES. An MES, in contrast, is characterized by target modes

with uniform projection probabilities (bars of equal height)

and zero probability for all other modes [46].

To quantify the overlap between the generated OAM state

|ψ ′〉 and a maximally entangled target state |�tar〉, we employ

the quantum fidelity F , defined as F = |〈�tar|ψ ′〉|2. This

metric provides a measure of the closeness between the two

quantum states, spanning a range from F = 0 (for orthogonal

states) to F = 1 (for identical states up to a global phase

factor). Therefore, an ideal OAM spectrum for an MES is

characterized by a fidelity of F = 1, which indicates that all

OAM contributions are exclusively concentrated on the target

modes. For our further analysis, we need to distinguish be-

tween the fidelity of the full Hilbert space F and the subspace

fidelity Fsub. The latter is calculated when the summation in

Eq. (7) is restricted to a specific range of OAM values ℓ.

III. ENGINEERING OF THE OAM SPECTRUM

In our work we aim to shape the OAM spectrum to gen-

erate high-fidelity, maximally entangled target states. This

section discusses relevant quantum state engineering methods

used to alter the OAM probability distribution of photon pairs.

A. Spatially engineered pump beams

Spatial light modulators have revolutionized beam shaping,

enabling both the measurement and creation of exotic light

fields [79]. This advancement has opened new perspectives for

tailoring the pump beam in SPDC. A suitable hologram can be

programed onto an SLM to generate an arbitrary superposition

of LG pump modes with various OAM values:

Vp(qp) =
∑

ℓp

aℓp
LG

ℓp

0 (qp,wp). (8)

We again set all radial indices pp = 0, since the OAM spec-

trum of signal and idler photons can be shaped by directly

adjusting the spiral index of the LG pump mode. The holo-

grams provide independent control over each weight aℓp
,

allowing us to program any desired superposition of LG pump

modes. Consequently, when the pump beam (8) is used in

SPDC, it produces a photon pair in the following state:

|ψ〉 =
∞

∑

ℓ=−∞

∑

ℓp

aℓp
Cℓ,ℓp−ℓ|ℓ〉A ⊗ |ℓp − ℓ〉

B
.

Next to the pump beam waist wp, the pump weights aℓp
pro-

vide a powerful tool for manipulating the OAM distribution

of the entangled photon pair. The resulting OAM spectra are

straightforward to visualize. Each pump mode contributes to

OAM conservation, resulting in multiple antidiagonals in the

OAM spectrum of the generated photon pairs.

Figure 2 illustrates this concept for a pump beam superpo-

sition of ℓp = −2, 0, 2. By appropriately choosing the pump

coefficients aℓp
, the OAM spectrum can be engineered to

populate multiple antidiagonals simultaneously and to equal-

ize the distribution of the down-converted OAM modes. For

instance, setting a−2/a0 and a+2/a0 appropriately equalizes

the amplitudes for the modes {|−1,−1〉, |0, 0〉, |1, 1〉}. These

weights can be found either analytically [46,62] or using

stochastic algorithms [49].

The fidelity of the MES |�tar〉 = 1√
3
(|−1,−1〉 + |0, 0〉 +

|1, 1〉) is Fsub = 0.876 when considering only modes within
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FIG. 2. Sketch of an SPDC setup and the corresponding nor-

malized OAM spectra. Suppose a superposition of different OAM

modes pumps the nonlinear crystal. In that case, the OAM spectrum

of the photon pair spans multiple antidiagonals, ensuring that the

conservation law is fulfilled for each term in the superposition. The

OAM spectrum can be adjusted by the additional parameters aℓp
.

Here, for example, a superposition of OAM indices ℓp = −2, 0, 2

is chosen such that the biphoton OAM modes |−1, −1〉, |0, 0〉,
and |1, 1〉 have the same detection probability. The fidelity for the

state |ψtar〉 = 1/
√

3(|−1, −1〉 + |0, 0〉 + |1, 1〉) in the subspace ℓ =
{−1, 0, 1} (shown in the inset) is Fsub = 0.876. However, a large

number of modes are concentrated outside this subspace, which is

quantified by the fidelity F = 0.401 for the whole space.

the ℓs = ℓi = −1, 0, 1 subspace (as depicted in the inset in

Fig. 2), while all other modes are disregarded. In contrast, the

global fidelity is significantly lower at F = 0.401, a conse-

quence of the large OAM distribution.

B. OAM and phase shifts

There are several ways to change the OAM of generated

photons. A spiral phase plate (SPP) [80] is a cylindrical com-

ponent with an azimuthally varying thickness that imprints a

phase retardation, twisting the wave front. The OAM value

changes by �ℓ depending on the SPPs step height and the

operating wavelength. The device can either add or subtract

OAM depending on the handedness of its design. In addition

to SLMs and SPPs, other components manipulate the OAM

of photons include generalized SPPs [81] and q-plates, which

convert spin angular momentum into OAM [82].

The action of an SPP operation can be written as �ℓ |ℓ〉 =
|ℓ + �ℓ〉, where the operator �ℓ acts on the OAM mode

representation |ℓ〉 as

|ℓ〉 �→
∫

dq LGℓ
p=0(q,w)ei�ℓ arg(q)

︸ ︷︷ ︸

LGℓ+�ℓ
p=0 (q,w)

â†(q)|vac〉 = |ℓ + �ℓ〉.

(9)

This transformation is valid only for the lowest radial order

p = 0, as assumed in our analysis through projection onto

ps = pi = 0. If all radial modes are considered [see Eq. (5)],

the SPP may generate a mixture of LG modes with the in-

tended OAM index but different radial numbers [83].

Since the biphoton state is in a superposition of different

OAM modes, mode shifting elements which add or subtract

�ℓA OAM in path A and �ℓB OAM in path B would affect

FIG. 3. Mode transformation via OAM shifts. After generation,

the OAM of photons traveling along paths A and B can be ma-

nipulated by adding or subtracting �ℓA or �ℓB quanta of OAM,

respectively. This is achieved using components such as spiral phase

plates. In collinear configurations, the transformation is typically

�ℓA = �ℓB as both photons pass through the same device. Non-

identical shifts �ℓA �= �ℓB are possible when the components are

placed after the photon pair has been separated. The action of ap-

plying �ℓA = 4 and �ℓB = 5 is illustrated on the right for an OAM

spectrum generated by an initial pump mode ℓp = −4. These mode

shifts affect all OAM modes simultaneously, displacing the entire

antidiagonal.

the state as

|ψ ′〉 =
∞

∑

ℓ=−∞

Cℓ,ℓp−ℓ|ℓ + �ℓA〉A ⊗ |ℓp − ℓ + �ℓB〉
B
.

Figure 3 illustrates the same setup as before, but with

mode shifters inserted along paths A and B. One possible

implementation employs two different SPPs, each placed in

a separate arm after the photon pair is deterministically split

by a polarizing beam splitter or dichroic mirror. Alternatively,

in a collinear configuration, a single mode-shifting element

can be used to apply the same phase shift to both photons

�ℓA = �ℓB.

Such an operation can in principle shift any mode on

the antidiagonals to a desired spot in the OAM spectrum as

exemplified in Fig. 3. While the operation shifts all modes

simultaneously, the height of the mode probability remains

unchanged.

The optical phase of the down-converted photons can

also be adjusted using phase-shifting components such as

waveplates (quarter-half-quarter scheme [53]), tilting glass

wedges [84], piezoactuated mirrors [85], or trombone sys-

tems [86]. Figure 4(a) shows a phase shifter inserted into

the previous setup. Each path introduces phase delays ϕA and

ϕB, respectively, which enter the quantum state as exponential

multiplicative factors

|ψ ′〉 =
∞

∑

ℓ=−∞

Cℓ,ℓp−ℓ eiϕA |ℓ + �ℓA〉A ⊗ eiϕB |ℓp − ℓ + �ℓB〉
B

=
∞

∑

ℓ=−∞

Cℓ,ℓp−ℓ eiϕA+ϕB

︸ ︷︷ ︸

:=eiϕ

|ℓ + �ℓA〉A ⊗ |ℓp − ℓ + �ℓB〉
B
,

which corresponds to a total phase shift ϕ only in one path

[see Fig. 4(b)]. A phase shift applied to the pump beam before

down-conversion can also introduce a phase for the biphoton

state, as illustrated in Fig. 4(c) using an SLM [48]. The phase

shift is not relevant in a single-crystal configuration, where it
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FIG. 4. Phase transformations via phase shifters. Very similar to the mode shift concept in Fig. 3, the optical phase can be altered along

paths A and B. (a) Shifters add a phase factor ϕA along path A and ϕB along B, which effectively adds a global phase factor of ϕ := ϕA + ϕB

for the two-photon state. (b) Such a shift is mathematically equally obtained by a shift ϕ only in one of the paths or (c) inherited from the pump

beam, if the pump beam undergoes a phase shift as well, e.g., via an SLM.

vanishes upon projection, but is crucial for introducing a rela-

tive phase between different crystals in path-identity setups.

C. Path identity

The principle of path identity in multicrystal setups re-

lies on the indistinguishability of the photon-pair generation

process [52,87,88]. When a laser pumps multiple identical

crystals aligned to emit into the same spatial modes, the result-

ing quantum state is a coherent superposition of all possible

generation events, assuming only one photon pair is created.

In other words, quantum interference is achieved by matching

all DOFs of the generated photons, thereby eliminating any

which-crystal information that could distinguish their origin.

A simple realization of path identity can be realized in

a two-crystal configuration. Consider merging two single-

crystal setups and overlapping the paths from crystal 2 with

those from crystal 1, as sketched in Fig. 5, placing the pair in

a superposition of origins. Each crystal is pumped by a distinct

OAM mode: crystal 1 by ℓp1
and crystal 2 by ℓp2

.

Next to their paths, also the joint spectral amplitude [89]

and polarization of the crystals must match. For this reason,

these setups typically use identical nonlinear crystals, which

FIG. 5. Two-crystal path-identity setup. The paths from crystal

1 are made identical (perfectly overlapped) with the paths A and

B from crystal 2. Both crystals are coherently pumped with OAM

values ℓp1
and ℓp2

. The setup can be built by using a single pump

beam consecutively, i.e., without blocking the pump. Alternatively,

it can be realized interferometrically, where the initial pump beam is

split and its OAM is modified differently on each path before being

directed to the crystals. Any distinguishability between the photon

pairs generated in crystals 1 and 2, such as misalignment of the paths,

will reduce the quantum interference of different generation events.

By incorporating the transformation components discussed earlier

for the OAM and phase, we can directly engineer high-dimensional

quantum states.

ensures consistent phase-matching conditions for polarization

and a shared spectral range for the down-converted photons.

To ensure temporal indistinguishability in the setup, two con-

ditions must be met: First, the arrival times of the signal

and idler photons must be indistinguishable, and second, no

temporal information can reveal whether the pair originated in

crystal 1 or crystal 2. Appendix B provides a detailed account

for these conditions.

We explicitly operate in the low-gain regime, ensuring that

only a single photon pair is present at any given time in

the setup. At higher gain, simultaneous multipair emissions

may occur [90]. In the absence of photon-number-resolving

detection, these higher-order contributions act as noise and

reduce the coherence of the photon-pair generation processes.

In Fig. 5, mode shifts �ℓA j ,B j
and phase shifts ϕ j are

also included after each crystal, j ∈ {1, 2}. To independently

manipulate the photons along paths A and B with optical

components, these paths may first be spatially separated and

then recombined to exactly overlap with the corresponding

paths from crystal 2.

For the purposes of this paper, we will assume perfectly

overlapped paths and lossless optical components. Under our

assumptions, the resulting quantum state after the second

crystal is a coherent superposition of the states produced in

each crystal,

|�〉 =
1

√
N

(|�1〉 + X |�2〉), (10)

where each individual state is given by

|�1〉 =
∞

∑

ℓ1=−∞

Cℓ1,ℓp1
−ℓ1 ei(ϕ1+ϕ2 )

∣
∣ℓ1 + �ℓA1

+ �ℓA2

〉

A

× ⊗
∣
∣ℓp1

− ℓ1 + �ℓB1
+ �ℓB2

〉

B
,

|�2〉 =
∞

∑

ℓ2=−∞

Cℓ2,ℓp2
−ℓ2 eiϕ2

∣
∣ℓ2 + �ℓA2

〉

A

× ⊗
∣
∣ℓp2

− ℓ2 + �ℓB2

〉

B
.

The normalization is ensured by the constant

N =
∑

ℓ1

|Cℓ1,ℓp1
−ℓ1 |2 + X

2
∑

ℓ2

|Cℓ2,ℓp2
−ℓ2 |2.

In the provided setup, the photon pair originating from crystal

1 undergoes two sequential OAM and phase shifts. The pair
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from crystal 2 is subject to only one state transformation. The

factor X is used to tune the relative pump strengths between

crystals 1 and 2 as P2 = XP1 with equal strengths when

X = 1.

The total state can be controlled in several ways: by shap-

ing the OAM pump mode of individual crystals, by altering

the pump strength ratio with X , and by shifting the OAM

mode distribution in between. In the ideal case, these oper-

ations allow for an increase in the dimension of the state. A

generalization to n-crystal setups can be found in Appendix C.

As an example, we consider a scenario where two crys-

tals are pumped with equal strength. One crystal produces

the OAM state |0, 0〉, while the other produces the state
1√
2
(|0, 1〉 + |1, 0〉). Through path identity, the total state is a

coherent superposition of the outputs from the two crystals,

resulting in a normalized state given by

|�〉 =
1

√
2
|0, 0〉 +

1

2
(|0, 1〉 + |1, 0〉),

a partially separable state with nonequal amplitudes.

The balance of the superposition can be adjusted by chang-

ing the relative pumping strength to X =
√

2; the pump power

for crystal 2 is increased relative to crystal 1. This can be

achieved experimentally using an unbalanced beam splitter to

pump on average crystal 2 more. If the photons from crystal

1 experience an addition of OAM �ℓA1
= �ℓB1

= 2, we pre-

pare the three-dimensional MES

|ψ〉 =
1

√
3

(|2, 2〉 + |0, 1〉 + |1, 0〉).

IV. RESULTS AND DISCUSSION

This section establishes the equivalence between the state

in Eq. (10) and the biphoton states generated by the spatially

engineered pumps from Sec. III A. We will also identify the

conditions under which the fidelity for MESs is less than one

and discuss the resulting limitations for generating genuine

MESs. Unless specified otherwise, our analysis assumes iden-

tical L = 10 mm type-II periodically poled potassium titanyl

phosphate crystals, pumped by a 405-nm continuous-wave

laser. The configuration produces degenerate ks = ki photon

pairs, spectrally centered around 810 nm. The parameters used

are adapted from Ref. [53].

A. Equivalence to pump engineering

In the path-identity approach, the relative pump power

between crystals serves as a new tuning parameter to engi-

neer OAM spectra. Additionally, using different OAM pump

modes ℓp1
, ℓp2

, . . . or applying specific OAM shifts can cause

the final state to occupy multiple antidiagonals in the joint

OAM spectrum. Adjusting the relative pump power between

crystals pumped by different OAM modes is analogous to

adjusting the weights of a pump superposition in Eq. (8).

In the following example, we show that path-identity

approach and the use of spatially shaped pump superposi-

tions (8) are equivalent methods in terms of the resulting OAM

spectrum. Consider the generation of the maximally entangled

target state

|ψtar〉 =
1

√
3

(|−2,−2〉 + |0, 0〉 + |2, 2〉).

The most straightforward path-identity setup to generate

these three-dimensional MES includes three crystals, 1, 2, and

3, pumped by OAM modes ℓp1
= −4, ℓp2

= 0, and ℓp3
= 4,

respectively. This scenario is sketched in Fig. 6(a). The rela-

tive pump strength for crystals 1 and 3 can be set to X ≈ 1.72,

where P2 = XP1 = XP3. This sets the photon-pair creation

of the biphoton modes |−2,−2〉, |0, 0〉, and |2, 2〉 equally

likely. Nevertheless, OAM conservation also lead to the pop-

ulation of several unintended modes, those not contributing to

the desired target state. In Fig. 6(b), a realistic OAM spectrum

is shown for wp = 15 µm and ws = wi = 25 µm.

Here, for the diagonal ℓp2
= 0, most of the ampli-

tude is concentrated on |0, 0〉, but for the diagonals ℓp1
=

−4 and ℓp3
= 4, there are nonvanishing contributions from

|−1,−3〉 and |−3,−1〉 and from |1, 3〉 and |3, 1〉. In the next

section we will see that the amplitude ratios of these modes to

|2, 2〉 and |−2,−2〉 are fixed. In turn, this leads to a reduced

fidelity over the whole OAM space, F = 0.687. When the

photons are projected only in the subspace ℓ ∈ {−2, 0, 2}, we

find Fsub = 1 but leave a significant amount of pairs unused.

The same OAM spectra can also be generated by a single

crystal pumped with an LG superposition of

Vp = a−4LG−4
0 + a0LG0

0 + a4LG4
0, (11)

by setting a−4/a0 = a+4/a0 as depicted in Fig. 6(c). Since

the OAM spectra for Figs. 6(a) and 6(c) are the same, the

fidelity is equally F = 0.687. The experimental effort for

entanglement by path identity requires coherently setting up

the three crystals while ensuring that at most one photon

pair is generated simultaneously. Using the spatially engi-

neered pump in only one crystal avoids these problems. An

alternative design uses path identity to pump all three crys-

tals with the same OAM mode ℓp = 0, shown in Fig. 7.

By carefully choosing the pump and collection waists, the

configuration almost exclusively produces the |0, 0〉 mode,

thereby avoiding unintended side modes. Then, by inserting

OAM shifts of �ℓA1
= �ℓB1

= −4, �ℓA2
= �ℓB2

= 2, and

�ℓA3
= �ℓB3

= 0, the target MES with a full-space fidelity

close to unity can be prepared. This choice was avoided in the

proof-of-principle experiment from Ref. [53]. Even a slight

noncollinear emission of the photons resulted in an imper-

fect OAM shifts preventing to implement �ℓA1
= �ℓB1

and

�ℓA2
= �ℓB2

with one SPP, respectively. Overcoming this

challenge would require a more sophisticated interferometric

setup, using type-0 or type-I SPDC for a perfect collinear

emission [91] or a combination of quarter waveplates, half

waveplates, and q-plates.

When the crystals are pumped by OAM modes ℓp1
=

ℓp2
= · · · = 0, the dimensionality of HDESs generated via

path-identity approach scales linearly with the number of

crystals. For n crystals, n OAM mode shifters placed af-

ter each crystal can be used to add another term to the

resulting superposition, yielding a state with dimensional-

ity d = n. Increasing the dimensionality to d + 1 requires

adding another crystal with a corresponding mode shifter
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FIG. 6. Two different methods to generate high-dimensional entangled states with the same OAM distribution. (a) Entanglement by path

identity using three crystals 1, 2, and 3, each coherently pumped by a laser beam that was split into three parts beforehand. In each crystal, a

different pump OAM mode (ℓp = −4, 0, 4, respectively) triggers the generation of a photon pair. (b) The detection setup is configured such that

the crystal pumped with ℓp = 0 produces only the biphoton OAM mode |0, 0〉. The other two crystals generate the modes |−2, −2〉 and |2, 2〉,
as well as a broader range of OAM modes satisfying the OAM conservation. As a result, the fidelity of the MES |ψtar〉 = 1/

√
3(|−2,−2〉 +

|0, 0〉 + |2, 2〉) over the full space is F = 0.687. By postselecting the subspace ℓ = −2, 0, 2, the fidelity is Fsub = 1. (c) The same OAM

spectrum shown is prepared using an engineered pump superposition with suitably weighted OAM modes ℓp = −4, 0, 4.

to the setup. A better compromise between achieving a

high fidelity and maintaining a simple setup could be found

by generating high-fidelity HDESs within a single crys-

tal and coherently superposing the entangled states. As

we will show in the next section, we are limited in this

regard.

B. Fidelity bounds

Efficient entanglement generation using the path-identity

approach requires creating high-fidelity target modes in each

crystal. These modes are then coherently superposed, as

shown with the |0, 0〉 mode in Fig. 7. Therefore, it is necessary

FIG. 7. Alternative path-identity setup to generate the tar-

get MES |ψtar〉 = 1√
3
(|−2,−2〉 + |0, 0〉 + |2, 2〉). In comparison to

Fig. 6, three coherently pumped nonlinear crystals by a Gaussian

mode ℓp produces the state |0, 0〉 and mode shifters are used to create

a superposition of distinct OAM modes. Since this approach does not

generate unintended side modes due to OAM conservation, since we

are able to concentrate most of the amplitude solely on |0, 0〉, the

fidelity is much higher, F = 0.984

to force the amplitude of unintended modes to vanish. How-

ever, the intrinsic conservation of OAM places a constraint on

the tuning of the expansion amplitudes given in Eq. (4).

Here we consider symmetric OAM spectra Cℓs,ℓi = Cℓi,ℓs ,

which is valid under the conditions of equal momenta ks = ki

and collection waits ws = wi. This symmetry is highly benefi-

cial for preparing HDESs, as the modification of a given mode

results in direct adjustment of its symmetric mode without any

further modification [46,62].

For any given OAM mode of the pump, the ratios between

all amplitudes Cℓs,ℓi that fulfill either ℓs, ℓi � 0 or ℓs, ℓi � 0

are fixed, i.e., these modes can be adjusted independently

of each other. The ratio cannot be adjusted by changing the

pump waist wp, the collection waists ws and wi, or the crystal

length L. An analytical proof for this claim is provided in

Appendix A. This limitation affects every occupied antidi-

agonal in the OAM spectrum, meaning the fixed amplitude

ratios cannot be adjusted by changing relative pump powers

or spatially shaped pump beams.

A pivotal role is filled by the relative mode number

(RMN) defined by NR = |ℓp| − |ℓs| − |ℓi| ∈ {0,−2,−4, . . . }.
The RMN has been studied for decoupling spatial and spectral

DOFs [62] and for enhancing OAM entanglement via phase-

matching modifications [46]. The RMN is closely related to

the fidelity bounds, as all modes with RMN NR = 0 exhibit

this untunable property, meaning their relative amplitude ra-

tios are fixed and cannot be adjusted by changing the pump or

collection waists. Conversely, modes with NR < 0 are tunable

and can be suppressed by appropriately choosing the pump

waist wp and the collection waists ws = wi.

The number of modes with fixed amplitude ratios increases

with the magnitude of the pump OAM |ℓp|. For instance, ℓp =
2 generates three modes |0, 2〉, |1, 1〉, and |2, 0〉 that satisfy

ℓs, ℓi � 0. In contrast, ℓp = 5 already yields six modes with

the same property: |0, 5〉, . . . , |5, 0〉. These individual modes

cannot be adjusted independently due to the fixed amplitude

ratio. The permanent presence of unintended modes, which

cannot be equalized with target modes, inevitably reduces

the fidelity of the target state. The fixed ratios P0,2/P1,1 =
1/2 (see Fig. 2) or P1,3/P2,2 = 2/3 and P0,4/P2,2 = 1/6 (see

Fig. 6) significantly reduce the fidelity of the target state.
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FIG. 8. Tuning of the pump wp and collection waists ws and wi for maximal fidelity in a single nonlinear crystal of different exemplary

target states. We consider a range of typical waist parameters commonly used in experiments involving OAM modes of light. (a) The target

states |0, 0〉 (solid line) and 1√
2
(|0, 1〉 + |1, 0〉) (dashed line) exhibit similar fidelity behavior and can be optimized to reach maximal fidelity

F = 1 through appropriate waist tuning. (b) In contrast, the fidelity for the target states |1, 1〉 (solid line) and 1√
2
(|1, 2〉 + |2, 1〉) (dashed line)

is significantly lower and cannot exceed bounds F < 1. The fidelity for pump modes with ℓp = 2 (ℓp = 3) is limited by the generation of

additional modes, like |0, 2〉 and |2, 0〉 (|0, 3〉 and |3, 0〉) which are prepared alongside the target state. These unintended modes are present

independently of the values of the waist sizes and therefore reduce the achievable fidelity. This limitation does not apply to the target states in

(a), where all undesired modes can be effectively suppressed by appropriate waist tuning.

The fidelity bounds confine us to a specific set of target

states that are achievable with near-unity fidelity in a single

crystal. For these states, we can identify target modes satisfy-

ing the condition ℓs, ℓi � 0 or ℓs, ℓi � 0 (which is equivalent

to having an RMN of NR = 0). All other modes generated by

the conservation law ℓp = ℓs + ℓi violate this condition, i.e.,

have NR < 0. By carefully choosing the waist parameters, we

can concentrate nearly all the amplitude onto these specific

target modes. The target states that meet these criteria are

|ψ1〉 = |0, 0〉,

|ψ2〉 =
1

√
2

(|0, 1〉 + |1, 0〉),

|ψ3〉 =
1

√
2

(|−1, 0〉 + |0,−1〉).

These states can be tuned to achieve fidelities of F ≈ 1.

All biphoton states generated by |ℓp| > 1 will have fidelities

F < 1. Figure 8(a) shows the fidelity for the target states |ψ1〉
(ℓp = 0) and |ψ2〉 (ℓp = 1) as a function of pump and collec-

tion waists in an experimentally typical range of waist sizes.

Due to the property Cℓs,ℓi = (C−ℓs,−ℓi )∗ (see Appendix A or

Ref. [62]), the plot for the state |ψ3〉 pumped by ℓp = −1 is

analogous.

Maximal fidelity is possible with extreme waist configura-

tions, either a small pump waist with large collection waists

or vice versa, but the choice significantly reduces the pair

generation efficiency [92]. This is because the spatial overlap

integral between the pump and down-converted photon modes

is diminished. To increase the overlap, one can choose wp and

ws to be close to each other. For example, the yellow curve

peaks at wp = 15 µm and ws = wi = 25 µm, yielding a high

fidelity of F = 0.985.

For pump OAM modes with ℓp � 2, it is not possible

to find equalizable target modes that all have NR = 0. Fig-

ure 8(b) displays the |1, 1〉 and 1/
√

2(|1, 2〉 + |2, 1〉) states

pumped with ℓp = 2 and ℓp = 3. Here the target modes with

the highest amplitude are chosen to be the targets. Due to

symmetry, for odd ℓp, those are automatically two modes.

The fidelity is fundamentally bounded to a value F < 1 due

to the presence of conserved but unintended modes with an

RMN of NR = 0. These modes have fixed amplitude ratios,

like P0,2/P1,2 = 1/2 or P0,3/P1,2 = 1/3, and cannot be tuned

by adjusting the waists. The undesired presence leads to an

unavoidable reduction in the overall fidelity of the desired

state.

C. Preparation of maximally entangled ququarts

Previous proposals for creating entanglement by path iden-

tity have primarily considered crystals pumped by a Gaussian

FIG. 9. Sketch of a general optimal two-crystal setup. Taking

into account the fidelity bounds, the optimal dimensionality for a d =
4 MES can be achieved in a configuration of two crystals pumped by

OAM modes ℓp1
= ℓp2

= 1.
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mode (ℓp = 0). The separable |ψ1〉 state yields a high pair

generation rate [53,93], but limits the achievable entangle-

ment dimensionality. If the state |ψ2〉 or |ψ3〉 is generated in

each crystal, a higher dimensionality d = 2n of the entangled

state can be achieved compared to |ψ1〉 for given number of

crystals n.

Here we discuss two-crystal setups where the crystals

are pumped by an ℓp = 1 beam preparing the high-fidelity

Bell state |ψ2〉 in each crystal. Due to the property Cℓs,ℓi =
(C−ℓs,−ℓi )∗, analogous arguments hold for the state |ψ3〉
pumped by ℓp = −1 (see Appendix A).

When the paths of two crystals, each pumped by ℓp = 1,

are coherently overlapped, entangled ququarts (d = 4) can be

prepared, representing the optimal entanglement dimensional-

ity for a two-crystal path-identity configuration. The state will

have the general form of

|�〉 = 1
2

(

ei(ϕ1+ϕ2 )
∣
∣�ℓA1

+ �ℓA2
, 1 + �ℓB1

+ �ℓB2

〉

+ ei(ϕ1+ϕ2 )
∣
∣1 + �ℓA1

+ �ℓA2
,�ℓB1

+ �ℓB2

〉

+ eiϕ2
∣
∣�ℓA2

, 1 + �ℓB2

〉

+ eiϕ2
∣
∣1 + �ℓA2

,�ℓB2

〉)

, (12)

and the general setup is shown in Fig. 9. Depending on how

the four OAM mode shifts are chosen, we can design MESs

for d = 4. The condition |�ℓA,B1
+ �ℓA,B2

| + |�ℓA,B2
| � 2 is

necessary to guarantee that the OAM modes are not partially

separable. Shifting the OAM of the photon pair from crystal

1 far enough relative to the pair from crystal 2 prevents any

separability of modes in the superposition.

We will now construct high-fidelity MES in the OAM

space ℓA = ℓB = {|0〉, |1〉, |2〉, |3〉}. A possible setup is pro-

posed in Fig. 10. If the photon pair is created in crystal 1,

the OAM is shifted by a �ℓA1
= �ℓB1

= 2 operation. The

pair generated in crystal 2 is left unchanged. The resulting

superposition corresponds to two MESs

|ψtar〉 = 1
2
(|0, 1〉 + |1, 0〉 ± |2, 3〉 ± |3, 2〉)

FIG. 10. Setup for the generation of the four-dimensional MES

|ψtar〉 = 1

2
(eiϕ2 |0, 1〉 + eiϕ2 |1, 0〉 + ei(ϕ1+ϕ2 )|2, 3〉 + ei(ϕ1+ϕ2 )|3, 2〉)

by path identity, along with the resulting OAM spectrum. The

fidelity is near unity, meaning all OAM modes are fully concentrated

on the target state.

if the phases are set to ϕ1 = 0 or ϕ1 = π , respectively, while

ϕ2 = 0. Similarly, Fig. 11 shows the generation setup for the

MESs given by

|ψtar〉 = 1
2
(±|0, 3〉 ± |1, 2〉 + |2, 1〉 + |3, 0〉),

when ϕ2 = 0 and ϕ1 = 0 or π , respectively. A crucial aspect

of this setup is that the OAM shifts along paths A and B

have opposite signs. A consecutive setup might use q-plates,

which shift the OAM differently for photons with orthogonal

polarization, as is the case in type-II SPDC.

These states are a generalization of the Bell state |ψ2〉 to

d = 4 and valuable for various applications in quantum infor-

mation processing. As we cannot separate the entangled OAM

modes prepared in a single crystal, we can only manipulate

them as a whole and retain the original intrinsic structure of

FIG. 11. Alternative design for a path-identity setup to

generate the four-dimensional MES |ψtar〉 = 1

2
(ei(ϕ1+ϕ2 )|0, 3〉 +

eiei(ϕ1+ϕ2 ) |1, 2〉 + eiϕ2 |2, 1〉 + eiϕ2 |3, 0〉) and the corresponding OAM

spectrum. The fidelity is near unity, meaning all OAM modes are

fully concentrated on the target state.
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|ψ2〉. A major advantage of our setups is that only the paths

from two crystals need to be overlapped.

In contrast, to generate a HDES like

|ψtar〉 = 1
2
(|0, 0〉 + |1, 1〉 + |2, 2〉 + |3, 3〉), (13)

we need to design a four-crystal setup, where each crystal

prepares a separable |ψ1〉 state, posing greater experimental

demands in terms of setup complexity and coherence condi-

tions. Here each term from Eq. (13) is produced by a crystal

and an appropriate OAM mode shift.

The transition from a separable state (d = 1) to an entan-

gled Bell state (d = 2) in each crystal effectively doubles the

dimensionality dPI for the HDES via path identity. As a result,

we can halve the number of crystals needed to achieve a given

total dimensionality. This also means that setups using an

equal number of crystals pumped by ℓp = 1 instead of ℓp = 0

can yield a HDES with twice the dimension 2dPI.

A better scaling is closely tied to engineering high-fidelity

entangled states with dimensionality d > 2 from a single crys-

tal. A potential solution to this challenge and overcoming the

fidelity bounds presented may lie beyond tuning the pump

beam, as a customized phase-matching function [46] has been

shown to also affect the amplitude of OAM modes with RMNs

NR < 0.

V. CONCLUSION

This paper provides an intuitive introduction to how path-

identity interference can be used to generate and engineer

HDESs using OAM of light. We place special emphasis on

achieving states with a high fidelity in the full OAM space,

ensuring that projecting into a desired OAM subspace in-

cludes nearly all of the photon pairs produced from parametric

down-conversion.

We have demonstrated the existence of fundamental fi-

delity bounds below F = 1 for biphoton states generated by

OAM pump modes with |ℓp| > 1. These limitations cannot

be overcome by pump-beam shaping or a suitable choice of

collection waists. As a consequence, we recommend using

path-identity setups where individual crystals are configured

to prepare high-fidelity building blocks, specifically |0, 0〉
(from ℓp = 0) or 1/

√
2(|0,±1〉 + |±1, 0〉) (from ℓp = ±1).

When using OAM pump modes with |ℓp| > 1 in a mul-

ticrystal path-identity setup, unintended modes are inevitably

generated, which reduces the overall fidelity. These resulting

OAM distributions can be realized in a less demanding setup

by using a single SPDC process with a spatially engineered

pump consisting of an unequally weighted superposition of

OAM modes.

Finally, we highlight that a path-identity setup with two

crystals, each pumped by an OAM mode of ℓp = 1, can

generate a d = 4 MES. We found this to be the optimal dimen-

sionality, as any attempt to increase the dimensionality of the

HDES further results in a fidelity below F < 1. Our proposed

configuration allows for a reduction in the number of required

crystals by half compared to equivalent states produced by

setups with four crystals pumped by Gaussian beams.

Path identity also appears promising for generating mul-

tiphoton states, such as Greenberger-Horne-Zeilinger states,

using either bulk [94] or integrated optics [95,96]. An inter-

esting direction for future research would be to investigate

whether the complexity of such setups could be reduced by

using crystals that emit entangled states, rather than separable

states, similar to the bipartite case demonstrated in our work.
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APPENDIX A: FIDELITY BOUNDS

In this appendix we provide some more detail to calculate

the expansion amplitudes from Eq. (4). The full expression for

the LG modes is

LGℓ
p(q,w) =

√

w
2 p!

2π (p + |ℓ|)!
(−1)p+ℓ/2

(
|q|

√
2w

)|ℓ|

× e−|q|2w2/4L|ℓ|
p

(
|q|2w2

2

)

eiℓ arg(q). (A1)

Here L|ℓ|
p (·) are the generalized Laguerre polynomials and w is

the beam waist. The LG modes are characterized by two mode

numbers. The radial index p is a positive integer that refers to

the nodes observed in the transverse plane. The spiral index

ℓ ∈ Z accounts for the twists in the phase, which result in a

projection of ℓh̄ OAM onto the z axis. We assume the beams

are focused on the center of the nonlinear crystal. Inserting

Eq. (A1) into Eq. (1), we arrive at

Cℓs,ℓi

ps,pi
(pp, ℓp,wp
︸ ︷︷ ︸

pump

; χ (2), L
︸ ︷︷ ︸

crystal

; ws,wi
︸ ︷︷ ︸

collection

) = N

∫ L/2

−L/2

dz

∫∫

dqsdqiχ
(2)(z)ei�kz (qs,qi )zLG

ℓp

pp
(qs + qi,wp)

[

LGℓs

ps
(qs,ws)

]∗[
LGℓi

pi
(qi,wi)

]∗
.

Assuming periodic poling structure for χ (2)(z) [98] such that for the center frequencies kp − ks − ki = 0 leaves the

mismatch at

kz(q, ω) =
|qs|2

2ks(ωs)
+

|qi|2

2ki(ωi)
−

|qs + qi|2

2kp(ωp)
.
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Further, the LG modes from Eq. (A1) can be decomposed via [62]

LGℓ
p(q,w) = e−|q|2w2/4eiℓ arg(q)

p
∑

u=0

T p,ℓ
u (w)|q|2u+|ℓ|, (A2)

where

T p,ℓ
u (w) =

√

p!(p + |ℓ|)!
π

(
w

√
2

)2u+|ℓ|+1
(−1)p+uiℓ

(p − u)!(|ℓ| + u)!u!
. (A3)

Inserting Eqs. (A2) and (A3) into the expression for the coincidence amplitude, we can switch to polar coordinates and simplify

the expression analytically, as done in detail in Ref. [62].

As described in the main text, the conditions ks = ki and ws = wi imply equal expansion amplitudes for the generated

OAM modes in SPDC, i.e., Cℓs,ℓi = Cℓi,ℓs . Under these assumptions, and considering the projection p = ps = pi = 0, the full

expression can be written as two parts

Cℓs,ℓi ∝ T ℓp,ℓs,ℓi (wp,ws,wi)

∫ L/2

−L/2

dz Gℓs,ℓi (z). (A4)

Here we define

T ℓp,ℓs,ℓi (wp,ws,wi) = T
0,ℓp

0 (wp)T 0,ℓs

0 (ws)T 0,ℓi

0 (wi) ∝ w
|ℓp|+1
p w

|ℓs|+1
s w

|ℓi|+1
i . (A5)

The kernel in the integral is a cumbersome function of z given by

Gℓs,ℓi (z) ∝
ℓp

∑

n=0

(
ℓp

n

)

Ŵ[b]Ŵ[h(n)]
D(z)d (n)

B(z)b+h(n)
2

F̃1

[

h(n), b, 1 + d (n),
D(z)2

B(z)2

]

,

with the abbreviations

D(z) = −
w

2
p

4
−

iz

2kp

,

B(z) =
w

2
p

4
+

w
2
s

4
− iz

kp − ks,i

2kpks

,

b = 1 +
ℓi

2
+

|ℓi|
2

,

h(n) = 1 +
ℓp

2
+

ℓi

2
+

|ℓs|
2

− n,

d (n) = ℓi − n.

The function Gℓs,ℓi (z) can actually be distinguished in two cases,

Gℓs,ℓi (z) =







(ℓs+ℓi )!

[B(z)−D(z)]ℓs+ℓi+1[B(z)+D(z)]
if ℓs � 0, ℓi � 0

max(|ℓs|,|ℓi|)!D(z)min(|ℓs |,|ℓi |)

[B(z)−D(z)]max(|ℓs |,|ℓi |)+1[B(z)+D(z)]min(|ℓs |,|ℓi |)+1 if ℓs < 0, ℓi � 0 or ℓs � 0, ℓi < 0.

This explains the special behavior for ℓs � 0 and ℓi � 0.

For all coincidence amplitudes fulfilling the condition, the

integral in Eq. (A4) gives the same result. When looking

at (A5), the dependence of the beam waists for ws = wi will

cancel out for the ratio C
ℓs1

,ℓi1

C
ℓs2

ℓi2
if ℓs, ℓi > 0. We are left with

the ratio of the proportional constant from Eq. (A5), which is

given by

Cℓs1
,ℓi1

Cℓs2
,ℓi2

=

√

ℓs2
!ℓi2 !

ℓs1
!ℓi1 !

for amplitudes pumped by the same OAM mode, i.e., ℓp =
ℓs1

+ ℓi1 = ℓs2
+ ℓi2 . In conclusion, for ℓs, ℓi > 0 the ratios of

different modes and therefore their projection probability is

fixed. The ratio between the projection probabilities results in

Pℓs1
,ℓi1

Pℓs2
,ℓi2

=
ℓs2

!ℓi2 !

ℓs1
!ℓi1 !

.

Since for ℓp = ℓs + ℓi < 0 we use Cℓs,ℓi = (C−ℓs,−ℓi )∗, the

same argument holds for the region ℓs � 0 and ℓi � 0.

APPENDIX B: TEMPORAL COHERENCE CONDITIONS

Figure 12 shows an interferometric setup, which is a com-

mon implementation for coherently pumping two crystals.

A single pump beam is split into two parts, which are then

individually transformed into modes with OAMs ℓp1
and ℓp2

.

To ensure temporal indistinguishability, the following two co-

herence conditions are crucial to fulfill. First, we must ensure
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FIG. 12. Path-identity setting for two crystals. A laser produces

a pump beam, which is split by a beam splitter (BS) to coherently

pump crystals 1 and 2. The generation of a pair is triggered in either

crystal and detected at detectors along A and B.

that we cannot distinguish between the arrival times of the

signal and idler photons, which is guaranteed by

∣
∣L

j

A
− L

j

B

∣
∣ < L

j

coh,DC (B1)

for j = 1, 2. Here L
j

A,B
is the optical path length of the pho-

tons from crystal j along A or B and L
j

coh,DC the coherence

time of the down-converted pair. Second, we must not have

temporal information that reveals whether the photon pairs

were generated in crystal 1 or 2, which is satisfied by
∣
∣L1

p − L2
p − LDC

∣
∣ < Lcoh,p.

Here Lcoh,p is the coherence length of the pump, L1,2
p are

the optical path lengths from the splitting point to crystals

1 and 2, and LDC is the path length of the down-converted

photons. Note that LDC � L1
A

. Experimentally, the indistin-

guishability can be tested via visibility measurement when

detecting simultaneous twofold coincidences when the optical

path length is altered. A perfect visibility of V = 1 indicates

that the crystals are perfectly indistinguishable [99].

APPENDIX C: GENERALIZED SCHEME

Here we generalize the two-crystal path-identity setup dis-

cussed in the main text to a setup involving n crystals, labeled

1 to n. Equation (10) transforms to

|�〉 =
1

√
N

(

X1

∞
∑

ℓ1=−∞

Cℓ1,ℓp1
−ℓ1 ei(ϕ1+ϕ2+···+ϕn )

∣
∣ℓ1 + �ℓA1

+ �ℓA2
+ · · · + �ℓAn

〉

A
⊗

∣
∣ℓp1

− ℓ1 + �ℓB1
+ �ℓB2

+ · · · + �ℓBn

〉

B

+ X2

∞
∑

ℓ2=−∞

Cℓ2,ℓp2
−ℓ2 ei(ϕ2+···+ϕn )

∣
∣ℓ2 + �ℓA2

+ · · · + �ℓAn

〉

A
⊗

∣
∣ℓp2

− ℓ2 + �ℓB2
+ · · · + �ℓBn

〉

B
+ · · ·

+ Xn

∞
∑

ℓn=−∞

Cℓn,ℓpn −ℓn eiϕn
∣
∣ℓn + �ℓAn

〉

A
⊗

∣
∣ℓpn

− ℓn + �ℓBn

〉

B

)

,

where we placed n OAM shifters along paths A, �ℓA1,...,n,

and B, �ℓB1,...,n, respectively, as well as n phase shifters

ϕ1,...,n. Figure 13 sketches this scenario. The X1,X2, . . . ,Xn

are the relative pump powers. In this case, the updated

FIG. 13. The modular two-crystal path-identity configuration can be easily generalized to a setup with n crystals. Here photon pairs from

crystal 1 undergo n mode and phase shifts in total, given by �ℓA1
+ �ℓA2

+ · · · + �ℓAn
, �ℓB1

+ �ℓB2
+ · · · + �ℓBn

, and ϕ1 + ϕ2 + · · · + ϕn;

photon pairs from crystal 2 undergo n − 1 mode and phase shifts in total, given by �ℓA2
+ · · · + �ℓAn

, �ℓB2
+ · · · + �ℓBn

, and ϕ2 + · · · + ϕn;

and so on. Photon pairs from crystal n undergo a single mode and phase shift �ℓAn
, �ℓBn

, and ϕn. The mode shifters may transform the OAM

of the photons to values that are not available solely from the down-conversion process. This allows enlarging the OAM Hilbert space. Different

pumping strengths of OAM pump modes ℓp1
, . . . , ℓpn

can be used as new tuning parameters to increase or decrease the probability of pairs

being created in crystals 1, . . . , n.
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(re)normalization constant reads

N = |X1|2
∑

ℓ1

|Cℓ1,ℓp1
−ℓ1 |2 + |X2|2

×
∑

ℓ2

|Cℓ2,ℓp2
−ℓ2 |2 + · · · + |Xn|2

∑

ℓn

|Cℓn,ℓpn −ℓn |2.

With n stages of mode shifters, we retain the flexibility to

generate states that require specific shifts within the desired

Hilbert space. However, setups are not unique. For instance,

when a crystal emits a mode that is already part of the final

superposition, we can assign this crystal as number n, and

only n − 1 mode shifters are needed. This is the case for

the state shown in Fig. 7, which can be equivalently realized

with three stages of mode shifters as �ℓA1
= �ℓB1

= −2,

�ℓA2
= �ℓB2

= −2, and �ℓA3
= �ℓB3

= 2. In Fig. 11, for

example, the mode shifter after the last crystal is essential to

obtain the desired MES.
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Lowndes, L. Mazzarella, M. Krutzik, S. Mohapatra, D. Dequal,

G. Vallone et al., Advances in space quantum communications,

IET Quant. Comm. 2, 182 (2021).

[2] H.-S. Zhong, H. Wang, Y.-H. Deng, M.-C. Chen, L.-C. Peng,

Y.-H. Luo, J. Qin, D. Wu, X. Ding, Y. Hu et al., Quantum com-

putational advantage using photons, Science 370, 1460 (2020).

[3] K. Azuma, S. E. Economou, D. Elkouss, P. Hilaire, L. Jiang,

H.-K. Lo, and I. Tzitrin, Quantum repeaters: From quantum

networks to the quantum internet, Rev. Mod. Phys. 95, 045006

(2023).

[4] J. Chen, Review on quantum communication and quantum com-

putation, J. Phys.: Conf. Ser. 1865, 022008 (2021).

[5] M. Caleffi, M. Amoretti, D. Ferrari, J. Illiano, A. Manzalini, and

A. S. Cacciapuoti, Distributed quantum computing: A survey,

Comput. Netw. 254, 110672 (2024).

[6] Y. Wang, Z. Hu, B. C. Sanders, and S. Kais, Qudits and

high-dimensional quantum computing, Front. Phys. 8, 589504

(2020).

[7] D. Cozzolino, B. Da Lio, D. Bacco, and L. K. Oxenløwe, High-

dimensional quantum communication: Benefits, progress, and

future challenges, Adv. Quantum Technol. 2, 1900038 (2019).

[8] A. Anwar, C. Perumangatt, F. Steinlechner, T. Jennewein,

and A. Ling, Entangled photon-pair sources based on three-

wave mixing in bulk crystals, Rev. Sci. Instrum. 92, 041101

(2021).

[9] E. Bimbard, N. Jain, A. MacRae, and A. I. Lvovsky, Quantum-

optical state engineering up to the two-photon level, Nat.

Photon. 4, 243 (2010).

[10] G. Thekkadath, M. Mycroft, B. Bell, C. Wade, A. Eckstein, D.

Phillips, R. Patel, A. Buraczewski, A. Lita, T. Gerrits et al.,

Quantum-enhanced interferometry with large heralded photon-

number states, npj Quantum Inf. 6, 89 (2020).

[11] Y. I. Bogdanov, M. V. Chekhova, S. P. Kulik, G. A.

Maslennikov, A. A. Zhukov, C. H. Oh, and M. K. Tey, Qutrit

state engineering with biphotons, Phys. Rev. Lett. 93, 230503

(2004).

[12] M. Fedorov, P. Volkov, J. M. Mikhailova, S. Straupe, and S.

Kulik, Entanglement of biphoton states: Qutrits and ququarts,

New J. Phys. 13, 083004 (2011).

[13] C. Sekga, M. Mafu, and M. Senekane, High-dimensional quan-

tum key distribution implemented with biphotons, Sci. Rep. 13,

1229 (2023).

[14] M. Krenn, M. Malik, M. Erhard, and A. Zeilinger, Or-

bital angular momentum of photons and the entanglement

of Laguerre–Gaussian modes, Philos. Trans. R. Soc. A 375,

20150442 (2017).

[15] A. Forbes and I. Nape, Quantum mechanics with patterns of

light: Progress in high dimensional and multidimensional en-

tanglement with structured light, AVS Quantum Sci. 1, 011701

(2019).

[16] M. Kues, C. Reimer, P. Roztocki, L. R. Cortés, S. Sciara, B.

Wetzel, Y. Zhang, A. Cino, S. T. Chu, B. E. Little et al., On-chip

generation of high-dimensional entangled quantum states and

their coherent control, Nature (London) 546, 622 (2017).

[17] A. Martin, T. Guerreiro, A. Tiranov, S. Designolle, F. Fröwis,

N. Brunner, M. Huber, and N. Gisin, Quantifying photonic

high-dimensional entanglement, Phys. Rev. Lett. 118, 110501

(2017).

[18] L. Serino, W. Ridder, A. Bhattacharjee, J. Gil-Lopez,

B. Brecht, and C. Silberhorn, Orchestrating time and color:

A programmable source of high-dimensional entanglement,

Opt. Quantum 2, 339 (2024).

[19] J. M. Donohue, M. Agnew, J. Lavoie, and K. J. Resch, Coherent

ultrafast measurement of time-bin encoded photons, Phys. Rev.

Lett. 111, 153602 (2013).

[20] D. Grassani, S. Azzini, M. Liscidini, M. Galli, M. J. Strain,

M. Sorel, J. Sipe, and D. Bajoni, Micrometer-scale integrated

silicon source of time-energy entangled photons, Optica 2, 88

(2015).

[21] M. Erhard, M. Krenn, and A. Zeilinger, Advances in high-

dimensional quantum entanglement, Nat. Rev. Phys. 2, 365

(2020).

[22] Z. Zhang, C. You, O. S. Magaña-Loaiza, R. Fickler, R. de J.

León-Montiel, J. P. Torres, T. S. Humble, S. Liu, Y. Xia, and Q.

Zhuang, Entanglement-based quantum information technology:

A tutorial, Adv. Opt. Photon. 16, 60 (2024).

[23] H. Cao, S.-C. Gao, C. Zhang, J. Wang, D.-Y. He, B.-H. Liu,

Z.-W. Zhou, Y.-J. Chen, Z.-H. Li, S.-Y. Yu et al., Distribution

of high-dimensional orbital angular momentum entanglement

over a 1 km few-mode fiber, Optica 7, 232 (2020).

[24] M. Krenn, J. Handsteiner, M. Fink, R. Fickler, and A. Zeilinger,

Twisted photon entanglement through turbulent air across vi-

enna, Proc. Natl. Acad. Sci. USA 112, 14197 (2015).

[25] A. Sit, F. Bouchard, R. Fickler, J. Gagnon-Bischoff, H.

Larocque, K. Heshami, D. Elser, C. Peuntinger, K. Günthner, B.

Heim et al., High-dimensional intracity quantum cryptography

with structured photons, Optica 4, 1006 (2017).

[26] M. Krenn, M. Huber, R. Fickler, R. Lapkiewicz, S. Ramelow,

and A. Zeilinger, Generation and confirmation of a (100 ×
100)-dimensional entangled quantum system, Proc. Natl. Acad.

Sci. USA 111, 6243 (2014).

[27] R. Fickler, G. Campbell, B. Buchler, P. K. Lam, and A.

Zeilinger, Quantum entanglement of angular momentum states

063701-13



BERNECKER, BAGHDASARYAN, AND FRITZSCHE PHYSICAL REVIEW A 112, 063701 (2025)

with quantum numbers up to 10,010, Proc. Natl. Acad. Sci.

USA 113, 13642 (2016).

[28] F. Bouchard, N. H. Valencia, F. Brandt, R. Fickler, M. Huber,

and M. Malik, Measuring azimuthal and radial modes of pho-

tons, Opt. Express 26, 31925 (2018).

[29] M. Hiekkamäki, S. Prabhakar, and R. Fickler, Near-perfect

measuring of full-field transverse-spatial modes of light, Opt.

Express 27, 31456 (2019).

[30] S. Karan, M. P. Van Exter, and A. K. Jha, Broadband uniform-

efficiency OAM-mode detector, Sci. Adv. 11, eadq7201 (2025).

[31] Z. Sun, Y. Li, and H. Ma, Experimental high-dimensional quan-

tum key distribution with orbital angular momentum, J. Opt.

Soc. Am. B 41, 351 (2024).

[32] T. Zhao, S. Huang, D. Li, F. Chi, Z. Wang, F. Wang, Y. Wang,

Z. Chang, and P. Zhang, High-dimensional quantum key distri-

bution with focused structured photons, Opt. Express 33, 20258

(2025).

[33] L. Scarfe, R. Abolhassani, F. Bouchard, A. Goldberg,

K. Heshami, F. Di Colandrea, and E. Karimi, High-

dimensional quantum key distribution with qubit-like states,

arXiv:2504.03893.

[34] A. Mair, A. Vaziri, G. Weihs, and A. Zeilinger, Entanglement

of the orbital angular momentum states of photons, Nature

(London) 412, 313 (2001).

[35] W. Li and S. Zhao, Generation of two-photon orbital-angular-

momentum entanglement with a high degree of entanglement,

Appl. Phys. Lett. 114, 041105 (2019).

[36] H. Di Lorenzo Pires, H. C. B. Florijn, and M. P. van Exter,

Measurement of the spiral spectrum of entangled two-photon

states, Phys. Rev. Lett. 104, 020505 (2010).

[37] A. M. Yao, Angular momentum decomposition of entangled

photons with an arbitrary pump, New J. Phys. 13, 053048

(2011).

[38] B.-J. Pors, F. Miatto, G. W. ’t Hooft, E. R. Eliel, and J. P.

Woerdman, High-dimensional entanglement with orbital-ang-

ular-momentum states of light, J. Opt. 13, 064008 (2011).

[39] R. Horodecki, P. Horodecki, M. Horodecki, and K.

Horodecki, Quantum entanglement, Rev. Mod. Phys. 81, 865

(2009).

[40] M. A. Nielsen and I. L. Chuang, Quantum Computa-

tion and Quantum Information (Cambridge University Press,

Cambridge, 2010).

[41] S. Liu, Y. Zhang, C. Yang, S. Liu, Z. Ge, Y. Li, Y. Li, Z.

Zhou, G. Guo, and B. Shi, Increasing two-photon entangled

dimensions by shaping input-beam profiles, Phys. Rev. A 101,

052324 (2020).

[42] B. Baghdasaryan and S. Fritzsche, Enhanced entanglement

from Ince-Gaussian pump beams in spontaneous parametric

down-conversion, Phys. Rev. A 102, 052412 (2020).

[43] J. P. Torres, Y. Deyanova, L. Torner, and G. Molina-Terriza,

Preparation of engineered two-photon entangled states for mul-

tidimensional quantum information, Phys. Rev. A 67, 052313

(2003).

[44] P. Boucher, H. Defienne, and S. Gigan, Engineering spatial

correlations of entangled photon pairs by pump beam shaping,

Opt. Lett. 46, 4200 (2021).

[45] E. Rozenberg, A. Karnieli, O. Yesharim, J. Foley-Comer, S.

Trajtenberg-Mills, D. Freedman, A. M. Bronstein, and A. Arie,

Inverse design of spontaneous parametric downconversion for

generation of high-dimensional qudits, Optica 9, 602 (2022).

[46] R. Bernecker, B. Baghdasaryan, and S. Fritzsche, High-

dimensional maximally entangled photon pairs in parametric

down-conversion, Phys. Rev. A 110, 033718 (2024).

[47] C. Xu, S. Huang, Q. Yu, D. Wei, P. Chen, S. Nie, Y. Zhang,

and M. Xiao, Manipulating the orbital-angular-momentum cor-

relation of entangled two-photon states in three-dimensional

nonlinear photonic crystals, Phys. Rev. A 104, 063716 (2021).

[48] S. Liu, Z. Zhou, S. Liu, Y. Li, Y. Li, C. Yang, Z. Xu, Z. Liu, G.

Guo, and B. Shi, Coherent manipulation of a three-dimensional

maximally entangled state, Phys. Rev. A 98, 062316 (2018).

[49] E. V. Kovlakov, S. S. Straupe, and S. P. Kulik, Quantum state

engineering with twisted photons via adaptive shaping of the

pump beam, Phys. Rev. A 98, 060301(R) (2018).

[50] N. Bornman, W. Tavares Buono, M. Lovemore, and A. Forbes,

Optimal pump shaping for entanglement control in any count-

able basis, Adv. Quantum Technol. 4, 2100066 (2021).

[51] Y. Zhang, P. J. Coles, A. Winick, J. Lin, and N. Lütkenhaus,

Security proof of practical quantum key distribution with

detection-efficiency mismatch, Phys. Rev. Res. 3, 013076

(2021).

[52] M. Krenn, A. Hochrainer, M. Lahiri, and A. Zeilinger, Entan-

glement by path identity, Phys. Rev. Lett. 118, 080401 (2017).

[53] J. Kysela, M. Erhard, A. Hochrainer, M. Krenn, and A.

Zeilinger, Path identity as a source of high-dimensional entan-

glement, Proc. Natl. Acad. Sci. USA 117, 26118 (2020).

[54] Y. Zhang, M. Agnew, T. Roger, F. S. Roux, T. Konrad, D.

Faccio, J. Leach, and A. Forbes, Simultaneous entanglement

swapping of multiple orbital angular momentum states of light,

Nat. Commun. 8, 632 (2017).

[55] S. Zangi, C. Shukla, K. Naseer, and S. Haddadi, Swapped

entanglement in high-dimensional quantum systems,

arXiv:2508.00634.

[56] B. Baghdasaryan, K. Joarder, and F. Steinlechner, Efficient

entanglement swapping in high-dimensions with only linear

optics, arXiv:2509.02817.

[57] X.-M. Hu, Y. Guo, B.-H. Liu, Y.-F. Huang, C.-F. Li, and G.-C.

Guo, Beating the channel capacity limit for superdense coding

with entangled ququarts, Sci. Adv. 4, eaat9304 (2018).

[58] S. Walborn, C. Monken, S. Pádua, and P. Souto Ribeiro, Spatial

correlations in parametric down-conversion, Phys. Rep. 495, 87

(2010).

[59] C. Fabre and N. Treps, Modes and states in quantum optics,

Rev. Mod. Phys. 92, 035005 (2020).

[60] B. Baghdasaryan, F. Steinlechner, and S. Fritzsche, Maximizing

the validity of the Gaussian approximation for the biphoton

state from parametric down-conversion, Phys. Rev. A 106,

063714 (2022).

[61] R. Bernecker, B. Baghdasaryan, and S. Fritzsche, Spatial

and temporal characteristics of spontaneous parametric down-

conversion with varying focal planes of interacting beams, Eur.

Phys. J. D 77, 172 (2023).

[62] B. Baghdasaryan, C. Sevilla-Gutiérrez, F. Steinlechner, and S.

Fritzsche, Generalized description of the spatio-temporal bipho-

ton state in spontaneous parametric down-conversion, Phys.

Rev. A 106, 063711 (2022).

[63] A. Anwar, P. Vaity, C. Perumangatt, and R. Singh, Direct trans-

fer of pump amplitude to parametric down-converted photons,

Opt. Lett. 43, 1155 (2018).

[64] B. Baghdasaryan, F. Steinlechner, and S. Fritzsche, Justify-

ing the thin-crystal approximation in spontaneous parametric

063701-14



ENGINEERING OF MAXIMALLY ENTANGLED ORBITAL … PHYSICAL REVIEW A 112, 063701 (2025)

down-conversion for collinear phase matching, Phys. Rev. A

103, 063508 (2021).

[65] R. van der Meer, J. J. Renema, B. Brecht, C. Silberhorn, and

P. W. H. Pinkse, Optimizing spontaneous parametric down-

conversion sources for boson sampling, Phys. Rev. A 101,

063821 (2020).

[66] S. Karan, N. Meher, and A. K. Jha, Phase matching in β-barium

borate crystals for spontaneous parametric down-conversion,

J. Opt. 22, 083501 (2020).

[67] J. P. Torres, A. Alexandrescu, S. Carrasco, and L. Torner, Quasi-

phase-matching engineering for spatial control of entangled

two-photon states, Opt. Lett. 29, 376 (2004).

[68] S. P. Walborn, A. N. de Oliveira, R. S. Thebaldi, and C. H.

Monken, Entanglement and conservation of orbital angular

momentum in spontaneous parametric down-conversion, Phys.

Rev. A 69, 023811 (2004).

[69] L. Kopf, R. Barros, S. Prabhakar, E. Giese, and R. Fickler,

Conservation of angular momentum on a single-photon level,

Phys. Rev. Lett. 134, 203601 (2025).

[70] R. Fickler, R. Lapkiewicz, W. N. Plick, M. Krenn, C. Schaeff,

S. Ramelow, and A. Zeilinger, Quantum entanglement of high

angular momenta, Science 338, 640 (2012).

[71] Y. Yang, Y. Li, and C. Wang, Generation and expansion of

Laguerre–Gaussian beams, J. Opt. 51, 910 (2022).

[72] M. Mafu, A. Dudley, S. Goyal, D. Giovannini, M. McLaren,

M. J. Padgett, T. Konrad, F. Petruccione, N. Lütkenhaus, and A.

Forbes, Higher-dimensional orbital-angular-momentum-based

quantum key distribution with mutually unbiased bases, Phys.

Rev. A 88, 032305 (2013).

[73] C. Sevilla-Gutiérrez, V. R. Kaipalath, B. Baghdasaryan, M.

Gräfe, S. Fritzsche, and F. Steinlechner, Spectral properties

of transverse Laguerre-Gauss modes in parametric down-

conversion, Phys. Rev. A 109, 023534 (2024).

[74] A. Forbes, A. Dudley, and M. McLaren, Creation and detec-

tion of optical modes with spatial light modulators, Adv. Opt.

Photon. 8, 200 (2016).

[75] V. D. Salakhutdinov, E. R. Eliel, and W. Löffler, Full-field

quantum correlations of spatially entangled photons, Phys. Rev.

Lett. 108, 173604 (2012).

[76] N. H. Valencia, V. Srivastav, S. Leedumrongwatthanakun, W.

McCutcheon, and M. Malik, Entangled ripples and twists of

light: Radial and azimuthal Laguerre–Gaussian mode entangle-

ment, J. Opt. 23, 104001 (2021).

[77] M. Agnew, J. Leach, M. McLaren, F. S. Roux, and R. W. Boyd,

Tomography of the quantum state of photons entangled in high

dimensions, Phys. Rev. A 84, 062101 (2011).

[78] S. Karan, R. Prasad, and A. K. Jha, Postselection-free

controlled generation of a high-dimensional orbital-angular-

momentum entangled state, Phys. Rev. Appl. 20, 054027

(2023).

[79] E. Bolduc, N. Bent, E. Santamato, E. Karimi, and R. W. Boyd,

Exact solution to simultaneous intensity and phase encryp-

tion with a single phase-only hologram, Opt. Lett. 38, 3546

(2013).

[80] M. Beijersbergen, R. Coerwinkel, M. Kristensen, and J.

Woerdman, Helical-wavefront laser beams produced with a spi-

ral phaseplate, Opt. Commun. 112, 321 (1994).

[81] S. N. Khonina, A. V. Ustinov, V. I. Logachev, and A. P. Porfirev,

Properties of vortex light fields generated by generalized spiral

phase plates, Phys. Rev. A 101, 043829 (2020).

[82] A. Rubano, F. Cardano, B. Piccirillo, and L. Marrucci, Q-plate

technology: A progress review, J. Opt. Soc. Am. B 36, D70

(2019).

[83] A. Hakimi, S. F. Mousavi, and A. N. Askarpour, Detection

of orbital angular momentum modes via spiral phase plate,

arXiv:2502.18588.

[84] P. J. Thomas, J. Y. Cheung, C. J. Chunnilall, and M. H. Dunn,

Measurement of photon indistinguishability to a quantifiable

uncertainty using a Hong–Ou–Mandel interferometer, Appl.

Opt. 49, 2173 (2010).

[85] T. C. Briles, D. C. Yost, A. Cingöz, J. Ye, and T. R. Schibli,

Simple piezoelectric-actuated mirror with 180 kHz servo band-

width, Opt. Express 18, 9739 (2010).

[86] C. P. Lualdi, S. J. Johnson, M. Vayninger, K. A. Meier,

S. Sahoo, S. I. Bogdanov, and P. G. Kwiat, Fast quantum

interferometry at the nanometer and attosecond scales with

energy-entangled photons, Sci. Adv. 11, eadw4938 (2025).

[87] L. J. Wang, X. Y. Zou, and L. Mandel, Induced coherence

without induced emission, Phys. Rev. A 44, 4614 (1991).

[88] T. J. Herzog, J. G. Rarity, H. Weinfurter, and A. Zeilinger,

Frustrated two-photon creation via interference, Phys. Rev. Lett.

72, 629 (1994).

[89] A. Shukhin, I. Hurvitz, S. Trajtenberg-Mills, A. Arie, and H.

Eisenberg, Two-dimensional control of a biphoton joint spec-

trum, Opt. Express 32, 10158 (2024).

[90] M. Takeoka, R.-B. Jin, and M. Sasaki, Full analysis of multi-

photon pair effects in spontaneous parametric down conversion

based photonic quantum information processing, New J. Phys.

17, 043030 (2015).

[91] J. Lee, K. Park, D. Kim, Y. Jo, D.-G. Im, and Y. S. Ihn,

Optimizing the brightness of a spontaneous parametric down-

conversion source in Laguerre-Gaussian modes using a type-0

periodically poled nonlinear crystal, Phys. Rev. A 112, 013716

(2025).

[92] L. Coccia, A. Santamato, G. Vallone, and P. Villoresi, Optimal

focusing conditions for bright spontaneous parametric down-

conversion sources, Phys. Rev. A 107, 063712 (2023).

[93] S. Franke-Arnold, S. M. Barnett, M. J. Padgett, and L. Allen,

Two-photon entanglement of orbital angular momentum states,

Phys. Rev. A 65, 033823 (2002).

[94] K. Wang, Z. Hou, K. Qian, L. Chen, M. Krenn, S. Zhu, and X.-

S. Ma, Entangling independent particles by path identity, Phys.

Rev. Lett. 133, 233601 (2024).

[95] J. Bao, Z. Fu, T. Pramanik, J. Mao, Y. Chi, Y. Cao, C. Zhai,

Y. Mao, T. Dai, X. Chen et al., Very-large-scale integrated

quantum graph photonics, Nat. Photon. 17, 573 (2023).

[96] X.-M. Hu, C.-X. Huang, N. d’Alessandro, G. Cobucci, C.

Zhang, Y. Guo, Y.-F. Huang, C.-F. Li, G.-C. Guo, X. Gao

et al., Observation of genuine high-dimensional multi-partite

non-locality in entangled photon states, Nat. Commun. 16, 5017

(2025).

[97] R. Bernecker, “Engineering of maximally entangled orbital an-

gular momentum states via path identity” [Data set], Zenodo

(2025), https://doi.org/10.5281/zenodo.17608411.

[98] A. Dosseva, Ł. Cincio, and A. M. Brańczyk, Shaping the joint
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