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We present the first lattice gauge theory results for hybrid spin-dependent and hybrid-quarkonium
mixing potentials appearing at order (1/m)" in the Born-Oppenheimer effective field theory for hybrid
mesons with gluon spin <€ = 17~ Specifically, we compute the four unknown potentials V34(r), Vi5(r),
which are relevant for the hyperfine splitting in heavy hybrid meson spectra, as well as Vg‘g" (r) and Vﬁix (r),
which describe the mixing of heavy hybrid mesons with ordinary quarkonium. We relate these potentials to
matrix elements, which we extract from generalized Wilson loops with a chromomagnetic field insertion
along one of the temporal lines and suitable hybrid creation operators replacing the spatial lines. We use
gradient flow, which facilitates the renormalization of the matrix elements and has the additional benefit
of significantly reducing statistical noise. We present results for gauge group SU(3) and lattice
spacing a = 0.060 fm. Our results demonstrate that a future combined continuum and zero-flow time
extrapolation is possible within our setup, which will be necessary to reliably predict the hyperfine splitting

of heavy hybrid mesons as well as their mixing with ordinary quarkonium through coupled channel

Schrodinger equations.
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I. INTRODUCTION

Mesons are hadrons with integer spin, consisting typi-
cally of quark-antiquark pairs confined by gluons. If the
gluonic field is in an excited configuration and contributes
to the quantum numbers of the system, one speaks of
hybrid mesons. Heavy hybrid mesons, where the heavy
quarks are either bb or ¢c, are extremely challenging to
compute, and only a few full lattice QCD calculations exist
[1-3]. Large operator bases were employed in these studies,
and corresponding spectra, including both ordinary and
exotic quarkonium energy levels, were determined.
However, it was assumed that possible decays of highly
excited states, like hybrid mesons, to multiparticle states
can be neglected. A more rigorous approach is the Liischer
method [4], which determines the mass and decay width of
an unstable hadron by analyzing the dependence of energy
levels on the finite spatial volume. However, this approach
requires lattice QCD computations of an extensive set of
energy levels, typically for several volumes. In the case of
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hybrid mesons, this would be particularly demanding due
to the presence of multiple scattering states involving
quarkonium and pions, which lie below the hybrid meson
resonances of interest. Even in a pure gluonic theory, i.e.
without dynamical quarks, multiparticle states involving
glueballs, which have a poor signal-to-noise ratio, could
complicate the study of hybrid mesons with the Liischer
method (see the related Ref. [5]).

An alternative and complementary approach for studying
exotic hadrons such as heavy hybrid mesons, but also
tetraquarks, doubly heavy baryons, and pentaquarks, is the
Born-Oppenheimer Effective Field Theory (BOEFT) (see
e.g. Refs. [6-12]). Effective field theories like the BOEFT
exploit the separation of scales in these systems, where
the heavy quarks move nonrelativistically within potentials
that depend on the relativistic light degrees of freedom,
which can be either gluons or light quarks. The BOEFT
Lagrangian is formulated as an expansion in terms of the
inverse heavy quark mass 1/mg, and potentials arise at
each order in 1/my. The potentials encode the full
dynamics of the system at a given order and, once
determined, provide insights into the strong interactions,
while also enabling the prediction of a large number of
hadron masses and related properties. The aim of this
work is to carry out the first SU(3) lattice gauge theory
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computation of next-to-leading order (i.e. order (1/ mQ)l)
spin-dependent potentials and hybrid-quarkonium mixing
potentials relevant for the BOEFT for heavy hybrid mesons
with gluon spin xP¢ = 17~ (the lightest heavy hybrid
mesons are expected to have k"¢ = 177). The aim of this
work is to carry out the first SU(3) lattice gauge theory
computation of next-to-leading order (i.e. order (1/mgp)")
spin-dependent potentials and hybrid-quarkonium mixing
potentials for heavy hybrid mesons with gluon spin
k€ = 17~ (the lightest heavy hybrid mesons are expected
to have k¢ = 17).

The leading order (i.e. order (1/mg)°) potentials rel-
evant for heavy hybrid mesons are hybrid static potentials,
which have been extensively studied using lattice gauge
theory for both small and large quark-antiquark separations
(see Refs. [5,13-42]). Hybrid static potentials, which are
characterized by quantum numbers A¢, can be computed
from the large time behavior of Wilson looplike correlation
functions, where suitable hybrid creation operators replace
the straight spatial lines of ordinary Wilson loops. Lattice
results for these hybrid static potentials have been used to
predict spin-degenerate heavy hybrid meson spectra (see
Refs. [5-7,9,10,18,19,25,40,43,44]). These works utilized
the leading order static potentials in either coupled channel
Schrodinger equations or in combination with the simpli-
fying single-channel approximation, which corresponds
to the widely used standard Born-Oppenheimer approxi-
mation [45].

While corrections to the ordinary static potential up to
order (1/mp)? have been studied using first principles
lattice gauge theory (see e.g. Refs. [46—49]), the next-to-
leading order (i.e. order (1/mg)") corrections to hybrid
static potentials have not yet been computed using lattice
techniques. Unlike ordinary quarkonium, where spin
effects are suppressed by (1/ mQ)z, spin-dependent con-
tributions to heavy hybrid mesons such as spin-dependent
potentials and hybrid-quarkonium mixing potentials appear
already at order (1/ mQ)l [7,9,10,50]. Thus, these contri-
butions are even more important for precise predictions of
heavy hybrid meson spectra.

Spin effects in heavy hybrid mesons and hybrid-quar-
konium mixing at order (1/my)" were investigated some
time ago with lattice nonrelativistic QCD (NRQCD)
[51,52]. For small quark-antiquark separations, spin-
dependent corrections to hybrid potentials have been
explored in weakly coupled potential NRQCD
(PNRQCD) up to order (1/mg)* in Refs. [9,10]. Each
of these corrections can be written as a sum of a
r-dependent part, which was calculated perturbatively,
and a nonperturbative part, which was expressed in a
multipole expansion in terms of r-independent gluonic
correlators. For large separations, the form of the potential
corrections can be described with QCD effective string
theory [53,54]. This was used in Refs. [7,55] to parametrize

hybrid potentials at order (1/my)' employing pNRQCD
for small separations and QCD effective string theory for
large separations. Investigations of spin splitting and
mixing effects in heavy hybrid meson spectra have been
carried out in Refs. [7,9,10,55], but each of these works
involves unknown parameters, which can e.g. be computed
using lattice gauge theory.

Recently, expressions for hybrid spin-dependent and
hybrid-quarkonium mixing potentials at order (1/my)"
have been derived in the BOEFT framework without
assumptions or restrictions on the quark-antiquark separa-
tion [7,11]. The potentials are given by integral expressions
including generalized Wilson loops with a chromomagnetic
field insertion along one of the temporal lines and suitable
hybrid creation operators replacing the spatial lines.
Through straightforward analytic integration, the potentials
can be related to matrix elements that are suited for
evaluation with lattice gauge theory. The results presented
in this work are the first lattice gauge theory results for the
hybrid spin-dependent and hybrid-quarkonium mixing
potentials at order (1/mg)'. Even though limited to a
single lattice spacing a = 0.060 fm, they provide important
insights into the r dependence of these potentials. Similar
future computations at different lattice spacings and a
subsequent continuum extrapolation would lead to a fully
rigorous first principles prediction of (1/mg)"! hybrid spin-
dependent and hybrid-quarkonium mixing potentials,
which could be used for refined BOEFT predictions of
heavy hybrid meson spectra.

This paper is structured in the following way. Section 11
summarizes the BOEFT as developed in Refs. [6—11]. After
specializing the equations to heavy hybrid mesons with
gluon spin quantum numbers x’¢ = 17~ it becomes
obvious that there are four relevant (1/mg)' potentials,
Vii(r), Vig(r), VEX(r), and Vi{*(r). In Sec. Il we relate
these potentials to matrix elements in SU(3) gauge theory.
We also discuss our lattice setup and techniques, including
details of the generated gauge link ensemble, suitable
lattice creation operators and the discretization of the
chromomagnetic field operator, correlation functions for
the extraction of the matrix elements and the application of
gradient flow. In Sec. IV we present our numerical results,
in particular results for the four potentials V34 (r), V35 (r),
VEX(r) and V¥ (r) at lattice spacing a = 0.060 fm. We
conclude in Sec. V.

II. BORN-OPPENHEIMER EFFECTIVE FIELD
THEORY FOR HEAVY HYBRID MESONS WITH
GLUON SPIN € =1+~

In this section we specialize the BOEFT for heavy hybrid
mesons and ordinary quarkonium, which was developed in
Refs. [6-11], to hybrid mesons with gluon spin quantum
numbers k7€ = 17~. The corresponding Lagrangian can be
organized in powers of the inverse heavy quark mass 1/m,,.
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It contains a priori unknown potentials, which are, how-
ever, suited for computations with lattice gauge theory.

At leading order (i.e. order (1/my)°) the relevant
potentials are the hybrid static potentials with quantum
numbers Ay = X, 11, (for details see Sec. Il A 1). They
were recently recomputed with lattice gauge theory with
unprecedented precision and resolution [5] (for earlier
computations see Refs. [13-29,31-35,38,40]).

At next-to-leading order (i.e. order (1/my)') we con-
sider spin-dependent interactions, which are responsible for
the hyperfine splitting in spectra of heavy hybrid mesons.
There are two corresponding potentials, V3¢ (r) and V35(r)
(r denotes the heavy quark-antiquark separation) [11,55].
Neither of them has yet been computed from first princi-
ples. We also consider mixing of heavy hybrid mesons with
ordinary quarkonium at order (1/m)". In addition to the
well-known ordinary static potential with quantum num-
bers A} = Z;’, which is needed for the quarkonium
Lagrangian at order (1/mg)°, there are two unknown
mixing potentials, V§2*(r) and V{*(r) [7].

As already stated in the introduction, it is the main goal
of this work to carry out the first lattice gauge theory
computation of these four (1/my)' potentials, V34(r),
Vib(r), VEX(r), and V{{*(r). The brief discussion and
summary of the BOEFT in this section is intended to
motivate our lattice computation discussed in Secs. III
and IV. Moreover, it should provide readers, who are
unfamiliar with the hybrid-quarkonium BOEFT, some
background, where these potentials are needed and why
they are of significant interest. For further details on the
BOEFT we recommend Refs. [6-12].

A. Lagrangian for heavy hybrid mesons

The BOEFT Lagrangian for heavy hybrid mesons with
gluon quantum numbers ¢ = 11~ including corrections
due to the finite mass of the heavy quarks, but without
mixing with ordinary quarkonium, is given by

L=V _(id, = hy+(r))¥+- (1)
with
MP®=—£2¥ﬁ9ﬁH;%ﬂ9mm+0KUmw5

)

(see Refs. [11,55]). The field ¥+ = ‘Pq‘f_ has 12 compo-
nents representing the three possible orientations for gluon
spin x = 1 (labeled by the index n) and the four possible
spin orientations of the heavy quark-antiquark pair (labeled

by the index A). Correspondingly, the potentials VEOJ, (r)=

Vig)_”lA/;"A (r) and V(IL)_ (r,p)= V(li)_"/A/;"A(r, p) are 12 x 12
matrices.

1. Order (1/my)°

The leading order potential V(l(i), (rg can be expressed in

terms of hybrid static potentials V(r),
0)n’A’;nA ’ ’
AR O R L N V(0o R )
=TS I,

Hybrid static potentials are labeled by quantum numbers
Ay, which classify representations of the dihedral
group D ,:

(i) A=ZX2(=0),II(=1),A(=2),... denotes the abso-
lute value of the total angular momentum with
respect to the quark-antiquark separation axis, i.e.
A is a non-negative integer (for the computations
discussed in Secs. III and IV we choose the z-axis as
separation axis).

(i) 7 =g(=+),u(=—) describes the even or odd
behavior with respect to the combined parity and
charge conjugation transformation P o C.

(iii) e = +, — is the eigenvalue of the reflection along an
axis perpendicular to the quark-antiquark separation
axis (for the computations discussed in Secs. III and
IV we choose the x-axis). For A > 1 hybrid poten-
tials are degenerate with respect to € and, thus, € is
typically omitted. For example Vy; (r) = Vi (r) =
V- (r), which was used to simplify Eqgs. (3)—(5).
Note, however, that states with quantum numbers
IT} and II; are orthogonal and need to be differ-
entiated, when computing matrix elements.

The 3 x 3 matrices Pip = ﬁ‘;{’ relate the three gluon spin
components of the field ¥+ to the hybrid static potentials
Vs-(r) and Vy; (r). In this paper we work with fields W74,
where the gluon spin index n = x, y, z labels eigenstates of
the three Cartesian x-, y- and z-components of the gluon
spin-1 operator. Then

Piz=Pro=e,®e,, Pn=P;=1-¢,@e. (4)

or, equivalently,

VA (r) = YAV (1) (e, ® €,)""
+ Vi, (N(1-e, ®e)™).  (5)

Note that at order (1/m)° the spin of the heavy quarks is
irrelevant, as indicated by 6.

2. Order (1/mg)"
At order (1/mgp)" there are both spin-dependent and
spin-independent contributions to the potential V(ll), (r,p),

Vi (r,p) = VISP () + VIS (e, p). (6)
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We do not consider the spin-independent part Vgi)_’SI(r, p)
in this work, i.e. from now on

1 1),SD
Vi (e p) = VISP (). (7)

The reason why we neglect Vii)_'SI(r, p), is that matching

equations are mostly not available (only an angular
momentum-dependent potential V' s (1) has been derived;
see Ref. [11] for details). Note that BOEFT computations
of heavy hybrid meson masses with spin-independent terms
neglected, as sketched in Sec. II C, are still of interest,
because those terms do not affect the predicted spin
splittings.

The spin-dependent potential at order (1/mg)" is given
in Refs. [9,10] and expressed in a different notation in
Refs. [11,55] for arbitrary gluon spin quantum numbers
«PC. In this paper we work with the latter notation (see
Eq. (4) in Ref. [11] and Eq. (1) in Ref. [55]). For k"¢ =
17~ and with all indices explicitly written this potential is

P () = PV () (S0) A PH (ST P

+P7’{'V§8<r><<s" VPSP
)A APPQ (Sq)Jk)Pll ,
(®)

(1),
Vil

+ PV (r((Sh

where (S7)/F = —ie¥*, g =x, y, z denote the three
Cartesian x-, y- and z-components of the gluon spin-1
operator. (Sp Y44, p = x, y, z are the three Cartesian X-, y-
and z- components of the heavy quark spin operator.' It can
be shown as a result of time-reversal symmetry and
hermiticity that V35(r) = V§5(r), i.e. there are only two
independent potentials on the right-hand side of Eq. (8),
Vii(r) and Vj E )S

Notice that V1+>_ P (r) is proportional to (S’J ). Thus, for
heavy quark spin S,5 =0 the spin- depengent potential

vanishes, i.e. V(llf_’SD(r) = 0. We also note that V{{(r) is
multiplied to the vector-times-projector-times-vector term
S00 - Pio-S1 =8pp - (e, ®e,)-S;, which implies that
Vi4(r) is most relevant, when both the gluon spin and the
heavy quark spin are aligned along the quark-antiquark
separation axis. Similarly, V35(r) is multiplied to the term
S0 P11-S1 =80 (1—e,®e,) S, ie. it is most
important, when both the gluon spin and the heavy quark
spin are orthogonal to the quark-antiquark separation axis.

'For Eq. (8) it is not necessary to fix which heavy spin
combinations correspond to the indices A,A’ =0, 1, 2, 3. In
Sec. II B this is different: A, A’ = 0 will represent the SQQ =0
singlet and A,A’ = 1, 2, 3 will represent the Sop =1 triplet.

B. Lagrangian for hybrid-quarkonium mixing

The BOEFT Lagrangian for both ordinary quarkonium
and heavy hybrid mesons with gluon spin quantum
numbers ¢ = 17~ including hybrid-quarkonium mixing
at order (1/mg)" is given in Ref. [7],

L = tr(St(ia, — hg(r))S) + tr(H" (i8""a, — W (v))H™)
:['quarkonium =‘Chybrids
+ STV (r){e”, H"} + H.c.), (9)
:l:mixing
where
h = r 10
(1) = =0 Vs () (10)
() = === Vo (NP
Mo A;XE;:,H“ !
Al‘ / /
= ——5"" 4+ VZZ(r)(e, e )"
mo
+ Vi, (r(1-e, ®e,)"" (11)
Vik(r) = > VRMPY
Ag=%, .11
= VER(r)(e, ® ¢)"" + VEN(r)(1 - ¢, ® e,)""
(12)

and H.c. denotes the Hermitian conjugate. S = S, + ¢/ S{ is

the ordinary quarkonium field and H" = H}, 4+ o/H'’ the
hybrid quarkonium field. The lower indices O and 1 denote
heavy quark spin S5 = 0 and Sy = 1, respectively. The
upper index n is the gluon spin index, which labels
eigenstates of the three Cartesian x-, y- and z-components
of the gluon spin-1 operator. Each term inside of tr(...) in
Eq. (9) is a 2 x 2 matrix and tr(...) denotes the trace with
respect to these 2 x 2 matrices. hg and hy are the order
(1/my)° Hamiltonians for ordinary quarkonium and
hybrid quarkonium, respectively. The term Ly, in the
Lagrangian (9) describes hybrid-quarkonium mixing,
which is related to the heavy quark spin. It is suppressed
and proportional to 1/m, (see Egs. (18) and (19) and
Ref. [7] for details).

The notation for the fields from Ref. [7] (used in
Egs. (9)—(11)) is somewhat different from the notation
from Refs. [11,55] (used in Sec. II A). It can, however,
easily be translated:

(i) Wit = Hp, if A=0,

(i) W =HY if A=
The physical interpretation of the four heavy quark spin
components, labeled by A =0, 1, 2, 3 in ‘Pﬁ , 1s then,
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however, fixed: A = 0 refers to heavy quark-antiquark spin
SQQ:0 and A= with j=1,2,3=x, y, z to the
eigenstates of the three Cartesian x-, y- and z-components
of the heavy quark spin-1 operator, i.e. to Spp = 1. The
term Ly yprigs in Eq. (9) is then identical to the Lagrangian
(1) restricted to order (1/my)°, i.e. with the potential (5),
but without spin-dependent potentials. The Lagrangian for
ordinary quarkonium can also be written in the style of
Sec. IT A,

Equarkonium = lIJ(+)++ (lat - h0++ (l') )lP0++ (13)

with hg+ (r) = hg(r) and a four-component field Wy =
V.. related to S via

1) ‘I‘QH = S0, iftA=0,

(ii) ‘I‘g++ =8, if A=
Finally, the mixing term in the Lagrangian (9) can be
rewritten and expressed in terms of the V¥ fields,

Emixing = ZV?I;&(S;' THS + SgH?n/ + HC)

=2V (T 0 Lt g L He), (14)

mix

C. Coupled channel Schrodinger equations

From the Lagrangians discussed in Secs. Il A and II B
one can derive coupled channel Schrédinger equations for
the radial coordinate of the quark-antiquark separation.
Solving these equations leads to predictions of spectra and
properties of heavy hybrid mesons. These Schrodinger
equations include the potentials Vi{(r), Vif(r), V3*(r)
and Vﬁi" (r), which we compute with lattice gauge theory in
Secs. Il and I'V. Hence, they are an important ingredient for
BOEFT predictions of heavy hybrid meson masses.

At order (1/my)°, Schrodinger equations for
heavy hybrid mesons with gluon spin quantum numbers
kP€ = 17~ are either single channel equations or 2 x 2
coupled channel equations [6,7]. They contain the hybrid
|

<_Ld_2+w+< Vi (r)

mg dr? mor? 2V (r)

valid for total angular momentum J # 0 of both quarko-
nium and the heavy hybrid meson. In this particular case it
is rather obvious that the mixing potential Vﬁi"(r), appear-
ing in the off-diagonal elements of the potential matrix,
couples the radial wave functions 87, and P, . $7,
represents quarkonium with S5 = 1 (the upper index 0
indicates that L = J, where J is the quark orbital angular
momentum plus the gluon total angular momentum), while

P8 70 Tepresents a heavy hybrid meson with Syp = 0.

static potentials Vy-(r) and Vi () as evident from Eq. (5).
These leading order equations do not contain the spin of the
heavy quark-antiquark pair and, consequently, resulting
energy levels are degenerate with respect to Syp.

The spin-dependent potential V(11+>,’SD(r) (see Eq. (8))
appearing at order (1/ mQ)] is responsible for the hyperfine
splitting in heavy hybrid meson spectra. It leads to coupled
channel Schrodinger equations, which have a 3 x 3, 7 x 7
and 9 x 9 matrix structure for total angular momentum of
the heavy hybrid meson 7 =0, J =1 and J > 1,
respectively [55]. V(]L)_'SD(I') can be expressed in terms of
two radially symmetric potentials V3¢ (r) and V35(r), which
have not yet been computed from first principles with
lattice gauge theory. There are, however, predictions from
pPNRQCD and QCD effective string theory for the
small and large r behavior of V3¢(r) and V3i5(r)
[9,10,55]. They were used in these references to determine
the unknown potentials and to study the hyperfine splitting
by solving the previously mentioned coupled Schrodinger
equations.

The potential V., (r) (see Eq. (12)), also appearing at
order (1/mg)', causes a mixing of ordinary quarkonium
and heavy hybrid mesons. When neglecting the spin-

dependent potential Vgi)_'SD(r), it leads to 2x2, 4x4
and 6 x 6 coupled channel Schrodinger equations [7]. The
mixing potential can be expressed in terms of two radially
symmetric potentials, V32*(r) and V{i*(r), which have as
well not yet been computed from first principles with lattice
gauge theory. Again, there are predictions based on
pNRQCD and QCD effective string theory for the small
and large r behavior of VE™(r) and V{{*(r), which were
used for modeling these unknown potentials to study
hybrid-quarkonium mixing in Ref. [7].

An illustrative and representative example for all the
coupled channel Schrodinger equations previously men-
tioned in this subsection is the 2 x 2 hybrid-quarkonium
mixing equation

WG e Gr) o

[
III. LATTICE SETUP AND TECHNIQUES

A. Lattice gauge link ensemble

To complement our recent precision computations of the
hybrid static potentials Vy-(r) and Vp (r) discussed in
detail in Ref. [5], we use for this exploratory study one of
the four SU(3) lattice gauge link ensembles from our
previous work [5,56], ensemble B with lattice spacing
a =0.060 fm. This ensemble was generated with the
standard Wilson plaquette action for SU(3) gauge theory
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without dynamical quarks using the CL2QCD software
package [57].

The gauge coupling is f = 6.284. We related the
corresponding lattice spacing a to the Sommer scale r,
via a parametrization of In(a/ry) provided in Ref. [58].
Then we introduced physical units by setting ry = 0.5 fm,
which is a simple and common choice in pure gauge theory.
A computation at the corresponding intermediate lattice
spacing a = 0.060 fm” provides potentials V3¢(r), V35 (r),
VEX(r) and Vi{*(r) also at intermediate quark-antiquark
separations. Thus, it seems to be a good starting point for
future computations of these (1/mg)' potentials with
several larger and smaller lattice spacings. The lattice
volume is (20a)?® x 40a = (1.2 fm)? x 2.4 fm. This is
sufficiently large to neglect finite volume corrections
(see Ref. [5] for a detailed investigation and discussion).

The ensemble was generated by N, = 2 independent
Monte Carlo simulations, where each simulation comprises
N = 85000 updates. An update is composed of a
heatbath sweep and N, = 12 over-relaxation sweeps.
The first Ngem = 20000 thermalization updates were
discarded. Then gauge link configurations separated by
Ngp = 100 updates were used to evaluate correlation
functions. Statistical errors were determined using the
jackknife method, where we combined the N, = 1300
gauge link configurations used for measurements to 260
reduced jackknife bins. Further details concerning our data
analysis are described in Appendix B of Ref. [5].

B. Relating the (1/m)! potentials to matrix elements in
SU(3) gauge theory

By matching the BOEFT to NRQCD up to order
(1/mg)", the potentials V3{(r), Vi§(r), VE*(r) and
Vi*(r) can be expressed in terms of generalized Wilson
loops.3 This was done in Ref. [11] for the spin-dependent
potentials V3¢(r) and V4%(r) and in Ref. [7] for the mixing
potentials V™ (r) and Vii™*(r).

The resulting expressions (Eqs. (33) and (34) in Ref. [11]
and Egs. (28) and (29) in Ref. [7]) are integrals over the
temporal position of a chromomagnetic field insertion in a
generalized Wilson loop. These expressions are, however,
not practical for lattice computations. We have, thus, solved
the integrals analytically, which is straightforward after
inserting sums over complete sets of energy eigenstates and
taking the limit of infinite temporal separation. This led to
rather simple relations of the (1/my)" potentials and matrix

The ensembles used in Ref. [5] cover lattice spacings in
the range 0.040 fm < a < 0.093 fm.

*With “generalized Wilson loops” we refer to Wilson loops
with chromomagnetic field insertions B j»J = X, y,z0none of the
temporal lines, and where the spatial parallel transporters are not
just straight lines, but more complicated structures exciting
gluons with definite Aj quantum numbers.

elements, where the bra’s and the ket’s are ground states
that either correspond to the ordinary static potential with
quantum numbers X or to the hybrid static potentials with
quantum numbers X, and II,,

Via(r) = igep(0, T |B.(=r/2)|0, T;)(r),  (16)

Vit (r) = igep(0. Z71By(—r/2)[0. 117 ) ()
= igep(0, 2y |By(=r/2)[0,I5,)(r). (17

u 2m

igcr
=—-""(0,2F|B,(-r/2
A (0. 1By (=r/2)

Vs (r) ig_c; (0.5 B (=r/2)[0.15;) (r)

0, (r), (18

VB = gt 0.5 1B(r/20.5) (). (19)

In detail, |0, Aj;) denotes the ground state of a static quark at
position (0,0,+r/2) and a static antiquark at position
(0,0, —r/2), where the connecting flux tube has quantum
numbers Aj. Since for all matrix elements appearing in
Eqgs. (16)—(19) the ground states represented by the bra and
the ket are from different Aj sectors, their relative phases
are not arbitrary. The ground states are, thus, defined as

0, AS) = lim d (20)

T=o0 [0 |Q)]
with % denoting the Hamiltonian,

On; = O(=1/2)U(=r/2:0)Bx: (0)U(0; +1/2)Q(+7/2)
(21)

(Q and Q are static quark and static antiquark operators and
U represents a straight parallel transporter) and
62;21, BZ;:_iBZ’

BHI :—in, BH; :+IB}

(22)

(B; = —¢€;xF jx/2 is the chromomagnetic field operator).
The x and y coordinates of quark, antiquark and chromo-
magnetic field positions are 0 and have been omitted for
better readability, i.e. +r/2 = (0,0, +r/2). ¢y is a neces-
sary matching coefficient for the chromomagnetic fields
originating from NRQCD [59,60].

Note that Egs. (16)—(19) depend on the definition of the
operators BA; , because of Egs. (20) and (21). A choice of
operators By different from Eq. (22), but still generating
states with definite quantum numbers A¢, might lead to
different signs or even phases in Egs. (16)—(19). This will
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be relevant in Sec. III C, where we discuss suitable lattice
creation operators.

C. Definition of lattice creation operators

The creation operators defined in Egs. (21) and (22) are
not practical for lattice computations of hybrid spin-
dependent potentials and hybrid-quarkonium mixing
potentials, i.e. for computations of the matrix elements
on the right hand sides of Eqgs. (16)—(19), due to the poor
ground state overlaps they generate. We rather employ

|

B —=

aS;Ag(—r/Z, +r/2) =

I
2

NE

<e D (—l—iﬂ/\
X
2

The insertions S were designed and optimized in Ref. [40]
and employed for the lattice computation of hybrid static
potentials in Refs. [5,40]. We follow Ref. [5] and use
S =S, for Ay =%, and S =Sy, for A =1II; as
defined in detail in Ref. [40]. For II,, we use for S a
counterclockwise 7/2 rotation of the insertion Syp; with
respect to the z axis. Consequently, the operators Oif[‘gice and

k

i
o

O have the same structure and are related by a /2
rotation. We note that 0}‘}?“ is different from an operator
obtained via Egs. (23) and (24) for IT;, using the nonrotated
insertion Sy ;. This alternative operator, which we denote
as Oﬁ}ﬁce’z, is also valid, i.e. generates states with quantum

numbers II,, but is numerically less efficient. We used
0}%““*2 only for numerical checks of our code and results.
For A}, = Z;, Ass: is just a straight path of gauge links.

As investigated and discussed in Sec. 4.2 of Ref. [40],
link smearing drastically increases the ground state over-
laps generated by the operators (23). We use APE smearing
as defined in Sec. 3.1.3 of Ref. [61] with parameters
axpg = 0.5 and Npg = 50. These are exactly the same
parameters we used in Ref. [5] for the computation of the
ordinary static potential Vy.(r) and the hybrid static
potentials Vy_(r) and V() on the gauge link ensemble
with a = 0.060 fm discussed in Sec. III A.

To be able to use Egs. (16)—(19), it is mandatory that the
lattice operators O%tice are consistent with Egs. (20)-(22),
i.e. they have to satyisfy the condition

|

1

R (7. T) = Wit

optimized lattice creation operators from Ref. [40], which
allow to extract the potentials from generalized Wilson
loops with smaller temporal extents, where the noise-to-
signal ratio is favorable. For Ay = X}, XTI} these oper-
ators are of the form

Oltice — Q(—r/2)ag; (—r/2,+r/2)0(+r/2),  (23)

where ag. A is given by a sum of properly transformed
spatial insertions S(ry, r;),

(14+n(PoC)+€eP,+ne(PoC)P,)

e

—inAk k
) )r(5 ) Wer2 S U /). 24
€_hT0y\1£lice|Q>
0.y = fim r o e gy (25)
where |0, A;) is mathematically identical to the ground

state |0, A;) appearing on the left-hand side of Eq. (20)
(physical equivalence where phases can be different is not
sufficient). The consistency between the operator defini-
tions can be guaranteed by the replacement

Q)
Q)

@0y e 0
lim 1 !

1 [ (ORF) e 7Oy,

Ollz\l%tice - < |> Olje\létice_ (26)

=a/\»€1

It is straightforward to show that (Q[(O}°°)"e™"" 0 |Q)
is real. Consequently, the unknown phases a,. can only

take values 41 or —1 for the operators we use. A simple
and quick lattice computation revealed agy = ay, =

an: = a; = +1.

D. Computation of matrix elements

Equations (16)—(19) relate the hybrid spin-dependent
potentials and the hybrid-quarkonium mixing potentials to
matrix elements in SU(3) gauge theory. We extract these
matrix elements from ratios of Wilson loop-like correlation
functions defined as

WA;I(T, T/2 - I)WAZ?(V, T/2 -+ t)

NS ray (7:T) (WAS (r T)W s

(27)

) )"

WA;(I”, T/2 — t)WAf}/(r’ T/2 + [)
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WA;(r, T) denotes the familiar (hybrid) Wilson loop, i.e. a correlation function of (hybrid) trial states with quantum

numbers Aj,

Was (r.T) = (QI(OR)" (r. T/2) O™ (r. =T /2)|Q)

=(Tr(asc(=r/2,+7/2;=T/2)U(+1/2;=T/2,T/2)(as (-7/2, +r/2;T/2))TU(=r/2;T/2,-T/2)))y, (28)

where U(r; t,, t,) is a straight path of temporal gauge links from time ¢, to time 7, at spatial positionr = (0,0, r) and (...),,

denotes the average on the ensemble of gauge link configurations discussed in Sec. Il A. W

By

ACA (t;r,T) denotes a

generalized Wilson loop containing two different (hybrid) creation operators with a chromomagnetic field insertion along

one of its temporal lines,

Wit o (157, T) = (QI(ORS®)T (1, T/2) Btes (—r/2, 1) O8 (r, ~T/2)[2)

el
A'I

= <Tr(aS’,A;’(_r/2’ r/2,=T/2)U(r/2;=T/2, T/2)(aS.A,‘7'(_r/2v r/2;T/2))f
X U(=r/2;T/2,t)Btce(—r/2, ) U(~r/2;t,=T/2)))y- (29)

The lattice chromomagnetic field Bt with k = x, y, z
is always inserted into the temporal line at —r/2 =
(0,0,—r/2) with ¢ denoting its temporal position (in the
following we omit the arguments (—r/2,¢) to keep equa-
tions short and clear). We note that generalized Wilson
loops with a chromomagnetic field inserted at —r/2 and
+r/2 are related by a P o C transformation.

We use the cloverleaf discretization for a chromomag-
netic field insertion on the lattice, i.e.

. €
lattice __ “lmn
Bl = — (Hmn

5 —T11},) = —igB, (30)

with the clover-leaf plaquette

|

The Wilson loops are symmetrically placed around
t = 0. Thus, for odd T the center of the temporal line at
t =0 is located between two lattice sites. Since the
chromomagnetic field insertion must be placed at a lattice
site, integer t/a = ...,—1,0,1,... are only possible for
even T, while half-integer t¢/a=...,-3/2,—1/2,
1/2,3/2, ... are only possible for odd 7. r = 0 corresponds
to a symmetric insertion between the two spatial trans-
porters at —7/2 and T/2 of the Wilson loop. Thus, for
t < 0 the temporal distance to the spatial transporter at
—T /2 is smaller than to the spatial transporter at +7'/2. For
t > 0 the situation is reversed.

By inserting the spectral decompositions of the correla-
tors into Eq. (27) one can show that the correlator ratio

1 RB'E «(t;r, T) yields the matrix elements of interest in the
My = - P+ Pa + Py Poy). 31) Ri(60 1) s of neeren
4 large T limit. These spectral decompositions are given by
Wit v (7. T) =3 > (QI(O%5) . Af) (m, AG| B |m. Af) (r) (m, A5 | 0%t |)
n m
e-(V,,,A;(rHVm.A;/(r))T/2e+(Vn,A;(r>-Vm,A;/(r))t’ (32)
WA;(V, T) = Z<Q|(0kgice)1’|n’Af’><n’AZ|01/2\1%tice|Q>e_VmA;(r)T (33)

n

with (n, AS| B |m, AY') (r) = —ig(n, AS|Bi|m, AS') (r). In the large T limit, excited states are suppressed and the ground
states dominate. The first square root in Eq. (27) compensates the overlaps (Q[(O}{"°)*|0, A7) and (0, Aj'|ORE°|Q2) and

el
Aﬂ

the exponential 7 dependence of the ground state contribution. The second square root in Eq. (27) cancels the exponential
t-dependence. In the large 7' limit the correlator ratio (27), thus, approaches one of the matrix elements,

. B
lim R % ..
T—c0 AICIAW/

(17, T) = (0, AS|BEie|0, A/ (r) = —ig(0, AS|B,

0, Ay')(r). (34)
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Note that the matrix elements depend on the spatial
separation r of the static quark and antiquark, but are
independent of the temporal position ¢ of the chromomag-
netic field insertion. It is, however, useful to have that ¢

i: A;,(t; r,T), to gen-
erate a larger set of data points converging to
(0, Ag|Bjice|0, A¢') (r). This allows one to check more
rigorously, whether excited states are indeed negligible.

B, .
A%A;,(t; r,T) might also

reduce statistical uncertainties in the final results.

dependence in the correlator ratio R

Having more data points for R

E. Gradient flow

The bare chromomagnetic  matrix  elements
(0, Ay|By|0, Ay/)(r) appearing in Eqgs. (16)—(19) are infinite
and need to be renormalized. This is done by multiplication
with a matching coefficient c.

One possibility of renormalization suited for
lattice gauge theory computations is to use gradient flow
[62]. One first has to compute a matrix element
(0, Ay|B|0, Ay/)(r) at several lattice spacings a > 0 and
flow times 7, > 0. By multiplication with an appropriate
matching coefficient cp(t7, ) these data points can be
converted from the gradient flow scheme at flow time 7, to

the MS scheme at scale x.* Then one can carry out a
continuum extrapolation of ¢/ (#;, u)(0, Aj|B|0, Ay/)(r) at
fixed flow time 7, which gives a finite result. This step has
to be repeated for several flow times 7. Finally, these
continuum results are extrapolated to flow time 7 = 0. The
result of this extrapolation is the renormalized chromo-
magnetic matrix element in the MS scheme at scale ,
which is equivalent to one of the (1/mg)" potentials at
separation r, as expressed by Egs. (16)—(19).

Note, however, that we do not perform such a renorm-
alization procedure in this work. Our aim is rather to carry
out a first exploratory computation of chromomagnetic
matrix elements at a single lattice spacing a = 0.060 fm
and to demonstrate that, within our chosen setup, we are
able to reach sufficient statistical precision for a future
combined continuum and zero-flow time extrapolation.

Another advantage of using gradient flow is the drastic
reduction of statistical errors. The reason for that is that
gradient flow can be interpreted as a smearing procedure
with radius r, = \/STf also referred to as flow radius. For
small Wilson loops, however, gradient flow might intro-
duce sizable systematic errors, because of overlapping
smeared gauge links from opposite spatial or temporal
lines. For ordinary Wilson loops without chromomagnetic
field insertions, WA;(r, T), these systematic errors are

expected to be mild, if r,T 2 2ry. For generalized

“The matching coefficients ¢y (t, ) are known up to one-loop
order [60,63].

Wilson loops with a chromomagnetic field insertion,

Wﬁ’é A (t;r,T), the constraint on T is more restrictive,
T/2 - |t| Z 2r;. Furthermore, chromomagnetic field inser-
tions B, and B, discretized by cloverleafs, extend by +a
along the axis of separation (the z axis), which leads to the
more severe constraint r 2 2r + a.

We note that gradient flow has been used in the context
of related correlators in Refs. [49,63-67].

IV. NUMERICAL RESULTS

A. Hybrid spin-dependent potentials and hybrid-
quarkonium mixing potentials at flow radius ry/a=1.8

We computed the correlator ratios Rﬁf. ae (7, T) defined
in Eq. (27) on the ensemble of gauge link configurations
with lattice spacing a = 0.060 fm discussed in Sec. III A.
To enhance statistical precision, both translational and
rotational symmetries were exploited, including appropri-
ate averaging of correlator ratios involving the operators
O}%‘ice and Of{®, as expressed by Eqgs. (17) and (18) for
the corresponding matrix elements.

In this subsection we present and discuss results
obtained at flow radius ry/a = 1.8. In Fig. 1 we show

the ratios Riﬁi Ae

nen
spatial separation r = 9a = 0.54 fm and several temporal
positions of the chromomagnetic field t/a = —-3/2, -1,

—1/2,0,+1/2,+1,43/2. To cross-check our numerical
results, we also computed ratios using the operator Oﬁtfce’z
(these ratios are not shown) instead of Oj3"® and verified

(t;r,T) as functions of T for the exemplary

that the obtained asymptotic values at large 7" are compat-
ible within statistical errors.

The ratios related to hybrid spin-dependent potentials
(top row) exhibit a slight negative slope at small 7" and seem
to reach their asymptotic values later than the ratios related
to hybrid-quarkonium mixing potentials (bottom row). This
indicates that the creation operator 0122‘;“% generates a larger

ground state overlap than its hybrid counterparts OIL?E“CC and
Optice This is not surprising, because the £} ground state

has a rather simple cigar-shaped gluon distribution, which
is approximated rather well by a straight path of
APE-smeared links. The hybrid ground states, on the other
hand, have more complicated structures as investigated in
detail in Refs. [38,68].

To extract a matrix element, or equivalently one of the
potentials  Vi{(r)/cp, Vi4(r)/cp, VEX(r)mg/cp, and
Vﬁix(r)mQ /cr (see Egs. (16)—(19)), at a given separation

r, we fit a constant to a set of ratios Rif. ac(tsr,T)
nen
comprising several ¢ and sufficiently large 7. To avoid
unwanted effects from overlapping operators (including
both the creation operators at time +7'/2 and the chromo-
magnetic field at time t), which are smeared in time

direction when applying gradient flow, we always exclude
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correlator ratios for hybrid spin-dependent potentials
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FIG. 1. Correlator ratios RH n+(t r=29a,T), Rz -

(t;r=9a,T),

T/a

—(1/2)R 2+n+(t r=9a,T),and —(1/2)RY:__(t;r = 9a.T) in

Z*Z

units of the lattice spacing a = 0.060 fm at flow radius rr/a = 1.8. The prefactors —1 and —1/2 were chosen such that the asymptotic
values at large T correspond to V3¢ (r = 9a)/cy (top left), V35 (r = 9a)/cr (top right), V"‘S"(r = 9a)mg/cy (bottom left) and le""(r =
9a)my/cp (bottom right), see Eqs. (34) and (16)~(19). Each gray band represents a fit of a constant to data points fulfilling both

T/2—t| 2 2r; and 9a < T < Ty

ratios where 7/2—|t| <2r; (see the discussion in
Sec. IITE). To assure that the fit result corresponds to
the asymptotic value of R%: LAY (t;r,T) atlarge T, we further
restricted the ratios entering a fit. We checked the stability
of our numerical results by exploring different strategies,
which are discussed in the following.

Following the method in our previous works [5,40,56],
we consider only those of the remaining ratios
RAéAé,(t r,T) with Ty (6, 7) T < Thax and Tin(2,7)
and dex chosen as follows:

(1) Tmm(t r) is the smallest T, where |R" A At,(z‘; r,T)—

RNAU(I r, T+ a)l <2ARA6A6,(t,r T+ a)  with

B,
AR A’f A
of RAéAf,(t; r, T+ a).

(1) Tpax 18 the largest 7', where statistical errors are still
on a moderate level, i.e. the noise-to-signal ratio is
significantly below 1. In contrast to Ty (7, 1), Tmax
has an almost negligible effect on the fit results.

We chose T,,c/a = 14 for the ratios R t;r,T)

and Rz m (
potentials

(t;r,T 4 a) denoting the statistical error

I, H+(
t;r,T) related to hybrid spin-dependent

and T../a=16 for the ratios

Rz*rﬁ(t r,T) and R2+2 (

quarkomum mixing potentials.
For the majority of fits this method determines T, (z, r) as
the smallest possible 7 satisfying the constraint
T/2 - |t| > 2r;, where reasonable fits are indicated by
reduced y* values of order 1. In particular, T, (f =
0,r)/a =8 for most fits. However, a drawback of this
method is that the statistical errors of the extracted potential
values increase significantly if 7', (7, r) is determined to
be larger. For instance, when extracting the potential
V3b(r), the algorithm selects T, (1 =0,r)/a =10 for
3<r/a<T7and Ty,(t=0,r)/a =8 for other values of
r/a. As a result, neighboring potential data points have
errors of significantly different magnitude. This discrep-
ancy is not due to a substantial difference in the data quality
but rather arise from a sudden change in T, (7, r). Having
such a strong variation in the errors is certainly not ideal,
e.g. when fitting a parametrization to the potential data
points.

An altemative method avoiding this problem is to restrict
the ratios R® A Ae,(t r,T) using a fixed T, for all # and r,
i.e. the ratios are restricted by Tin < T < Tk As before,
ratios are furthermore restricted by 7/2 — [t| > 2ry. We

t;r,T) related to hybrid-
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extracted the potentials using T\;,/a = 8, Thin/a = 9 and
T in/ @ = 10, respectively. T /a = 8 and T, /a = 9 are
typically suggested by the previously discussed algorithm.
While the potentials extracted with these two choices agree
within statistical uncertainties, there appears to be a slight
trend that the potentials determined with 7;,/a = 9 tend
to be slightly lower than those obtained with T;,/a = 8.
For T,;,/a = 10, statistical errors increase further and
results are again compatible with those corresponding to
Tin/a = 8 and Ty,;,/a = 9. Based on these observations,
using the alternative strategy with 7';,/a = 9 seems to be
the best choice to extract the potentials including a fair and
realistic estimate of statistical uncertainties.

The numerical values for the potentials Vi{(r)/cp,
Vsb(r)/cp. Vglu_i"(r)mQ/cF and Vﬁi"(r)mQ/cF obtained
with all four fitting approaches (T,(t, ) as discussed
above, Tpin/a =38, Thin/a=9 and T;,/a=10) are
collected in Tables I and II.

The computed potentials V3$(r)/cp, V3is(r)/cr,
Vg’;"(r)mQ/cF, and Vﬁ‘l"(r)mQ/cF for Tpin/a =9 are
shown in Fig. 2. The matching coefficient cx(t, u), which
translates from the gradient flow scheme at flow time 7 to

the MS scheme at scale y, is known up to one-loop order
and can be found in Refs. [60,63]. We note again that
the parallel transporters in temporal direction including
the chromomagnetic field insertions, which appear in the
generalized Wilson loops, are smeared due to the applica-
tion of gradient flow. For separations r < 2r; + a = 4.6a,
indicated by vertical dashed lines, discretization errors may
become sizable due to overlapping gauge links from
opposite parallel transporters. Results in this region should
be taken with caution (see also Sec. III E).

Even though the results presented in Tables I, II, and
Fig. 2 were generated at fixed finite lattice spacing a =
0.060 fm and flow radius r; = /8¢, = 1.8a, we expect

that they are quite similar to continuum and zero-flow time

TABLE 1. Hybrid spin-dependent potentials V3$(r)/cy and V35(r)/cr in units of the lattice spacing a = 0.060 fm at flow radius
ry= \/E = 1.8a. The four columns correspond to the four fitting variants discussed in Sec. IV A. Our main results shown in Fig. 2
were obtained by setting T, /a = 9 and are shaded in gray. Potential values with separations r < 2r, + a = 4.6a might contain sizable
systematic errors due to overlapping gauge links and should be taken with caution.

Method Toin (2, 7) Tin/a =38 Tin/a =9 Tin/a =10
r/a a’Vi{(rymg/cp

1 0.01766(58) 0.01766(58) 0.01728(131)
2 0.01653(49) 0.01653(49) 0.01631(118)
3 0.01505(46) 0.01505(46) 0.01465(102)
4 0.01346(44) 0.01346(44) 0.01256(94)

5 0.01205(43) 0.01205(43) 0.01104(91)

6 0.01093(44) 0.01093(44) 0.01044(101)
7 0.00970(48) 0.00970(48) 0.00941(117)
8 0.00834(49) 0.00834(49) 0.00773(106)
9 0.00716(50) 0.00716(50) 0.00614(107)
10 0.00638(63) 0.00638(63) 0.00550(138)
11 0.00589(84) 0.00589(84) 0.00583(183)
12 0.00512(91) 0.00512(91) 0.00527(177)
Method Toin (2, 7) Tin/a =38 Twin/a =9 Tin/a =10
r/a a’Vvsb(r)/cr

1 0.01726(43) 0.01726(43) 0.01596(119)
2 0.01622(43) 0.01622(43) 0.01468(112)
3 0.01397(58) 0.01479(35) 0.01312(88)

4 0.01270(46) 0.01336(29) 0.01204(70)

5 0.01087(54) 0.01178(31) 0.01037(70)

6 0.00921(62) 0.01018(35) 0.00871(80)

7 0.00829(66) 0.00915(35) 0.00776(88)

8 0.00828(39) 0.00828(39) 0.00752(92)

9 0.00724(41) 0.00724(41) 0.00711(95)

10 0.00606(50) 0.00606(50) 0.00576(102)
11 0.00499(54) 0.00499(54) 0.00415(115)
12 0.00452(59) 0.00443(61) 0.00338(138)
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TABLE II. Hybrid-quarkonium mixing potentials V‘gﬂi"( r)mg/cp and Vﬁi"(r)mQ /cp in units of the lattice spacing a = 0.060 fm at
flow radius r, = \/gf = 1.8a. The four columns correspond to the four fitting variants discussed in Sec. IV A. Our main results shown
in Fig. 2 were obtained by setting T',/a = 9 and are shaded in gray. Potential values with separations r < 2ry + a = 4.6a might
contain sizable systematic errors due to overlapping gauge links and should be taken with caution.

Method Tmin(ty r) Tmm/a =38 Tmm/a =9 Tmm/a =10
r/a aZV‘Z“;X(r)mQ/CF

1 0.02211(18) 0.02211(18) 0.02203(35)
2 0.02041(17) 0.02041(17) 0.02024(30)
3 0.01872(15) 0.01872(15) 0.01850(27)
4 0.01720(14) 0.01720(14) 0.01700(26)
5 0.01589(14) 0.01589(14) 0.01568(26)
6 0.01462(15) 0.01462(15) 0.01446(26)
7 0.01344(16) 0.01344(16) 0.01330(30)
8 0.01247(17) 0.01247(17) 0.01238(34)
9 0.01133(19) 0.01133(19) 0.01133(43)
10 0.01051(21) 0.01051(21) 0.01042(45)
11 0.00934(22) 0.00934(22) 0.00910(44)
12 0.00860(24) 0.00860(24) 0.00820(50)
Method Trin(2,7) Tin/a =18 Twin/a =9 Tmin/a = 10
r/a aZV‘ﬁlix(r)mQ/cF

1 0.02284(18) 0.02284(18) 0.02276(34)
2 0.02092(15) 0.02092(15) 0.02082(29)
3 0.01852(13) 0.01852(13) 0.01838(24)
4 0.01615(11) 0.01615(11) 0.01599(20)
5 0.01403(9) 0.01403(9) 0.01386(18)
6 0.01221(7) 0.01221(7) 0.01206(15)
7 0.01062(7) 0.01062(7) 0.01045(13)
8 0.00928(7) 0.00928(7) 0.00905(14)
9 0.00797(12) 0.00813(9) 0.00786(15)
10 0.00699(13) 0.00716(9) 0.00687(16)
11 0.00634(14) 0.00648(9) 0.00624(17)
12 0.00591(10) 0.00591(10) 0.00564(19)

extrapolated results. The matching coefficient cp(ts.u),
which can be calculated according to Eq. (4.68) of
Ref. [60], is close to 1 for suitably chosen scale y =~
1/4/2tpe’s and lattice discretization errors should be small
for r22r;+a as discussed in Sec. IIIE. Since the
potentials V3i(r), ViG(r), VEX(r), and V{i*(r) were pre-
viously modeled by combining predictions from pNRQCD
and QCD effective string theory for their small and large r
behavior, there were open questions even on a qualitative
level concerning their r dependence (for example it was
unclear whether the mixing potentials V3% (r) and Vi{™(r)
have a positive or negative sign, see Ref. [7]). We, thus,
believe that our lattice gauge theory results, even though not
continuum and zero-flow time extrapolated, provide impor-
tant new information, which could e.g. motivate refined
computations of heavy hybrid meson spectra. Our results
also indicate that a more rigorous extraction within our
lattice setup is feasible. This will, however, require results for

several lattice spacings and flow times and a corresponding
combined continuum and zero-flow time extrapolation,
which is beyond the scope of this paper, but planned as a
follow-up project.

B. Alternative analysis method

One can think of other strategies besides the ratio defined
in Eq. (27) to extract the matrix elements appearing in
Egs. (16)—(19). One such alternative is to define

B
WAEA;,(t; r,T)

WA;(}", T/2 - [)WA;/(V, T/2 + Z) ’

R (t:r,T) =

2AGA (35)

From the spectral decompositions (32) and (33) one can
derive
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FIG. 2. Hybrid spin-dependent potentials V3 (r)/cr and V35(r)/cy (left) and hybrid-quarkonium mixing potentials V%;X(r)mg /cr
and Vﬁi"(r)mQ/cF (right) in units of the lattice spacing a = 0.060 fm at flow radius r, = /8¢, = 1.8a.

(0. A7IBE <10, A7) ()

lim RBk € a/(t;r’T): 3 attice attice AW
Jim Ryinen; (0. A5  OF ) (@] (035 7]0.A5)

(36)
as well as

i | ()lattice —Vonae(r)T
Him W (r. T) = ((0. A7 | O§°|Q) e o (1)
= (<Q|(0ka%tice)f|o’ AZ>)26_V0,A;('">T7 (37)

where the ground state overlaps (0, A§|0k"%‘ice|9> =
<Q|(0}€%ﬁ°e)*|0, A¢) are positive, because of Eq. (25).

To cross-check our results from Sec. IVA, we used these
equations as follows. We first fitted exponential functions

to lattice results for the Wilson loops W (r,T) and
Wye(r,T), to determine the ground state overlaps

(0. AgOR™°|Q) and (Q|(0k‘%§i°e)*|0, AY) according to
Eq. (37). A matrix element can then be obtained from a
simple fit of a constant to lattice results for the ratio (35) in
the plateau region at large 7" and a subsequent multiplica-
tion by the previously determined ground state overlaps.
The results and their statistical errors are comparable to
those obtained by our main analysis based on ratio (27) and
presented in Sec. IV A. This is reassuring, but not surpris-
ing, because we use the same lattice data and perform a full
jackknife analysis for each of the two analysis methods.

C. Flow time dependence of correlator ratios and

matrix elements
By using gradient flow one can improve the signal
quality of the correlator ratios Ri,kg A;,(t; r, T) significantly.

To demonstrate this, we plot in Fig. 3

ARY:  (t:r.T)|
S(t, r, T) — Bz“‘g 11, Iy ) (38)
ARG (67T,

b
units of the statistical error at flow time 0 as function of #;.
We show curves for several T with t = 0 and r/a = 9. Tt is
obvious that gradient flow reduces statistical errors dras-
tically. In particular for large 7 there can be a gain of a few
orders of magnitude. To maximally exploit this error
reduction, one should use a flow time 7,/ a®>>04 or
equivalently a flow radius ry/a 2 1.8. On the other hand,
a large flow radius has the drawback of possibly introduc-
ing sizable systematic errors as discussed in Sec. III E, if T
and r are not sufficiently large. The former is a less severe
problem, since the potentials are extracted from ratios at
large T (see Eq. (34)). However, the restriction on r
discussed in Sec. Il E, r 2 2r; + a, is not ideal, because
one is typically interested in both small and large separa-
tions r. In Sec. IV A, where we presented the main results
for the potentials Vi{(r)/cp, Vi§(r)/cr, VEX(r)mo/cF
and V‘r‘}i"(r)mQ/cF, we chose r/a = 1.8 as compromise.

In Fig. 4 we show the matrix elements
(0, TT; | BE¢]0, T ) (1), (0. X [By¢[0. IT; ) (1),
(0, Z;|BE§““°C 0.11;)(r), and (0,%;|BR¢|0,2;)(r) for
selected separations r as functions of the flow time 7,
(the matrix elements were extracted with Tp;,/a =9 as

the statistical error of RBim (t;7,T) at flow time ¢4 > 0 in
g+ u E

re/a

1.0 18 22 26 3.0 3.4
T T T

T 3
Ta=14 —— 7

Tla=12 —%— 3
T/a=10
T/a=8 3
T/a=6 4
Tla=4 —6— 3

i | | | | | | | | | | ]
0 02 04 06 08 1 12 14 16 18 2 22

tf /3.2

FIG. 3. Relativeerror S(# = 0;r = 9a, T) as defined in Eq. (38)
as function of the flow time ¢/ a? for several 7.
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0,I1,7)(r) (top right), a*(0, | B%c¢|0, TL;}) (r) (bottom

left), and a*(0, X |B<|0, £ ) (r) (bottom right) for selected separations r as functions of the flow time #;/a”.

discussed in Sec. IVA). For flow time tf/ a® > 0.4 their
dependence on 7 is very weak, i.e. within statistical errors
the data points exhibit an almost constant behavior for each
of the four matrix elements.

To relate these matrix elements to the potentials Vi (r),
Vig(r), VEX(r), and Vi{*(r) one has to divide by the
matching coefficient cp(t;,u) (see Egs. (16)~(19)).
Assuming that discretization errors are small, the logarith-
mic flow time dependence of cp(tf, i) in perturbation
theory should cancel the observed rather weak flow time
dependence of the lattice results for the matrix elements at
the considered order of perturbation theory.5 It is, thus,
expected that a combined continuum and zero-flow time
extrapolation of ¢/ (t7, u)(0, Ay|B|0, Ag') (), as outlined in
Sec. IITE, can be carried out in a controlled way and will
yield stable finite results for the hybrid spin-dependent
potentials and hybrid-quarkonium mixing potentials. In the
near future we plan to generate lattice data for the matrix
elements for several lattice spacings and flow times and to
perform such an a — 0 and 7, — 0 extrapolation.

V. SUMMARY AND CONCLUSIONS

In this work we provide the first lattice gauge theory
results for the (1/mg)" hybrid spin-dependent potentials

>The matching coefficient cp(t7,u) from the gradient flow
scheme at flow time ; to the MS scheme at scale y is known up to
one-loop order and can be found in Refs. [60,63].

Vsa(r)/cp and V*(r)/cp as well as for the hybrid-
quarkonium mixing potentials Vﬁix(r)mg /cp and
Vg;i"(r)mQ/ c¢p. The main results are shown in Fig. 2

and collected in Tables I and II in the columns highlighted
in gray. The results correspond to gauge group SU(3),
lattice spacing a = 0.060 fm and gradient flow radius
rf/a = 1.8. We chose this value for ry to achieve, on
the one hand, a strong suppression of statistical fluctuations
and, on the other hand, to avoid sizable discretization errors
for r/a Z 5 due to overlapping gauge links from opposite
temporal lines of the computed generalized Wilson loops.

Reliable parametrizations of (1/mg)' hybrid spin-de-
pendent potentials and hybrid-quarkonium mixing poten-
tials are essential for precise predictions of heavy hybrid
meson spectra within BOEFT (see e.g. Refs. [7,9,10,55]).
The lattice data points we provide in this work constrain
such parametrizations in the region 0.30 fm < r < 0.72 fm
and, thus, offer valuable insights into the behavior of these
potentials. A comparison of our results from Fig. 2 with
parametrizations used in the literature [7,9,10,50,55]
reveals discrepancies. For example, Ref. [7] explored
mixing effects by considering several different choices
for some of the parameters which are either unknown or
have large uncertainties or unknown signs. However, none
of these variants is reasonably similar to our lattice results.
We also fitted an ansatz to our lattice data for the hybrid
spin-dependent potentials and hybrid-quarkonium mixing
potentials, which is inspired by the parametrizations used in
Refs. [7,55] and incorporates both predictions from
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pPNRQCD for small separations and expectations from
QCD effective string theory for large separations. While
the functional forms of these fit functions are suited to
parametrize our data, the extracted parameter values deviate
significantly from those used in Refs. [7,9,10,50,55]. These
findings indicate that existing determinations of spin and
mixing effects in heavy hybrid meson spectra based on
these parametrizations should be revisited and they empha-
size the necessity of first-principles lattice gauge theory
results to rigorously constrain and refine these parametri-
zations, which will be the focus of upcoming future work.

In this work, we employed pure SU(3) lattice gauge
theory without dynamical quarks. While the omission of
light quarks is a simplification leading to systematic
differences in observables compared to their counterparts
in full QCD with light dynamical quarks, these differences
are expected to be small. This is supported, for example, by
lattice computations from Ref. [27] of hybrid static poten-
tials with and without dynamical quarks, which turned out to
be identical within statistical errors. In this context, it is
important to note that due to the energy gap of 1000 MeV
between hybrid and ordinary quarkonium, there are multi-
particle states, which are lighter than the hybrid ground
states. In pure gauge theory, such multiparticle states are
limited to states involving a nonexcited flux tube (corre-
sponding to ordinary quarkonium) and a relatively heavy
glueball (the lightest glueball with quantum numbers J©€ =
0" has a mass of mgy~ = 1730(50) MeV), which only
affect the potentials at very small separations (see the
discussion in Ref. [5] for hybrid static potentials) and, thus,
could safely be neglected in this work. In contrast
to that, the inclusion of dynamical light quarks would
introduce many additional multiparticle states involving
ordinary quarkonium and pions with X, and II, quantum
numbers, which are lighter than the states |0,X,) and
|0, TT:5) (the states corresponding to the X, and IT, hybrid
static potentials). Resolving all these multiparticle states in a
lattice QCD computation would be highly challenging.
Alternatively, ignoring their effects could introduce system-
atic errors potentially much larger than those arising from
neglecting light dynamical quarks altogether.

We emphasize that this is an exploratory study and
results presented in this work correspond to a single
lattice spacing a = 0.060 fm and gradient flow radius

r/a = 1.8. The available range of separations r for lattice
potential data is constrained by the lattice spacing at small r
and the lattice volume at large r. The next step will be to
extend the current range by performing analogous lattice
computations at multiple lattice spacings a and larger
lattice volumes L3. In particular we aim at reaching
separations r up to around 1.5 fm, which is the expected
size of a ¢c hybrid meson as indicated by crude spectrum
calculations with hybrid static potentials (see Fig. 10 in
Ref. [40]; for bb hybrid mesons separations r up to around
1.0 fm seem to be sufficient). Even though we expect that
our results are already close to continuum results at zero
flow radius (see the discussion at the end of Sec. IVA), a
combined a — 0 and ry — 0 extrapolation of the hybrid
spin-dependent potentials V*¢(r) and V*’(r) and of the
hybrid-quarkonium mixing potentials Vﬁix(r)mQ and
Vgx(r)mQ will be mandatory for rigorous renormalized
continuum results. We plan to continue this project by
performing lattice computations at multiple values of a and
ry and carrying out the corresponding combined
extrapolation.
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