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Abstract We scrutinize the determination of glueball

masses in pure Yang–Mills theory from functional equa-

tions, i.e. Dyson–Schwinger and Bethe–Salpeter equations.

We survey the state-of-the-art input (dressed propagators and

vertices) with an emphasis on the stability of the results

under extensions of the employed truncations and explore the

importance of different aspects of the bound state equations,

focusing on the three lightest glueballs with J PC = 0++,

0−+ and 2++. As an important systematic extension com-

pared to previous calculations we include two-loop diagrams

in the Bethe–Salpeter kernels. In terms of the glueball spec-

trum we find only marginal mass shifts compared to previous

results, indicating apparent convergence of the system. As a

by-product, we also explore gauge invariance within a class

of Landau-type gauges.

1 Introduction

The calculation of the spectrum of hadrons is one of the main

tests of quantum chromodynamics (QCD) as the theory of

the strong interaction, but it depends naturally also on our

grasp and mastery of the employed methods. While differ-

ent approaches are successful for certain hadrons and lead to

coherent results, some sectors still remain obscure. Among

them are glueballs [1,2] which are both experimentally and

theoretically elusive [3–8]. One of the main challenges is the

mixing (for certain quantum numbers) with quark-antiquark

states. This can be avoided in theoretical calculations by

making quarks infinitely heavy and considering pure gauge

theory. For this scenario, lattice methods have established a
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spectrum of purely gluonic states [9–12] which serve as con-

venient benchmark for other methods. Despite neglecting the

effects of quarks, such calculations not only provide useful

guidance for the understanding of glueballs in full QCD but

also a good first qualitative or even semi-quantitative esti-

mate for real glueballs [13,14]. Experimental evidence for

the existence of such states has been claimed in recent anal-

yses of BESIII data in the case of scalar [15,16] and pseu-

doscalar glueballs [17]. The situation for the tensor glueball

is more complicated [18].

Functional methods, which are successfully used to calcu-

late spectra of baryons and mesons, see, e.g., [19,20], were

only recently able to catch up with lattice methods and pro-

vide a concise spectrum of pure glueballs with quantum num-

bers J = 0, 2, 3, 4, P = ±1 and C = 1 [21,22]. A cru-

cial element in these calculations has been high quality input

[23] in terms of propagators and vertices from the underlying

Yang–Mills theory.1

The underlying truncation scheme is based on the 3PI

effective action truncated at three loops. In this work, we

review variations of this setup, most notably the effect of

extensions, and show that the results exhibit a remarkable

stability under these changes. The kernels of the bound state

equations can be derived in the same truncation and lead to

one-particle exchange diagrams and one-loop diagrams. The

latter, however, were not included in Refs. [21,22] due to

computational complexity. In this work, we remedy that and

present the results including two-loop diagrams in the ker-

nels for the three lightest glueballs. Since the calculations

are very expensive in terms of CPU time, we used these

as proxy to address potential quantitative changes induced

by the two-loop diagrams, but refrained at this stage from

1 Earlier attempts relied on models and their predictive power was lim-

ited due to the severe model parameter dependence [24–27].
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Fig. 1 The coupled set of BSEs

for a glueball made from two

gluons and a pair of

Faddeev-Popov (anti-)ghosts

and for a conventional meson

made of a quark-antiquark pair.

Wiggly lines denote dressed

gluon propagators, dashed lines

dressed ghost propagators and

solid lines dressed quark

propagators. The gray boxes

represent interaction kernels.

The Bethe–Salpeter amplitudes

Γ are denoted by gray disks

calculating the whole spectrum. We also discuss the hierar-

chy of diagrams and the effect of kinematic approximations

for the three-gluon vertex to identify computationally sim-

pler setups. Finally, we test the dependence of these glueball

masses on variations of the input in form of available solu-

tions that differ only in the low momentum regime.

We discuss the underlying equations in Sect. 2. In Sect. 3,

we present the input and discuss its stability under various

modifications. The main result is the fully consistent calcu-

lation of the bound states in Sect. 4 including various tests.

We close with a summary in Sect. 5. The appendix contains

details on the scale setting.

2 The 3PI effective action

In general, solving bound state Bethe–Salpeter equations

(BSEs) requires input in terms of propagators and ver-

tices. These can be determined from the underlying tower

of functional equations of the theory as given by a set

of Dyson–Schwinger equations (DSEs) (or the functional

renormalization group). In the quark sector of QCD, simple

models for these correlation functions like the well-studied

rainbow-ladder approach provide reasonable results for a

wide range of observables like spectra or form factors, see

e.g. [19,20,28–30] and references therein.

However, for glueballs the situation is different. The prime

reason is the gluon self-interaction, which entails a much

more complex structure of the DSE for the gluon propagator

compared to the one of the quark. Consequently, a useful trun-

cation equivalent to rainbow-ladder does not exist. In addi-

tion, the interplay of the gluon with ghost fields appearing due

to gauge fixing needs to be taken into account explicitly. As

a consequence, the glueball BSE (even without quarks) has

a complex structure with more than one interaction diagram,

see Fig. 1 for details. In these equations, the three-gluon ver-

tex plays a very prominent role as will be discussed explicitly

in Sect. 4.

Functional glueball calculations for J = 0 using mod-

els for propagators and/or vertices were carried out in the

past, but they were not able to provide a consistent picture

for scalar and pseudoscalar glueballs [24,25]. In contrast,

high quality results in agreement with lattice Yang–Mills

theory have been found once a consistent truncation for the

underlying DSEs and the bound state equations has been

employed [21] with propagators and vertices determined self-

consistently in this truncation. This type of consistency seems

to be a decisive and common feature of all high quality bound

state calculations.

The general bound state equation for glueballs is shown in

Fig. 1. To highlight the mixing with quarks in full QCD, the

corresponding diagrams are also shown, but we will focus

on pure Yang–Mills theory from here on. Then, all diagrams

containing quarks can be dropped and a system of two equa-

tions with two diagrams each remains. To distinguish the two

equations, we will refer to them as the gluon and ghost BSEs,

respectively, but it should be noted that they jointly describe

a glueball.2

The truncation scheme we consider here is based on a non-

perturbative loop expansion of the 3PI effective action with

dressed propagators and vertices (sometimes also called a

skeleton expansion). Specifically, we keep terms up to three

loops. Such an expansion is much more systematic than typi-

cal 1PI truncations which act at the level of correlation func-

tions. The 3PI expansion offers the distinct possibility to per-

2 In all our calculations we use Landau gauge, which is the best explored

gauge with functional and lattice methods, see [31] for more details.

The relaxation to general linear covariant gauges is surely of interest

to test the gauge parameter independence of the results, but current

results, see, e.g., [32–38], need to be improved to reach the same level

of sophistication.
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Fig. 2 The 3PI effective action truncated to three loops. The meaning of lines is described in Fig. 1. Dots represent bare and disks dressed vertices.

Shown is the Yang–Mills part only, but the quark contributions can be inferred from the ghost ones which have the same structure

form self-consistent calculations on a given loop-level and

provides for a systematic road to go to the next ’order’ of

expansion. Since it is not a perturbative expansion with a

small parameter, there is no guarantee that contributions of

the next order are smaller than contributions of the previous

one. However, in practice it appears as if convergence has

been reached on the three-loop level. Hence the term ‘appar-

ent convergence’ in the title of this work. We will come back

to this point below.

Conventionally, the 3PI effective action is split into two

parts,

Γ [D, Γ (3)
] = Γ 0

[D, Γ (3)
] + Γ int

[D, Γ (3)
], (1)

which are shown in Fig. 2 for the three-loop truncation

[39,40]. The 3PI effective action depends explicitly on the

propagators and three-point functions, here denoted gener-

ically by D and Γ (3), respectively. The interaction kernels

of the BSE K can be derived from the effective action by

taking two functional derivatives with respect to the propa-

gators [41–43], see also [44] for a contemporary discussion

and [21] for the glueball case. Such derivatives lead to many

diagrams, but using the equations of motion of the three-

point functions [39,40], they can be resummed resulting in

the diagrams shown in Fig. 3.

There are two main differences to a rainbow-ladder type

truncation. First, one-loop diagrams appear in the interac-

tion kernels which lead to two-loop bound state equations.

Second, due to the aforementioned resummation, the one-

particle exchange diagrams in the kernels have both vertices

dressed in contrast to only one dressed vertex in a ladder

type truncation. Initially, we only considered the one-particle

exchange diagrams and the one with the four-gluon vertex

in the kernels (marked by yellow boxes in Fig. 3) [21,22].

Preliminary results including additional diagrams (indicated

by the black box) have already been reported in contribu-

tions for proceedings [45–47]. Here, we elaborate on these

calculations in Sect. 4.

What also distinguishes our setup from a conceptional

rainbow-ladder one with model input is the use of propaga-

tors and three-point functions calculated from the 3PI effec-

tive action truncated at three-loops. The corresponding equa-

tions of motion (EOM) for these correlation functions cor-

respond to stationarity conditions of the 3PI effective action

with respect to the desired correlation function [39,40,44].

The resulting 3PI EOMs are very similar in structure to DSEs,

which are equations of motion derived from the 1PI effective

action. However, there are also crucial differences. While

the DSEs each feature a finite number of diagrams but form

an infinite tower of equations, the corresponding 3PI EOMs

form a finite set but with (possibly) infinitely many diagrams

due to the loop expansion. For want of a catchy name, the

equations of motion from an nPI effective action are often

referred to as DSEs for n > 1 as well. This also seems

justified as the equations of motion from different effective

actions are identical in some cases. In the three-loop trunca-

tion used here, the propagator equations indeed are equal for

1PI and 3PI except for the four-gluon vertex which can be

dressed in the former and is bare in the latter. For three-point

functions, the three-loop truncation of the 3PI effective action

restricts the diagrams in the equations to one-loop, whereas

the DSEs can have two-loop diagrams. The one-loop dia-

grams are topologically identical, but the internal vertices

are all dressed in the 3PI case whereas in the 1PI case there

is always one bare vertex in each diagram. Further details

are discussed in the review article [31], which also offers

a graphical representation of the corresponding equations.

Explicit results for correlation functions in the 3PI setup are

discussed in the next section.

3 Correlation functions

As seen in Fig. 3, the glueball bound state equations probe

four different (nonperturbative) correlation functions: the

gluon and ghost propagators as well as the three-gluon and

ghost-gluon vertices. These are determined from the equa-

tions of motion of the 3PI effective action truncated at three

loops, see the discussion above. Corresponding results were

reported in Ref. [23]. Here, we elaborate on the stability of
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Fig. 3 Interaction kernels from the 3PI effective action truncated at three loops. All propagators are dressed; disks represent dressed vertices, dots

bare ones. Yellow boxes indicate the one-loop truncation, the black box the two-loop diagrams taken into account in this work

these results. To this end, we will compare them with results

from other methods in Sect. 3.1 and list various extensions

and their impact on the results in Sect. 3.2.

3.1 Comparison with other methods

The correlation functions of Yang–Mills theory have been

investigated by a wide range of nonperturbative methods.

For conciseness we only consider self-contained functional

calculations and discuss results from 1PI Dyson–Schwinger

equations [23], the 3PI effective action [23] and the functional

renormalization group3 (FRG) [49,50]. A complementary

approach is gauge fixed lattice gauge theory, which provides

benchmarks for various correlation functions. In the follow-

ing, we will systematically compare results from each of

these methods.

An additional complication in gauge fixed Yang–Mills

theory is provided by the existence of a one-parameter family

of solutions for correlation functions, which are conveniently

selected by choosing a value for the ghost dressing function

at vanishing momentum, G(0), as renormalization condition

for the ghost propagator. Thus, we display bands of results in

some figures which reflect this degree of freedom. For more

details on the solutions used here we refer to [23] and the

general discussions of this topic in, e.g., [31,51–54]. In the

context of this work, we discuss a possible interpretation of

this family of solutions in Sect. 4.3.

3.1.1 Propagators

The propagators are the simplest correlation functions in

terms of kinematics and tensor structures as they only depend

on one momentum and have (in Landau gauge) only one

dressing function each.4

3 Investigations with respect to apparent convergence have also been

performed within the FRG framework, see [48] and references therein.

4 For the gluon propagator, the appearance of quadratic divergences

requires some special care [23,31,55,56] which makes solving the gluon

equation more complicated than that of the ghost.

Fig. 4 Gluon dressing function Z(p2) and ghost dressing function

G(p2) from DSEs [23] (Huber (2020)) and FRG [49] (Cyrol et al.

(2016)) in comparison to lattice data [57] (Boucaud et al. (2018)). The

bands correspond to different solutions as explained in the text

In Fig. 4, we show the functional results from the FRG and

the 3PI effective action in comparison to lattice results for

the ghost and gluon dressing functions G(p2) and Z(p2),

respectively. The functional results have been obtained in

truncations on a similar level. Nevertheless, the correspond-

ing equations are different and complementary in structure.

Thus, the very good agreement between these methods and

the agreement with lattice gauge theory provides first evi-

dence that this level of truncation is sufficient.

3.1.2 Three-gluon vertex

The three-gluon vertex plays a central role for the calcula-

tion of glueballs as it constitutes the dominant interaction

in the kernels, see Sect. 4.1. First functional calculations of

the three-gluon vertex can be found in [58–60]. Such cal-

culations with fixed input have been subsequently refined,

see, e.g., [61,62]. Also STI-based calculations have been

performed [63]. In [23,49,50], the vertex was included as

a dynamic quantity into a larger system of equations, lead-

ing to decent agreement with lattice results, as, for example,

from [61,64–71].
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Fig. 5 Contributions of diagrams of the three-gluon vertex DSE eval-

uated at the symmetric point. Topologically equivalent diagrams are

summed up, e.g., the three swordfish diagrams

Fig. 6 The three-gluon vertex dressing function C AAA(p2, q2, k2)

from the 3PI effective action truncated at three loops (solid lines) and its

DSE including two-loop diagrams (dashed line) [23]. For 3PI, results

calculated with full angular dependence and with dependence on S0

evaluated at the symmetric point (SP) S0 = p2/2 only are shown, the

band indicating the angular dependence (variables ρ and η in [23])

Fig. 7 The three-gluon vertex at the symmetric point [23] in compari-

son to lattice data [67,71] and FRG results [49]. The bands correspond

to the families of solutions

Here we discuss the effect of truncations, compare results

from different methods and discuss the role of kinematic

approximations. For the three-gluon vertex, it is known

from DSE calculations that cancellations between diagrams

appear. In Fig. 5 we show explicit contributions in its DSE

including two-loop terms.5 The ghost triangle leads to a zero

crossing in the tree-level dressing function as it is negative

and diverges in the IR [59,60,72–75]. Since all diagrams

contribute quantitatively, discarding any of it can have severe

consequences.

An interesting finding is that the one-loop truncated DSE

results (not shown) do not agree well with 3PI results. In

particular, the zero crossing of the vertex is at much higher

momenta [60]. This was remedied in earlier DSE calcula-

tions by effectively dressing the bare vertex with so-called

renormalization group improvement factors [59], the ratio-

nale being that this takes into account the perturbative resum-

mation of higher-loop diagrams. However, this introduces

some model dependence for the IR part.6 Indeed, when two-

loop diagrams are included in the DSE (see Ref. [31] for the

diagrammatic representation), the zero crossing shifts to the

IR and results become quantitative as illustrated in Fig. 6. To

alleviate the numeric effort, the two-loop DSE was solved in

the symmetric point (SP) approximation where only a single

variable is needed to describe the kinematics. In the same

plot, we show the consequence of this approximation for

the 3PI calculation (‘3PI’ vs. ‘3PI (SP)’). Only in the mid-

momentum regime a small deviation is visible. The reason

for this approximation working so well is the weak angu-

lar dependence of the three-gluon vertex, shown explicitly in

Fig. 6. This property, also called planar degeneracy [70], was

already observed in [60] and subsequently thoroughly inves-

tigated [70,71]. It is quite robust as we checked by plotting

the results of the model dependent calculation of [59] with

the appropriate kinematic variable7

S0 =
p2 + q2 + k2

6
, (2)

where p, q and k are the momenta of the vertex legs. Also

for this simplified setup we found clear evidence of planar

degeneracy.

5 The relevance of cancellations is even more evident in two and three

dimensions [72,73] because the dressings fall off polynomially instead

of logarithmically in the UV.

6 Reassuringly, in two and three dimensions, where UV contributions

drop power-like instead of logarithmically, the one-loop diagrams are

sufficient to produce a reasonable zero crossing [72,73], hinting at the

important role of resummation in four dimensions.

7 This is the definition from [60] where S0 was introduced as singlet

variable for the permutation group S3. In the literature, sometimes also

1/3 instead of 1/6 is used which corresponds to the averaged squared

momenta.
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Fig. 8 Ghost-gluon vertex dressing function D Ac̄c(k2; p2, q2) as a

function of S0 = (k2 + p2 +q2)/6 from functional and lattice methods

[76]. Here the bands correspond to the sizeable angular dependence of

the dressing function

Fig. 9 Ghost-gluon vertex dressing function D Ac̄c(0; p2, q2) in the

soft gluon limit k2 → 0. Compared are lattice results [77] with results

from functional methods once self-consistently from the 3PI effective

action and once using the 1PI DSE version of the EOM for the ghost-

gluon vertex

After having established the good agreement between

DSE and 3PI calculations, we compare now the 3PI result

with FRG and lattice results in Fig. 7. For both functional

methods, the colored bands correspond to the families of

solutions discussed above. Overall, the agreement between

the three methods is qualitatively very good with sizeable

quantitative deviations only in the midmomentum regime.

These need to be further explored in future work.

3.1.3 Ghost-gluon vertex

Motivated by Taylor’s nonrenormalization theorem in

Landau gauge [78], the ghost-gluon vertex has been assumed

to be bare in many DSE studies. However, later explicit cal-

culations showed the vertex dressing to deviate from one

which is in turn relevant when the vertex appears in other

equations; see, e.g. [79–82], for early results. Lacking the

Fig. 10 Ghost-gluon vertex dressing function D Ac̄c(p2; p2, p2) at the

symmetric point from 3PI [23], FRG [49] and lattice calculations [76].

The bands correspond to the families of solutions

Bose symmetry of the three-gluon vertex, the ghost-gluon

vertex shows a clear angular dependence as shown in Fig.

8. In Fig. 9 we compare two different setups: the functional

results displayed were obtained once from the equation of

motion for the ghost-gluon vertex derived from the 3PI effec-

tive action and solved together with corresponding equations

for all other correlation functions and once with the EOM for

the ghost-gluon vertex replaced by the 1PI DSE variant. It

is interesting to observe that the small but visible difference

seen here does not propagate to the other correlation func-

tions: these are remarkably stable and practically invariant

[23]. This is again a signal for apparent convergence and the

stability of the truncation against perturbations. In Fig. 10

we finally compare the 3PI results with corresponding FRG

results and find remarkable agreement for the whole family

of solutions given by the shaded bands. We also observe a

sizeable shift in scale as compared to the lattice results of

Ref. [76]. This again needs to be further explored in future

work.

3.2 Extensions of truncation

In the previous sections we argued that functional methods,

most notably the 3PI approach and the FRG calculations,

have reached a remarkable level of convergence with each

other and with results from lattice gauge theory. Nevertheless,

we also encountered quantitative discrepancies in specific

kinematic regions that need to be explored further. In the

following we therefore discuss what we already know about

the stability of the present 3PI truncation scheme against

possible extensions.

First, we need to discuss the structure of the two gluon self-

interaction vertices. The three-gluon vertex has been studied

in great detail both in functional methods and lattice gauge

theory. It has been shown to be dominated by the tree-level

123



Eur. Phys. J. C           (2025) 85:859 Page 7 of 16   859 

tensor while the dressings of the other three tensors are heav-

ily suppressed [60,69–71]. Thus, for reasons of complexity

and CPU time, their contributions to the full 3PI system have

been neglected so far.

While this approximation is well justified for the three-

gluon vertex, the situation may be different for the four-gluon

vertex. Its structure is much more complex with a transverse

basis of 41 (Lorentz) times 5 (color) tensors [83,84]. A com-

parison of the tree-level structure of the four-gluon vertex

with lattice data is shown in Fig. 11 for the case of one

vanishing gluon momentum. The remaining dependence on

the absolute momentum scale p is plotted on the x-axis and

the angular dependence is shown as a band. We observe an

infrared suppression of this vertex both for the functional

results [23] and the ones from lattice gauge theory [85]. In

the midmomentum regime the functional results feature a

bump, which is not present in the lattice data, but overall, the

agreement is very satisfactory.8

Studies of a selected few non-tree level dressing functions

of the four-gluon vertex indeed indicate heavy suppression in

the mid- and highmomentum regions [73,86–89]. However,

for intermediate momenta this does not need to be the case for

all dressing functions. In addition, some non-tree level struc-

tures feature interesting properties such as infrared diver-

gences. Thus, for a definite answer on their overall impor-

tance, further studies are required. Fortunately, the impact of

the four-gluon vertex on our 3PI truncation scheme is very

limited. The only place this vertex appears is in the DSE for

the gluon propagator. For this quantity, however, we already

observe excellent agreement between functional results and

the ones from lattice gauge theory even if only the tree-level

dressing of the four-gluon vertex is taken into account [23].

We consider this as indirect evidence for either cancellations

or indeed heavy suppression of all non-tree level structures

in the four-gluon vertex.9

A qualitatively different extension is the inclusion of other

four-point functions which we only mention here for com-

pleteness. Such functions, namely the two-ghost-two-gluon

and four-ghost vertices, do not appear directly in the 3PI

equations of motion, but their effects are encoded in higher

loop terms. Thus, it is easier to assess the effect of these

correlation functions by studying their impact in 1PI DSEs

where they can appear in one-loop diagrams [92]. The afore-

mentioned four-point functions have 25 (transverse) and 5

tensors, respectively. Using a single kinematic configuration,

all of these tensors were calculated in [92] and subsequently

8 One should also note that the anomalous dimension of the four-gluon

vertex is positive so that at higher momenta the dressing necessarily rises

again as also observed in the functional results [23].

9 As an aside, we also note that the four-gluon vertex itself is of interest

for glueballs as it contains the corresponding pole of a two-gluon bound

state which can be extracted using appropriate spectral reconstruction

techniques [90].

Fig. 11 The four-gluon vertex [23] in the soft gluon limit in com-

parison with lattice data [85]. The band corresponds to the remaining

angular dependence. The functional data was renormalized at the sym-

metric point p = 4.3 GeV and lattice data at the same value in soft

kinematics, see [85], but the effect on the figure is negligible within the

present error bars

their effect was tested for the ghost-gluon, three-gluon and

four-gluon vertices. For the last two, the effect was practi-

cally negligible. This can partially be traced to the fact that

some tensors do not contribute due to their color structure.

Only for the ghost-gluon vertex a small effect of at most 2%

was found. Hence, the inclusion of such four-point functions

in DSEs, or equivalently the corresponding higher loop dia-

grams in equations of motion from the 3PI effective action,

is not expected to be relevant at the current level of precision

and within the employed kinematic approximation. However,

it should be noted that not only do such vertices appear differ-

ently in FRG equations due their inherent one-loop structure

with only dressed vertices, but they also can have different

effects there [93].

4 Glueball spectrum

The very existence of pure glueball states is only possible due

to the self-interaction of gluons. It is therefore highly natural

for the three-gluon vertex to play a crucial role for the glueball

spectrum. This has been noted in model calculations [24–27]

and our previous results using a self-consistently calculated

vertex [21,22].

As discussed in detail in Sect. 3, the underlying truncation

is an expansion of the 3PI effective action on the three-loop

level. For systematic reasons, the derivation of the kernels

of the glueball BSEs needs to be done on the same level.

They then contain (nonperturbative) one-particle exchange

and one-loop diagrams, see Fig. 3, leading to one- and two-

loop diagrams in the BSEs, respectively. The latter are much

more complicated to calculate than the former which are typ-
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Fig. 12 Results for glueball ground states and excited states for

the indicated quantum numbers from lattice simulations [10,12] and

functional equations [22,91]. Left: Absolute scale set by r0 =

1/(418(5) MeV). Right: Spectrum relative to the ground state. See [22]

for more info on errors and the identification of states. The functional

results have changed by a factor of 0.970 compared to [22] due to an

improved scale setting for the input, see the appendix

Fig. 13 Eigenvalue curves for the ground state (left) and first excited

state (right) of the scalar glueball for different approximations: only glu-

onic diagram with S0 approximation for the three-gluon vertex (solid),

only gluonic diagram with full angular dependence of the three-gluon

vertex (dashed), all one-loop diagrams (dotted) and all one-loop dia-

grams plus gluonic two-loop diagrams (thin line)

Fig. 14 Leading amplitudes for the scalar ground (left) and first excited states (right). The amplitudes h++
1,2 correspond to two gluon contributions,

whereas h++
3 is the amplitude of the ghost part
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ically the only diagrams considered for the quark sector of

QCD

Thus, we focused initially on the one-loop diagrams in the

BSEs [21,22]. The corresponding results are shown in Fig.

12 and listed in Table 1 in comparison with lattice results.

Overall, the two methods agree very well on a qualitative and

quantitative level. In particular, the usual picture of the scalar

glueball being the lightest one and its first excitation and the

pseudoscalar and tensor glueballs being roughly of the same

mass is confirmed.

In the following, we discuss variations of this setup.

We start with a study of possible further simplifications in

Sect. 4.1. In Sect. 4.2, we explore the effect of including

the two-loop diagrams. Finally, the role of gauge invariance

within a class of Landau-type gauges is discussed in Sect. 4.3.

The correlation functions necessary to solve the BSE, dis-

cussed in Sect. 3, are presently only available for space-like

and real momenta. Extensions into the time-like momentum

domain are computationally very expensive and so far only

available for much simpler truncations schemes, see, e.g.,

[94] and references therein. As a consequence, we cannot

solve the glueball BSEs at values of total momentum P cor-

responding to the bound state masses, M2 = −P2, as this

would probe the correlation functions at complex arguments.

We therefore resorted to a different strategy. The BSEs are

treated as eigenvalue equations with an eigenvalue λ(P2).

Since a bound state corresponds to λ(P2) = 1, it is sufficient

to determine λ(P2) for many space-like P2 > 0 and then

extrapolate the resulting eigenvalue curve into the time-like

momentum region. To this end we employ a Schlessinger

continued fraction method [95,96]. The quality of this pro-

cedure is discussed in detail in Ref. [21] where also a compar-

ison with a direct calculation of a system solvable at time-like

P is shown. In the following, all error bands shown for the

functional results stem from the extrapolation procedure.

4.1 Approximations within one-loop truncation

As stated above, the glueball spectrum of Refs. [21,22] was

obtained using the full 3PI results for the correlation func-

tions as input, but using a one-loop truncation of the BSE

kernels displayed in Fig. 3 (yellow boxes). Let us first dis-

cuss, whether this one-loop truncation could be simplified.

All results of this subsection are discussed for the example of

the ground state and first excited state of the scalar glueball

only.

We start with the simplest possible setup, neglecting all

ghost effects and the four-gluon vertex in the gluon part of

the glueball BSEs. The resulting BSE only contains the one-

gluon exchange diagram and resembles in structure corre-

sponding BSEs in the quark sector. In addition, we test the

relevance of the kinematic angular dependence of the three-

gluon vertex. As discussed in Sect. 3.1.2, this angular depen-

dence, encoded in the variables a and s defined in [60], is

very weak and may be neglected by treating the three-gluon

vertex as a function of only one variable for which we choose

here S0 = (p2 +q2 +k2)/6. The resulting eigenvalue curves

at space-like momenta are shown in Fig. 13. Indeed, we find

that the two eigenvalue curves without ghosts, C AAA(S0)

without angular dependence and C AAA(S0, a, s) including

the dependence on the angular variables a, s, are almost

indistinguishable. However, since the small deviations are

momentum dependent, this entails a mass difference of the

order of 50 MeV in the scalar glueball mass after extrap-

olation. It therefore depends on the desired precision goal

whether the angular dependence in the three-gluon vertex

can be neglected or not. This is different for the four-gluon

vertex; its addition to the kernel has much smaller effects on

the sub-permille level.

The largest effect, however, stems from the ghost dia-

grams in the kernel. The green dashed curves in Fig. 13

(C AAA(S0, a, s) + ghosts) represent results from the full one-

loop truncation discussed above including all ghost terms. We

observe a sizeable shift in the eigenvalue curves at space-like

momenta, which results in extrapolated masses at time-like

momenta differing by about 200 MeV for the scalar glueball

ground state and by about 350 MeV for the excited state. This

makes it mandatory to include the ghost diagrams. Interest-

ingly, the glueball amplitudes displayed in Fig. 14 show a

clear hierarchy which, however, is different for ground and

excited states. In particular, from the excited state one could

think that the ghosts are not relevant because the ampli-

tude is severely suppressed compared to the other ones. The

results for the masses, however, show that this is not the case.

Another interesting finding is that the extrapolation is more

stable when ghosts are included and the associated error goes

down considerably.

To summarize: These results show that reducing the kine-

matic dependence of the three-gluon vertex to a single vari-

able is a useful approximation that leads to a speed-up in

the calculations while producing still quantitative results on

a few percent level. Neglecting the ghost contributions, on

the other hand, is only qualitatively acceptable and leads to

a noticeable shift in the glueball masses.

4.2 Two-loop truncation

As discussed above, full consistency of the BSEs with our 3PI

system for the correlation functions is only achieved includ-

ing the two-loop diagrams in the kernel, Fig. 3. Since these

are considerably more complicated to calculate, we resort for

now to the following simplifications: First, we only use the

three-gluon vertex for symmetric kinematics in the two-loop

diagrams, neglecting its angular dependence. As discussed

above, this is a very good approximation and helps to speed

up the calculations considerably. Second, we use a numeri-
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Table 1 Ground and excited state masses M of glueballs for various

quantum numbers with the updated scale in the functional calculations.

Compared are lattice results from [10–12] with the results of [22] includ-

ing the update from [91]. For [10,11], the errors are the combined errors

from statistics and the use of anisotropic lattices. For [12], the error is

statistical only. In our results, the error comes from the extrapolation

method and should be considered a lower bound on errors. All results

use the same value for r0 = 1/(418(5) MeV). The functional results

have changed by a factor of 0.970 compared to [22] due to an improved

scale setting for the input, see the appendix. The related error is not

included in the table. Masses with † are conjectured to be the second

excited states. Masses with ∗ come with some uncertainty in their iden-

tification in the lattice case or in the trustworthiness of the extrapolated

value in the BSE case

[10] [11] [12] [22]

State M [MeV] M/M0++ M [MeV] M/M0++ M [MeV] M/M0++ M [MeV] M/M0++

0++ 1760(50) 1(0.04) 1740(60) 1(0.05) 1651(23) 1(0.02) 1800(120) 1(0.1)

0
∗++ 2720(180)∗ 1.54(0.11)∗ – – 2840(40) 1.72(0.034) 2500(210) 1.39(0.15)

0
∗∗++ – – – – 3650(60)† 2.21(0.05)† 3610(150) 2.01(0.16)

3580(150)† 2.17(0.1)†

0−+ 2640(40) 1.50(0.05) 2610(50) 1.50(0.06) 2600(40) 1.574(0.032) 2510(170) 1.39(0.14)

0
∗−+ 3710(60) 2.10(0.07) – – 3540(80) 2.14(0.06) 3750(110) 2.09(0.16)

0
∗∗−+ – – – – 4450(140)† 2.7(0.09)† 4210(200) 2.34(0.19)

4540(120)† 2.75(0.08)†

2++ 2447(25) 1.39(0.04) 2440(50) 1.40(0.06) 2376(32) 1.439(0.028) 2530(180) 1.41(0.14)

2
∗++ – – – – 3300(50) 2(0.04) 3530(230) 1.96(0.19)

2−+ 3160(31) 1.79(0.05) 3100(60) 1.78(0.07) 3070(60) 1.86(0.04) 2660(130) 1.48(0.13)

2
∗−+ 3970(40)∗ 2.25(0.07)∗ – – 3970(70) 2.4(0.05) 4170(180) 2.32(0.19)

3++ 3760(40) 2.13(0.07) 3740(60) 2.15(0.09) 3740(70)∗ 2.27(0.05)∗ 3270(50)∗ 1.82(0.13)∗

3
∗++ – – – – – – 3410(170)∗ 1.89(0.16)∗

3
∗∗++ – – – – – 3850(220)∗ 2.14(0.19)∗

3−+ – – – – – – 3930(280)∗ 2.19(0.22)∗

4++ – – – – 3690(80)∗ 2.24(0.06)∗ 4020(20)∗ 2.23(0.15)∗

4−+ – – – – – – 5300(600)∗ 2.9(0.4)∗

cal setup with lower precision. We tested the impact of this

setup for the one-loop case and found that it allows for a reli-

able extraction of the ground and first excited states. Higher

excited states become unstable and are consequently not con-

sidered. Third, given the dominant role of the purely gluonic

diagram, we added only the two-loop diagrams in the gluon-

gluon scattering kernel, i.e. the black box in Fig. 3.

We performed the calculations for the scalar, pseudoscalar

and tensor glueballs with first results reported previously in

conference proceedings [45–47]. The resulting eigenvalue

curves have also been included in Fig. 13 (C AAA(S0, a, s) +

gh. + gl. 2-loop) and are hardly distinguishable from the ones

of the one-loop calculations. Also the extrapolations showed

no relevant change. The largest effect was seen for the scalar

glueball mass and of the order of 2 % and hence well below

the general error of the extrapolation procedure.

Hence, the existing results remain valid and we conclude

that the sum of the gluonic two-loop diagrams does not play

a significant role. In order to decide whether cancellations

between the two-loop diagrams occur, we repeated the cal-

culations also with only single two-loop diagrams instead of

all of them. Again, the results did not change appreciably, and

we therefore conclude that also individual gluonic two-loop

diagrams have only tiny effects. This is in marked contrast to

the three-gluon vertex equation discussed in Sect. 3.1.2 where

sizeable cancellations between different diagrams occur.

4.3 Family of solutions and gauge invariance

As explained in Sect. 3, the DSEs of Yang–Mills theory are

solved by a one-parameter family of correlation functions.

In the literature, this family has been interpreted as a man-

ifestation of a residual gauge freedom arising from incom-

plete gauge fixing in Landau gauge due to Gribov ambigui-

ties [52,53]. Other authors have hypothesized that different

members of this family are not gauge-equivalent and one has

to identify the ’correct’ one by a physical condition, e.g., by

minimizing the effective potential [97]. Since the spectrum

of Yang–Mills theory must be gauge independent one can use

it as a testing ground for both ideas: in the former case one

would expect the same spectrum (within uncertainties) for

the complete family, whereas in the second case the results

should show significant deviations.
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Fig. 15 Couplings from the ghost-gluon (left) and three-gluon (right) vertices for different solutions labelled by the IR value of the ghost dressing

function G(0)

We solved the BSEs for seven different cases to be distin-

guished here by the value of the ghost dressing function at

vanishing momentum, G(0). The corresponding couplings

of the ghost-gluon and three-gluon vertices [60,98,99],

αghg(p2) = α(µ2)

[

D Ac̄c(p2)

]2
[G(p2)]2 Z(p2), (3a)

α3g(p2) = α(µ2)

[

C AAA(p2)

]2
[Z(p2)]3, (3b)

respectively, are shown in Fig. 15. They agree well in the per-

turbative regime and start to deviate around 2 GeV, reflecting

a general observation that ambiguities due to gauge fixing are

always related to the infrared behavior of correlation func-

tions. Since these couplings provide direct information about

the interaction strength in the kernels of the BSE, it is a very

interesting and nontrivial question whether different solu-

tions from this family also lead to different glueball masses.

An important technical point of our calculations regard the

proper numerical handling of the three-gluon vertex. This

vertex develops an infrared divergence which changes its

nature within the family: with increasing G(0) it becomes

stronger and switches from logarithmic [23,49,75] to power-

like for the scaling limit G(0) → ∞ [23,49,52,59,60,99–

101]. This requires an increase in numerical precision as well

as a specialized interpolation routine with the vertex dress-

ing mapped to an arcsinh function to handle the divergence

properly.

Another technical point concerns the extrapolation pro-

cedure and the associated physical scale. As with all calcu-

lations in Yang–Mills theory all results are first obtained in

internal units. Physical units are set only at the end by the

peak of the gluon dressing function, see Appendix for details.

Since the corresponding scale factors are different for differ-

ent members of the family, the intervals for the extrapolation

in P2 also differ. To ensure best comparability, we only used

values for P2 within an interval common to all calculations

and the same numbers of points for all extrapolations. This

reduces the number of points available for the extrapolation

to some extent, which explains the small deviations from and

partially larger errors than in the high precision results shown

in Fig. 12.

Scrutinizing our results, it is interesting to note that the

eigenvalue curves obtained from all members of the family

are qualitatively similar but differ quantitatively by a few per-

cent. These are, however, not gauge invariant and therefore

only the extrapolated masses provide a meaningful estimate

of the physical equivalence of the different solutions. The

resulting spectrum of scalar, pseudoscalar and tensor glue-

balls is shown in Fig. 16. Given that the underlying correla-

tion functions of the family differ drastically, cf. the shaded

bands discussed in Sect. 3, it is striking and highly nontrivial

how well the glueball masses align across the family. Within

the extrapolation errors, we do not observe any significant

variations. This agreement strongly favors the proposition

that different solutions within the family are physically equiv-

alent. While this agreement might in principle be a ’coinci-

dence’, we do not believe this to be the case. To test this

further, we also calculated the glueball masses with ’mixed’

input, viz., we used propagators and vertices from different

members of the family of solutions. For solutions far enough

apart, the mass of the scalar glueball dropped significantly,

e.g., for mixing solutions G(0) = 5 and G(0) = 20 the

ground state mass is below 1 GeV. For the J = 0 glueballs,

this investigation of the gauge dependence was already done

previously [21]. Here we show the quantitative comparison

and extend it to the tensor glueball.

These results strongly support the hypothesis of the dif-

ferent solutions corresponding to different gauges [53]. For

a final conclusion, however, more insight into the nonpertur-

bative gauge fixing ambiguity is needed, and more physical

observables should be calculated.
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Fig. 16 Masses for scalar, pseudoscalar and tensor ground and excited

states from different input labelled by the IR value of the ghost dressing

function G(0)

5 Summary and discussion

In the past twenty years, functional methods have seen enor-

mous progress. Theoretical tools are available that range from

simple model applications to high quality approximations of

the full theory using systematic expansions. In this work,

we discussed in detail one of the most systematic approx-

imation schemes applied so far based on the 3PI effective

action in (nonperturbative) three-loop expansion. We dis-

cussed the stability of this system under various modifica-

tions and extensions in Sect. 3. Except for an unproblematic

kinematic approximation of the three-gluon vertex based on

planar degeneracy any further simplification of this setup

leads to unwanted qualitative and quantitative changes. In

contrast, any extensions tested so far only entail minor quan-

titative ones. For the current precision goal of our functional

calculations on the five percent level the employed setup thus

constitutes a very reliable basis. We consider the good agree-

ment between different functional methods (3PI, 1PI DSE

and FRG) and lattice gauge theory as well as the observed

stability under modifications as an indication of apparent con-

vergence of the functional system of equations. Taking into

account all primitively divergent correlation functions seems

to be a necessary and sufficient condition for a reliable trun-

cation.

This high quality input also seems to be necessary and

sufficient for a high quality determination of the glueball

spectrum [21,22], provided the kernels in the glueball BSEs

match this complexity. We discussed the truncation of the

BSE in Sect. 4 and explored the hierarchy of gluonic vs. ghost

diagrams as well as the impact of hitherto neglected two-loop

diagrams in the gluon part of the BSE. We found that the

ghost diagrams do have a relevant quantitative impact, while

effects of the two-loop diagrams are remarkably small. To

our mind, this is another indication of apparent convergence.

Finally, we quantified the effect of using different mem-

bers of the family of solutions accessible with functional

methods. Within the extrapolation errors, the results agree,

supporting the conjecture that different solutions correspond

to different nonperturbative completions of Landau type

gauges.

The results for the glueball spectrum and the tests per-

formed here motivate investigations beyond this setup.

One possibility is the extension to three-gluon glueballs

which would provide access to additional quantum numbers.

Another, the physically most relevant one, is the inclusion

of quarks to investigate the mixing between quark-antiquark

mesons and glueballs. It would certainly be most interest-

ing to investigate this in the light of the recent analyses of

experimental data [15–18]. This is material for future work.
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Appendix A: Scale setting

In many functional calculations, a physical scale enters

explicitly by using a model or input from other sources.

Here, however, the correlation functions are calculated in

a self-contained way with no such explicit scale. Hence, the

raw results are in internal units and have to be converted to

’physical’ ones using external input. In Yang–Mills theory,

glueball masses can serve as physical scale, as they are gauge

invariant. This is used in one of the spectrum plots in Fig.
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12 where the scale is set by the scalar glueball mass. It is

more convenient, though, to express the results in terms of

GeV. To this end, we take over the scale from lattice calcu-

lations by matching a distinct quantity between lattice and

functional results. Due to the good agreement of the gluon

propagator, we use the peak of the gluon dressing function

for this purpose. In [23], we used the lattice results of [102]

with r0,S = 0.5 fm = 2.534/GeV and the position of the

maximum at p2
max,S = 0.94 GeV2. However, different lattice

calculations may use different values of r0. This has to be

taken into account here, because the lattice results of [12]

use r0,AT = 0.472 fm = 2.392/GeV. This leads to a factor

of 2.534/2.392 = 1.059 for translating the scale of the BSE

calculations to the scale of the lattice results. Also the lattice

results of [10], with r0,MP = 0.480 fm = 2.439/GeV, were

translated to this scale.

Since newer lattice results for the gluon propagator have

become available, we compared the scale inferred from them

using the same technique. For the results from [57], we found

that the peak position can be determined more accurately as

p2
max,B = 0.83 GeV2. All results for the correlation functions

presented here use this updated scale setting. For the glueball

masses, we again translated the scale of the input, based on

r0,B = 0.515 fm = 2.616/GeV [57], to r0,AT of [12] by

rescaling the original results for the masses in [21,22] with

rupdate =

√

0.83

0.94

(

r0,S

r0,AT

)−1
r0,B

r0,AT
= 0.970. (A.1)

All quoted results for glueball masses use this scale setting

with r0 = r0,AT = 0.472 fm = 2.392/GeV.
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