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Abstract: The search for the conjectured QCD critical point in heavy-ion collisions requires

to account for far-from equilibrium effects as well as fluctuations, and in particular non-

Gaussian fluctuations, in the modeling of the dynamics of the hot and dense matter created

in such collisions. In order to study far-from equilibrium effects as well as fluctuations, in this

work we construct a Schwinger-Keldysh effective field theory (EFT) for the diffusion of the

density to all orders in derivatives. The dissipation in the free part of our EFT follows the

Boltzmann equation in the relaxation-time approximation (RTA). The interaction part of the

EFT is constructed based on the self-interaction of the density field. We analytically find the

quadratic and cubic parts of the KMS-invariant EFT in closed form, resummed in derivatives.

We then explicitly compute the symmetrized three-point function at tree level, and investigate

its analytical structure in detail. We also analytically calculate the branch-point singularity

that appears in the structure of the two-point response function due to loop effects. Our

results are important for future studies of the real-time dynamics of the correlation functions

and the possible relation to thermalization when the system is far from equilibrium.
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1 Introduction

Quantum chromodynamics (QCD) is the fundamental theory of the strong interaction. Heavy-

ion collisions probe QCD matter at extremes of temperature and density, with the goal to

clarify the structure of the QCD phase diagram and identify possible phase transitions.

One such transition is related to the dynamical breaking of the chiral symmetry of QCD

in the vacuum and its restoration at high temperatures and densities. It has been conjec-

tured that there exists a second-order critical endpoint of a line of first-order transitions at

low temperatures and intermediate densities [1, 2] (see also ref. [3] for a review of recent

developments). The search for this endpoint in heavy-ion collisions is one of the major

goals of the Beam Energy Scan (BES) experiment at RHIC, as well as experiments at other

accelerator facilities. Varying the collision energy, different regions of the phase diagram

can be explored, allowing to measure excitation functions of various observables. It has

been predicted that the critical endpoint manifests itself in the non-monotonic behavior

of the excitation function of particle-multiplicity cumulants. Among them, non-Gaussian

particle-multiplicity cumulants are considered to be the quantities which are most sensitive

to the existence of the critical endpoint [4].

In the last few years, many effective dynamical models have been proposed to simulate

non-Gaussian particle-multiplicity cumulants, see for instance refs. [5–9]. However, at present

there are no simulation data obtained within microscopic models.1 In this work, we aim

to take a step towards this problem. The microscopic model we will use is the classical

dynamical theory of massless relativistic particles, which obey the Boltzmann equation in

the relaxation-time approximation (RTA). This can serve as a simple microscopic model to

describe the thermalization of large-N gauge-theory systems [10].

Hydrodynamic correlation functions for certain densities can be computed in the frame-

work of (stochastic) hydrodynamics [11–14] and effective field theory (EFT) [15–17] (see

ref. [18] for a review of recent developments). In addition to these effective models, analytical

results for hydrodynamic correlation functions are known for at least three systems with

specific microscopic dynamics: holographic matter [19], the kinetic system discussed in the

previous paragraph [10, 20] (see also refs. [21–23] for an RTA with momentum-dependent

relaxation time), and the SYK model [24, 25]. However, most of these results are related to

Gaussian (two-point) correlation functions. For non-Gaussian correlation functions, things

become more complicated. In the context of EFT, these can be calculated by incorporating

interactions into the effective Lagrangian. Recently, this has been used to compute three-

point correlation functions of the density in simple diffusive systems in the framework of

Schwinger-Keldysh EFT [26] (see also ref. [27]). For holographic systems, explicit results

have been found in ref. [28] (see also ref. [29]).2 The aim of this work is to compute the

three-point correlation functions for another well-known microscopic system: a kinetic system

of massless particles in RTA.

1Recently, ref. [28] calculated the three-point functions of the conserved charge in a holographic setup.
2See refs. [30, 31] for holographic calculations in the small-frequency/momentum limit. In the same limit,

see ref. [32] for a calculation of three-point correlation functions of the stress tensor in a weakly coupled real

scalar field theory. For the calculation of three-point thermal correlators in CF T2 in momentum space, see

ref. [36], and at large operator dimension, see ref. [37].
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In this work we do not simply perform a pure kinetic-theory calculation. The idea is to

first construct a Schwinger-Keldysh effective action, whose classical equation of motion is the

linear equation for charge diffusion in kinetic theory in RTA. This will be done in section 3.

As a first step in this study, we propose a new method to find this equation to infinite order

in the derivative expansion (section 2). Having found this equation, we then construct the

associated Schwinger-Keldysh effective action to quadratic order in dynamic fields. This is

not our final result, it just gives us the two-point correlation function. In agreement with

what was found by Romatschke in ref. [10], for momenta k smaller than a certain value k∗,

the correlation function has a simple pole and branch cut between −i/τ − k < ω < −i/τ + k

in the lower half of the complex-frequency plane. For k > k∗ the pole disappears.

The calculation of the two-point function in a diffusive system is well known in the

literature, both in kinetic theory [10] and in the EFT setup [12, 15]. However, there are two

points which distinguishes our work from the existing literature:

1. Compared to other well-known Schwinger-Keldysh EFTs associated with diffusive

systems with finite-order derivatives [15], our action is expressed to infinite order in

derivatives. More importantly, we resum the derivative expansion and show that the

action has a simple closed form.

2. Studies of kinetic theory existing in the literature focus on computing either response

functions [10, 20] or correlation functions [38, 39]. However, in the framework of

Schwinger-Keldysh EFT, we will be able to systematically derive both response and

correlation functions. We will show that the physical correlation function associated

with our effective action is exactly related to the response function found by Romatschke

in ref. [10] via the fluctuation-dissipation theorem.

The main part of our work will be done in section 4 and is devoted to the study of nonlinear

effects in the system. Motivated by the need to study non-Gaussian correlation functions, as

discussed earlier, our main goal is to investigate the symmetrized three-point function. The

leading contribution comes from the cubic action. For this, we construct the KMS-invariant

cubic action, to infinite order in derivatives, and present it in a closed form.3 We do this

systematically by including the self-interaction of the charge density.

Although the analytic structure of the vertices looks very rich in our Lagrangian (due to

the resummation of derivatives), we find that the analytic structure of the tree-level correlator

in momentum space is completely fixed in terms of the analytic structure of the external

legs.4 It turns out that as long as any external momentum is below the certain value k∗,

the corresponding leg will only produce a simple diffusion pole in the lower half-plane. We

will also find that the branch-cut discontinuity of the correlator is the union of the branch

cuts associated with the external legs. We will show all of this by explicitly calculating

the symmetric three-point function.

In the limit that the coupling constant is small, the effect of quartic and higher-order

interactions on the three-point function, i.e., loop effects, can be neglected. However, in

3In section 3, we briefly review the Schwinger-Keldysh EFT.
4This is similar to the results associated with a scalar boundary operator dual to a scalar field with cubic

interactions in the bulk of AdS [28].
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the same limit the two-point function is corrected by the loop effect originating from the

cubic interaction [12, 15, 16, 40, 41] (see also ref. [42]). In particular, it is known that

a branch-point singularity emerges in the structure of the response function due to the

loop effect. By performing an explicit calculation we find the location of the branch point

in a closed formula. At leading order in derivatives, our formula reduces to the famous

ωb.p. = − i
2Dk2 result [15, 17]. For the entire range of k < k∗, this branch point continues

to persist. As a result, we find that there are two branch cuts in the structure of the two-

point response function; one which is the specific feature of weakly coupled kinetic systems

−i/τ − k < ω < −i/τ + k, and one which emerges due to the interactions −i∞ < ω < ωb.p..

In section 5 we discuss how to apply the Martin-Siggia-Rose (MSR) formalism to the

Boltzmann equation and find the effective action. Our result is consistent with our Schwinger-

Keldysh EFT, as it should be when the noise field is taken to have a Gaussian distribution.

Finally, in section 6 we review five concrete results of our work. We then briefly discuss

some applications of our results.

2 Density fluctuations from kinetic theory

The relativistic Boltzmann equation for the single-particle distribution function f(x, p) in

phase space in the absence of external sources and in RTA is given by

pµ∂µf(x, p) =
pαuα

τ

[

f(x, p) − f (0)(x, p)
]

, (2.1)

where τ is the (constant) relaxation time. The particles are assumed to be on-shell, i.e.,

p0 = ǫ(p), with ǫ(p) being the dispersion relation of particles. In this work, we consider

a relativistic system of massless particles, so ǫ(p) = |p| ≡ p. In addition, we assume that

the system is in the high-temperature, low-density limit, T ≫ µ, where quantum effects are

negligible. This is true except for momenta p ≪ µ, which, however, corresponds only to a

tiny fraction of the occupied states, since typical momenta are of order p ∼ T . Since later on

we will integrate over momentum space, these states are further suppressed by the integration

measure d3p ∼ dp p2. Thus, the equilibrium distribution function f (0) follows the Maxwell-

Boltzmann distribution. For the sake of simplicity, we also do not consider antiparticles,

although there is in principle no obstacle to include them. In RTA, the Boltzmann equation

for antiparticles would simply decouple from that for particles. In the rest frame of the

system, where uµ = (1, 0, 0, 0), the local-equilibrium distribution function is given by

f (0)(x, p) = exp

[

− p − µ(x)

T

]

. (2.2)

Note that in this work we keep the background temperature T constant and µ(x) is a

dynamical variable in our setup. The kinetic equation in the absence of external sources

then takes the following form in the rest frame of the system,

∂tf(x, p) + v · ∇f(x, p) = −f(x, p) − f (0)(x, p)

τ
. (2.3)

Here, v = ∂ǫ/∂p. Since the particles are assumed to be massless, v ≡ |v| = 1, as we work in

natural units, i.e., the velocity of light is c = 1. Directly integrating eq. (2.3) over momentum

– 4 –
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space with measure
∫

p ≡
∫ d3p

(2π)3 just gives the equation of charge conservation:

∂tJ
0 + ∇ · J = 0 , (2.4)

where J0 is the charge density, J is the charge current,

J0(x) =

∫

p
f(x, p) , (2.5)

J(x) =

∫

p
vf(x, p) . (2.6)

We have used the condition [44]

∫

p

[

f(x, p) − f (0)(x, p)
]

= 0 , (2.7)

to ensure the conservation of particle number. This makes the momentum-space integral over

the right-hand side of eq. (2.3) vanish. Now, in order to compute J0 and J , we need to solve

the Boltzmann equation in RTA. We do this in a derivative expansion.

2.1 How to derive the diffusion equation (to large orders in derivatives) from

kinetic theory?

In the long-wavelength limit, the microscopic scale represented by τ is much smaller than the

scale over which f(x, p) varies. In this case, the “scaled” Boltzmann equation [43]

ε Df = −f − f (0)

τ
, (2.8)

with

D = ∂t + v · ∇ , (2.9)

can be solved exactly as follows:5

f =
1

1 + ε τ D
f (0) . (2.10)

This solution can be perturbatively expanded around the local-equilibrium distribution

function (2.2),

f = f (0) + εf (1) + ε2f (2) + . . . , (2.11)

where ε is an auxiliary parameter counting the number of derivatives, which will be set to

1 at the end of the calculation, such that at order ℓ the distribution function is given by

f ≡ ∑ℓ
m=0 f (m). Note that for the sake of brevity we have suppressed the arguments of f(x, p).

Substituting the exact solution (2.10) into the Boltzmann equation, we arrive at

D

1 + ε τ D
f (0) = −f − f (0)

τ
. (2.12)

5We thank one of the referees for pointing this out. In the first version of this paper, we had derived this

equation differently.
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To summarize, we have converted the original Boltzmann equation (2.3) into eq. (2.12).

Although the right-hand side is the same, the left-hand side has changed significantly. The

price we have paid to get rid of the full out-of-equilibrium distribution function f is to

include infinitely many additional derivatives in the resummed form given on the left-hand

side of eq. (2.12). But the bonus is that the derivatives just act on the local-equilibrium

distribution function f (0).

Integrating eq. (2.12) over momentum space, and applying eq. (2.7), gives the conservation

equation in a derivative expansion. We find that the integrated kinetic equation expanded

in derivatives at order ℓ is given by:

∫

p
D
[

1 − τD + (−τD)2 + . . . + (−τ D)ℓ
]

f (0) = 0 . (2.13)

Interestingly, it is easy to see that the condition (2.7) at order ℓ is nothing but the conservation

equation at order ℓ − 1 in the ε-expansion. For instance at ℓ = 2 the condition is
∫

p(f (1) +

f (2)) = 0, which by virtue of eq. (2.10) is written as
∫

p D(1 − τD)f (0) = 0.

Note that the unknown function in eq. (2.13) is µ(x), which is contained in the expression

for f (0)(x, p). In the rest frame of the system, f (0)(x, p) is an isotropic function of p.

Therefore, the integration over p can be performed independently of how ∂t and ∂i (within

the D operator) act on µ(x). This suggests introducing the function n(x) ≡
∫

p f (0)(x, p).

Then by performing the momentum-space integral, we obtain the main result of this section,

[

∂̃t+

(

−∂̃2
t − 1

3
∇̃

2
)

+
(

∂̃t∇̃
2
+∂̃3

t

)

+

(

−∂̃4
t −2∂̃2

t ∇̃
2− 1

5
∇̃

4
)

+. . .

]

n(x) = 0 , (2.14)

where ∂̃t = τ∂t, ∇̃ = τ∇ . This equation is in fact the diffusion equation for the density

n(x) including all orders in derivatives in the rest frame of the system. Note also that this

equation is in fact equivalent to the rest-frame representation of eq. (2.4).

2.2 Derivative-counting scheme

For a (non-relativistic) Markovian process, the distance that a particle travels within a time

interval ∆t scales as |∆x| ∼
√

∆t, which motivates the following power counting for the

time and space derivatives

∂t ∼ ∇
2 ∼ ǫ2 , (2.15)

where ǫ should not be confused with ε in eq. (2.11). Applying eq. (2.15) to eq. (2.14), we

group terms of the same order in ǫ and obtain:

[(

∂̃t − 1

3
∇̃

2
)

+

(

−∂̃2
t + ∂̃t∇̃

2 − 1

5
∇̃

4
)

+

(

∂̃3
t − 2∂̃2

t ∇̃
2

+ ∂̃t∇̃
4 − 1

7
∇̃

6
)

+ . . .

]

n(x) = 0 .

(2.16)

Restricting ourselves to the terms of leading order in ǫ (the terms in the first parentheses),

we get the famous Fick’s law of diffusion, i.e., the O(ǫ2) diffusion equation. The other

parentheses represent higher-order corrections to the leading-order diffusion equation, i.e.,

O(ǫ4), O(ǫ6), etc. Again, this equation is equivalent to eq. (2.4). Now we can explicitly

represent J0(x) and Ji(x) in terms of n(x).

– 6 –
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2.3 Density and current

Substituting eq. (2.10) into eqs. (2.5) and (2.6) and expanding in derivatives, the constitutive

relations now read as follows (we temporarily omit the argument x)

J0 =

∫

p

(

1 − τD + . . .
)

f (0)

= n − τ ṅ +

(

τ2

3
∇2n + τ2n̈

)

− τ3
(

∇2ṅ +
...
n
)

+ τ4
(

1

5
∇4n + . . .

)

+ . . . ,

J i =

∫

p
vi
(

1 − τD + . . .
)

f (0) = −τ

3
∇in +

2τ2

3
∇iṅ − τ3

(

1

5
∇i∇2n + ∇in̈

)

+ . . . .

Here we grouped the terms according to the number of derivatives, i.e., following the

ε-expansion (where ∂t ∼ ∇ ∼ ε). However, we can group them also according to the

ǫ-expansion (where ∂t ∼ ∇
2 ∼ ǫ2):

J0 = n−τ

(

ṅ− τ

3
∇2n

)

+τ2

(

n̈−τ∇2ṅ+
τ2

5
∇4n

)

+. . . ,

J i = −τ

3
∇in+τ2

(

2

3
∇iṅ− τ

5
∇i∇2n

)

−τ3

(

∇in̈− 4τ

5
∇i∇2ṅ+

τ2

7
∇i∇4n

)

+. . .

(2.17)

At first glance, it seems that J0(x) 6= n(x), while the condition (2.7) requires J0(x) = n(x),

order by order in the ε (or ǫ)-expansion. As we discussed below eq. (2.13), the condition (2.7)

at any order is exactly the conservation equation at one lower order of the expansion.

Considering this, one can show that eq. (2.17) reduces to J0(x) = n(x), at any order in the

expansion. In table 1, we have shown this for the first few orders in the ǫ-expansion.

When written to all orders in derivatives, one can then simply drop all derivative terms

in J0. Similarly, we can apply lower-order equations of motion to J i and carefully simplify

it. Interestingly, we find that the diffusion equation takes the following familiar form (see

appendix B for the details)

∂tn + ∇i

[

− τ

3
∇in +

τ3

45
∇i∇2n − 2τ5

945
∇i∇4n + . . .

]

= 0 . (2.18)

The two equations (2.16) and (2.18) are obviously equivalent in the derivative expansion. In

what follows, we continue to work with eq. (2.16). We find this equation more useful, since

by using it we will be able to express our results in resummed form.

2.4 Large-order transport coefficients

By Fourier-transforming the diffusion equation (2.16), we can find the diffusion mode pertur-

batively in a momentum expansion. We define the Fourier transform as

Q(ω, k) =

∫ +∞

−∞

dt

∫

d3x eiωt−ik·xQ(t, x) (2.19)

for a quantity Q(t, x). The diffusion mode is then formally written as

ω(k2) = −i D(k2) k2 , (2.20)

– 7 –
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J0 upon applying

ℓ J0 to O(ǫℓ) Eq. (2.4) “Eq. (2.4)

with J0 to O(ǫℓ) with J0 to O(ǫℓ−2)"

0 n ṅ − τ
3 ∇2n = 0 n

2 n − τ
(

ṅ − τ
3 ∇2n

)

ṅ − τ
(

n̈ − τ
3 ∇2ṅ

)

n

− τ
3 ∇2n + τ2

(

2
3∇2ṅ − τ

5 ∇4n
)

= 0

4 n − τ
(

ṅ − τ
3 ∇2n

)

· · · n

+τ2
(

n̈ − τ∇2ṅ + τ2

5 ∇4n
)

... n

Table 1. Illustration of J0(x) = n(x), order by order in the derivative expansion. We have shown

this for the first few orders in derivatives. For higher orders the expressions are more complicated.

The dots in the ℓ = 4 row are not important for finding J0 to this order in the third column.

where the diffusion constant is found to be given by the following expansion

D(k2) =
τ

3

[

1 +
1

15
(τk)2 +

2

315
(τk)4 +

1

1575
(τk)6 +

2

31185
(τk)8 + . . .

]

, (2.21)

which is also obviously consistent with eq. (2.18). A simple ratio test reveals that the series

is convergent for k < kc,
6 where k ≡ |k| and kc ≈ 3.14/τ , as we will see below.

k∗ ≈ 1.57/τ . (2.22)

Note that this calculation is inspired by earlier work on the convergence of the derivative

expansion, initiated in ref. [45], and extended to the Müller-Israel-Stewart theory in ref. [46].

The approach we take here for diffusion is mathematically equivalent to the analysis performed

for the shear channel in refs. [45, 46].

2.5 Resummation of the diffusion equation

Since eq. (2.13) is in the form of a geometric series, it can be resummed as follows

∫

p

D

1 + τD
f (0)(x, p) = 0 or

∫

Ω

D

1 + τD
n(x) = 0 . (2.23)

Here f (0) only depends on |p| = p, cf. eq. (2.2). We have also defined the integration over solid

angle,
∫

Ω = 1
4π

∫ 2π
0 dφ

∫ 1
−1 d(cos θ). The Ω-dependence of the p-integrand is just through the

cos θ in D = ∂t+v · ∇, where v = (sin θ cos φ, sin θ sin φ, cos θ). This is why the two equations

in eq. (2.23) can be equivalent (see the discussion in the second paragraph below eq. (2.13)).

6See ref. [47] for a discussion on the convergence of the derivative expansion in sound and shear channels

associated with the same theory. See also ref. [48].

– 8 –



J
H
E
P
0
5
(
2
0
2
5
)
2
4
1

In order to perform the Ω-integral in eq. (2.23), we expand the derivative operator:

4π

[

∂̃t+

(

−∂̃2
t −1

3
∇̃

2
)

+
(

∂̃t∇̃
2
+∂̃3

t

)

+

(

−∂̃4
t −2∂̃2

t ∇̃
2−1

5
∇̃

4
)

+···
]

n(x)

4π
=0 (2.24)

The special form of the derivatives appearing in the above equation suggest to rewrite the

above equation in a resummed form. Each pair of parentheses in this equation contains the

terms at a specific order in derivatives, that is a polynomial of ∂̃t and ∇̃. Interestingly, the form

of these polynomials is reminiscent of (∂̃t + ∇̃)n − (∂̃t − ∇̃)n for n = 2, 3, 4, . . .. Let us define

L± ≡ ∂̃t ± ∇̃ , ∇̃2 ≡ ∇̃
2

. (2.25)

Then the consecutive terms in eq. (2.24) can be written as

∂̃t =
1

2∇̃
L2

+ − L2
−

2
,

−∂̃2
t − 1

3
∇̃

2
=

1

2∇̃
L3

+ − L3
−

3
,

∂̃t∇̃
2

+ ∂̃3
t =

1

2∇̃
L4

+ − L4
−

4
,

−∂̃4
t − 2∂̃2

t ∇̃
2 − 1

5
∇̃

4
=

1

2∇̃
L5

+ − L5
−

5
.

(2.26)

Then eq. (2.24) can be rewritten as

(

−1 +
1

2∇̃
∑

n=1

(L+)n − (L−)n

n

)

n = 0 . (2.27)

The summation is nothing but ln(1 + L+) − ln(1 + L−); thus one writes

=⇒
(

1 − 1

2τ∇ ln
1
τ

+ ∂t + ∇
1
τ

+ ∂t − ∇

)

n(x) = 0 . (2.28)

This equation is indeed the resummed version of eqs. (2.14) and (2.16).

Note that this equation can be also derived from Romatschke’s work [10], simply by

integrating his eq. (10) and setting the external electric field to zero. Thus as it is expected,

by transforming n(t, x) to Fourier space, the eigenmode of the above equation is found to be

exactly the same as the diffusion pole found from the linear-response analysis in ref. [10]7

ωp = − i

τ
+ ik cot

(

τk
)

. (2.29)

This identically reproduces eqs. (2.20) and (2.21) when expanding in k (see ref. [20] for

representing eq. (2.21) in terms of the Bernoulli numbers). However, eq. (2.29) applies for the

whole range of momenta, including k > kc. Thus this is nothing but the analytic continuation

of eq. (2.20) to the entire complex-momentum plane. This also indicates that the radius

7In the context of 1 + 1-dimensional QFTs, it was recently shown that when the system is near a conformal

field theory (CFT) with a large central charge, the constitutive relations in the hydrodynamic limit can be

found to all orders in derivatives, leading to resummed dispersion relations [49].
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of convergence is determined by the pole singularity of the cot(τk) function, the nearest to

k = 0, namely kp = π
τ
, which agrees with kc found earlier.

In summary, we regard eq. (2.23) as a local derivative expansion (see eq. (2.14)) with

a finite radius of convergence in k-space (see eq. (2.22)). The operator (1 + τD)−1 is used,

although it is clearly non-local, only to express the derivative expansion in resummed form.

Integrating over solid angle yields the logarithm, see eq. (2.28). In Fourier space, this

logarithm must be expanded in ω and k, giving a polynomial in ω and k, which is sometimes

referred to as the derivative expansion in frequency/momentum space. This expansion

does not converge for all values of ω and k. However, we always treat the logarithm as a

whole; in this way, we achieve an analytical continuation of the derivative expansion from its

convergence domain to the entire complex-frequency and complex-momentum plane.

In the following sections, we follow the same logic: we express the results, namely the

Fourier-space correlation function, in a form involving the same logarithm. However, we

always consider that this must be expanded in terms of ω and k.

Before ending this section, let us note an important feature of the resummed equations

given by eq. (2.23). The left-hand side box is a general result for kinetic theory in RTA. The

equilibrium distribution function f (0) could be associated with any arbitrary microscopic

system. The right-hand side box, however, is specifically related to a system of massless

particles described by the Maxwell-Boltzmann distribution in equilibrium. We will continue

to work with this system in the following.

3 Kinetic-theory correlation functions from Schwinger-Keldysh EFT

So far we discussed how to systematically derive the diffusion equation from kinetic theory in

RTA. Equation (2.14) (or equivalently eq. (2.23)) reflects the dissipative feature of the system.

However, in order to consistently describe the state of the system, we must take into account

the effect of fluctuations around equilibrium. The latter is equivalent to investigating the

correlation functions of the theory. We will not explore this in the kinetic-theory framework.

Instead, we will construct a Schwinger-Keldysh EFT to describe the fluctuations of a density

field whose dissipation follows from eq. (2.23). The latter is sufficient for constructing the non-

interacting classical effective action in the Schwinger-Keldysh framework.8 The fluctuation

part is fixed by imposing the Kubo-Martin-Schwinger (KMS) constraint. The whole interacting

part in our EFT will then be constructed just based on general EFT arguments.

3.1 Review of the Schwinger-Keldysh EFT

In this subsection, we recall some relevant aspects of Schwinger-Keldysh EFT developed in

ref. [50] (see ref. [51] for a review of the topic9). In the Schwinger-Keldysh framework, the

low-energy, long-wavelength dynamics is described in terms of two fields living on the two legs

of a Closed Time-Path (CTP) contour: φ1,2 or equivalently φ = 1
2(φ1 + φ2) and φa = φ1 − φ2.

The CTP path integral in the presence of external sources can then be written as

Z[Aµ,1, Aµ,2] =

∫

Dφ1Dφ2eiSEFT[φ1,2;Aµ,12] , (3.1)

8In this work we will only study statistical fluctuations. Quantum fluctuations will not be included.
9See also refs. [52–60].
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with SEFT =
∫

dtd3xL ≡
∫

x L. For a diffusive system, the classical Lagrangian in the r − a

basis is quadratic in φa [50]:

L = HBa,0 + GiBa,i + iBa,0M1Ba,0 + iBa,iM2Ba,i + iBa,0M3,iBa,i , (3.2)

where H and Gi are functionals of Br,t and ∂tBr,i, with Br,µ ≡ ∂µφ + Ar,µ. In addition,

Ba,µ = ∂µφa + Aa,µ. Note that Ar,a are the external sources coupled to φ and φa.

A few comments (see ref. [50] for details):

• Each term in L must have at least one factor of Ba.

• Varying the classical action with respect to φa, and setting the external sources to zero

and also φa = 0 (as the boundary condition), one finds:

∂tH + ∇iGi = 0 . (3.3)

This conservation equation is in fact the classical conservation equation for the current

density. Since our EFT is supposed to describe diffusion, we take eq. (3.3) to be the

diffusion equation. Depending on whether both H and Gi are linear functions of the

density or not, eq. (3.3) would correspond to the linear or the non-linear diffusion

equation, respectively.

• H and Gi represent the dissipative aspects of diffusion. Once they are given, M1, M2,

and M3,i are fixed via imposing the dynamical KMS symmetry. The latter determines the

fluctuation aspects of diffusion in the system. For the free (non-interacting) Lagrangian,

M1, M2, and M3,i are just constructed from derivative operators.

• The Schwinger-Keldysh EFT can include the effect of both statistical and quantum

fluctuations. By limiting the KMS condition to the classical limit, we will only include

the effect of statistical fluctuations in this work.

• Correlation functions are given by:

Gµ1···µn
αa,··· ,αn

(t1, t2, · · · , tn) =
1

inr

δn ln Z

δAᾱ1µ1(t1) · · · δAᾱnµn(tn)

∣

∣

∣

∣

Aa,r=0

, (3.4)

where α = {r, a} while ᾱ = {a, r}. In this work, we will be eventually interested in

calculating Grrr defined as

Grrr(t2, x2; t1, x1) ≡ G000
rrr (t2, x2; t1, x1) =

1

i3

δ3 ln Z

δAa0(t2, x2)Aa0(t1, x1)Aa0(0, 0)

∣

∣

∣

∣

Aa,r=0

.

(3.5)

3.2 Resummed quadratic Schwinger-Keldysh action and free correlators

Following the discussion in the beginning of the section and also in the previous subsection,

we incorporate the linear diffusion equation from our kinetic-theory calculation into the

effective Lagrangian. Equation (2.23) is indeed what assumes the role of eq. (3.3). Identifying
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µ ≡ φ̇,10 near equilibrium we have µ(t, x) = µ0 + δµ(t, x). Equation (2.23), however, is in

terms of n(x). Similarly, we have n(t, x) = n0 + δn(t, x). Then δn can be related to δµ via

δn(µ) = n(µ(t, x)) − n(µ0) ≡ χ δµ, where χ is the static charge-number susceptibility (see

eq. (4.1) and the explanations below it for a careful definition). For the sake of brevity, we drop

the δ’s and simply write n and µ. Consequently, the free Lagrangian takes the following form:

Lfree[n, φa] = −
∫

Ω

(

D
1

1 + τD
n

)

φa + O(φ2
a) . (3.6)

In order to be consistent with the general form of the Schwinger-Keldysh Lagrangian (3.2)

(see also ref. [50]) and also for our later requirements, we need to integrate by parts the terms

in eq. (3.6). As usual, this integration by parts is done on the level of the effective action.

We find the following resummed effective quadratic Lagrangian (see appendix C for details)

Lfree[n, φa] =

∫

Ω

[

(Dφa)
1

1 + τD
n + iTσ (Dφa)

(

1

1 + τD

)

Θ

Dφa

]

, (3.7)

where σ ≡ χτ and we have also defined

(A)Θ ≡ 1

2
(1 + Θ)A , (3.8)

for any quantity A. Here, Θ ≡ PT is the discrete parity and time-reversal transformation,

acting on A. The quantity (A)Θ is thus invariant under this transformation, i.e., it is

symmetric under PT . Note that the Lagrangian (3.7) looks non-local. However, as was

discussed below eq. (2.29), in practice we treat the Lagrangian as a derivative expansion.

Since in momentum space, the expansion can be always analytically continued to the entire

momentum plane (except for the singular points), we choose to express the Lagrangian by

this seemingly non-local form.11

Writing the effective action in the form

Sfree
EF T =

i

2

∫

ω,k
Φa

ω,kPab(ω, k)Φb
−ω,−k , (3.9)

where P is a positive definite matrix, the two-point function reads

〈ΦaΦb〉ω,k ≡ 〈Φa(ω, k)Φb(−ω, −k)〉 = (P −1)ab(ω, k) . (3.10)

Introducing the notation p ≡ (ω, k), Sfree
EF T =

∫

x Lfree takes the following form in Fourier space

Sfree
EF T =

∫

ω,k

∫

Ω

[

− Dp

1 + τDp
np φa,−p + iTσDpD∗

p Re

(

1

1 + τDp

)

φa,p φa,−p

]

, (3.11)

10This is indeed reasonable, because Br0 = Ar0 + φ̇.
11In holography, the linear constitutive relations associated with diffusion have been found in ref. [61] The

latter is equivalent to having the quadratic (free) effective action for the boundary theory; see also [62]. In this

work, however, we will go beyond this and construct the cubic action corresponding to the (leading) nonlinear

constitutive relations to all order in derivatives.
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where Dp ≡ Dω,k = −iω + ik cos θ. Using eq. (3.10), we find

〈nφa〉p =
−i τ

1 − Lp
, (3.12)

〈φan〉p =
−i τ

1 − L∗
p

, (3.13)

〈nn〉p =
Tχτ

(

2 − Lp − L∗
p

)

(1 − Lp)(1 − L∗
p)

= iTχ
(

〈nφa〉p + 〈φan〉p

)

, (3.14)

where the last equality on the right-hand side of eq. (3.14) is the manifestation of the

fluctuation-dissipation theorem, and where

Lp =
1

2iτk
ln

(

i
τ

+ ω − k
i
τ

+ ω + k

)

. (3.15)

See appendix A for details.

Let us find the small-frequency/momentum limit of the above result. Assuming that

ω ∼ k2 ∼ ǫ2, to leading order in ǫ we find the familiar hydrodynamic correlation func-

tions [15, 16, 71]

〈nφa〉p =
1

ω + i τ
3 k2

, (3.16)

〈φan〉p =
−1

ω − i τ
3 k2

, (3.17)

〈nn〉p =
2Tχ τ

3 k2

ω2 +
(

τ
3

)2
k4

. (3.18)

To obtain eqs. (3.16) and (3.17), we expand the denominators in eqs. (3.12) and (3.13) and

keep the terms to second, i.e., leading order in ǫ2. The expression in eq. (3.18) was found

applying the right-hand side of eq. (3.14).

3.3 Physical correlators

According to eq. (3.4), physical correlators can be computed by performing derivatives with

respect to the sources. For this reason, we need to rewrite the effective Lagrangian in the

presence of such sources. Since we want to find the Grr correlator, we only need to turn

on the a0 sources. Following the standard techniques developed in ref. [50], we find (see

appendix C for details; in particular eqs. (C.11) and (C.12))

Lfree
source(x) =Aa0

1

1 + τD
n + iTσAa0

(

1

1 + τD

)

Θ

Dφa

+ iTσ(Dφa)

(

1

1 + τD

)

Θ

Aa0 + iTσAa0

(

1

1 + τD

)

Θ

Aa0 .

(3.19)
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Now we are ready to read off the physical correlators. We choose to derive Grr(p) =

GS
J0J0(p, −p) defined as

GS
J0J0(p, −p) =

1

i2

δ2 ln Z

δAa0(−p)δAa0(p)

=
〈

∫

Ω

[

1

1 + τDp
np + 2iTσRe

(

1

1 + τDp

)

Dpφa,p

]

×
∫

Ω

[

1

1 + τD∗
p

n−p + 2iTσRe

(

1

1 + τD∗
p

)

D∗

pφa,−p

]

〉

+ 2Tσ

∫

Ω
Re

(

1

1 + τDp

)

= LpL∗

p〈nn〉p +
iTσ

τ
L∗

p(L∗

p − Lp)〈φan〉p

+
iTσ

τ
Lp(Lp − L∗

p)〈nφa〉p +
Tσ

τ
(Lp + L∗

p) .

(3.20)

Using eqs. (3.12)− (3.15), this then simplifies to

GS
J0J0(ω, k) = χTτ

(

Lp

1 − Lp
+

L∗
p

1 − L∗
p

)

= −2χTτ +
χ T

2k

4τk − i ln

(

i
τ

−ω+k
i
τ

−ω−k

)

+ i ln

(

i
τ

+ω−k
i
τ

+ω+k

)

[

1 + 1
2iτk

ln

(

i
τ

−ω+k
i
τ

−ω−k

)] [

1 − 1
2iτk

ln

(

i
τ

+ω−k
i
τ

+ω+k

)] .

(3.21)

This result is in agreement with the retarded density Green’s function, GR
J0J0(ω, k), found in

ref. [10].12 In ref. [10], Romatschke calculated the retarded Green’s function of the charge

density for kinetic theory in RTA in the framework of linear response. While Romatschke’s

result expresses the dissipative nature of the system, our EFT is able to feature the fluctu-

ation effect as well, i.e., eq. (3.21). However, to check the consistency of our results with

Romatschke’s work, we now apply the fluctuation-dissipation theorem,13

GS
J0J0(ω, k) = −2T

ω
Im GR

J0J0(ω, k) , (3.22)

to eq. (14) in ref. [10]. The latter can be written in the following form:

GR
J0J0(ω, k)[10] = −χ











1 − iτω +
iτω

1 − 1
2iτk

ln

(

i
τ

+ω−k
i
τ

+ω+k

)











. (3.23)

Substituting eq. (3.23) into eq. (3.22) gives precisely GS
J0J0 in eq. (3.21). As expected, we

obtain the same result for the retarded two-point function as ref. [10], however, using the

Schwinger-Keldysh EFT approach.

12In terms of r − a correlators introduced by eq. (3.4), GR
J0J0 (ω, k)[10] ≡ Gra(ω, k).

13The convention for defining GR in our Schwinger-Keldysh EFT differs from that in ref. [10] by a minus sign.

In our Schwinger-Keldysh formalism, the fluctuation-dissipation theorem is expressed as Grr = 2T
ω

ImGra [51].

Thus eq. (3.22) has a minus sign for consistency.
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of derivative operators, leading to additional terms. However, this process is not systematic,

as it requires the introduction of infinitely many new coefficients to fully capture these effects.

This contrasts with the case of linear terms in our system, where all coefficients are

explicitly determined in terms of τ and σ, and nonlinear terms involve only two additional

coefficients, τ ′ and σ′. Although the assumption underlying eq. (4.1) may seem restrictive, as

we will demonstrate in section 4.5, our cubic action successfully captures all possible linear

and (quadratically) nonlinear transport effects that can be incorporated into the constitutive

relation for the current, up to O(ǫ4).

Thus, although this is a minimal model, it effectively reveals the physics associated with

three-point functions. In the following, we will take advantage of the well-defined structure

of our model to systematically study three-point functions at higher orders in derivatives.

For the sake of brevity, we again drop the δ’s and simply write n and µ (in eq. (4.1)) in

the following. Note that we are interested in the leading interactions that arise as a result

of the self-interactions described above. For this, we truncate eq. (4.1) to first order and

construct the cubic interactions in the Lagrangian.

To illustrate how this framework operates in practice, let us apply eq. (4.1) to the first

term of the quadratic effective action (3.7):

Dφa
1

1 + τ(µ)D
n = Dφa

1

1 + τD
n − Dφa

1

1 + τD

(

τ ′µ D
1

1 + τD
n

)

+ . . .

= Dφa
1

1 + τD
n − τ ′

χ
n

(

D

1 + τD
n

)

1

1 − τD
Dφa + . . . ,

(4.2)

where we have used the fact that (A + a)−1 = A−1 − A−1aA−1 + O(a2). From the first to

the second line we have replaced µ = n
χ

+ O(n2) and also have performed an integration by

parts. Let us note that the dots contain terms beyond the cubic order in the fields.

Similarly, we can apply eq. (4.1) to the second term of the quadratic effective action (3.7).

This leads to the following resummed cubic effective Lagrangian:

L(3) =

∫

Ω

[

− τ ′

χ
n

(

D

1 + τD
n

)

D

1 − τD
φa + iT

σ′

χ
n

(

D

1 + τD
φa

)

D

1 − τD
φa

]

. (4.3)

The final step is to impose the KMS condition on the above action. As a result, we obtain

the relation σ′ = χτ ′. See appendix D for details.

In order to calculate the three-point correlation functions, it is required to properly couple

the above effective action to the external sources (see eq. (3.4)). Among all possible three-

point functions, we focus on calculating G000
rrr , which is the symmetrized correlation function

of the charge density, i.e., 〈J0J0J0〉sym.. There are two primary reasons for this choice.

First, this correlator can be directly measured or simulated in real-time experiments [26].

Second, from a technical perspective, it is the simplest three-point correlator to compute.

According to eq. (4.10), we only need to turn on the scalar a-source Aa0. By implementing

the replacement φa → φa + ∂0Aa0, as suggested in ref. [51], we obtain the source part of

the cubic action as follows

L(3) =

∫

Ω

[

−τ ′

χ
n

(

D

1+τD
n

)

1

1−τD
Aa0+iT τ ′ n

(

1

1+τD
Aa0

)

D

1−τD
φa

+ iT τ ′ n

(

D

1+τD
φa

)

1

1−τD
Aa0+iT τ ′ n

(

1

1+τD
Aa0

)

1

1−τD
Aa0

]

.

(4.4)
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As can be seen, even in this seemingly simple case, the coupling to external sources introduces

additional complexity. In addition to the two vertices present in eq. (4.3), we obtain four

new vertices arising from the source coupling. This significantly increases the complexity

of computing the three-point function. Moreover, it should be noted that each of these

six vertices is itself a complicated function in momentum space, further complicating the

analysis. In the next subsection, we first elaborate on the structure of the two vertices in

eq. (4.3) before addressing the full computation.

In summary, the technical advantage of calculating G000
rrr lies in the fact that, at the

very least, the coupling of the action to the sources is straightforward, as demonstrated

in the transition from eq. (4.3) to eq. (4.4), resulting in only six vertices to consider. In

contrast, computing a correlator such as G000
raa requires first rewriting eq. (4.3) in terms of φ

and φa and then introducing both Aa and Ar sources. This process generates a significantly

larger number of vertices, including terms with field content such as nAa0Ari, AriAriAa0,

and similar additional interactions. Due to this increased complexity, we focus exclusively on

the calculation of G000
rrr in this work. We plan to calculate G000

raa in future work [64].

Before proceeding further, we need to elaborate on a technical point. In eq. (3.7), we can

explicitly perform the integration over Ω. However, the result turns out to be highly non-local

and complicated. Then applying eq. (4.1) to this non-local form of the free Lagrangian will

be technically difficult. For this reason, we choose not to do so; instead, we first applied

eq. (4.1) to eq. (3.7) and found eq. (4.3). Now both eqs. (3.7) and (4.3) are ready to be

integrated over Ω. Needless to say that to read off the correlation functions, we will have

to eventually evaluate the Ω-integrals.

4.1 Analytic structure of vertices

One final goal of this work is to calculate the three-point function of the density. To this

end, we first need to perform the Ω-integral in eq. (4.3). As it is seen in figure 2, we have

absorbed the whole Ω-integral into the vertices; there is a dimensionless integral expression

in the vertices. In Fourier space, in the absence of sources, the cubic action S
(3)
EF T =

∫

x L(3)

takes the following simple form

S
(3)
EF T =

∫

1,2,3
δ(1 + 2 + 3)

[

λ1(1, 2, 3) n1 n2 φa,3 + λ2(1, 2, 3) n1 φa,2 φa,3

]

, (4.5)

where nℓ ≡ nωℓkℓ
, and we use the same convention for φa,ℓ. In addition,

∫

ℓ ≡
∫

ωℓkℓ
and

δ(1 + 2 + 3) ≡ δ(ω1 + ω2 + ω3)δ(3)(k1 + k2 + k3). We have also defined

λ1(1,2,3) ≡ τ ′

χτ2

∫

Ω

τD2

1+τD2

−τD3

1−τD3
, λ2(1,2,3) ≡ −iT

τ ′

τ2

∫

Ω

τD2

1+τD2

−τD3

1−τD3
. (4.6)

The only thing that we now need to do is the evaluation of the integral over Ω in the vertex

structure. For this, we parameterize the momenta as follows:

∫

Ω

τD2

1 + τD2

−τD3

1 − τD3
=

∫

Ω

τ(−iω2 + ik2 sin θ cos φ)

1 + τ(−iω2 + ik2 sin θ cos φ)

−τ [−iω3 + ik3 sin θ cos(φ − α23)]

1 − τ [−iω3 + ik3 sin θ cos(φ − α23)]
.

(4.7)

As before
∫

Ω ≡
∫

dΩ
4π

= 1
4π

∫ 1
−1 d(cos θ)

∫ 2π
0 dφ. In the parameterization above
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nω2,k2

nω1,k1

φa ω3,k3

λ1(1, 2, 3)

φa ω2,k2

nω1,k1

φa ω3,k3

λ2(1, 2, 3)

Figure 2. Cubic vertices formed by n and φa.

• The angle between k2 and k3 is taken to be α23.

• We have taken k2 along the x-axis and k3 in the xy-plane.

• The unit vector v in D = ∂t + v · ∇ is then v = (sin θ cos φ, sin θ sin φ, cos θ).

The advantage of this parameterization is that we can perform the θ-integral analytically.

However, the resulting expression turns out to be a complicated function of φ that we call

I(φ; 1, 2, 1̄ + 2̄), with j ≡ pj and j̄ ≡ −pj (see appendix E).

It is hard to analytically evaluate the φ-integral of the I function. However, we can

determine the singularity of the integral, or equivalently the singularity of the coupling

constants λ1 and λ2 introduced in figure 2, without explicitly evaluating it. Singularities

can potentially occur either at pinched points of the integrand or at the endpoints of the

integration contour (see ref. [63] for introducing this issue in hydrodynamics). We discuss

these two types of singularities separately in the following.

(i) The pinch singularity of λ1,2 is determined by a set of (p1, p2, −p1 − p2) for which the

integration contour gets pinched between two singular points of the integrand given by

the function I.

Considering the function I (given by eq. (E.2)), we search for the pinched points in

four distinct parts. Except for the first line in eq. (E.2), each of the other four lines

contains two or more potentially singular expressions. A pinch singularity corresponds

to a set (p1, p2, −p1 − p2) for which two of the latter expressions become simultaneously

singular. Here are the results corresponding to the last four lines of eq. (E.2):

– 2nd line: there are two sets of singular points,

{ω2 = − i

τ
− k2 cos φ , ω3 =

i

τ
− k3 cos(α − φ)} ,

{ω2 = − i

τ
+ k2 cos φ , ω3 =

i

τ
+ k3 cos(α − φ)} .

(4.8)

Note that φ can assume any value in the interval 0 ≤ φ < 2π. This means the

above two sets contain an infinite number of singular points, forming a branch cut:

− i

τ
− k2 < ω2 < − i

τ
+ k2 ,

i

τ
− k3 < ω3 <

i

τ
+ k3 .

(4.9)
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– 3rd line: the same as the 2nd line.

– 4th and 5th line: the same as the 2nd line together with the following two points

{ω2τ = −i, ω3τ = i}.

(ii) The endpoint singularity of λ1,2 is determined by a set of (p1, p2, −p1 − p2) for which

the integrand becomes singular at φ = 0 or φ = 2π. It can be easily checked that such

points are nothing but the branch-point singularities located at the endpoints of the

branch cuts given by eq. (4.9).

Note: we will use these vertices to calculate the three-point correlators of n and φa.

However, to find the physical three-point functions, e.g., Grrr, we will need more information.

In fact n and φa must appropriately couple to external sources. This is explained in detail

in appendix D.

4.2 Tree-level three-point functions

Having elaborated on the interactions and the analytic structure of vertices, we are now ready

to calculate the density three-point function. We choose to calculate Grrr:

Grrr(p1, p2) =
1

i3

δ3 ln Z

δAa0(−p1)δAa0(−p2)δAa0(−p3)

=
1

Z

1

i3

δ3

δAa0(−p1)δAa0(−p2)δAa0(−p3)

∫

DnDφa eiSeff
1

6

(

iSf-s + iSint-s)3

≡ Gf-s
rrr(p1, p2, p3) + Gint-s

rrr (p1, p2, p3) ,

(4.10)

where p1 +p2 +p3 = 0. According to the coupling of the n- and φa-fields to background sources

(see appendix D), we have divided the above expression into two parts. First, Gf-s
rrr(p1, p2, p3)

corresponds to the case where the three Aa0(pi), i = 1, 2, 3 come from Lfree
source. Second,

Gint-s
rrr (p1, p2, p3) indicates a situation where one of the three Aa0(pi) comes from L(3)

source with

the other two ones coming from Lfree
source.

Using standard perturbative methods, for Gf-s
rrr(p1, p2, p3) we find

Gf-s
rrr(p1, p2) = L1L2L3 〈nnn〉

+ iχT

[

L1L2
(

L∗

3 − L3
)

〈nnφa〉 + L1
(

L∗

2 − L2
)

L3 〈nφan〉 +
(

L∗

1 − L1
)

L2L3 〈φann〉
]

+ (iχT )2
[

L1
(

L∗

2 − L2
)(

L∗

3 − L3
)

〈nφaφa〉 +
(

L∗

1 − L1
)

L2
(

L∗

3 − L3
)

〈φanφa〉

+
(

L∗

1 − L1
)(

L∗

2 − L2
)

L3 〈φaφan〉
]

,

(4.11)

where for the sake of brevity we have used the notation Lj ≡ Lpj
. Note that in any of the

three-point functions above, the three legs have momenta p1, p2, and p3, respectively, e.g.,

〈nφaφa〉 ≡ 〈np1φp2
a φp3

a 〉 ≡ 〈nφaφa〉(p1, p2); note that p3 = −p1 − p2.

Considering ϕ1, ϕ2 ∈ {n, φ}, we have also used

〈ϕiϕjϕk〉(p1,p2)=δ(1+2+3)

∫

x2,x1,x0

ei(ω1t2+ω2t1+ω3t0)−i(k1·x2+k2·x1+k3·x0)〈ϕi(x2)ϕj(x1)ϕk(x0)〉.
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Let us now present the expressions associated with the correlators contributing to eq. (4.11).

First, 〈nnn〉 is calculated as follows

〈np1np2np3〉 = i
(

λ1(1̄, 2̄, 3̄) + λ1(2̄, 1̄, 3̄)
)

〈nn〉p1〈nn〉p2〈nφa〉p3

+ i
(

λ2(1̄, 2̄, 3̄) + λ2(1̄, 3̄, 2̄)
)

〈nn〉p1〈nφa〉p2〈nφa〉p3

+ (231) + (312) ,

(4.12)

which corresponds to the following diagrams

[

(

p2

p1

p3

)

λ1(1̄,2̄,3̄)+λ1(2̄,1̄,3̄)
+
(

p2 p1

p3

)

λ2(1̄,2̄,3̄)+λ2(1̄,3̄,2̄)

]

+(231)+(312).

(4.13)

Here and in what follows: λ1,2(̄i, j̄, k̄) ≡ λ1,2(−pi, −pj , −pk). Similarly we have

〈np1np2φp3
a 〉 = i

(

λ1(2̄, 3̄, 1̄) + λ1(3̄, 2̄, 1̄)
)

〈nφa〉p1〈nn〉p2〈φan〉p3

+ i
(

λ1(1̄, 3̄, 2̄) + λ1(3̄, 1̄, 2̄)
)

〈nn〉p1〈nφa〉p2〈φan〉p3

+ i
(

λ2(3̄, 1̄, 2̄) + λ2(3̄, 2̄, 1̄))
)

〈nφa〉p1〈nφa〉p2〈φan〉p3 ,

(4.14)

with

[

(

p2

p3

p1

)

λ1(2̄,3̄,1̄)+λ1(3̄,2̄,1̄)
+
(

p1

p3

p2

)

λ2(3̄,1̄,2̄)

]

+ (1 ↔ 2) .

(4.15)

And finally

〈np1φp2
a φp3

a 〉 = i
(

λ1(2̄, 3̄, 1̄) + λ1(3̄, 2̄, 1̄)
)

〈nφa〉p1〈φan〉p2〈φan〉p3 , (4.16)

which is diagrammatically given by

(

p3

p2

p1

)

λ1(2̄,3̄,1̄)
+ (321) . (4.17)

Now we have all ingredients needed to calculate Gf-s
rrr(p1, p2, p3). So far, we have discussed

the contribution arising from purely cubic interaction terms, as shown in figure 2. In order
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nω2,k2

nω1,k1

Aa0 ω3,k3

λs
1(1, 2, 3) ≡ −

τ ′

τχ

∫
Ω

τD2

1+τD2

1

1−τD3

φa ω2,k2

nω1,k1

Aa0 ω3,k3

λs
2(1, 2, 3) ≡

iT τ ′

τ

∫
Ω

τD2

1+τD2

1

1−τD3

Figure 3. Cubic vertices containing a single background field.

to explicitly calculate Gf-s
rrr(p1, p2, p3) we only need to substitute eqs. (4.12), (4.14), (4.16)

and the corresponding permutations into eq. (4.11).

However, there are also some cubic interactions that include source terms, as shown

in figure 3 (see appendix D for details). We introduce two new coupling constants λs
1, λs

2,

corresponding to the vertices shown in this figure. These interactions contribute to eq. (4.10)

through the
(

Sf-s
)2

Sint-s combination in the path integral. Note that Sf-s
(

Sint-s
)2

or
(

Sint-s
)3

do not contribute to first order in perturbation theory. Therefore, the only contribution of

the vertices with a single background field to Grrr is found to be

Gint-s
rrr (p1,p2)

=
1

Z

i3

i3

3×2

6

∫

DnDφaeiSint

∫

p′

1,p′

2

[

λs
1(1′,2′,3̄)np′

1
np′

2
+
(

λs
2(1′,2′,3̄)−λs

2(1̄′,2̄′,3)
)

np′

1
φa,p′

2

]

×
[

L1np1 +iTχ(L∗

1−L1)φa,p1

][

L2np2 +iTχ(L∗

2−L2)φa,p2

]

δ(1+2+3)+2perm

=
(

λs
1(1̄,2̄,3̄)+λs

1(2̄,1̄,3̄)
)

×
[

L1〈nn〉p1 +(iTχ)(L∗

1−L1)〈φan〉p1

][

L2〈nn〉p2 +(iTχ)(L∗

2−L2)〈φan〉p2

]

+
(

λs
2(1̄,2̄,3̄)−λs

2(1,2,3)+λs
2(2̄,1̄,3̄)−λs

2(2,1,3)
)

×
[

L1〈nn〉p1 +(iTχ)(L∗

1−L1)〈φan〉p1

]

L2〈nφa〉p2

+2perm.

(4.18)

Then we arrive at the main result in this section:

Grrr(p1, p2) = Eq. (4.11) + Eq. (4.18) . (4.19)

Next, we first discuss how to trust eq. (4.19), since it is a very complex and lengthy expression.

We then discuss the analytical structure of Grrr by explicitly evaluating it for some given

values of the external momenta.

4.3 KMS consistency of the result

Physical correlators in thermal systems reflect some specific features of the thermal state. In

this work, we followed ref. [50] and first applied KMS conditions to the effective Lagrangian
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as a feature of the thermal state, and then computed Grr and Grrr. However, the KMS

conditions are more general. The thermal physical correlators must satisfy the KMS conditions

regardless of which EFT we study. This is indeed what Heinz and Wang originally studied in

ref. [65]. The complete set of KMS conditions between all physical two-point, three-point,

and four-point correlators was derived in ref. [65]. Specifically, it is shown that Grrr must

satisfy the following relation

Im [Grrr + Graa − Gara − Gaar] = tanh

(

βk0
1

2

)

Im [Grra + Grar − Garr] ,

Im [Grrr − Graa + Gara − Gaar] = tanh

(

βk0
2

2

)

Im [Grra − Grar + Garr] ,

Im [Grrr − Graa − Gara + Gaar] = tanh

(

βk0
3

2

)

Im [−Grra + Grar + Garr] .

(4.20)

These relations are valid in the full quantum limit, including the statistical fluctuations as

well. However, the fluctuations in our work are statistical. Following ref. [50] to remove

the quantum effects, we apply the transformation

φr → φr φa → ~φa . (4.21)

Applying this to eq. (4.20), and taking the ~ → 0 limit, we arrive at the following sim-

ple relation

Im Grrr = 0 . (4.22)

It should be noted that this relation is exact to all orders in the derivative expansion [50]. On

the other hand, our Grrr is a resummed expression that can be expanded to higher order in

derivatives. Hence, we expect eq. (4.19) to satisfy eq. (4.22). Interestingly, we have checked

it and found that our Grrr is purely real-valued. We believe that this is a very non-trivial

check for the correctness of our results.

Let us note that there are other KMS constraints in ref. [65] that also contain Re Grrr.

However, they all relate Re Grrr to other correlators such as Grra, etc. Since these correlators

are not computed in this paper, we do not check the corresponding KMS constraints.

As another check, we have also explicitly found that our Grrr exactly reduces to the one

calculated in ref. [26], in leading order in ǫ, where ω ∼ k2 ∼ ǫ2.

4.4 Analytic structure of Grrr

What we want to do in the following is to discuss the analytic structure of Grrr, including

its simple poles, singularities, and discontinuities.14

Let us start by exploring the simple poles of Grrr. Taking a closer look at eq. (4.19), we

observe that Grrr can have at most six single simple poles. In other words each external

14See ref. [66] for a field-theory framework that takes into account loop effects and is used to study the

branch points of three-point functions.
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we expect eq. (4.23) to reduce to at most four distinct single poles; we call them ω±

p1 and ω±

p2:

ω±

p1 = ∓ i

τ
± ik1 cot(τk1) ,

ω±

p2 = ∓ i

τ
± ik3 cot(τk3) − ω2 .

(4.24)

The other analytic feature of Grrr is the existence of singularities. Each external leg has

two branch-point singularities connected by a branch cut. At fixed k1, k2, and ω2, however,

there are two of them:

± i

τ
− k1 < ω1 < ± i

τ
+ k1 ,

± i

τ
− k3 − ω2 < ω1 < ± i

τ
+ k3 − ω2 .

(4.25)

Let us note that eqs. (4.24) and (4.25) are associated with the external legs of 〈nnn〉.
In figure 4 we show the analytic structure of Grrr by explicitly calculating the complicated

function (4.12). Here are some comments about these plots.

• In the top left panel, we have chosen q1, q2, and w2 such that the two intervals given

by eq. (4.25) do not overlap. The locations of the white branch cuts are exactly as we

have predicted; there are two separate horizontal cuts in each half-plane. There are

also four poles corresponding to eq. (4.24).

• In the top right panel, we have chosen q1, q2, and w2 such that the two intervals given

by eq. (4.25) overlap. Using the values on the figure we predict two discontinuities,

±i − 1.0 < w1 < ±i + 1.0 and ±i − 2.5 < w1 < ±i + 1.5, with the latter interval

encompassing the former. However, since q3 > q∗ in this case, the leg corresponding to

(w3, q3) does not go on-shell; as a result, we see only two simple poles corresponding to

the on-shell condition associated with (w1, q1), i.e., the first equation in eq. (4.24).

• In the bottom left panel, we have chosen q1, q2, and w2 such that the two intervals given

by eq. (4.25) overlap. Using the values on the figure we predict two discontinuities,

±i − 0.5 < w1 < ±i + 0.5 and ±i − 1.5 < w1 < ±i + 0.5, with the latter interval

encompassing the former. Since q3 is taken to be small in this case, the two poles

corresponding to the second equation in eq. (4.24) are close to each other. It is easy to

see that in the limit q3 → 0, w±

p2 → −w2, which is identified by the value −0.5 in the

figure.

• In the bottom right panel, we have chosen q1, q2, and w2 such that the two intervals given

by eq. (4.25) overlap. The four poles are clearly separate. The accidental symmetry

observed between the location of poles is simply due to the fact that we have chosen

q1 = q3. Considering eq. (4.25) for these values of momenta, ω±

p1 should map into ω±

p2

by a shift −w2, which is −0.5 in the figure.

For the sake of clarity, in figure 5 we only show the cuts and poles of Grrr(w1). In

summary, the figures are consistent with the discussion around eqs. (4.23) and (4.24). This

means that the analytic structure of Grrr is completely determined by the analytic structure
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Figure 5. A simple illustration of branch cuts and poles of figure 4. Black and blue correspond to

the two sets of solutions of eqs. (4.23) and (4.24).

of the external legs. As long as any momentum ki satisfies ki < k∗, the corresponding leg

will produce two poles in the Grrr structure (one in the upper half-plane and one in the

lower half-plane). The branch-cut discontinuity of Grrr is also the union of branch cuts

associated with the external legs.

4.5 Comments on transport

In this work, we have so far focused on the structure of two-point and three-point correlation

functions. These correlation functions inherently capture both dissipation and fluctuation

effects and, therefore, may have significant implications for transport phenomena. In particular,

in the small-frequency and small-momentum limit, they encode important information about

hydrodynamic transport.

Let us consider the dissipative part of the current as a double expansion near equilibrium

in terms of the dynamical variable, the chemical potential µ. The expansion occurs in two

directions: in powers of µ and in powers of derivatives acting on it. According to ref. [32] (see

also refs. [33–35]), the physical expectation is that two-point functions are associated with

transport coefficients appearing in front of linear terms in µ, at least at first order in gradients,

such as ∇iµ and its higher derivatives. We refer to these as linear transport coefficients.

On the other hand, three-point functions are associated with transport coefficients

multiplying nonlinear terms in µ as well, including those quadratic in µ and at least second

order in gradients, such as ∇iµ∇iµ and its higher derivatives. We refer to these as quadratic

transport coefficients.
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Having obtained resummed two- and three-point functions, the simple discussion above

suggests that, in principle, we could compute all linear and quadratic transport coefficients

appearing in the constitutive relations (of the charge density and the current), to arbitrarily

high orders in derivatives.15 However, to the best of our knowledge, a systematic hydrody-

namic framework introducing the constitutive relations (containing the associated transport

coefficients) for the system discussed in this work has not yet been constructed. In fact,

relativistic hydrodynamics without a diffusive charge has been systematically developed up to

third order in the derivative expansion [67, 68]. Three-point functions and their connection

to quadratic transport coefficients have been investigated in ref. [32]. For a charged fluid, it

has yet to be explored, as a systematic framework extending hydrodynamic theory to second

order in derivatives has not yet been developed for charged fluids [12].

The system under study in this work also remains unexplored in the same way. To fill

this gap, we begin by constructing the most general form of the constitutive relation for the

current in a diffusive system, up to second order in µ and third order in derivatives (∼ ǫ3).

In the presence of an external electric field Ei, in the Landau-Lifshitz frame:

J0 = n(µ) ≡ χµ +
χ′

2
µ2 + O(ǫ4µ3) ,

J i = D11V i − D12 µV i

+ D31∇i∇2V i + D
(1)
32 µ∇2V i + D

(2)
32 V i(∇ · V ) + D

(3)
32 ∇i(V · V ) + O(ǫ4µ3) ,

(4.26)

where V i = Ei − ∇iµ, and as before, χ′ is given by eq. (4.1). Here, Djk is the coefficient of a

term that is of jth order in derivatives and contains µk. Note that the above expressions are

written in the rest frame of the system. While they can also be formulated in a covariant form,

for consistency with the rest of this work, we will continue using the above representation.16

Now let us compare eq. (4.26) with eq. (2.17) in our system. One can rewrite eq. (2.17) in

exactly the same form as eq. (4.26). As discussed below eq. (2.17), achieving this equivalence

requires applying the conservation equation at O(ǫ2) to ensure that J0 = n + O(ǫ4). This

result has been rigorously demonstrated for the linear case in appendix B. However, to

generalize this discussion to include nonlinearities, we must extend the analysis beyond the

linear regime. Considering eq. (4.1), the nonlinear equation up to O(ǫ2) takes the form:

(χ + χ′µ)µ̇ − 1

3

[

τχ + (τχ′ + τχ′)µ
]

∇2µ − 1

3
(τχ′ + τχ′)

(

∇µ
)2

= 0 . (4.27)

Deriving µ̇ from this equation and substituting into eq. (2.17), we find exactly eq. (4.26)

with the following coefficients:

D11 =
τχ

3
, (4.28a)

D12 =
1

3
(τχ′+τχ′), (4.28b)

D31 =−τ3χ

45
, (4.28c)

D
(1)
32 =−τ2

15

(

τ ′χ+
1

3
τχ′

)

, (4.28d)

15Here, we discuss transport in the Landau-Lifshitz frame, where gradient corrections do not enter the

constitutive relation of the charge density, but of the charge-current density.
16We further elaborate on this structure and related aspects in an upcoming work [64].
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D
(2)
32 =

τ2

45

(

τχ′−2τ ′χ
)

, (4.28e)

D
(3)
32 =

2τ2

90

(

τχ′+8τ ′χ
)

. (4.28f)

This highlights the advantage of working with the expanded formulas (2.13) and (2.17).

From these equations, we can directly extract linear, quadratic, and higher-order transport

coefficients, without the need to compute correlation functions or rely on Kubo formulas.

This approach remains effective as long as the hydrodynamic constitutive relations can be

systematically extended as a derivative expansion in µ and its higher powers.

Now, the key question is: what is the significance of these transport coefficients? To

answer this question, let us recall that one important experimentally measurable quantity is

the current J i. Depending on whether the system describes the diffusion of charge, mass, or

another conserved quantity, this current can be directly measured in experiments.

Let us assume that such a measurement has been performed for small perturbations (in

amplitude) within the system. By setting the Dj2 coefficients in eq. (4.26) to zero, we can

fit the experimental data for J i to extract τ . The static charge susceptibility is assumed

to be known from thermodynamics. Repeating this experiment for different values of µ,

or equivalently n, allows us to determine τ(µ) or τ(n). From this, τ ′ can be obtained as

τ ′ = dτ/dµ. Similarly, χ′ can be determined from thermodynamics.

This demonstrates that an experiment with small perturbations enables the extraction of

transport coefficients that appear in higher-order terms, such as Dj2. Once these coefficients

are known, we can use eq. (4.26), along with the transport coefficients given in eq. (4.28), to

predict the system’s response when perturbations are not small in amplitude. This highlights

the predictive power of our theory.

Correlation functions provide an indirect method for measuring transport coefficients.

To extract Djk, one must construct Kubo formulas that relate the correlation functions of

the current (or density) to these transport coefficients. Although our system is solvable and

all transport coefficients are already known, deriving Kubo formulas for quadratic transport

coefficients and comparing them with the correlation functions computed in this paper would

serve as an important validation of our results in the small-momentum limit (see ref. [64]).

4.6 1-loop correction to the two-point function

The theory we are studying has the property that its correlation functions have branch-point

singularities, developing branch-cut discontinuities, even at the linear-response level. On

the other hand, a well-known feature of the correlation functions in quantum field theory

is having branch-point singularities (and consequently branch-cut discontinuities) due to

interaction effects. Here we want to explore such singularities for a simple two-point function,

Gnφa
. We expect that GR

J0J0 has the same analytic structure. The leading interaction effect

is the following one-loop correction (see eq. (4.6))

p = (ω, k)

p − p
′

p
′

∼ Gnφa
(p)2

∫

p′

λ1(p − p′, p′, p)λ1(p − p′, p, p′)Gnφa
(p′)Gnn(p − p′) .

(4.29)
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Performing the integral in eq. (4.29) is difficult analytically. However, we can find the singular

points of the integral (as a function of ω and k) without explicitly evaluating it. Following

ref. [63], it just occurs at pinch singularities of the integrand.

Let us first check if the singularities of λ1(p − p′, p′, p)λ1(p − p′, p, p′) can become pinched.

Based on earlier results about the vertices, λ1(p−p′, p′, p)λ1(p−p′, p, p′) is analytic everywhere

but at the four points ω′ = ± i
τ

± k′. These are precisely the singular points of the logarithm

in Gnφa
(ω′, k′). Thus they do not produce a new kind of singularity for the integral. The

only potential pinch singularities are then located where the poles of Gnφa
and Gnn coincide.

From eqs. (3.12) and (3.14), we have

ω′ = − i

τ
+ ik′ cot(τk′) , (4.30a)

ω − ω′ = ∓ i

τ
± i|k − k′| cot(τ |k − k′|) . (4.30b)

The second pole (with lower signs) in eq. (4.30b) cannot coincide with eq. (4.30a). But

the other one collides eq. (4.30a) if

ω = −2i

τ
+ ik′ cot(τk′) + i|k − k′| cot(τ |k − k′|) . (4.31)

This function has an extremum at k′ = k
2 , which gives the branch-point singularity of the

integral:

ωint
b.p. = −2i

τ
+ ik cot

(

τk

2

)

. (4.32)

Do not confuse this equation with eq. (2.29). Assuming that ω ∼ k2 ∼ ǫ2, to leading order

in ǫ, and upon identifying D ≡ τ
3 , we find

Eq. (2.29) → ω = −iDk2 ,

Eq. (4.32) → ω = − i

2
Dk2 .

(4.33)

As one expects, we see that in the leading order of the ǫ-expansion, eq. (2.29) gives the

diffusion pole. Interestingly, in the same limit eq. (4.32) reduces to the branch-point singularity

associated with the nonlinear effects in the theory of diffusive fluctuations found in ref. [15].

This is illustrated in figure 6 for the lower-half complex w-plane. There are two cuts: the

first is the genuine cut of the theory (a horizontal cut connecting w
(1)
b.p. and w

(2)
b.p.), while the

second is a cut that emerges at the one-loop level, emanating from wint
b.p. and extending to

infinity in the lower half of the complex w-plane.

An interesting question that arises here is how loop effects influence the linear (classical)

dispersion relations. As mentioned earlier, hydrodynamic loops are difficult to calculate

analytically in our model. However, one can qualitatively explore the relevant physics.

The effect of hydrodynamic loops on classical dispersion relations was first pointed

out in ref. [15] for a diffusive system at leading order in the derivative expansion. It was

noted that the classical pole wp, shown in the left panel of figure 6, would split into two

modes symmetrically positioned on either side of the vertical branch cut, as depicted in

the right panel of the figure.
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Figure 6. One-loop correction to the analytic structure of the response function GR
nn(w, q) for

q < π
2 . Left panel: free theory; there is a single pole wp = −i + iq cot q, together with two branch

points w
(1,2)
b.p. = −i ± q connected with a branch cut [10]. Right panel: interacting theory. Due to the

interactions, another branch-point singularity emerges at wint
b.p. = −2i + iq cot q

2 , causing the pole wp

to split into two poles lying on the two sides of the branch cut emanating from wint
b.p. to infinity. This

splitting was first discussed in ref. [15] for diffusion at leading order in derivatives. Then it was shown

in ref. [40] that this would also be the case at higher orders in derivatives (see also figure 4 in the

Supplemental Material of ref. [41]).

Subsequently, one of the authors investigated this phenomenon within the Schwinger-

Keldysh effective field theory (EFT) framework in an SYK chain, extending the analysis to

higher orders in the derivative expansion [40]. The SYK chain serves as a model for energy

diffusion in (1 + 1)-dimensional systems. This study revealed that the same mode splitting

occurs for the entire range of momenta up to the EFT cutoff.

This line of research was further pursued in ref. [41], again within the EFT formalism,

but in a different system incorporating higher-derivative corrections. The model examined in

ref. [41] was the telegrapher equation. Compared to energy diffusion in the SYK chain, which

describes purely infrared (IR) dynamics, diffusion in the telegrapher model also involves a

ultraviolet (UV) scale. In other words, in addition to the diffusive mode, the spectrum of

the classical theory includes a non-hydrodynamic mode. This study extends the findings of

ref. [40] by examining the interplay between the following three effects:

1. The effect of hydrodynamic loops on the dispersion relation of the diffusive mode

2. Higher-derivative effects

3. The effect of a non-hydrodynamic mode

Reference [41] finds that, in addition to the diffusion mode, the non-hydrodynamic mode

also undergoes splitting due to loop effects.

From the perspective of the above discussion, for k < k∗, the model studied in the present

work is analogous to the SYK chain. In this regime, there is only a single diffusive pole in
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the spectrum of the classical theory [10], and thus, we expect the same mode splitting to

occur. However, a key distinction between our model and the SYK chain is the presence

of a horizontal cut in figure 6.

Naïvely, one would expect that as the value of k increases, the two blue poles shown

in the right panel of the figure move farther from the vertical cut and gradually asymptote

to w = −i/τ . Whether this expectation holds requires a more careful analysis of eq. (4.29).

We leave a detailed investigation of this issue for future work.

5 Effective action directly from the noisy Boltzmann equation

The Schwinger-Keldysh EFT constructed in sections 4 and 5 systematically incorporates

the effects of fluctuations (noise) in the system, which are then reflected in the correlation

functions. A natural question arises: can the same correlation functions be obtained from

the Boltzmann equation?

In the linear-response regime, this can be achieved indirectly by first computing the

response functions [10, 20] and then applying the fluctuation-dissipation theorem, as dis-

cussed around eq. (3.22). Note that the relativistic Boltzmann equation (2.1) is inherently

deterministic and does not explicitly account for fluctuations.

To directly incorporate the effects of fluctuations, a traditional approach is to phenomeno-

logically introduce a noise term on the right-hand side of the Boltzmann equation and fix

the strength of the noise correlation function via the fluctuation-dissipation theorem. In

this section, we follow this approach and then attempt to construct an MSR effective action

corresponding to the integrated noisy Boltzmann equation. The latter equation is, in fact, the

noisy diffusion equation. Therefore, the resulting effective action should match the effective

action for diffusion constructed in the previous sections.

Following Landau-Lifshitz [38] (see also ref. [69]), the Boltzmann equation can be

transformed into a stochastic (noisy) equation. This is done by simply placing a noise

distribution function on the right-hand side of the Boltzmann equation. In RTA, we can write

∂tf(x, p) + v · ∇f(x, p) = −f(x, p) − f (0)(x, p)

τ
+ ξ0(x, p) . (5.1)

Considering 〈ξ(x, p)〉 = 0, then the noise-averaged equation is the one we started with in

section 2. In fact f in that section is 〈f〉,

∂t〈f(x, p)〉 + v · ∇〈f(x, p)〉 = −〈f(x, p) − f (0)(x, p)〉
τ

. (5.2)

However, for the sake of brevity, we have removed the brackets. We want to continue with

eq. (5.1) in a derivative expansion. For this, we put the noise term on the right-hand side

of the noise-averaged Boltzmann equation (2.12):

D

1 + τD
f

(0)
ξ (x, p) = −

fξ(x, p) − f
(0)
ξ (x, p)

τ
+ ξ(x, p) . (5.3)

To make the problem analytically tractable, we perform an integral over momentum space:
∫

p

D

1 + τD
f

(0)
ξ (x, p) =

∫

p
ξ(x, p) , (5.4)
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where we have used eq. (2.7) and defined ξ = (1 + τD)−1ξ0. Here the subscript ξ for f (0)

denotes that f
(0)
ξ is a noisy solution. Now we want to find an effective action whose associated

equation of motion is the equation above. For this, we will use the MSR formalism [70]. First,

from the equation above we can read off the correlation function of the noise:

∫

p,p′

〈

ξω,k(p)ξ−ω,−k(p′)
〉

=

∫

p,p′

D

1 − τD

−D′

1 + τD′

〈

f
(0)
ξ; ω,k(p)f

(0)
ξ; −ω,−k

(p′)
〉

= T χ

∫

Ω

(

D

1 + τD
− D

1 − τD

)

,

(5.5)

where D = −iω + p̂ · (ik) and D′ = −iω + p̂′ · (ik).

The next step is to rewrite the non-equal time correlation function of f (0) as the average

over the noise distribution:
∫

p1,p2

〈

f (0)(x1,p1)f (0)(x2,p2)
〉

=

∫

p1,p2

∫

Dξe−W [ξ]f
(0)
ξ (x1,p1)f

(0)
ξ (x2,p2)

=

∫

p1,p2

∫

Df (0)
∫

Dξe−W [ξ]δ(e.o.m.)J f (0)(x1,p1)f (0)(x2,p2),

(5.6)

where J = δ(e.o.m.)/δf (0) is the Jacobian and “e.o.m.” is the noisy equation of motion (5.3).

In addition

W [ξ] =
1

2

∫

p,p′

∫

x,x′

ξ(x′; p′)A(x, x′; p)ξ(x; p) , (5.7)

where

T χ

(

D

1 + τD
− D

1 − τD

)

A(x, x′; p) = δ(t − t′)δ3(x − x′) . (5.8)

The idea of finding the effective action is to exponentiate the delta function in eq. (5.6)

and then integrate over the noise field ξ. At the linearized level, i.e., when the e.o.m. is

linear, the Jacobian is field-independent. By introducing an auxiliary field fa(x, p), we

exponentiate the delta function as
∫

p1,p2

〈

f (0)(x1, p1)f (0)(x2, p2)
〉

=

∫

p1,p2

∫

Df (0)
∫

Dξ e−
1
2

∫

ξAξ

×
∫

Dfa ei
∫

(e.o.m.)fa J f (0)(x1, p1)f (0)(x2, p2) . (5.9)

Considering eq. (5.5), the integration over ξ gives

〈

n(x1)n(x2)
〉

=

∫

Dn Dna eiS
(2)
eff

[n, na] n(x1)n(x2) , (5.10)

where

S
(2)
eff [n, na] =

∫

dt ddx

(

i na A na −
∫

Ω
na

D

1 − τD
n

)

, (5.11)

with

A = T χ

∫

Ω

(

D

1 + τD
− D

1 − τD

)

. (5.12)

The effective action (5.11) is exactly the same as the Schwinger-Keldysh effective action (3.7).
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Two comments:

1. We showed that the quadratic MSR effective action that can produce the integrated

noisy Boltzmann equation (5.4) is exactly the same as the quadratic Schwinger-Keldysh

effective action for diffusion.

2. To find the interacting Schwinger-Keldysh effective action, we promoted τ to become a

function of n. The resulting cubic action is given by eq. (4.3). It is obvious that this

effective action also produces the nonlinear terms in the noisy Boltzmann equation

as well.

The equivalence of the Schwinger-Keldysh effective action and the MSR effective action for

Gaussian noise is well known [80]. Our calculations are in agreement with this point; thus we

can use any of the two formalisms to study the correlation functions.

6 Review, conclusion, and outlook

In this work we have constructed a Schwinger-Keldysh EFT for the diffusion. Considering the

Boltzmann equation in RTA as the microscopic dynamics in the system, we have been able to

construct the EFT to infinite order in derivatives, analytically. We have five concrete results:

1. For the first time, we analytically found a diffusion equation that follows RTA Boltzmann

dynamics to infinite order. It is given by eq. (2.14) or its resummed version eq. (2.23).

2. The quadratic Schwinger-Keldysh effective action has been found analytically up to

infinite order in derivatives. In closed form it is given by eq. (3.7). From this effective

action we computed explicitly GS
J0J0 . For comparison with known results from the

literature we also computed GR
J0J0 . There is full agreement.

3. The main part of this work was devoted to constructing the interaction part of the

Schwinger-Keldysh EFT, to infinite order in derivatives. It is given by the closed

formula (4.3). From this, we explicitly computed the symmetrized three-point function

in momentum space, namely Grrr. We then discussed the analytic structure of these

correlators in detail. We found that the singularities and poles structure of these

correlators are the union of the singularities and pole structure of the external legs in

momentum space.

4. We analytically calculated branch-point singularities in the structure of the two-point

function that arise from loop effects. This reveals a rich analytic structure of the

two-point function in our system. In the absence of interactions, there are two branch

points in the lower half of the complex-frequency plane, indicating a weak-coupling

limit in the system. The hydrodynamic interaction changes this by adding another

branch point, which we calculate. This rich structure is shown in figure 6.

5. Finally, we showed that our Schwinger-Keldysh effective action for diffusion can also be

derived from the noisy Boltzmann equation using the MSR formalism. At the level at

which we presented results in this paper, the two formalisms are identical. However,
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our Schwinger-Keldysh EFT can be systematically generalized to include the effects of

non-Gaussian noise, which is not known in the case of the MSR formalism.

One possible application of our EFT results could be a system at weak coupling with a

large susceptibility. This can be, for instance, described by a weakly coupled quantum

field theory at relatively large N . Following ref. [51], in this limit our Schwinger-Keldysh

Lagrangian is formally given by

L = Lfree + L(3) + L(4) + . . .

∼ O
(

ǫ + ǫ2 + . . .
)

+
1

N
O
(

ǫ2 + ǫ3 + . . .
)

+
1

N2
O
(

ǫ3 + ǫ4 + . . .
)

+ . . . .

For large N , one can truncate the 1
N

expansion at any arbitrary order, while keeping an infinite

order of derivatives [40]. In this work we truncate the 1
N

expansion at sub-leading order.

Having a Schwinger-Keldysh EFT for diffusion in an analytical form and to infinite order

in derivatives, it could be worthwhile to study real-time dynamics of correlation functions.17 In

this work, we focused on the structure of correlation functions in momentum space. In principle

one should be able to find the inverse Fourier transform of these correlators numerically.

Then this would provide us with an important tool to investigate the thermalization time

scale in the systems discussed above. In particular, by considering the late-time dynamics

of three-point functions, we can determine: first how fast this correlator thermalizes, and

second at what time scale the leading-order results in the ǫ-expansion are reliable.

In another direction, it would be very interesting to construct the Schwinger-Dyson

equations to compute the evolution of the correlators in the EFT. This would allow us

to study the real-time dynamics of the correlators in a time-dependent background. The

results could then be compared with those in large-N holographic systems under strong

coupling [74–78], hopefully revealing more aspects of the dynamical thermalization associated

with the QGP [79].

From another direction, it would be very interesting to develop an EFT describing causal

and stable diffusion [80–82], to all order in derivatives, for the system studied in this paper.

Before concluding this article, we would like to emphasize that this work is only the first

step towards the main goal, which is to study non-Gaussian correlation functions near critical

points. In this work, we only focused on developing methods and ideas in special microscopic

systems far away from any critical points. The next step is to implement critical properties

in the equation of state and study the dynamical fluctuations.
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A Useful integrals

Recalling that Dp ≡ Dω,k = −iω + ik cos θ, we evaluate the following integrals:

∫

Ω

1

1 + τDp
= Lp , (A.1)

∫

Ω

cos θ

1 + τDp
=

1

iτk

[

1 − (1 − iτω)Lp

]

, (A.2)

∫

Ω

cos2 θ

1 + τDp
=

1 − iτω

τ2k2

[

1 − (1 − iτω)Lp

]

, (A.3)

∫

Ω

Dp

1 + τDp
=

1

τ

(

1 − Lp

)

, (A.4)

∫

Ω

D2
p

1 + τDp
=

1

τ2

(

− 1 − iτω + Lp

)

, (A.5)

∫

Ω

(

1

1 + τDp

)

Θ

=
1

2

(

Lp + L∗

p

)

, (A.6)

∫

Ω

(

1

1 + τDp

)

Θ

Dp =
1

2τ

(

− Lp + L∗

p

)

, (A.7)

with

Lp =
1

2iτk
ln

(

i
τ

+ ω − k
i
τ

+ ω + k

)

. (A.8)

B Diffusion equation in a more familiar form

According to the discussion below eq. (2.17) and also the content of table 1, we can drop all

the derivative corrections from J0 in the diffusion equation. It then takes the following form

∂tn+∇i

[

− τ

3
∇in+ τ2

(

2

3
∇iṅ − τ

5
∇i∇2n

)

− τ3

(

∇in̈ − 4τ

5
∇i∇2ṅ +

τ2

7
∇i∇4n

)

+ . . .

]

= 0.

(B.1)

The same procedure done to simplify J0 in table 1 can be done for Ji, i.e., the expression in

the brackets in the above equation. Let us do it in more detail here. First we note that the

perturbative solution to the above equation can be formally written as

n = n(2) + ǫ2 n(4) + ǫ4 n(6) + · · · ≡ n(2)+(4)+(6)+··· , (B.2)
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where the subscripts point out the order of equation in the ǫ-expansion. Substituting this

ansatz into eq. (B.1), we can read off the corresponding equations:

O(ǫ2) ṅ(2) − τ

3
∇2n(2) = 0 ,

O(ǫ4) ṅ(4) − τ

3
∇2n(4) + τ2

(

2

3
∇2ṅ(2) − τ

5
∇4n(2)

)

= 0 ,

O(ǫ6) ṅ(6) − τ

3
∇2n(6) + τ2

(

2

3
∇2ṅ(4) − τ

5
∇4n(4)

)

− τ3
(

∇2n̈(2) − 4τ

5
∇4ṅ(2) +

τ2

7
∇6n(2)

)

= 0 ,

(B.3)

and similarly for higher orders in the expansion. In order to impose the above equations to

eq. (B.1), we first substitute n = n(2) + ǫ2n(4) + ǫ6n(6) into the equation; up to O(ǫ6), we have

ṅ(2)+(4)+(6) − τ

3
∇2n(2)+(4)+(6)

+ τ2
(

2

3
∇2ṅ(2)+(4) − τ

5
∇4n(2)+(4)

)

− τ3

(

∇2n̈(2) − 4τ

5
∇4ṅ(2) +

τ2

7
∇6n(2)

)

= 0 .

(B.4)

What we need to do is to eliminate the dot terms in the second and third lines. Before doing

this we simplify the second equation (B.3), simply by imposing the first equation:

ṅ(4) − τ

3
∇2n(4) + τ2

(

2

3
∇2
(

τ

3
∇2n(2)

)

− τ

5
∇4n(2)

)

= 0

→ ṅ(4) =
τ

3
∇2n(4) − τ3

45
∇4n(2) .

(B.5)

Applying this equation together with ṅ(2) = τ
3 ∇2n(2) to eq. (B.4), we find

ṅ(2)+(4)+(6) − τ

3
∇2n(2)+(4)+(6)

+ τ2

(

2τ

9
∇4n(2)+(4) − 2τ3

135
∇6n(2) − τ

5
∇4n(2)+(4)

)

− τ3

(

τ2

9
∇6n(2) − 4τ2

15
∇6n(2) +

τ2

7
∇6n(2)

)

= 0 ,

(B.6)

which simplifies to

ṅ(2)+(4)+(6) − τ

3
∇2n(2)+(4)+(6) +

τ3

45
∇4n(2)+(4) − 2τ5

945
∇6n(2) = 0 . (B.7)

Note that up to O(ǫ6), the above equation can be also written as

ṅ(2)+(4)+(6) − τ

3
∇2n(2)+(4)+(6) +

τ3

45
∇4n(2)+(4)+(6) − 2τ5

945
∇6n(2)+(4)+(6) = 0 . (B.8)

The terms in red are beyond order O(ǫ6), however we have just added them to formally

construct an equation for n = n(2) + ǫ2 n(4) + ǫ4 n(6) + · · · ≡ n(2)+(4)+(6)+···. The above

equation is now exactly eq. (2.18) truncated at order O(ǫ6).
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C KMS constraints on the free effective action

Having the classical equation of motion (2.23) in hand, the dissipative part of the effective

Lagrangian is written as

L = −
∫

Ω

(

D

1 + τD
n

)

φa + . . . , (C.1)

where φ̇ ≡ µ. Now we parameterize the action to quadratic order in the φa-field as follows:

Lfree =

∫

Ω

[

(Dφa)
1

1 + τD
n + i (Dφa) M Dφa

]

. (C.2)

The operator M is found from applying the KMS constraint (in the classical limit) to the

action, i.e., requiring the action to be invariant under

φ(x) → φ̃(x) = Θφ(x) , φa(x) → φ̃a(x) = Θ
[

φa(x) + iβφ̇(x)
]

, (C.3)

with Θ = PT . These relations are referred to as Z2 dynamical KMS transformation [51]

(note that Θ2 = 1). We now perform the Z2 dynamical KMS transformation of the action
∫

x Lfree. It is advantageous to first substitute x → Θx ≡ −x in the space-time integral of

the action before performing the transformation. We then use

φ̃(Θx) = Θφ(Θx) ≡ −φ(x) ,

φ̃a(Θx) = Θφa(Θx) − iβ(Θ∂t) Θφ(Θx) = −
[

φa(x) + iβφ̇(x)
]

,
(C.4)

where we have employed eq. (C.3). This specific transformation18 of φ and φa under Θ will

be important to satisfy the KMS invariance of
∫

x L(3). The result of the transformation

of the action is then
∫

x
Lfree →

∫

x
Lfree

+

∫

x

∫

Ω

[

(Dφa)

(

1

1−τD
− 1

1+τD

)

χφ̇−β(Dφa)(ΘM)Dφ̇−β(Dφ̇)(ΘM)Dφa

]

+

∫

x

∫

Ω

[

iβ(Dφ̇)
1

1−τD
χφ̇−iβ2(Dφ̇)(ΘM)Dφ̇

]

+

∫

x

∫

Ω

[

i(Dφa)(ΘM)Dφa−i(Dφa)M Dφa

]

. (C.5)

Here, we have also made use of the fact that n = χφ̇, with χ = const..

In order for the quadratic effective action
∫

x Lfree to satisfy the KMS condition, the sum

of all extra terms on the right-hand side of eq. (C.5) must vanish. To show how this happens

and what the result of this cancellation is, we have classified them in three groups:

φaφa To make the terms in last line of eq. (C.5) cancel, M must be Θ-invariant

ΘM = M . (C.6)

18See the explanations below eq. (C.11). For more details, see table I in ref. [80].
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φ̇ φ̇ Requiring such terms to cancel each other (in the third line of eq. (C.5)), one can easily

read off M . However, the resulting M must obey eq. (C.6). Thus we find it useful to

express these terms in an explicit Θ-invariant way. To this end, let us see how the first

term transforms by twice performing an integration by parts
∫

Ω
(Dφ̇)

1

1 − τD
φ̇ =

∫

Ω
(Dφ̇)

[

1 + τD + (τD)2 + (τD)3 + . . .

]

φ̇

integration by parts →
∫

Ω

{[

1 − τD + (τD)2 − (τD)3 + . . .

]

Dφ̇

}

φ̇

integration by parts →
∫

Ω

(

1

1 + τD
φ̇

)

(−Dφ̇) .

(C.7)

This tells us that the third line of eq. (C.5) can be written in the following Θ-invariant

form:

+ iβχ

∫

Ω

1

2
(Dφ̇)

(

1

1 − τD
− 1

1 + τD

)

φ̇ − iβ2
∫

Ω
(Dφ̇) (ΘM) Dφ̇

= +iβχτ

∫

Ω
(Dφ̇)

1

1 − (τD)2
Dφ̇ − iβ2

∫

Ω
(Dφ̇) (ΘM) Dφ̇ .

(C.8)

Requiring the above expression to vanish, we find

M = T χ τ

(

1

1 + τD

)

Θ

, (C.9)

with
(

1

1 + τD

)

Θ

≡ 1

2

(

1

1 − τD
+

1

1 + τD

)

. (C.10)

One readily observes that the expression (C.9) for M fulfills the requirement (C.6).

φa φ̇ As the last requirement, one can straightforwardly show that eq. (C.9) makes the terms

in the second line of eq. (C.5) cancel each other. To see this, note that the differential

operator M is invariant under integration by parts, i.e, it can act to the right onto Dφ̇

as well as to the left onto Dφa, which makes the last two terms in the second line of

eq. (C.5) equal. This completes the proof of KMS invariance of the action with the

Lagrangian (C.2), with M given by eq. (C.9).

In order to read off the physical correlation functions, the effective action must be coupled

to gauge-invariant sources. Following ref. [50], we need to apply the following replacement

to the Lagrangian,

∂µφa,r → Ba,rµ = ∂µφa,r + Aa,rµ . (C.11)

This justifies the sign change of φr ≡ φ and φa under the action of Θ; since ΘAa,r µ = Aa,r µ and

Θ∂µ = −∂µ, for Ba,r µ to transform consistently under Θ, it is required that Θφa,r µ = −φa,r µ.

Since we only want to compute r-correlators in this work, the Arµ sources can be turned

off. Doing so, eq. (C.2) takes the following form

L =

∫

Ω

{

Ba0
1

1 + τD
n + (∇iφa)

vi

1 + τD
n + i Tσ

[

Ba0
1

1 + τD
Ba0

+Ba0
vi

1 + τD
(∇iφa) + (∇iφa)

vi

1 + τD
Ba0 + (∇iφa)

vivj

1 + τD
(∇jφa)

]}

,

(C.12)
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where σ ≡ χτ . Note that we have also dispensed with the Θ-symmetrization of M , eq. (C.9), as

one can show via an integration by parts that both terms in eq. (C.10) lead to the same result.

D Self-interactions and background sources

In order to find the cubic terms in the Lagrangian coupled to the background sources,

we now proceed by incorporating self-interactions into the Lagrangian. This is done by

promoting the transport coefficients in the quadratic Lagrangian to become functions of

the dynamical field µ ≡ φ̇.

L =

∫

Ω

{

Ba0
1

1 + τ(µ)D
n + (∇iφa)

vi

1 + τ(µ)D
n + i Tσ(µ)

[

Ba0
1

1 + τ(µ)D
Ba0

+Ba0
vi

1 + τ(µ)D
∇iφa + (∇iφa)

vi

1 + τ(µ)D
Ba0 + (∇iφa)

vivj

1 + τ(µ)D
∇jφa

]}

,

(D.1)

where we have (see eq. (4.1) and the explanations below it)

n(µ) = χ µ + χ′
µ2

2
+ . . . → χ(µ) =

∂n

∂µ
= χ + χ′µ + . . . ,

τ(µ) = τ + τ ′ µ + . . . ,

σ(µ) = σ + σ′ µ + . . . .

(D.2)

Since we are interested in working with the field n, not µ, then χ′ will not appear in our

following expressions. Note that χ′ could appear if we turned on an Ar-source [16], however,

as we said earlier, we need only the Aa0 source.

We now determine how quadratic and cubic terms can be found by systematically

truncating the above effective action. Let us start with the dissipative term and apply

eq. (D.2) to it

Ba0
1

1 + τ(µ)D
n = Ba0

1

1 + τD
n − Ba0

1

1 + τD

(

τ ′µ D
1

1 + τD
n

)

+ . . .

= Ba0
1

1 + τD
n − τ ′

χ
n

(

D

1 + τD
n

)

1

1 − τD
Ba0 + . . . ,

(D.3)

where we have used the fact that (A + a)−1 = A−1 − A−1aA−1 + O(a2). From the first to

the second line we have replaced µ = n
χ

+ O(n2) and also have performed an integration by

parts. Let us note that the dots contain terms beyond the cubic order in the fields.

Now we just need to apply the above procedure to the full nonlinear effective action given

by eq. (D.1), and find the quadratic and cubic orders, separately. For now, we temporarily

turn off the sources and just present the effective action in the absence of them:

Lfree =

∫

Ω

[

(Dφa)
1

1 + τD
n + iTσ(Dφa)

(

1

1 + τD

)

Θ

Dφa

]

L(3) =

∫

Ω

{

−τ ′

χ
n

(

D

1 + τD
n

)

D

1 − τD
φa + iTσ

τ ′

χ
n

[(

D

1 + τD
φa

)

D

1 − τD

]

Θ

Dφa

+ iT
σ′

χ
n(Dφa)

(

1

1 + τD

)

Θ

Dφa

}

.

(D.4)

– 38 –



J
H
E
P
0
5
(
2
0
2
5
)
2
4
1

KMS constraints on the cubic Lagrangian.

In this section we investigate how the KMS condition constrains the cubic effective action

L(3) in eq. (D.4). Performing the Z2 dynamical KMS transformation using similar steps as

for the free action in appendix C, i.e., first substituting x → Θx in the space-time integral

and then applying (C.3), we find
∫

x
L(3) →

∫

x

∫

Ω

(

− τ ′χφ̇

( −D

1 − τD
φ̇

) −D

1 + τD
(−φa − iβφ̇)

+ iTστ ′ φ̇

{[ −D

1 − τD
(−φa − iβφ̇)

] −D

1 + τD

}

Θ
(−D)(−φa − iβφ̇)

+ iTσ′φ̇
[

(−D)(−φa − iβφ̇)
]

(

1

1 − τD

)

Θ

(−D)(−φa − iβφ̇)

)

.

(D.5)

• Let us first consider the φ̇φ̇φ̇ terms. Since such terms did not appear in the original

cubic Lagrangian (D.4), we have to require that all these terms cancel each other. Thus

we obtain

σ = χ τ ,
σ′

σ
=

τ ′

τ
. (D.6)

• Using eq. (D.6), one can show that the three φ̇φ̇φa terms sum up to the first term of

L(3) in eq. (D.4).

• Finally, it is seen that the two φ̇φaφa terms (in the second and third lines of eq. (D.5))

are nothing but the last two terms of L(3) in eq. (D.4).

Applying the above two constraints for L(3) to eq. (D.4), it takes the following simpler form

L(3) =

∫

Ω

[

− τ ′

χ
n

(

D

1 + τD
n

)

D

1 − τD
φa + iT τ ′ n

(

D

1 + τD
φa

)

D

1 − τD
φa

]

. (D.7)

E I functions

Considering
∫

Ω

τD2

1 + τD2

−τD3

1 − τD3
=

1

4π

∫ 2π

0
dφ I(φ; 1, 2, 3) (E.1)

we find

I(φ;1,2,3)=2−iπ
q2cosφ−q3cos(α23−φ)

q2q3cosφcos(α23−φ)

−
2iπ(w2+i)2

√

1−
q2

2
cos2 φ

(w2+i)2

[

−q2w3+q3(w2+i) cos(α23−φ)
cosφ

]

q2

[

q2
2 −2(w3+i)2+q2

2 cos(2φ)
]

[

q2(w3−i)−q3(w2+i) cos(α23−φ)
cosφ

]

+
2iπ(w3−i)2

√

1−
q2

3
cos2(α23−φ)

(w3−i)3

[

−q3w2+q2(w3−i) cosφ

cos(α23−φ)

]

q3

[

q2
3 −2(w3−i)2+q2

3 cos
(

2(α23−φ)
)

][

q3(w2+i)−q2(w3−i) cosφ

cos(α23−φ)

]

−
i(w2+i)

[

−q2w3+q3(w2+i) cos(α23−φ)
cosφ

]

ln
(

√
q2

2
cos2 φ+(1+iw2)2

−q2 cosφ
√

q2

2
cos2 φ+(1+iw2)2+q2 cosφ

)

q2

√

q2
2 cos2φ−(w2+i)2 [q3(w2+i)cos(α23−φ)−q2(w3−i)cosφ]

−
i(w3−i)

[

−q3w2+q2(w3−i) cosφ

cos(α23−φ)

]

ln
(

√
q2

3
cos2(α23−φ)+(1+iw3)2

−q3 cos(α23−φ)
√

q2

3
cos2(α23−φ)+(1+iw3)2+q3 cos(α23−φ)

)

q3

√

q2
3 cos2(α23−φ)−(w3−i)2 [q3(w1+i)cos(α23−φ)−q2(w3−i)cosφ]

,

(E.2)

with α23 = cos−1
(

q2
1−q2

2−q2
3

2q2q3

)

.
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F A quick check: reproducing the effective action of Chen-Lin,

Delacrétaz, and Hartnoll [15]

In ref. [15] the EFT for charge diffusion for a general non-integrable QFT has been constructed.

Comparing that work and the present, each has one distinct advantage over the other:

1. While ref. [15] constructs the EFT for diffusion in a general non-integrable QFT, our

EFT is specific to a system of massless relativistic particles described by kinetic theory

in RTA.

2. In ref. [15], the EFT is constructed to leading order in the derivative expansion,

prescribed by the derivative counting scheme ω ∼ k2 ∼ ǫ2. Our EFT, however, contains

all orders in derivative.

As a result, our effective action should be consistent with that of ref. [15] in leading order of

the derivative expansion, i.e., to order ǫ2, upon appropriate identification of the transport

coefficients between the two works. To check the consistency, let us point out that

∫

Ω

D

1 + τD
= ∂t − τ

3
∇2 + O(ǫ3) ,

∫

Ω

(

D

1 + τD

)

Θ

= −τ

3
∇2 + O(ǫ3) .

(F.1)

Substituting this into eq. (3.7) we obtain

S
(2)
EF T =

∫

x

[

−
(

∂tn − τ

3
∇2n

)

φa − i T χ
τ

3
φa ∇2φa

]

, (F.2)

which is precisely the effective action of ref. [15] with the diffusion constant of ref. [15]

identified by D ≡ τ
3 .

To show the consistency between the two works at cubic order, we note that the function

I(φ; 1, 2, 3) takes a very simple form at order ǫ2:

I(φ; 1, 2, 3) = k2 k3 cos(α − φ) cos φ + O(ǫ3) , (F.3)

where α is the angle between k2 and k3. Then our λ1 and λ2 simplify to

λ1 =
τ1

3τ2
k2 · k3 + O(ǫ3) , λ2 = −iT χ

τ1

3τ2
k2 · k3 + O(ǫ3) . (F.4)

To compare with ref. [15] it should be noted that reference studies the diffusion of heat with

κ = cD being the thermal conductivity, and c the specific heat. This equation is equivalent

to σ = χ τ
3 in the present work.

Considering this information, it is easy to show that λ1 and λ2 above (with k2 ·k3 dropped)

are exactly λ and λ̃ in the cubic Lagrangian of ref. [15]. The momentum-dependent factor

−k2 · k3 in Fourier space corresponds to ∇ · ∇ in real space. Applying this correspondence

to the vertices shown earlier, we then find the corresponding two terms in real space as

− τ1
3 n∇n · ∇φa

1
2 ≡ τ1

3 n2
∇

2φ and iT χ τ1
3 n∇φ · ∇φa; in complete agreement with ref. [15].
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