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Abstract

Type Ia supernovae (SNe Ia) are powered by the radioactive decay of isotopes such as *°Ni and °Co, making
their y-ray spectra useful probes of the explosion mechanism and ejecta structure. Accurate interpretation of y-ray
observables, including line ratios and continuum fluxes, requires a detailed understanding of the microphysical
processes that shape the spectra. One such process is positronium formation during electron—positron annihilation,
which can redistribute flux from the 511keV line into the surrounding continuum. To assess the impact of
positronium on the emergent spectra, we developed a new open-source module, TARDIS-HE, for time-dependent
three-dimensional -ray transport, integrated into the radiative transfer code TARDIS. The code simulates ~y-ray
spectra and light curves from one-dimensional supernova ejecta models and allows for flexible incorporation of
decay chains and opacity treatments. Using TARDIS-HE, we explore the effect of positronium formation by
varying the positronium fraction from 0% to 100%, and assuming an extreme case where 75% of positronium
decays result in three-photon emission. We find that full positronium formation can reduce the 511 keV line flux
by ~70% and modestly enhance energy deposition by up to 2% at around 100 days postexplosion, compared to
models without positronium. These results demonstrate that, while the effect is not dominant, positronium
formation introduces measurable changes to y-ray observables. Future observations with missions such as the
Compton Spectrometer and Imager may offer constraints on positronium formation in SNe Ia and help refine

models of their radioactive energy transport.

Unified Astronomy Thesaurus concepts: Supernovae (1668); Nucleosynthesis (1131); Gamma-rays (637);

Gamma-ray transient sources (1853)

1. Introduction

Type Ia supernovae (SNe Ia) are thermonuclear explosions of
white dwarfs (WDs). These events play a crucial role in galactic
chemical evolution (see Figure 39 of C. Kobayashi et al. 2020).
The empirical relation between the decline rate of the light
curve and the peak magnitude makes SNe Ia one of the most
precise distance indicators for cosmology (I. P. Pskovskii 1977,
M. M. Phillips 1993).

Despite their central role in modern astrophysics, the
progenitor, ignition, and explosion conditions remain a mystery
and highly debated (see, e.g., M. Livio & P. Mazzali 2018;
S. W. Jha et al. 2019; A. J. Ruiter & I. R. Seitenzahl 2025, for
recent reviews), resulting in significant uncertainties in the fields
that they are applied to. Almost all scenarios that are consistent
with observations require the exploding WD to be in a binary
with a variation in the mass of the exploding WD, ignition
mechanism, and flame propagation during the explosion. The
models that have been successful in explaining some of the
observed properties of SNe Ia are deflagration to detonation in a
near M., WD (see, e.g., A. M. Khokhlov 1991; P. Hoeflich
et al. 1995), double detonation in a sub-My; WD (see
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S. E. Woosley & T. A. Weaver 1994; E. Livne &
D. Arnett 1995), and the merger of two WDs (R. F. Webbink
1984; R. Pakmor et al. 2010). There also exists peculiar classes
of WD explosions such as 2002cx-like (W. Li et al. 2003;
R. J. Foley et al. 2013; A. Dutta et al. 2022) for which pure
deflagration models have been proposed (S. Jha et al. 2006).
Finally, C. J. Horowitz & M. E. Caplan (2021) studied isolated
WnDs ignited by fission chain reactions that might also explain
the phenomenon.

All current explosion models for SNe Ia broadly reproduce
the spectra and light curves in the UVOIR regime. F. K. Ropke
et al. (2012) compared the delayed detonation (I. R. Seitenzahl
et al. 2013) and violent merger (R. Pakmor et al. 2012) models
of SNe Ia to find that early and near-maximum spectral
features do not offer clear distinctions between one versus
another. While spectra have the potential to serve as
discriminants, their strong sensitivity to detailed chemical
composition, density profiles, and ejecta temperature makes
them unreliable for distinguishing between progenitor scenar-
ios specifically near maximum. Even slight variations in the
progenitor structure can lead to significantly different spectral
features (J. T. O’Brien et al. 2024).

SNe Ia are primarily powered by the radioactive decay of
*Ni and *°Co (T. J. Pankey 1962; S. A. Colgate &
C. McKee 1969). The smaller size of the progenitor and the
production of large amounts of radioactive materials means
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more ~-rays can escape to be observed. The production of ~-
rays and their subsequent transport are governed by well-
known decay chains, branching ratios, and a few key
interaction processes, including pair production, Compton
scattering, and photoelectric absorption (P. A. Milne et al.
2004). As a result, y-ray observations provide a straightfor-
ward but powerful means of investigating the mass—velocity
distribution of the ejecta, and they potentially may serve as
valuable diagnostics for distinguishing between different
progenitor scenarios (A. Summa et al. 2013).

Several studies have shown that, even in the early phase, where
most ~-rays are trapped, the ~7-ray line ratios relative to
the continuum can be used to infer the composition and
density—velocity distributions (A. Burrows & L.-S. The 1990;
J. Gémez-Gomar et al. 1998; P. Hoflich et al. 1998; S. A. Sim &
P. A. Mazzali 2008; L.-S. The & A. Burrows 2014). Direct ~-ray
observables are challenging to detect, due to the limited number of
nearby events, but supernova (SN) 2014J in M82 provided a
unique opportunity. The detection of *°Co lines at 847 keV and
1238 keV energies supported the explosion of a WD (E. Churazov
et al. 2014, 2015). The early observations of 158 and 812 keV ~-ray
lines from *Ni decay supported an explosion mechanism in which
*Ni is present in the outer layers of the SN ejecta to some extent
(R. Diehl et al. 2014). Indirect observations like the 7-ray escape
timescales inferred from observed bolometric light curves and the
time evolution of energy deposition provide alternative approaches
to probing explosion physics (N. Wygoda et al. 2019a; A. Sharon
& D. Kushnir 2020, 2023; A. Sharon et al. 2024). As the ejecta
become optically thin to the +-rays, the measurement of line fluxes
gives an estimate of the mass of the radioactive isotope produced in
the explosion. S. A. Sim & P. A. Mazzali (2008) and A. Summa
et al. (2013) have investigated different line ratios and line-to-
continuum ratio as diagnostics for the explosion models.

The 511keV ~-ray line, arising from electron—positron
annihilation, is often excluded from supernova ~-ray studies, as
it does not directly probe specific isotopes and decay channels.
However, electron—positron pair annihilation can significantly
affect ~-ray emission and associated observables. In particular,
annihilation does not always proceed directly to produce two
511 keV photons. Instead, a positron can briefly form a bound
state with an electron—known as positronium—before annihilat-
ing. This intermediate state alters the resulting spectrum: while
direct annihilation contributes to the 511 keV line, formation of
positronium and its decay produce a continuum below 511 keV.
This positronium formation redistributes some of the expected
line energy into the continuum, which can change the
interpretation of observed line fluxes measured against the
continuum. However, most studies do not include the positro-
nium pathway for annihilation.

In this work, we introduce a new code TARDIS-HE to study
the propagation of high-energy photons (v-rays and X-rays)
and include the positronium effect. We specifically focus on
what effect the positronium channel has on spectra and
deposition curves.

The paper is organized as follows. In Section 2, we discuss
the methodology and the implementation of the high-energy
photon transfer within the SN ejecta. Then we compare the -
ray spectra and the energy deposited by the ~v-rays and
positrons from TARDIS-HE to results from the literature and
other codes in Section 3. In Section 4, we discuss the effect of
positronium on the ~-ray observables and the deposition curve.
We also apply the code to different SNe Ia models to find
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features that can discriminate between explosion scenarios.
We conclude with discussion on positronium formation.

2. Method

TARDIS-HE is based on the Monte Carlo radiative transfer
methods outlined in L. A. Pozdnyakov et al. (1983), K. Amb-
wani & P. Sutherland (1988), and L. B. Lucy (2005). The code
uses indivisible energy packets to represent the radiation field.
Each energy packet is made up of photons with the same
frequency. In the indivisible packet scheme, the frequency of
the photons in the packet and the location/direction of the
packet (L. B. Lucy 2005) can change, but the packets are never
split—that is, the energy of the packet remains the same in the
comoving frame. Each packet is initialized and its propagation
is followed as it performs different interactions within each
simulation cell at each time step. Finally, the time-dependent
~-ray spectra and energy depositions are calculated.

The simulation volume is configured to be multiple
spherical shells characterized by density, velocity, and mass
fractions of the different elements and isotopes (see
W. E. Kerzendorf & S. A. Sim 2014). The energy packets
are initialized based on the radioactive decay energy and the
simulation tracks their time-dependent transport through the
ejecta.

2.1. Radioactive Decay and Radiation

The radioactive decay of the ejecta impacts the composition
as well as the energy generation in the ejecta. We first calculate
the masses of the isotopes in each shell. The RADIOACTIVE-
DECAY package (A. Malins & T. Lemoine 2022) uses the
masses to calculate the total number of decays. Changes in
compositions for each time step as the isotopes decay are also
taken into account.

We use the decay radiation and transition probabilities from
the National Nuclear Data Center’ in the form of an Evaluated
Nuclear Structure Data File (ENSDF; H. Junde et al. 201 1).8
Specifically, we use the ENSDF_230601 data set” prepared with
the CARSUS'® package, which manages atomic and nuclear
data sets.

The decay from one isotope to another is divided into
various transition channels (simplified decay schemes for °Ni
and *°Co are given by D. K. Nadyozhin 1994). The ENSDF
files provide an energy (E;) and an associated probability (f)
per 100 decays from an energy level (using the notation from
L. B. Lucy 2005) for each transition. Thus, the energy per
decay of that particular line is E;f;, and the total energy per
decay of the isotope from all the transitions is Y_E,;f;. We
compile a table that contains the decay-radiation types and
energies for each channel, for each time step (Af;) and each
shell k. Table 1 shows an excerpt from the full table.

We calculate the energy from Nyecay k(At;) for each channel
and each time step A¢; by multiplying the total number of
decays (Ngecay> k) with the energy of each channel (Ejf)):

Edecay,k(Ati) = Ndecay,k (Al‘,’)E/f]. (1

We calculate the total energy of the decay radiation for
channels that decay via electromagnetic radiation and for 3*

7 https: //www.nndc.bnl.gov

& hutps: //www.nndc.bnl.gov/ensdfarchivals/
o 10.18139 /nndc.ensdf /1845010
19 hitps://tardis-sn.github.io /carsus /installation.html
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Table 1
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Decay Energy from **Ni

tstart Shell Number of Decays” Energy Decay Intensity Energy per Decay Decay Energy”
(days) (k) (Ep, keV) (60 (Ef; / 100, keV) (keV)
2.0 0 1.24 x 10% 158.38 98.8 156.48 1.93 x 10>
1.24 x 103 811.85 86.0 698.19 8.62 x 10°2
1.24 x 10°° 749.95 495 371.23 459 x 10>
1 222 x 10% 158.38 98.8 156.48 3.47 x 107
2.22 x 10% 811.85 86.0 698.19 1.55 x 10°
222 x 10 749.95 495 371.23 8.24 x 10°2
2.09 0 1.28 x 10% 158.38 98.8 156.48 2.00 x 10%
1.28 x 10% 811.85 86.0 698.19 8.93 x 10
1.28 x 10% 749.95 495 371.23 8.23 x 10°2
1 230 x 10% 158.38 98.8 156.48 3.60 x 10%
230 x 10%° 811.85 86.0 698.19 1.60 x 103
230 x 10% 749.95 495 371.23 8.53 x 10°2
191.0 0 3.20 x 10% 158.38 98.8 156.48 5.00 x 10%
3.20 x 10% 811.85 86.0 698.19 220 x 10%
3.20 x 10% 749.95 495 371.23 1.19 x 10%
1 5.74 x 10% 158.38 98.8 156.48 8.98 x 10*
5.74 x 10% 811.85 86.0 698.19 400 x 10%
5.74 x 10% 749.95 495 371.23 213 x 10%
Notes.

2 The number of decays from a total of 0.67 M., of *°Ni in the ejecta in different shells and at different time steps. We run the angle-averaged ddr N100 model
(I. R. Seitenzahl et al. 2013) with 92 shells from 2 to 200 days and 500 time steps. We consider all the decay channels for each isotope, but show only three -ray

lines of **Ni with high f; for representation.

® The decay energy is calculated by multiplying the number of decays times the energy of each channel.

decay channels (E\u1,5+) across the entire simulation (for all
time steps):

EouleM = Y EdgccayEMok.i 2
ik, EM

Etotal,[?r = Z Edecay,ﬂ*,k,i- 3)
ik,B*

The kinetic energy of the 3 decay channels is assumed to
be immediately deposited in the ejecta as thermal energy.
Energy from electromagnetic radiation is split up into packets
used in the Monte Carlo transport.

2.2. High-energy Monte Carlo Packet Initialization

The high-energy Monte Carlo packets have the following
properties: rest-frame frequency (v,g), rest-frame energy (E.y),
time of propagation (fpropagation)s direction (8, ¢), and
location (r).

For Npucketss we sample from the entire electromagnetic
decay-radiation table (excerpt given in Table 1) weighted by
Egecay i(At;). A sampled packet has a specific decay-radiation
channel, a specific time step At;, and a specific shell k. We
chose to set fyropagation to the start of the time step that was
sampled.

We calculate the initial radial location for the packet by first
sampling the velocity location in the ejecta,

1
V= [ka3,inner + (1 - Z)Vks,nuter]g’ (4)

for the kth shell, where vy inner/Vi.outer are the velocities of the
inner and outer boundaries of a shell and z is a random number
between [0, 1). TARDIS-HE assumes homology, and thus we
calculate the radial location of the packets r = Vt,ropagation-

The directional properties of the packet are described by two
angles. The polar angle () is sampled between [0, 7), while
the azimuthal angle (¢) is sampled between [0, 2m)
using random numbers as given by (see L. L. Carter &
E. D. Cashwell 1975)

cosf=1— 2z
¢ =2mz. 5)

Each channel has a photon frequency Vepannerr We apply a
nonrelativistic frame transformation to convert to the rest-
frame frequency:

v-i
Uf = Vchannel/(l - ) (6)
c
Finally, we set the rest-frame energy of the packet to
E otal -
Eyq = i‘”’EM/(l - = ”) @)
Npackel c
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where 7 is the direction vector of the packet and v is the
velocity of the ejecta at the position of the packet.

An exception is made if the sampled channel is the electron/
positron annihilation line where positronium formation is
treated.

2.3. Initializing Packets from Positron Annihilation

The positrons generated from a decay have a chance to
annihilate with electrons in the ejecta. Before annihilation,
the positrons can form a bound state with an electron known
as positronium (Ps; see S. Mohorovic¢i¢ 1934; S. G. Karshen-
boim 2004). Positronium can be formed in singlet (para-Ps)
or triplet (ortho-Ps) spin states in a statistical ratio of 1:3
(A. Ore & J. L. Powell 1949). Positronium decays via the
emission of two ~-rays (2v; para-Ps) or three ~-ray photons
(37; ortho-Ps) in a ratio of 1:4.5 (C. J. Crannell et al. 1976)
with different lifetimes. The 3+ decay contributes to the
continuum of the spectrum, as the three ~-ray photons share
the 1022 keV annihilation energy with a maximum energy of
511keV. The 2+ decay contributes to the 511keV line. In
this work, we only consider positronium formation due to
positrons from radioactive decay and neglect the effect due
to pair creation.

We simulate the contribution of positronium in our code by
performing a separate treatment on packets that are generated
in the annihilation channels. We choose a positronium fraction
(fp) that is the fraction of annihilation packets (with a packet
frequency of 511keV /h) that undergo positronium formation
(see B. L. Brown & M. Leventhal 1987, for alternate
definitions) before annihilation. For a nonzero positronium
fraction, we first randomly select annihilation packets until the
given fraction is reached. For those that form positronium,
75% decays to 3y to form a continuum. The 37 decay
probability of 75% is as given for laboratory measurements
(M. D. Leising & D. D. Clayton 1987; P. A. Milne et al. 2004).
For the two-photon decay, the packets have a frequency of
511keV A~ For the three- photon decay, we sample from the
three-photon continuum using the method described in
Appendix A.

2.4. High-energy Photon Opacities

The current version of TARDIS-HE treats three interactions of
the packets with the ejecta materials: (i) Compton scattering,
(ii) pair production, and (iii) photoabsorption. We will describe
the calculations of opacities for each one of them in the
following section.

Compton scattering. After interacting with a free or bound
electron, the ~-ray photon loses its energy and emits in a new
direction. For photons with no initial polarization, the cross
section is independent of the azimuthal angle and anisotropic
only in the polar direction (see more in Appendix B). The
cross section is independent of temperature and ionization state
of the ejecta. We consider all the electrons (bound and free) to
contribute to the Compton scattering. This is valid since the
~-ray energies are much higher compared to the binding
energies of the electron. For example, the electron binding
energy for the K-shell electron of Fe is ~ 7 keV."' We used the
following integrated attenuation coefficient for a photon that

' https: / /xdb.Ibl.gov/Section1 /Table_1-1.pdf
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undergoes Compton scattering (S. Weinberg 1995):
QCompton = ne%UTI:l;——;[% — In(1 + 2x)]
1 1+ 3x
+ 5-In(1 + 2x) — (l+2x)z], 8)

where x = 2~ is the electron number density.

Pair creatlon Whlle passing an atomic nucleus, a ~y-ray
produces an e~ e" pair. The electron will deposit its kinetic
energy of E. /2 —m, .2, while a positron will release its klnetlc
energy and the annihilation energy of E./2 — mec® +2 myc?
We use the pair production attenuation coefficient (cm™ ")
given in J. Hubbell (1969); K. Ambwani & P. Sutherland
(1988, see Equation (2)):

a,p(1.022 < hy < 1.5 MeV) = p[ZS' (1 — Xige)

+ anF:eXIGE](l.OO63(h1/ — 1.022 MeV) x 1027 cm?),
9)
_ |z Z%
Ozpp(/’ll/ > 1.5MeV) =p mf&(l — XiGge) + TRXIGE
x ([0.0481 + 0.301(hv — 1.5MeV)] x 1027 cm?), (10)

where Xjgg is the mass fraction of the Fe-group elements
(IGE) and (1 — Xigg) is the mass fraction of the intermediate-
mass elements (IME) and unburned carbon—oxygen.

Photoabsorption. The y-ray photons can be absorbed, and
their energy is transferred to bound electrons. The effect
becomes more prominent when the +-ray energies are below
100 keV. The photoabsorption coefficient a,, (cm™") can be
calculated using Equation (11) as given by W. J. Veigele
(1973) and K. Ambwani & P. Sutherland (1988):

_ hu —3.13
a,,a(y):(1.16 X 10724 (1) cmZ)mLSi(l ~ XicE)

-3
+ (25.7 X 107241 ) cmz)ﬁeXIGE,

(11)

where p is the ejecta mass density and Xjgg is the mass fraction
of Fe-group elements.

2.5. N-Ray Packet Transport

The packet starts at its initial position with a given direction.
Along the given direction, we then determine three distances:
dineractions @iimes and dpoundary- We discuss the details of the
distances in the next section (Section 2.5.1). The packet is
moved to the shortest distance, and the specific event is
handled. After the movement, the new position and direction
are calculated. As the transport of the v-rays is performed in
the rest frame, we transform the absorption coefficients to the
rest frame by using the transformation equation following
Equation (2) of J. I. Castor (1972) and Equation (4.112) of
G. B. Rybicki & A. P. Lightman (1985):

ap — aE,( _ ﬂ), (12)

Cc

where E is the packet energy in the rest frame, and E’ in the
comoving-frame energy. Given the position (r) and the
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direction () of the packet, we compute all the three distances
and select the minimum distance to be the event reached first.
The time step of the packet is increased for a packet reaching
the end of the time step. For an interaction, we randomly select
the type of interaction weighted by the ratio of each specific
interaction absorption coefficient (cc, o, Q) to the total
absorption coefficient. The packet changes its current shell if it
crosses a boundary. The packet coordinates are increased by r
+ pd, and the time is increased by ¢ + (ﬁ where d is the

distance to the event.

2.5.1. Distance to an Event

In the packet transport scheme, we are interested in three
distances: the interaction distance (dj,), the time distance
(diime), and the boundary distance (dpoundary). Knowing the
total absorption and scattering coefficients (oyo) due to the
packets interacting with the medium, we can find the distance
to an interaction (di,,) event using

Ootal ding = —1Inz, (13)

where z is a random number between (0, 1]. The time distance
(dime) 1s the distance the packet travels between the current and
the next time step of the simulation. The distance from the inner
or outer boundary (dyoundary) Of a shell is calculated using the
current direction and location of the packet. The minimum of
the two distances to a shell boundary is used to choose whether
a packet crosses the inner or outer boundary. If the packet
crosses the outer boundary of the last shell, it is counted as an
escaping packet from which the -ray spectrum is calculated.

2.5.2. Interaction

If the closest distance is dineractions the packet undergoes an
interaction. Depending on the type of interaction, the outcomes
are different.

Photoabsorption. Photoabsorption is a terminal event for the
high-energy Monte Carlo packets, as in the present version of
the code we assume that the packets deposit all their energy
after this interaction in situ and instantaneously.

Pair production. In our implementation within the Monte
Carlo indivisible packet scheme, for a packet encountering a
pair-creation event, the packet forms an electron—positron pair,
which deposits their kinetic energy within the ejecta, and the
rest of energy is carried by ~7-ray packets with v, =
511keV h~'. The ~-ray packet gets scattered in a different
direction with a comoving-frame energy the same as the
incident energy. In the indivisible packet scheme, we do not
return to the other pair (see L. B. Lucy 2005).

Compton interaction. A ~-ray photon with energy E after
scattering through an angle (0) in the plane of the scattering in
the comoving frame loses its energy by a fraction f, which is
given by

1
B 1+ x(1 —cosf)’

Je (14)

and the scattering angle 6. of the photon is calculated by
-1
Oc = cosl(l — fc—), (15)
X

where x = hv/m.c?.
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A detailed discussion of our implementation of calculating
the distribution of scattered photon angles can be found in
Appendix B. In our simulation, knowing the Compton angle
of the scattered photon, we find the new direction for the
photon using the FEuler—-Rodrigues method. To rotate
the comoving direction vector k by the Compton angle 6,
the rotation matrix is

a? + b? — ¢* — d? 2(bc — ad) 2(bd + ac)
2(bc + ad) a’> +c? —b* - d? 2(cd — ab) s
2(bd — ac) 2(cd + ab) a’> 4+ d* — b* — ¢
where
a= cos(g); b =k, sin(g); c =k, sin(g); d=k;2 sin(g).
2 2 ’ 2 2

(16)

Based on the Compton fraction (f¢), a random number is
utilized to select whether the packet suffers a scattering (for
7z < fc) or it loses energy to the kinetic energy of the electron.
In our case, the kinetic energy of the electron is assumed to be
deposited in the ejecta. In the indivisible packet scheme, the
Compton scattering of the packet changes the direction and the
frequency of the photons in the packet in the comoving frame.
The energy of the packet in the comoving frame is still
Epackerems; but the 7-ray photons now have their energy
reduced by the fraction f.. The packet properties in the rest
frame are updated using the Doppler factor.

2.6. Spectrum and Deposition Energy

We bin the rest-frame energy of all escaped packets in
frequency space to form a 7-ray spectra for each individual
time step:

Eacket, T€St
v packe
ket = —————- a7
packet AtAv
Here, At is the time step width for an individual time step and
Av is the frequency width of the bin. We then scale it to a flux
value using

v
_ L packet
- ’
4rd?

where d is the distance to the supernova.

The deposition energy is calculated from annihilated
positrons and the ~-packets that are photoabsorbed.
A schematic diagram of the code is presented in Figure 1.

(18)

3. Code Comparison

We compare the «-ray spectra and the energy deposited by
the -rays and positrons in the ejecta with results from other
codes. For the ~7-ray spectra, we used the results from
A. Summa et al. (2013) and for the energy deposition, we
compared with results from S. Blondin et al. (2022).

3.1. N-Ray Spectra

TARDIS-HE takes as input the velocity, density, and mass
fractions of the various elements and isotopes (we will refer to
it as the ejecta model hereafter) to compute a spectrum. For
most ejecta models, the density and the composition profiles
are defined at two specific times, which we denote as
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Figure 1. Schematic diagram of TARDIS-HE.

model_density_time and model_isotope_time. Here, we dis-
cuss the v-ray spectra at different epochs and compare to
published spectra from the Heidelberg Supernova Model
Archive (HESMA) database (M. Kromer et al. 2017). For
comparison, we use the model ddt N100 (1. R. Seitenzahl et al.
2013; A. Summa et al. 2013), displayed in Figure 2. We show
our spectrum calculations at around 25, 50, and 100 days for
the ddr model in Figure 3. We account for the decay of the
isotopes from the time the ejecta model is defined (see Figure 2
caption) to the f,, of the simulation. In Table 2, we list the
parameters for running the models. The ddtr N100 model by
I. R. Seitenzahl et al. (2013) has a 36Ni mass of 0.6 M., but we
use a subset of the isotopes and normalize. We have
considered C, O, Ne (unburned elements), Mg, Si, S, Ca
(IME), >°Fe, 3°Co, and *°Ni (IGE). The total mass of the ejecta
in this model is 1.4 M, and the total 5Ni mass present at 2
days since explosion is 0.67 M. The difference in the “°Ni
mass can be seen at the late phase (~100 days) in the optically
thin limit. The TARDIS-HE model predicts a slightly higher flux
than the comparison model in A. Summa et al. (2013). The
spectra are calculated assuming a positronium fraction of zero
(we discuss the effect of positronium in Section 4.1). In
addition to the lines due to “°Ni and *°Co, the spectra has a
well-defined continuum at the early phases. This is mostly due
to Compton scattering of the ~-ray packets. The photoelectric
effect produces a low-energy cutoff below 100 keV (J. Gomez-
Gomar et al. 1998). In the ddt model, we notice that the SONj
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Figure 2. Mass fractions of the elements at 2 days for the ddr N10O model
(I. R. Seitenzahl et al. 2013). Since the ejecta model is defined at 100 s, the
composition is decayed to the starting time of the simulation.

lines at 158 and 270keV are present at 25 days, and the line
gets weaker and vanishes in the continuum at 100 days. As
noted in J. Gomez-Gomar et al. (1998), S. A. Sim &
P. A. Mazzali (2008), and A. Summa et al. (2013), these
two lines appear in the spectrum if there is significant “°Ni
distributed to the outer layers. The cross section of Compton
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Figure 3. Comparison of TARDIS-HE spectra (blue) at epochs indicated in the
figure with the ddt model from A. Summa et al. (2013) at similar epochs
(green). We use 7 x 107 packets for our simulations. The gray regions are the
lines due to **Ni at 158 and 270 keV, which appears in the early phase and
dissolves in the continuum as the SN evolves with time. The flux is calculated
assuming a distance of 10 pc.

scattering is higher at lower energies—so the low-energy
photons are downscattered, and the higher-energy photons are
downscattered to the continuum at this energy range. These
lines act as a diagnostic to the explosion models (discussed
further in Section 4.2).

3.2. Energy Deposition in the Ejecta

The ~-ray packets that are photoabsorbed deposit their energy
in the ejecta, which ultimately applies to the kinetic energy of
the leptons (electrons and positrons). In this work, we assume
that the positrons deposit their kinetic energy in the shell where
they are created. Later in the evolution of the ejecta, based on
the amount of material and the ejecta composition, positron
transport becomes important (P. A. Milne et al. 1999). We
restrict our energy deposition calculations up to 100 days in this
study. To validate the deposition by the y-rays and positrons as
a function of time, we compare TARDIS-HE with other codes in
the literature (see S. Blondin et al. 2022, for an overview of
other codes). We use the foy06 model for normal Ia from
S. Blondin et al. (2022) for the comparison. To highlight the
differences, we normalize with respect to an analytical
deposition function given by

Qutpromn = S O971 — & H4/0°) 1 0.03)
X (6.45¢1/88d 1 1 45¢=1/111.3dy 5 108 erg s~!, (19)

where My; = 0.6 M, is the 56Ni mass in the toy06 model at
2.0 days. In the first term, a fraction (0.03) of the energy is in
the kinetic energy of the positrons, while the rest is in y-rays
with a purely absorptive optical depth given by 7, = iiz, with
to = 40 days being the ~-ray escape time. The second term is
similar to Equation (19) of D. K. Nadyozhin (1994). In the
calculation of our deposition curve, we used 5 X 107 packets
with 500 time steps between 2 and 100 days for a positronium
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Figure 4. Energy deposited by y-rays and positrons as a function of time
normalized to the analytical deposition function. We show the comparison of
TARDIS-HE with other codes. The data for the codes have been taken from
S. Blondin et al. (2022).

Table 2
Log of the Setup Parameters of TARDIS-HE
Parameters Values
Starting time (Zygart) 2.0 days
Ending time (fenq) 100 days
Number of time steps (fseps) 500
Time spacing (£space) log

fraction of zero. We use logarithmic time steps to capture the
evolution of the deposition energy. See also Appendix C for
convergence of the energy deposition function with time steps
in our implementation.

We compare the deposition energy obtained with TARDIS-
HE with that from other Monte Carlo codes (see Figure 4) like
ARTIS (S. A. Sim 2007), SEDONA (D. Kasen et al. 2006),
SUMO (A. Jerkstrand et al. 2011, A. Jerkstrand et al. 2012),
URILIGHT (N. Wygoda et al. 2019b; Y. Elbaz 2022), and the
Monte Carlo transport of ~-ray photons in CMFGEN
(D. I. Hillier & D. L. Miller 1998; D. J. Hillier & L. Dessart
2012). We find that, even though the codes predict similar
deposition energy in the initial phases, there are differences in
the later times as the SN evolves. These differences are due to
(but not limited to) the nuclear decay data, the opacity
approximations used, and the time sampling of the Monte
Carlo packets. Some of the codes use a constant gray opacity
for -rays. We also show other radiative transfer codes (in
Figure 4) that use non-Monte Carlo transport methods like
CRAB (V. P. Utrobin 2004), KEPLER (T. A. Weaver et al.
1978), SUPERNU (R. T. Wollaeger et al. 2013; R. T. Wollae-
ger & D. R. van Rossum 2014), and STELLA (S. I. Blinnikov
& O. S. Bartunov 1993).

4. Results

We discuss the effect of positronium on the ~-ray spectra
and energy deposition function and employ TARDIS-HE to SNe
Ia models to distinguish between them using ~-ray features.
We also study the effect of positronium contribution on the
line ratio for the SNe Ia models.
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Figure 6. Comparison of the deposition function for the ddt N100 model with
varying positronium fraction. We run the simulation for 500 time steps and bin
the deposition energy in 100 time bins (see Appendix C). We use 7 x 107
packets in the simulation.

4.1. Positronium Contribution

The decay of °Co is a source of positrons (19% of *°Co
decay produces positrons). For the case of a positronium
fraction of 1, the 3y decay contributes to the continuum below
511keV (see Equation (A1)). We consider the ddt N100 model
and measure the flux of the 511 keV line after subtracting the
continuum. We measure line and continuum fluxes using the
specutils (N. Earl et al. 2024) package in Python. The line
flux is measured using a one-dimensional Gaussian function.
There is a decrease in flux in the 511keV line by ~70% at
around 95 days for a positronium fraction of 1. The flux in the
continuum region below the 511keV line increases for the
same case. Figure 5 shows the spectra for the ddr model with
varying positronium fraction.

Next, we show the effect of changing the positronium
fraction parameter on the energy deposition curve for the ddt
model in Figure 6. For a positronium fraction of 1, there is up to
a 2% increase in the energy deposition in the later phases. The
photoabsorption opacity is mainly important for the low-energy
continuum, while the Compton opacity is dominant within the
energy range 100-1000 keV (see Figure 1 of D. A. Swartz et al.
1995). The fact that more photons in the continuum are close to
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Figure 7. y-ray spectra generated with TARDIS-HE at 25, 50, and 100 days
since explosion for four different SNe Ia models. All the models are run with
7 x 107 packets with an fp = 1. The zoomed-in inset shows the region between
120 and 350 keV, including the 158 and 270 keV lines of *°Ni for the ddet
MIla and the merger models.

the photoabsorption limit and hence have a higher probability of
contributing to the opacity affects the energy deposition by the
~-rays. Also, the 511 keV ~-ray line is produced by the positron
annihilation of °Co. In the early phase (~25 days), the strength
of the 511 keV line is weaker due to the fact that *°Co has a
half-life of around 77 days and is still decaying in the ejecta, and
due to higher density, the continuum opacity is higher. The
511keV line get stronger as the ejecta expands and the
continuum opacity decreases, so the effect of positronium
(f,=1) can be observed. The detection of the ortho-Ps
continuum in ~-ray observations is a definite proof of
positronium formation.
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Figure 8. Evolution of the (a) 511 keV line and (b) 1238 keV line flux of 36Co, and the ratio of these two line fluxes for different positronium fractions for the violent

merger model. The flux is calculated at 10 pc.

4.2. SN Ia Models

We employ TARDIS-HE to four different Type Ia models.
We consider the evolution of the 511 keV annihilation line and
compare it with the 1238 keV line of *°Co to find the effect of
positronium formation. We consider the angle-averaged
density profiles and compositions from the HESMA database.
For the simulations, *°Ni, >°Co, C, O, Ne, Mg, Si, S, Ca, and
Fe are considered if not otherwise mentioned. Since we are
taking a subset of elements from the models wherever
applicable, the mass fractions are normalized to 1.

WD merger. This model considers the violent merger of two
WDs of masses 0.9 and 1.1 M, (R. Pakmor et al. 2012). The
material from the secondary is accreted onto the primary. The
accreted materials are compressed on the surface of the
primary and heated up. As a result, hotspots are formed where
carbon is ignited. The conditions for grompt detonation are
reached and the system explodes. The “°Ni mass produced is
0.67 M., and the ejected mass is 1.9 M. In the three-
dimensional simulation by R. Pakmor et al. (2012), the
innermost part of the ejecta is devoid of Fe-group elements and
*°Ni and consists mainly of unburned and intermediate
elements. We call this merger 2012 hereafter.

Delayed detonation. The ddt NIOO model is based on
nonrotating isothermal WD in hydrostatic equilibrium com-
posed of C, O, and Ne. In I. R. Seitenzahl et al. (2013),
different explosion setups are explored based on multi-spot
ignition. This particular model has 100 ignition spots around
the center of the WD. An initial subsonic deflagration turns to
a supersonic detonation and hence unbinds the WD. The *°Ni
produced is 0.67 M, and the ejected mass is 1.4 M. In this
model, the central part of the ejecta is dominated by *°Ni and
Fe-group elements.

Deflagration. We consider the def N5 model, which is based
on the WD configuration from I. R. Seitenzahl et al. (2013),
but in this model it is assumed that no delayed detonation
occurs. Hence, these models depict scenarios where only pure
deflagration works and some portion of the WD is still bound.
In the specific model N5 from M. Fink et al. (2014), the
deflagration is set with five ignition points. The *°Ni mass
produced in this model is 0.17 M.,. The composition is mixed
with *°Ni present throughout the ejecta.

Double detonation. This model considers a WD with a
carbon—oxygen core and a He shell. In the model ddet M1a from
S. Gronow et al. (2020), the total mass of the WD is 1.05 M,

and an initial ignition in the He shell leads to a second
detonation in the CO core. As a result of He shell burning, there
is *°Ni in the outer layers. The CO burning produces >°Ni mostly
in the inner layers. In this model, we also consider 44Ti, 48Cr,
and >?Fe in the composition.

In Figure 7, we show the spectral evolution for the above
models to find distinguishing signatures that can reveal the
explosion model. In the early phase, the spectrum has a
continuum formed by the Compton scattering of photons along
with line emission from *’Ni and *°Co. Since the compton
opacity is sensitive to the electron number density (n.), the
continuum decreases as the SN evolves. This leads to increasing
strength of the lines with respect to the continuum at later epochs.
The compton opacity decreases with energy, and hence the low-
energy photons are scattered more as compared to the high-
energy photons. In the optically thin limit, the line flux gives a
direct estimation of the mass of radioactive isotopes.

The merger 2012 has more material (IME-rich) above the
6Ni-rich region than other models. The lines 158 and 270 keV
of °Ni that are present in ddt N100, ddet M1a, and def N5 are
lost in the continuum in merger 2012, as the optical depth to
Compton scattering is higher in the latter (see inset of the top
Eanel of Figure 7). In the case of ddet M1a, even if it has lower

°Ni (0.61 M) mass than merger 2012 (0.67 M) and ddt
N100 (0.67 M), the outer layers of the model have significant
6Ni at lower optical depths. Hence, more ~-rays can escape
the outermost layer of the ejecta. As a result, the fluxes of the
lines with respect to the continuum are higher in this case. The
def N5 model has low *°Ni mass (0.17 M) and a lower flux
than the model ddet M1a and the ddt N100. But its early phase
continuum flux is similar to mer§er 2012, which indicates that,
even if merger 2012 has more oNji mass, the column density
of electrons is larger, leading to a similar continuum compared
to the def N5 model. However, the flux decreases in the
optically thin limit, owing to the lower *°Ni mass in def N5.

The line ratio of two similar isotopes at different energies is
dependent on the opacity at those energies at early times and
becomes similar in the optically thin limit (mostly independent
of the model composition). We choose the 511 keV line and
compare it with a relatively strong and unblended line of *°Co
at a different energy. The line flux for the 511keV line is
measured by subtracting the continuum, and for the 1238 keV
line we do not perform continuum subtraction.

S. A. Sim & P. A. Mazzali (2008) studied line ratios of
similar and different isotopes at different energy ranges. They
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also studied the hardness ratios at different energies for
different toy supernova models to identify distinguishing
features in the v-ray spectra. In Figure 8, we show the fluxes
for the 511keV and 1238 keV lines and their ratio. The line
flux of the 511 and 1238 keV lines increases as the opacity
decreases (see Figures 8(a) and (b)). With a positronium
fraction of 1, the flux of the 511 keV line decreases but that of
1238 keV line remains the same. The formation of positronium
reduces the flux of the 511 keV line, as it is distributed to the
continuum with a probability of 75% in 3~y decay. For all the
models considered in the work, the line ratio of 511-1238 keV
decreases compared to the case when no positronium is
formed. The ortho-Ps continuum is independent of the
composition of the ejecta, unlike the Compton-scattered
continuum.

5. Conclusion

We study the effect of positronium formation on the ~-ray
spectra and the energy deposition function of SNe Ia. For this
purpose, we developed a new module named TARDIS-HE for time-
dependent three-dimensional ~-ray transport for the radiative
transfer code TARDIS. TARDIS-HE can handle any decay chain
without metastable states. The code takes a one-dimensional ejecta
model for an SN and provides 7-ray spectra and light curves.
Approximations to opacities and new microphysics can be added
to explain observables. The code provides time-dependent +-ray
opacities and energy deposition that can be further used to
calculate UV-optical-IR emissions in radioactively powered
transients.

For numerical implementation in the code, we quantify the
fraction of positrons forming positronium before annihilating by
the positronium fraction. We varied the fraction between the
limits of positrons forming no positronium and forming
positronium with a probability of 100%. The formation and
decay of positronium depend on the positron motion in the ejecta
and electron number density. The positrons travel a longer
distance in the ejecta before annihilating at later times in the
supernova evolution. The temperature and the ionization state of
the medium play an important role in whether a positronium will
decay by producing 27 or 3y (C. J. Crannell et al. 1976;
M. D. Leising & D. D. Clayton 1987). The collisions of
positronium with external electrons and positrons can lead to their
dissociation via the pick-up annihilation process. More collisions
within the ejecta will lead to suppression of ortho-Ps as the
timescale for a positronium to decay will be comparable to or
lower than ortho-Ps decay time. There is also flipping of the
triplet state to the singlet state via collisions with electrons, so the
flux contributed to the continuum by the 3~ decay changes. A
high positronium fraction will mean that the positrons tend to be
produced in regions of low ionization fraction (see Figure 26 of
N. Prantzos et al. 2011).

In our simplified parameterized approach, we kept the
positronium fraction fixed, but it changes over time as the
ejecta evolves. We find that, for positronium forming with
100% probability and 75% of the positronium decaying
through 3, the flux in the 511 keV line decreases by around
70% and the energy deposition increases by up to 2% around
100 days, versus the case when no positronium is formed. The
line flux ratio of 511keV to 1238 keV decreases for all the
models as a result of this. Observations of late-phase ~y-ray
spectra of nearby SNe Ia may constrain positronium formation.
In the late phase of the supernova evolution, the nonthermal
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electron energy from the ~-rays and positrons goes into
Coulomb heating, ionization, excitation, and bremsstrahlung
(via the Spencer—Fano formalism). This impacts the UV,
optical, and infrared spectra but has negligible impact on the
role of positronium in 511keV emission, as these secondary
processes produce only lower-energy photons.

We consider the time evolution of the ~y-ray spectra for
different SNe Ia models. The low-energy “°Ni lines and the
evolution of the continuum can be used to distinguish between
the explosion models. Although SNe Ia are mainly powered by

the radioactive decay of “°Ni, at later times other decay chains
0.73 days 55 1000.2 days 55
— °Fe — >

become important, e.g., 33Co Mn and
57 272 days 57
Co — Fe (see L. Dessart et al. 2014; O. Graur et al.

2016). Many SNe Ia models exist, and they have shown that,
apart from 6Ni, there are other isotopes like S2Fe or “Cr that
are formed in the outer layers (U. M. Noebauer et al. 2017;
M. R. Magee & K. Maguire 2020; M. R. Magee et al. 2021).
The resulting effect is seen in the early UV-optical light curves
of SNe Ia. Our results show that, while the impact of
positronium formation on ~-ray spectra and energy deposition
is modest, it introduces measurable differences, highlighting
the need to account for it in precise modeling of SNe Ia.
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Appendix A
Sampling the Three-photon Decay of Positronium

The energy of the photons in the three-photon decay is
sampled using the probability distribution function (PDF) from
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Figure 9. The sampling of the photon energies for the case of three-photon
decay as given by Equation (A1). In this example, we draw 1 x 10° photon
energies, uniformly binned in 100 bins. The abscissa is the photon energy in
terms of electron rest-mass energy.

A. Ore & J. L. Powell (1949) shown in Figure 9:
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where x is defined as The cumulative distribution function

mec?

(CDF) is found from the normalized PDF using

Fepr(u) = [ Fuau. (A2)
0

Then the inverted CDF Fgig(2) for random values z within (0,

1) gives the distribution of photon energies that satisfies the

given F(x).

Appendix B
Klein—-Nishina Equation

The differential cross section of scattering of a photon with
a free electron assuming isotropy in the azimuthal direction is
given by the Klein—Nishina formula (see Equation (8.7.41) of
S. Weinberg 1995):

dO' 1 2 2 1 .

E = Ere clle +7/c - sin?(0)], (B1)
where r, is the classical electron radius and 6 is the angle
between the incident and scattered photon direction. Integrat-
ing the equation from 0 to 6, we get the partial cross section up

to an angle 0 given by

(x2 — 2x — 2)In(f.)
2

30
O'(fc)parlial = —T(
8x

X
Je =1 Je—1|1. 2
212 x

x  Jo
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Xfc
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(B2)
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Figure 10. Distribution of scattered photon angles. The red curve shows the
scattering angle distribution as predicted by the Klein—Nishina equation.

150

Here, o7 is the Thomson scattering cross section, and
x = hv/m.c?, where v is the packet frequency. We use the
partial cross section as given in the ARTIS'?> code
(S. A. Sim 2007; M. Kromer & S. A. Sim 2009).

In TARDIS-HE, we find the scattering angle (6¢), and the
fraction of energy lost (f¢), by solving the equation

(B3)

Upartial/ Ototal = Z»

using a bisection method. Here, z is a random number between
[0, 1). The scattering angle of the packet is found from

-1
Oc = cos‘l(l — fc_)
X

Our implementation of calculating the Compton scattering can
be tested against the theoretical calculation. The probability
distribution of the scattered photon between angle 6 and 6 + df
can be obtained from Equation (B1) as

(B4)

1 do .
P() o 27 sin(0), (BS)
where the total scattering cross section can be found by integrating
the distribution over ¢ (0 and 27) and 6 (0 and ). In Figure 10,
we show the scattered angle distribution of our implementation
with the predicted PDF. The distribution is shown for 1 x 10°
photons for incident energies 0.1 and 1000keV. In the lower-
energy limit (£ < m,c?), the distribution tends to the Thomson
cross section as the photons scatter forward and backward. But in
the higher-energy range (E > m,c?), the photons are scattered at
small angles as the scattering cross section decreases with energy.

Appendix C
Convergence of the Energy Deposition

We vary the time steps in our simulations from 100 to 500
and find that the change in deposition energy with time reaches
a convergence for over 400 time steps (see Figure 11). To
capture the decay of *°Ni and °Co, which have respective
half-lives of ~6 and ~77 days, our time resolution is less than
0.1 days for less than 10days and increases to 0.8 days for
around 100 days.
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Figure 11. The energy deposited by the y-rays and positrons, normalized by
the analytic deposition function for various time steps.
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