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The UrQMD model with a density dependent equation of state, including a first-order phase transition, is

used to study the time dependence of baryon number and proton number susceptibilities up to third order in

heavy ion reactions of Elab = 2–3 A GeV. A significant deviation from the Gaussian fluctuations of the baryon

number fluctuation in coordinate space is observed. The proton number fluctuations are always suppressed as

they constitute only a small fraction of the total baryon number during the dense phase of the collision. It is

found that the only measurable, but small, signal would be an enhancement of the third order (or higher) proton

cumulant in a finite rapidity window �y that is larger than one unit of rapidity. In addition, it is found that the

coordinate fluctuations will lead to an enhancement of cluster production due to the correlations in coordinate

space. However, this enhancement is small and mainly occurs during the dense part of the collision before the

system actually freezes out.

DOI: 10.1103/PhysRevC.111.034910

I. INTRODUCTION

The possibility of a first-order phase transition in the phase

diagram of high density quantum chromodynamics (QCD)

has been at the center of decades-spanning experimental pro-

grams at several large collider facilities. As direct calculations

with lattice QCD are unfeasible at finite chemical potentials

one has to rely on experimental signals in relativistic heavy

ion collisions [1–6] as well as neutron star properties [7–10],

binary neutron star mergers [11–13], and supernovae observa-

tions [14]. To verify the existence of such a phase transition

in heavy ion reactions, one has to compare experimental data

with simulations that can incorporate features of such a tran-

sition. These models range from one- and multifluid [15–25]

simulations to microscopic transport models [26–30]. Besides

the collective flow, which is sensitive to the equation of

state [31–36], correlation and fluctuation observables have

been proposed which may be more sensitive to the effects of

a phase transition and critical phenomena [37–43].
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One remaining question here is whether the correlations
and fluctuations, which will develop in coordinate space, can
be measured in the final momentum space distributions and
correlations [44] which seem to depend on sufficiently strong
flow that cannot be obtained at the low beam energies under
consideration here [45]. A recent work suggested that the
study of light nuclear cluster production would be able to un-
ravel the correlations in coordinate space, as their production
probability increases if the constituent nucleons are closer in
coordinate space [46,47].

The purpose of our study is twofold. First, we present
a study for heavy ion reactions in the presence of a strong
first-order phase transition at finite density within the micro-
scopic transport model UrQMD. To confirm the effect of the
phase transition on coordinate space clumping we calculate
the second and third order cumulants of the baryon number
and different specific baryons during the time evolution in co-
ordinate and momentum space. This is the first time the third
order cumulant is calculated within a realistic microscopic
simulation with a first-order phase transition. Then the forma-
tion probability of light nuclear clusters will be simulated with
and without the phase transition and the quantitative effect of
the phase transition on this observable will be studied.

II. URQMD AND THE EOS

For this study we will employ the UrQMD model which

allows us to include any density dependent equation of state

(EoS) in the quantum molecular dynamics (QMD) part of the
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evolution [48]. The UrQMD model is based on a cascade part

which describes the covariant propagation and scattering of an

extensive list of hadrons based on known scattering cross sec-

tions. The imaginary part of the scattering includes resonance

excitations and decay as well as string excitations [26,27]. In

addition to the cascade part, the model also includes a quan-

tum molecular dynamics part, based on the nonrelativistic

equations of motion of QMD [49]:

ṙi =
∂〈H〉

∂pi

, ṗi = −
∂〈H〉

∂ri

, (1)

where 〈H〉 is the total Hamiltonian function of the system.

The Hamiltonian of each baryon, Hi = Ekin
i + Vi, comprises

the kinetic energy and the mean field potential energy Vi =

Efield/A of the baryon i.

In previous studies it was shown how different density de-

pendent equations of state can be incorporated in the UrQMD

model [35,48] including those with a strong first-order phase

transition [44,50]. In the present setup we will use one such

EoS that was presented in [51]. We refer to that paper for

details on the construction of the EoS and will only introduct

the basics of the model in the following.

The results presented in this paper will be based on two

different equations of state. The first, called CMF or crossover

EoS, is based on the current parametrization of the chiral mean

field model [52] and resembles a smooth crossover transition

at finite density. In addition we will compare this crossover

EoS to a phase transition EoS which was constructed in [51].

This phase transition includes an unstable phase between den-

sities of 2.5 and 4 times nuclear saturation density n0. As

shown in [44,50,51], with this EoS the phase transition can be

reached already for central AuAu collisions at beam energies

above Elab > 1.5A GeV.

The instabilities associated with this phase transition will

lead to enhanced fluctuations of the baryon number during

the evolution and the multiplicity distributions of baryons in a

fixed spatial volume can be described by a bimodal distribu-

tion with two coexisting phases.

In the following we will investigate the behavior of the

second and third order cumulants which can provide addi-

tional insights into the role of the phase transition during the

evolution.

A. Susceptibilities

The baryon number fluctuations which can occur due to

the phase separation during a nonequilibrium first-order phase

transition can be studied by the cumulants of the multiplic-

ity distributions in a given spatial volume. We will use the

cumulants K for this study, which can be related to the fac-

torial cumulants [53,54] used in other studies, and essentially

contain the same information. The first three cumulants are

defined as

K1 = µ = 〈N〉, (2)

K2 = σ 2 = 〈N2〉 − 〈N〉2, (3)

K3 = Sσ 3 = 〈(N − 〈N〉)3〉, (4)

where µ is event averaged particle mean expectation value,

S is the skewness, and σ 2 is variance. The 〈· · · 〉 notation

implies the event-average of the number of baryons (or any

other specific particle number) N .

Instead of using the cumulants, which are to first order

proportional to the system volume, one often uses cumulant

ratios to remove this explicit volume dependence:

K2

K1

=
σ 2

µ
, (5)

K3

K2

= Sσ. (6)

The observable cumulants are sensitive to many aspects

of the collision dynamics, not only the presence of a phase

transition. Three effects which are of particular importance

are the fluctuations of the number of participants [55], proper

treatment of the experimental acceptance, and corrections

due to experimental efficiency [56]. In our study we will

essentially neglect these effects as a proper treatment would

require detailed knowledge on a specific detector system and

centrality determination method as well as the corresponding

corrections. We simply assume that any signal surviving, even

though we include the effects of volume fluctuations, etc.,

should also be visible in the experimental data. On the other

hand, any signal that becomes only visible after significant

(sometimes model dependent) corrections may not be very

reliable.

B. Cluster production

In the UrQMD transport model, the production of nuclear

clusters is implemented using phase-space coalescence. Nu-

cleons at kinetic freeze-out that are sufficiently close in both

coordinate and momentum space combine into composite par-

ticles. The procedure operates in several steps starting with the

protons and neutrons obtained from UrQMD at kinetic freeze-

out. To check whether a number of nucleons may form a light

nucleus, one then transforms in the local rest frame of the

nucleons and checks if the relative momentum �p < pmax and

relative distance �r < rmax in that frame is smaller than the

coalescence parameters pC and rC . These parameters have to

be defined for each nucleus, a more detailed description of the

procedure can be found in [57,58]. When using the UrQMD

model with a density dependent potential, the interactions

cause additional correlations between the nucleons at freeze-

out. This can also lead to effective bound states as discussed

in [59,60].

It is therefore necessary to refit the coalescence parameters

of all the light nuclei. For the deuteron and triton we have used

the same data as in [57,58] while for the 4He we have used

data from the E864 experiment [61]. The resulting fit param-

eters are independent of collision energy and are summarized

in Table I. The approach has provided a reliable description of

available experimental data over a wide range of energies and

system sizes.

III. RESULTS

As shown in previous studies, the inclusion of a first-order

phase transition in the simulations of heavy ion reactions

in UrQMD will lead to enhanced fluctuations of the baryon
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TABLE I. Parameters used in the UrQMD phase-space coales-

cence when potentials are included.

d t 3He 4He

spin-isospin projection 3/8 1/12 1/12 1/96

�rmax [fm] 4.0 3.5 3.5 3.5

�pmax [GeV] 0.3 0.45 0.45 0.55

number in coordinate space [44,62] and therefore a deviation

of the baryon number susceptibilities from their baseline.

In the following, we will extend this study to the third

order susceptibility and show the effect of clustering in co-

ordinate and momentum space. To do so, we have selected

two specific beam energies, Elab = 2 and 3A GeV for which

64000 and 80000 central AuAu collisions (b < 4.7 fm), re-

spectively, have been simulated. With this specific choice

of beam energies and the constructed phase transition, the

system at Elab = 2A GeV will just enter the mixed phase

during compression from below and the system created at

the beam energy of Elab = 3A GeV will slightly overshoot

the mixed phase and enter it from above, leading to a

different time dependence of the susceptibilities. Note that

this is of course only true for our specific choice of co-

existence densities and not a general statement about the

beam energy related to the actual occurrence of such a phase

transition.

A. Multiplicities

The left two panels of Fig. 1 show the time evolution

of several particles and clusters such as the baryon num-

ber, the number of free protons as well as the multiplicity

of light nuclei up to helium-4 in a fixed central volume of

radius 2 fm around the center of the collision in the center

of mass frame of the collisions at 2 and 3 A GeV. The light

nuclei multiplicities at a given time t are calculated under the

assumption that no rescattering would take place after that,

which is of course incorrect, but provides the approximate

yield of light nuclei at any given time assuming the system

would decouple at that instant. While the solid lines represent

the multiplicities for the default crossover CMF EoS, the

dashed lines correspond to the EoS with a phase transition.

At the early times and late times the multiplicities for both

equations of state are very similar. As the system enters the
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FIG. 1. Time evolution of the multiplicities of light nuclei [p (red), d (purple), t (green), 3He (orange), 4He (blue), and all baryons (grey)]

at Elab = 2A GeV (upper panels) and 3A GeV (lower panels). The left panels show the multiplicities within the spherical spatial volume with

radius 2 fm centered around the origin from UrQMD calculations with a CMF EoS with phase transition (dashed lines) and with a crossover

(solid lines). The right panels represent the multiplicities at mid-rapidity |y| � 0.5 from the same calculations. Enhancements can be seen for

both energies in a spatial volume for the scenario with a phase transition.
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FIG. 2. Time evolution of the scaled variance of the multiplicities of baryons (black), protons (red), and light nuclei [deuterons (blue),

tritons (green)] at Elab = 2A GeV (upper panels) and 3A GeV (lower panels). The left plots show the results within a spatial volume and the

right figures correspond to results within the rapidity range |y| � 0.50. The UrQMD calculations were performed with a CMF EoS with a

phase transition (dashed lines) and with a crossover (solid lines). During the phase transition, an explicit enhancement in the baryon cumulants

can be seen while the free protons and other nuclear clusters are only mildly influenced.

coexistence phase, between around 8 to 24 fm/c, the average

baryon density in the phase transition scenario is increased

relative to the crossover which leads to an increase in baryon

number and all related multiplicities in the same central spatial

volume.

Note that the high net-baryon density present in the early

stage of the collision favors the relatively compact cluster

He-4 compared to triton and He-3. After an initial increase

in all particle types, one observes a decrease at later times as

these leave the volume. In contrast to that, the multiplicities

in momentum space, shown on the right panels, saturate after

an initial increase up to around 8 fm/c, with the exception of

He-4 that undergoes a significant decrease. This is a result

of the decreasing density during later times of the evolution

which makes the production of this more strongly bound

cluster more and more unlikely.

The evolution in momentum space overall shows no signif-

icant difference between the crossover and the phase transition

scenarios, the yields are nearly the same for all investigated

particle species. This means that the phase separation effects

only the coordinate space configuration of the baryons in the

dense phase and has little effect on the momentum space

fluctuations.

B. Cumulant ratios

It is now interesting to see whether the presence of a phase

transition will influence the baryon number fluctuations, and

therefore correlations, in phase space. Therefore, we turn to

the time evolution of cumulant ratios according to Eq. (2)

starting with the scaled variance in Fig. 2 at Elab = 2 and

3 A GeV (upper and lower panels). In coordinate space, we

observe that due to the conservation of the total baryon num-

ber, the values for baryons start below the Poisson base value

of 1 in contrast to the other particles. We find a significant

enhancement in σ 2

µ
for a phase transition compared to a

crossover, which peaks at the time of highest compression. A

less significant enhancement is observed for protons, as they

make up only a small fraction of the total baryon number

due to resonance excitations as well as the presence of a

large number of clusters. Nuclear clusters experience an even

smaller, yet still discernible enhancement.

In momentum space, cf. the right column of Fig. 2, we find

that there is a separation in the curves for the crossover and

phase transition scenario for all baryons after around 8 fm/c.

A previous work discussed the relation of coordinate and mo-

mentum space cumulants in a box simulation [45] and found
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FIG. 3. Time evolution of the skewness of the multiplicities of baryons (black), protons (red), and light nuclei [deuterons (blue), tritons

(green)] at Elab = 2A GeV (upper panels) and 3A GeV (lower panels). The left plots show the results within a spatial volume and the right

figures correspond to results within the rapidity range |y| � 0.50. The UrQMD calculations were performed with a CMF EoS with a phase

transition (dashed lines) and with a crossover (solid lines).

that the strong enhancement of fluctuations in the coordinate

space is not translated into enhanced cumulant ratios in mo-

mentum space. In our work we can study this relation in a fully

dynamic scenario. We also find that the strong enhancement

in the cumulant ratios in coordinate space is not reflected in

the results in momentum space. More precisely, for a phase

transition, the peak in the scaled variance appears slightly later

and is broader than for a crossover. Interestingly, the asymp-

totic (observable) value appears to be suppressed compared

to a crossover evolution. This can be attributed to a harder

equation of state in the latter case creating a stronger density

gradient and thus pressure at early times which reduces the

number of spectators and thus leads to more fluctuations in the

number of participants (or volume). This effect is also visible

in the investigated light nuclei.

The situation is similar for Sσ , see Fig. 3. An ob-

vious difference can be seen at the higher investigated

energy of 3A GeV, see the lower left panel. Here, the phase

transition leads to an enhancement, followed by a suppres-

sion and another enhancement of the net-baryon number

cumulant compared to the crossover. This is a result of

the qualitatively different evolutions for the two energies,

where only for 3A GeV the system overshoots the spin-

odal regions and crosses two spinodal lines during the

expansion.

Similar to the case for the scaled variance, the evolution

in momentum space reveals no clear distinguishing signal

between the two scenarios. While the suppression of Sσ at

late times is also present for 2A GeV, it is far less significant

at 3A GeV, which is consistent with findings that volume fluc-

tuations are more important for the second order cumulants

than the third order [63].

C. Cumulants in different rapidity windows

Even though we do not observe any significant signal in

the cumulants on momentum space, it is nevertheless impor-

tant to check which choice of acceptance window in rapidity

would be best suited experimentally to study the cumulant

rations. We therefore show the dependence of the cumulants

for the number of baryons, deuterons, and free protons on

the width of the rapidity window in Fig. 4. The rapidity

window is defined by �y = ymax − ymin, where ymax and ymin

are the maximum rapidity and minimum rapidity, respec-

tively, with ymax = −ymin, and ymax > 0. We have chosen

rapidity windows at two fixed time steps of 8 fm/c (left)

and 50 fm/c (right) to compare fluctuations in the initial and

late stage of the collision. The largest baryon fluctuations are

observed around �y = 1.0, for very small windows the fluctu-

ations become Poissonian and for large ones, baryon number
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FIG. 4. Dependence of the scaled variance (left panels) and skewness (right panels) on the size of the rapidity acceptance �y. The upper

plots show the dependence at a fixed time of 8 fm/c and the lower at 50 fm/c. Shown are results for all baryons (black lines), free protons

(red lines) and deuterons (blue lines) at Elab = 3A GeV from UrQMD calculations with a CMF EoS with a phase transition (dashed lines) and

without a phase transition (solid lines).

conservation plays the dominant role. Overall, as one expects,

there are less fluctuations in the proton number compared to

the baryon number.

While for the scaled variance the effects of the participant

fluctuations dominate for all rapidity windows, the skewness

of free protons does show a slight enhancement in case of a

phase transition for larger rapidity windows. For the beam en-

ergies presented here we therefore suggest that the skewness

in a rapidity window of �y > 1 is best suited to observe any

signals of a phase transition.

D. Light nuclei ratios

After confirming that the phase transition will indeed lead

to fluctuations of the baryon number in coordinate space we

now investigate if this will lead to significant effects in the

production of small nuclear clusters. From a simplified coales-

cence picture one can argue that the enhanced fluctuations in

coordinate space will lead to an enhancement of certain dou-

ble ratios of nuclei [46]. However, it is still disputed whether

this will also lead to a significant observable enhancement

of these ratios in the final state, as the fluctuations in phase

space rapidly disappear in the late stage and the final size of

the system will lead to local conservation effects reducing the

number of nucleons available for cluster formation in a local

region of phase space. In the following we will focus on the

time evolution of the double ratios (N4He × Np)/(N3He × Nd )

and Nt × Np/N2
d . Figure 5 shows the time evolution of the

double ratios for both energies in coordinate space (left) and

momentum space (right). We see that for all curves the ratios

start to increase until around 10 fm/c, when a slight enhance-

ment in the phase transition sets in compared to the crossover.

Interestingly, this enhancement is also clearly visible in the

ratio (N4He × Np)/(N3He × Nd ) extracted in the rapidity win-

dow, for both investigated beam energies. This is different

to the cumulant ratio which never showed a clear signal in

momentum space. However, after a sufficiently long time, all

ratios approach the same value. For completeness we also

compare the double ratios to measurements from the STAR

experiment at Elab = 3A GeV [64] which is in good agreement

with the values at late times from our simulations for both

equations of state.

IV. DISCUSSION

In summary, we have investigated the impact of a first-

order phase transition on baryon and light nuclei yields,

ratios, and cumulants at low beam energies using the UrQMD
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FIG. 5. Time evolution of double ratios (N4He × Np)/(N3He × Nd ) (upper panels) and Nt × Np/N2
d (lower panels) for corresponding beam

energies of 2 and 3 A GeV in the spatial volume (left) and within a rapidity window |y| � 0.5 (right) with phase transition (dashed lines) and

with crossover (solid lines). In all cases, an enhancement with a phase transition becomes visible from around 10 fm/c on. The green bands

correspond to measurements from the STAR experiment at Elab = 3A GeV [64].

transport model with a modified equation of state. We have

studied the time evolution of these observables both in coor-

dinate and in momentum space, the latter being relevant for

experiments.

Overall, our results in a central spherical spatial volume

have all shown a clear modification of the respective observ-

able in the presence of a strong first-order phase transition

compared to a crossover. The strongest effect was seen for

the cumulant ratios σ 2/µ and Sσ of the net-baryon number.

For the experimentally accessible proton number cumu-

lants, the most promising observable seems to be the higher

order cumulants for free protons at larger rapidity windows

�y > 1.

Within a rapidity window of �y = 1, the only relatively

clear distinguishable and potentially useful effect in nuclei

production was found for the light nuclei ratio (N4He ×

Np)/(N3He × Nd ), where a roughly 10% larger signal is found

during intermediate times. However, at late times, the signal

disappears, making it unlikely that this effect is measurable.

Future studies should address a more realistic and ’closer

to experiment’ determination of the cumulants including cor-

rections for volume fluctuations and experimental acceptance

and efficiency. Studies of mesons provide another promising

approach worth investigating in the future, in particular by

considering kaons, which can probe the early high-density

stage of a heavy-ion collision, carrying imprints of the dense

nuclear medium before equilibration [65–68]. Their delayed

chemical equilibration could make them valuable observables

for understanding the equation of state of nuclear matter. The

sensitivity of kaon production to the equation of state and in-

medium effects is strongest below the elementary production

threshold energy. In our case, however, the phase transition

is only reached above the kaon threshold energy, thus signifi-

cantly reducing a potential signal.
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