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Abstract It has long been known that the gluon propagator
in Landau-gauge QCD exhibits a mass gap; and its emergence
has been ascribed to the action of the Schwinger mechanism
in the gauge sector of QCD. In the present work, we relate
this property to the physical mass gap of QCD by consider-
ing two observables associated with confinement and chiral
symmetry breaking, namely the confinement-deconfinement
transition temperature and the pion decay constant, respec-
tively. It turns out that the first observable is linearly propor-
tional to the gluon mass gap, a fact that allows us to assign a
direct physical meaning to this scale. Moreover, we identify
three distinct momentum regimes in the gluon propagator,
ultraviolet, intermediate, and deep infrared, and assess their
impact on the aforementioned observables. Both observables
are sensitive to the first two regions of momenta, where func-
tional approaches essentially coincide, but are insensitive to
the third, deep infrared, regime. The combined information
is used for a simple fit for the gluon propagator, all of whose
parameters admit a clear physical interpretation. Finally, we
discuss how this fit can help us access the intertwined dynam-
ics of confinement and chiral symmetry breaking in QCD-
type theories.

1 Introduction

In the past two decades, functional methods, such as Dyson-
Schwinger equations (DSEs) [1-8] and the functional renor-
malisation group (fRG) [9-13], have evolved into a versatile
and quantitative first-principles approach to QCD. Within
this general framework, the correlation functions of fun-
damental fields are obtained by solving coupled dynami-
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cal equations. These relations are one-loop exact within the
fRG approach, and two-loop exact within the DSE approach.
In both cases, a gauge-fixed formulation of the theory is
required, and the Landau gauge constitutes the standard
choice due to its many practical and conceptual advan-
tages. The physical applications accessible by functional
approaches include both static and time-like phenomena, and
range from the resonance spectrum and scattering events in
low-energy QCD to the phase structure and observables at
finite temperature and density.

Since low-energy QCD is governed by confinement and
chiral symmetry breaking, a comprehensive understanding
of these emergent phenomena in terms of gauge-fixed corre-
lation functions is essential for the understanding of infrared
QCD as well as the error control of the aforementioned appli-
cations.

In the present work we contribute to this ongoing task by
scrutinising certain key features of the Landau gauge gluon
propagator and the associated dressing function. In partic-
ular, we focus on the presence of a gluon mass gap, mgyp,
and explore its implications on two fundamental QCD quan-
tities, namely the confinement-deconfinement temperature,
T., and the pion decay constant, f. We will show that both
T, and f; are insensitive to variations of the gluon propagator
below a physical infrared scale, which signals the effective
decoupling of the gluon dynamics below the gluon mass gap.

Our analysis is guided by the presence of three dis-
tinct momentum regimes in the gluon propagator: (uv) the
ultraviolet regime, where the physics is well-described by
(resummed) perturbation theory; (sc) the strongly correlated
intermediate momentum regime, which exhibits the dynam-
ical emergence of mg,p; and (ir) the deep infrared regime,
where the effective decoupling of the gluonic dynamics
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occurs. Note that it is this decoupling which signals the pres-
ence of a gluon mass gap mgyp in the first place. In fact, the
transition between these momentum regimes may be easily
visualised, thanks to the topological features exhibited by the
gluon dressing function, namely a maximum and two inflec-
tion points.

We argue that state-of-the-art functional approaches pro-
vide reliable quantitative results for regimes (uv) and (sc),
while regime (ir) leaves no imprint on the observables con-
sidered here. The positions of these special points define three
momentum scales, all of which are proportional to the mass
gap. In what follows we will interpret these scales as “prox-
ies” that mark the transition between regions of momenta
dominated by distinct physical effects, namely asymptotic
freedom, Schwinger mechanism, and infrared decoupling.

The article is organised as follows. In Sect. 2 we discuss the
dynamics of the Schwinger mechanism in the gauge sector,
the consequences of the dynamical emergence of the gluon
mass gap Mgap, and the three momentum regimes (uv,sc,ir)
introduced above. In Sect. 3 we discuss the non-perturbative
computation of 7, and f;; and their (in-)dependence on the
regimes (uv,sc,ir). In Sect.4 we use our findings for a mini-
mal fit for the gluon propagator, where all fitting parameters
directly carry key properties of the three regimes. This also
allows us to establish a linear relation between 7, and the
gluon mass gap. We also discuss how this fit can be put to
work for assessing the intertwined dynamics between con-
finement and chiral symmetry breaking in QCD-type theo-
ries. Our results are briefly reviewed in Sect. 5. Finally, cer-
tain technical points are discussed in four Appendices.

2 Schwinger mechanism and the gluon mass gap

It is well-established by now that a mass gap in QCD
is dynamically generated within covariant gauges via the
Schwinger mechanism [14—19]; for a recent review on the
subject, see [20]. This mechanism is operative both in the
Landau gauge (§ = 0), the case most widely studied in the
literature, as well as finite gauge-fixing parameter & #= 0
[21-23]. In addition, it persists for QCD with a sufficiently
low number of dynamical quarks, including the case when
the current quark masses acquire their physical values [24].
Technically, the occurrence of the Schwinger mechanism
requires a special type of irregularities in the fully-dressed
three-gluon and the ghost-gluon vertices; specifically, at
low momentum transfer, p2 — 0, these vertices display
longitudinally-coupled massless poles that carry color. These
features are purely non-perturbative: they arise when two glu-
ons or a ghost-antighost pair merge to form a colored com-
posite excitation of vanishing mass [20]. The effects of these
irregularities are crucial in the infrared, but weaken rapidly
in the ultraviolet, leaving no trace at the perturbative level.

@ Springer

We denominate gluon mass gap the renormalisation group
invariant (RGI) mass scale emerging from the action of the
Schwinger mechanism, and denote it by mgyp. The situation
is physically akin to the emerging RGI mass scale m, asso-
ciated with dynamical chiral symmetry breaking (DCSB),
see the reviews [1-13]. Indeed, as in the case of the gluon
mass gap, the effects of DCSB are undetectable at any finite
order in perturbation theory. Moreover, if integrating out
momentum modes successively as in the fRG, no signature of
spontaneous chiral symmetry breaking is present above the
onset cutoff scale k,, ~ 500GeV of DCSB, see e.g. [25-30].
Finally, while DCSB leaves its trace on many observables,
such as the chiral condensate, meson masses, decay con-
stants, and the chiral transition temperature, no unique value
can be directly ascribed to m, ; in fact, chiral scales may be
defined via any of these observables.

Similarly, while no direct value may be assigned to it,
Mmgyp leaves its trace on observables, most notably in the glue-
ball masses and the confinement-deconfinement temperature
of both Yang-Mills theory and QCD. This suggests a mass
scale of about 1 GeV, and numerous studies indicate that the
dynamics of the Schwinger mechanism occurs indeed at this
scale, see [20] and references therein. Finally, in analogy to
the appearance of the constituent quark mass in the quark
propagator {(g(p)q(—p))c, the gluon mass gap mg,, leads
to a gapped gluon propagator, (A} (p) Aﬁ (=p))c; here the
subscript “c” indicates the connected part of the two-point
function.

In the Landau gauge, the gluon propagator is completely
transverse,

(A% (p) AL(=p)) = Ga(p) 8™ T, (p) . (1a)
where
M, (p) = 80 — 2 ;f L (1b)

is the standard transverse projection operator. Note that in
[20] and further DSE works, the scalar part G 4 (p) is denoted
by A(p). The scalar propagator G 4 (p) can be parametrised
as a product of its classical counterpart, 1/p2, and the prop-
agator dressing 1/Z4(p),

1
—. (1)

Calr) =7 o

This notation is commonly used in functional renormalisa-
tion group studies, see e.g., [31].

In the deep ultraviolet, the theory is perturbative, and
the gluon propagator displays the typical logarithmic scal-
ing, leading to the decay of ZXI (p). The activation of the
Schwinger mechanism takes place in the vicinity of 1GeV,
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Fig. 1 The three momentum regimes in Landau-gauge QCD: The
gluon mass gap, mgp, is generated by the dynamics associated with
the Schwinger mechanism, taking place in the green shaded region of
momenta, and its location is indicated by the red dot. On the right of this
point, asymptotic freedom eventually sets in, and perturbation theory
provides an accurate description. Left of mgyp is the infrared regime,
where the gluonic dynamics gradually attenuate and finally decouple.
In Fig.2, we show the gluon dressings in Yang-Mills theory and 2+1
flavour QCD, using the same color coding

see Fig. 1, below which the gluon propagator decouples grad-
ually from the dynamics. In this regime, the form of G 4 (p),
as well as of other ghost-gluon correlation functions, is gov-
erned by the dynamics of the infrared enhanced ghost. Note,
however, that the matter sector of QCD is not affected directly
by the infrared ghost dynamics, but only by the gradually
decoupling gluon.

As decoupling typically takes between half to one order
of magnitude to occur, the respective decoupling scale is
expected to take a value between 0.5-0.1 GeV. Moreover,
its value will depend on the specific definition. This qualita-
tive picture is supported by the computational results in pure
Yang-Mills theory, see e.g., [31,34] for comprehensive func-
tional renormalisation group studies, and [35] for arespective
DSE study, for a rather complete survey of functional as well
as lattice data see the recent reviews [7,8,12,20].

In Fig.2 we show representative fRG data [31] (red con-
tinuous line) and lattice data [36] (data points) for the gluon
dressing; the corresponding gluon propagators are shown in
the inlay. The propagator dressings are normalised to unity
at the renormalisation scale & = 4.3 GeV used in the com-
putations of the present work, except in Sect.4.3, where ©
will be varied. We have
Za(nw) =1, Zg(n) =1, n=43GeV, 2)
where we also have added the renormalisation condition for
the quark propagator dressing Z,(p), see (21).

In Fig.2, we also included a fit to the combined lattice
and functional data (dashed black line); the specifics of the
fit will be discussed in Sect.4.2. The quantitative agreement
in the ultraviolet and green regimes is indicative of the matu-
rity that functional approaches have reached in the past two
decades. The gluon propagators from state-of-the-art func-
tional approaches (both DSE and fRG) agree quantitatively
with each other and with the reference lattice data above

500MeV; see Fig.2 for specific solutions in Yang-Mills
theory and 2 + 1 flavour QCD. In the deep infrared, func-
tional results in the literature depend on the details of the
ghost dynamics, while lattice results show a saturation of

the gluon propagator: the gluon propagator reaches a non-
vanishing value at p = 0, G4(0) = 1/m?2,, (decoupling
solutions/lattice). Functional results in the deep infrared vary
between lattice-type solutions and that with a vanishing gluon
propagator or diverging mga, G 4 (0) = 0 (scaling solutions).
By its definition, the value of mg, depends on the renormali-
sation point w. Instead, the gluon mass gap is directly linked
to observables, and will be defined as an RGI quantity, in
analogy to the chiral mass scale m .

With this general qualitative picture in mind, we now take
a closer look at characteristic signatures for the Schwinger
mechanism, leading to the three momentum regimes sketched
in Fig. 2. Qualitatively, these three regimes can be extracted
from the gluon dressing function depicted in Fig. 2. In the fol-
lowing, we discuss emergent features of the Schwinger mech-
anism, starting in the perturbative ultraviolet, and finally
approaching the non-perturbative infrared regime:

(i) The first clear signature is a qualitative change in
the momentum dependence of the propagator dressing
1/Z4(p): while it is a convex function for perturbative
momenta, it changes its curvature and becomes concave.
This change is signalled by the corresponding ultraviolet
inflection point of 1/Z 4 (p) with the location pi‘:,

022, (p)

i =0. 3)

S
P=Pin

For the lattice and fRG data in Fig. 2, this inflection point
is located at p$ ~ 1.3 GeV for Yang-Mills theory and
1.6 GeV for 2 4 1 flavor QCD, and is indicated by a blue
dot.

(ii) The second signature of the gluon mass gap is the peak of
the dressing function 1/Z 4. Its location ppeax is defined
as

Ppeak * l’IlIZ’IX [ZZI(P)] = Zgl(ppeak) ) )

which translates readily into

9Z4(p)

o =0. 5)

P="Ppeak

Note that such a peak is not present in the dressing of
a classical massive propagator 1/(p? 4+ m?). Its pres-
ence in the gluon originates from the interplay between
the logarithmic decay of 1/Z4(p) in the ultraviolet and
the suppression caused by the generation of mgyp in the
infrared. For the lattice and fRG data depicted in Fig. 2,
the peak position is at ppeak &~ 900 MeV and 1.1 GeV for
Ny =0and Ny = 2 + 1, respectively, and is depicted
as ared dot.
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(a) Gluon dressing function in Yang-Mills theory: lat-
tice data [32] (data points), fRG data [31] (red line), fit
(dashed black line) obtained from both data sets, see (32)
together with Table II in Section IV B.

Fig. 2 Dressing p*> G a(p) of the gluon propagator G 4(p) (1) as a
function of momenta. We show the dressing in Yang-Mills theory,
Fig.2a, and in 2+1 flavour QCD, Fig.2b. The insets show the respec-
tive propagators. We use lattice data, functional QCD data, and a fit
(dashed black line) obtained from both data sets, see (32) with Table 2
in Sect.4.2. The green-shaded area indicates that in Fig. 1: we have used

(iii) Finally, there is a third notable signature, namely a sec-
ond inflection point, whose location p; is to the left of
the peak position ppeak. We denote this as the “infrared
inflection point”. In complete analogy to (3) we define

92z,
YZ, )y, ©)

op? _

P=Din

For the lattice and fRG data in Fig. 2, this inflection point
is located at p;; ~ 370 MeV and 390 MeV, for Yang-
Mills and 2 + 1 flavour QCD, respectively, and as its
ultraviolet counterpart p$, is indicated by a blue dot.

This concludes our discussion of the signatures of the
Schwinger mechanism in the gluon propagator. We have
argued that all three properties are clearly linked to (i) the
onset of the Schwinger dynamics roughly below p;: , (ii) the
mass gap itself, and (iii) the decoupling of the gluon dynam-
ics with p, - ~ pgec.

The decoupling scale pgec can be extracted directly from
observables as the RGI scale, below which these observables
are insensitive to the (change of the) momentum dependence
of the gluon. This is the typical decoupling known from “mas-
sive” theories; in principle, we expect pgec to be proportional
to but smaller than the gluon mass gap, pgec < Mgap.

In the present work we use two observables related to (a)
confinement and (b) DCSB, for providing estimates for the
decoupling scale. More specifically we use

@ Springer
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(b) Gluon dressing in 241 flavour QCD: lattice data [33]
(data points), fRG data [30] (red line), fit (dashed black
line) obtained from both data sets, see (32) together with
Table II in Section IV B.

the inflection points (3) and (6), see Table 1, as proxies for the ultravi-
olet and infrared boundaries of the dynamics regime of the Schwinger
mechanism, and the peak position (4) as a proxy of the gluon mass
gap. The similarity between Yang-Mills theory and 2+1 flavour QCD
indicates the gluonic nature of the green-shaded areas, dominated by
the dynamics of the Schwinger mechanism

Table 1 Values of the UV inflection point pit in (3), the peak position

Ppeak n (5), and the IR inflection point p;_ in (6). We list them for the
Yang-Mills theory (Ny = 0), and 2 + 1 flavour QCD

Ny Pin[MeV] Ppeak[MeV] Pin[MeV]
0 1294 892 370
241 1638 1112 391

(a) Confinement-deconfinement phase transition tempera-
ture 7g,
(b) Pion decay constant f.

In summary, the infrared dynamics driven by the Schwinger
mechanism leads to the natural division of the gluon propa-
gator momentum range into three regimes: the first is the per-
turbative ultraviolet regime, p> > (p;")?, which is roughly
bounded by the ultraviolet inflection point. The second is the
regime that carries the dynamics of the Schwinger mecha-
nism, with péec < p? < (pﬂ;)z. Finally, we have the deep
infrared regime, p? < p(zlec, where the gluon dynamics has
decoupled. All the above points are depicted in Figs. 1 and
2, and their values are collected in Table 1.

3 Gluon mass gap and observables

The dynamical gluon mass gap leaves direct and indirect
traces on a plethora of observables, for early works see in
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particular [19,37-41], for recent state-of-the-art functional
results and further developments see the reviews [1-13].

As discussed at the end of Sect. 2, in the present work we
shall consider two of them, namely (@) T, and (b) f, linked
to confinement and chiral symmetry, respectively. We have
chosen these two particular examples because they are rep-
resentative of a large class of observables, whose definition
involves integrated combinations of gauge-fixed momentum-
dependent correlation functions. For the cases in hand, this
entails that gapped propagators, such as the gluon propaga-
tor, are suppressed in the infrared, due to the corresponding
momentum integration, namely with d*p for f;, and d°p
for the transition temperature 7. Moreover, both 7, and f;
have relatively simple loop momentum representations. In
fact, in Yang-Mills theory, T, only depends on the ghost and
gluon propagators, while in QCD with dynamical quarks it
also involves quark propagators.

The upshot of our considerations is that both observables
are insensitive to deformations of the gluon propagator below
the decoupling scale; this happens because, effectively, this
class of changes leaves the gluon mass gap invariant. Instead,
modifications above the decoupling scale amount to effec-
tively changing the gluon mass gap; as a result, the two
observables, T, and f, change correspondingly.

The gluon propagators employed are shown in Fig. 3, for
both Yang-Mills theory and 2+1 flavour QCD. The defor-
mations shown are defined in (A1) of Appendix A, and are
based on the combined fits of lattice and functional data (32),
with the relevant parameters in Table 2. For the guidance of
the reader, and for a better appreciation of the respective
computations, we display in advance the results in Fig. 4:
the complete stability of the observables under changes of
the gluon propagator for momenta pgec ~ p;, is manifest.
Instead, when modifications above the decoupling scales are
effectuated, the observables undergo visible changes.

In Sects. 3.1 and 3.2 we provide the details of the respec-
tive analyses: In Sect.3.1 we study 7, within the DSE
approach, where it can be computed directly from the gluon
and ghost propagators. In Sect. 3.2 we consider the gap equa-
tion, and the impact of the gluon mass gap on its solution,
as well as on attendant observables, such as the pion decay
constant.

3.1 Confinement-deconfinement phase transition and the
gluon mass gap

The functional approach to the physics of the confinement-
deconfinement phase transition has been put forward in
[42,43]. In functional approaches, the role of the standard
order parameter is assumed by the expectation value of the
traced Polyakov loop, namely the Wilson line in the temporal

direction,

B
R i g [dT Ag(T,%)
P(x)=Pe © . @)

1 -
L=—Tr¢P(x),

. Ty P(X)
In [42,43] this observable has been related to the gauge-
invariant expectation value of the background temporal
gauge field, (Ag). For that purpose, we parametrise

P(F) = 290 ®)

The algebra field ¢ carries the physics information of the
Polyakov loop: the related eigenmode field ¢ of ¢ is gauge
invariant, and defines an order parameter, see (C4). The field
@ is directly related to the eigenmode field of the temporal
background gauge field, Ay, see (C5). By virtue of these
relations, the solution of the background equation for Ao, to
be denoted by (Ao), is elevated to an order parameter itself;
for details, see Appendix C. Due to its close relation to the
standard order parameter (L), in most cases L[(Ao)] is used
instead of (Ag). These two different order parameters have
been related in [44], and the functional results for (L[Ag]),
derived from L[({Ap]), are in quantitative agreement with
lattice results.

In summary, the physics of the confinement-deconfinement
phase transition can be studied directly within functional
QCD: the computation of the order parameter potential for
Ao gives us access to the critical temperature via (Ag).
Note that this particular background enters directly in var-
ious additional observables, sensitive to the confinement-
deconfinement physics, such as the fluctuations of conserved
baryon charges; for results for SU(N,) see [45], for results
in full QCD see e.g., [46-51]. Given the importance of Ao
to the present work, we briefly review its main properties
in Appendix C and also refer to [51] for a recent detailed
account in 2+1 flavour QCD.

3.1.1 Polyakov-loop effective potential in functional
approaches

It is left to compute the effective potential Ve¢r of the tempo-
ral background field ¢ (Ag), whose minima define the order
parameter. For constant gauge fields Ag, we find

O Verr(p)

T
" 0,  Vert(p) = V—3F[Ao], ©))

and ¢(Ap) is given by (C5). Here, V3 denotes the spatial vol-
ume. Equation (9) can be computed from the Ay-DSE for
the background field effective action, see [43]. It is depicted
in Fig.5 for full QCD; pure Yang-Mills theory is obtained
by omitting the quark loop. From now on we will drop the
“bar”, and refer to the background field simply as Ay, since

@ Springer
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(a) Yang-Mills theory

Fig. 3 Gluon dressings and propagators (inlays) in Yang-Mills theory,
Fig.3a, and 2+1 flavour QCD, Fig. 3b: Fits (32) with the parameters in
Table 2 (continuous black line), infrared deformations (A1) in Appendix

)| EE———— 1

S

7 .
... G, i

G; ]

(b) 2+1 flavour QCD

A. The green- and brown-shaded areas indicate the deformations that
have an impact on the observables in Fig. 4

0.1 0.2 0.3

cut [GeV]

0.4

(a) Critical temperature T in Yang-Mills theory, computed
with the IR-deformations of the gluon propagator in Fig-
ure 3a, and normalised by the physical 1.
Fig. 4 Confinement-deconfinement temperature Tcﬁnf in Yang-Mills
theory, and pion decay constant in 2+1 flavour QCD, as functions of
the infrared deformation of the corresponding gluon propagators, dis-
played in Fig.3a and Fig. 3b. Both observables are normalised by their
physical values 7, and f, respectively. The grey-shaded area indicates

.
. \
]

i
. .

(I — 8)
5 A,

DO | —

1.10+ ]
1.05}
95 1,00 fmmm o i e ERE S 1

e (-«
| e + s, 4
0.95 TGy ~ ]
... Gy )
0.907 n 1 L n n n 1 n L A n n n 1 n 17

0.0 0.1 0.2 0.3 0.4 0.5
cut [GeV]

(b) Pion decay constant f& in 241 flavour QCD, computed
with the IR-deformations of the gluon propagator in Fig-
ure 3b, and normalised by the physical fr.

the regime in which the observables are getting affected by the infrared
deformations of the gluon propagators in Fig. 3. The infrared inflection
points (6) are indicated by vertical blue lines, for their values see Table 1

Fig. 5 Functional background field DSE. Full propagators are indicated by lines with grey circles, while classical vertices by small black circles.
In contradistinction to its quantum-field counterpart, this DSE also features a two-loop ghost-gluon term, with the four-point vertex S @
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we evaluate the effective action for vanishing fluctuating
field, a;,, = 0. Some basic properties of the background field
approach are provided in Appendix C; for more details we
refer to the literature, and in particular to the recent compre-
hensive account for 2+1 flavour QCD at finite temperature
and density given in [51].

The crucial input in the Ap-DSE in Fig.5 are the ghost,
gluon, and quark propagators, and the approach allows us to
unravel the direct relation between the critical temperature
T, and the gluon mass gap. For the structural and illustra-
tional purposes of the present work we will drop the two-
loop terms in Fig.5. Note that the quantitative accuracy of
this approximation has been tested both in [43] and in the
many applications since then.

A further simplification is the use of vacuum propagators
instead of thermal ones. While for temperatures 7" < T, this
is quantitatively accurate for the ghost, the gluon mass gap
receives thermal corrections, see [52], which have a sublead-
ingimpactfor T < T. Finally, we shall concentrate on SU(3)
Yang-Mills theory, which exhibits a first order phase transi-
tion, with a uniquely defined critical temperature; instead,
in full QCD we have a crossover, due to the explicit center
symmetry breaking induced by the quarks.

The only inputs required for the computation of the first
two loop diagrams in Fig.5 are the ghost and gluon propa-
gators. The latter one has been parametrised in (1), and its
dressing 1/Z 4(p) is depicted in Fig. 2. The ghost propagator
is parametrised as

(e(P)E@))e = Ge(p) 87 2m)*s(p + q) (10a)

with the scalar part G.(p). Similarly to the gluon propagator,
it can be split into the classical part 1/p? and the propagator
dressing,

1

G =z

(10b)

Functional results and lattice data for the ghost dressing
1/Z.(p) are depicted in Fig. 12 in Appendix B, where we
also provide an analytic fit.

Denoting by V4 and V, the contribution of the gluon and
ghost loop, respectively, we have

Vet (@) = Vale) + V(o). Y

The respective color traces in V4 and V. can be performed in
terms of the eigenvectors ¢; and the respective eigenmodes
v; defined in (C4). There are no off-diagonal terms, and the
potentials V; with i = A, ¢ can be represented in terms of

the mode potential, V; mode, With

d3
Vi.mode (Vj) TneZZ/ (27_[1)73 2nT(n+vj)

x Gi(4m*T*(n +v))* + p?).

12)

The full potential is then given by a sum over all eigenvalues
and both fields. In SU(3) this leads us to
Vett(@3, 98) = Y _ ¢i Vimode(Vn) . (13)

i,n

where @3 and @g are the field components in the Cartan subal-
gebra of SU(3) and the v; are linear combinations of ¢3, ¢g,
see (C7). The coefficients ¢; account for the multiplicity of
the fields i = A, c in the DSE: for the gluon and ghost parts
they may be read off from Fig. 5, and by counting the degrees
of freedom. For the gluon we have 1/2 x4 = 2 (four polar-
isations) and for the ghost we have —1 from the loop, so
that

ca =2, ce =—1. (14)
Equation (13) allows for rather direct access to the relation
between the critical temperature and the gluon mass gap. All
mode potentials are the same for a given field i = A,c,
and the computation reduces to that of two mode potentials
Vi mode (¢), and then summing over them in (13).

3.1.2 Confinement and the gluon mass gap

The importance of the gluon mass gap can already by
assessed at the level of a perturbative one-loop computation.
To that end, we evaluate the first two loops in Fig.5 using
classical (tree-level) propagators, whose common scalar part,
G;O), is given by

0 _ !

= , i=Ac.
L AT (n + v))? + p? ‘

15)

Since the ghost and gluon propagators are equal at this level
of approximation, the perturbative mode potentials for ghost
and gluon are equal, V; mode = Vinode-

Considering only the non-vanishing eigenvalues vy =
+¢3, we get

Vi(p) = Ci[Vmode((ﬂ) + Vmode(_(ﬂ)] = 2¢i Vmode(¢).  (16)
Adding up both potentials leads us to
Voert(9) = 2Va(@) + Ve(@) = 2 Vinode (@) (17

@ Springer



1339 Page 8 of 22

Eur. Phys. J.C (2025) 85:1339

0.25 T

0.20f ]

Verd(9)/T*
©

°
o
T
1

0 0.25 0.50 0.75 1
¢

Fig. 6 Perturbative potential Vpe(¢) in SU(2) Yang-Mills theory, see
(18)

with Va(¢) = 2 Vperi(@) and V(@) = —Vperi(@) [53,54].
For SU(2) we are led to

2 1 2 :
Voert(¢) = ET4 [4 (¢ — 5) —~ 1} : (18)

with ¢ = @3 and
¢=¢modl. (19)

The potential Vpe in (18) is displayed in Fig. 6. The mini-
mum of the perturbative potential is at vanishing gauge field,
Ao = 0, that is ¢ = 0. This leads to a traced Polyakov
loop L[¢ = 0] = 1 for all gauge groups. A simple case is
SU(2) Yang-Mills theory, where the traced SU(2) Polyakov
loop L[¢] = cos(rg). Evidently, L = 1 signals deconfine-
ment, see (C2). Finally, we remark that (18) already encodes
the one-loop potential for SU(3) and similarly for any SU(N)
gauge group: the loop integral in (12) is the same, and, hence,
we simply use therein the mode potential from SU(2), namely
Vinode = Vpert/2, as given by (18).

If we simply add a mass term mi in the gluon propaga-
tor, the corresponding loop would feature a thermal suppres-
sion factor ~ exp —my4/T. Then, for T — 0, the gluon
loop would be exponentially suppressed, while the ghost
loop would persist, thus reversing the overall sign of (18). In
this hypothetical case, the minimum would be ¢ = 1/2 for
T — 0, and the Polyakov loop would vanish. Instead, with-
out such a suppression, the gluon contribution would domi-
nate for all temperatures and the confinement-deconfinement
transition would not take place. In a nutshell, this is the con-
finement criterion put forth in [42]: Confinement in Landau-
gauge QCD requires a gapped gluon propagator. Evidently,
one may mimic this confinement signature by simply adding
a gluon mass, but this does not entail confinement: it lacks
the dynamical mechanism underlying confinement.

@ Springer

The computation with the full propagators can be carried
out analogously: we simply implement inside (12) the sub-
stitution G’ — G, with G; given by (1) and (10). Impor-
tantly, the location of the minima and maxima of the mode
potentials V4 . does not change in this general case, as they
are dictated by center symmetry. However, the shape of the
potentials changes, making them analytically inaccessible.

3.1.3 Critical temperature and the gluon mass gap

It is left to determine the critical temperature. The qualitative
analysis above illustrates that the confinement-deconfinement
phase transition is triggered by the exponential suppression of
the gluon contribution due to the presence of the gluon mass
gap in the gluon propagator. We have performed the compu-
tation in SU(3), using the 7" = 0 gluon and ghost propaga-
tors displayed in Fig.2 and Fig. 12, respectively. The critical
temperature T, ~ 275MeV agrees quantitatively with that
computed on the lattice.

The full effective potential Vegr, computed from the full
Yang-Mills propagators, shows the pattern discussed in our
SU(2) example with a simple massive gluon propagator: For
small temperatures, the gluon part of the potential is expo-
nentially suppressed and Vegr approaches the ghost part of
the potential with its global minus sign.

In Fig.7 we show two contour plots of the potential
Vetr(@3, @g) for T = 230MeV< T, (left plot) and T =
330MeV> T.. In both cases, one clearly sees the Z3 center
symmetry of the potential:

For T > T., the minima of the potential are the center
broken points, leading to |L| — 1. Due to center symmetry,
the maxima are at the center-symmetric points with L = 0.

For T > T., the minima become the maxima and vice
versa, as already discussed in the simple example case.
Hence, in this regime, the Polyakov loop vanishes.

If we bias the system towards real-valued Polakov loops,
L(p) € R by introducing an infinitesimal external current,
we get (pg) = 0. The traced Polyakov loop of the expec-
tation value is determined by the minimum of the potential
Vete(93) = Verr(@3, 3 = 0), which is displayed in Fig. 8 for
several temperatures around the phase transition. The first-
order transition is clearly visible, as is the steepness of the
order parameter L({g)) as a function of temperature.

3.1.4 Infrared (in)sensitivity of the critical temperature

We finally turn to one of the main results of this Section,
and discuss the sensitivity of the critical temperature 7, on
infrared deformations of the gluon propagator. The set of
deformations used is shown in Fig. 3a, and their parametrisa-
tionis shown in Appendix A. This particular exercise consists
of determining 7, using all the gluon propagators shown in
Fig.3.
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—-0.20
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--0.53
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-0.66

Fig. 7 Contour plot of the potential V (¢3, ¢g) in the confined (left,
T = 230 MeV) and deconfined (right, T = 330 MeV) phases. The
lines indicate the boundaries of the Weyl chambers (triangles). The

The results of this procedure are shown in Fig.4a: the
critical temperature is independent of these deformations, as
long as they only affect momenta approximately smaller than
the infrared inflection point p;, ~ 370 MeV, see Table 1. For
deformations above this scale, T, starts to change. A basic
understanding of this property is achieved by having a closer
look at the loop expression (12) for the mode potential. The
spatial momentum integration can be rewritten in terms of
an integral of the radial momentum \/1?, leading to

d3p dp
/(271)3 Gi(p + 1) =/g[p2 Gi(pt+pH)]. 0

with pg = 27T (n + v;). At p(% = 0, the expression in the
square bracket is nothing but the propagator dressing 1/Z;
also shown in Appendix A: deformations below p;  essen-
tially leave no trace in the dressing. Moreover, the relevant
@3-regime has @3 = 0.2, which translates into a shift of the
Matsubara frequency by approximately 300 MeV or more for
temperatures around 7. This reduces the relevance of lower
momenta in the gluon (and ghost) propagators even further.

In summary, the critical temperature 7, is insensitive to the
momentum dependence of the gluon propagator in the regime
P S pi,- This reduced infrared sensitivity extends to other
QCD observables that are obtained from gauge-fixed correla-
tion functions by momentum integrals of their combinations.
Indeed, the other observable considered in the present work,
[, 1s also of this type.

3.2 DCSB and the gluon mass gap

In this Section we explore the impact of the gluon mass gap
on DCSB, by computing the pion decay constant, f, from

Vg3, ¢3)/T*

—0.55
—0.48
— 041
0.35
0.28
0.21
0.14
0.07

centers of the Weyl chambers single out the center symmetric points
of the Polyakov loop, and those at the vertices of the triangles have
maximal breaking of center symmetry, |L| = 1

0.15

- T =270MeV
0.10f — 7 =275MeV E
0.05F = T =280MeV 1
< [ T=285MeV o csccmeccas=® 3
& 0.00 -
S
s -0.05
S
= _0.10f
-0.15
-0.20 : ‘ l .
0.0 0.2 0.4 0.6 0.8 1.0

@3

Fig. 8 Polyakov potential V (g3, ¢g) for ¢3 > 0, ¢g = 0, and various
temperatures close to the critical one, 7, = 275 MeV

the quark propagator in 2+1 flavour QCD, in the chiral limit;
for state-of-the-art functional studies of the coupled system
of the quark gap equation and the quark-gluon vertex, see
[26,28,30,55-58].

The present analysis is based on [58]. Specifically, we
study the impact of the infrared deformations of Fig.3 on
[, see Fig.4, as well as the constituent quark mass function
M, (p), see Fig.10.

3.2.1 Quark gap equation
This analysis is based on the solution of the quark gap

equation in Landau-gauge QCD. The quark propagator is
parametrised as follows,

GoF(p) =8"PGy(p), (21a)
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Fig. 9 Quark propagator DSE. Full propagators are denoted by lines
with grey circles, and the classical vertices and propagators are indicated
by small black circles

with A, B = 1, 2, 3 are the color indices in the fundamental
representation and

21b)

1
Gz = .
9 P) = 7 ip + My (p)]

The momentum evolution of G,;(p) is determined by the
quark gap equation, shown in Fig.9. In the Landau gauge
and in the chiral limit, it reads

Gq(P)=iZap+E(p). (222)
where Z» is the quark wave-function renormalisation con-
stant, and the renormalised quark self-energy, X (p), is given
by

f d*k
S(p) =2 g, cf/WGA(km

x Ggg(k + p) Ty (k+ p,—p),
(22b)

where the contraction over color indices has been performed.
In (22b), g is the strong coupling and Cy = 4/3 is the
Casimir eigenvalue of the fundamental representation of
SU(3). The vertex FIJ[ (k + p, —p) is the transversely pro-

jected quark-gluon vertex, and Z { its renormalisation con-

stant. Equation (22b) can then be projected on its Dirac struc-
tures to obtain a coupled system of DSEs for Z,(p) and
M, (p). We fix Z, with a momentum-subtraction (MOM)-
type renormalisation condition [59-62], i.e. Z,(p) = 1 at
pr=u’

The transversely projected quark-gluon vertex, Flf con-
tains eight independent tensor structures. In a self-consistent
analysis, the corresponding form factors should be deter-
mined from their own dynamical equations [26,28,56-58].
As was shown in these works, apart from the classical tensor
structure, proportional to y,,, the inclusion of two further ten-
sorial structures is required in order to achieve quantitatively
accurate results for the quark propagator.

The focus of the present analysis is the impact of infrared
deformations of the gluon propagator on chiral observables.
Therefore we consider a simplified setting, which captures
the qualitative properties of DCSB: we drop the non-classical
tensor, and include only the classical form factor Aj(k +

@ Springer
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Fig. 10 Quark mass functions, M, (p) and M qi (p), obtained with the

gluon propagator, G 4 (p), and its variations, Gif( p), shown in Fig.3.
Curves and bands are colored according to the gluon propagators used
as inputs. The inset shows only the Mqi (p) obtained when varying the
gluon propagator below the infrared inflection point

p, —p), namely
Frk+p,—p) = (K y g ik +p.—p).  (23)

For the present analysis we use data from [58] for A;(k +
p, —p), together with the fit for the gluon propagator G 4 (k)
shown as a black-dashed curve in Fig. 3b. Moreover, we com-
pensate for the lack of the additional tensor structures by tun-
ing the coupling o such that the constituent quark mass at
vanishing momentum takes the value M, (0) = 350 MeV.
This is achieved with the coupling

g2

ay = > =0.54,

uw=43GeV, (24)
4

at the renormalisation point with the RG-conditions (2) for
the propagator dressings. Equation (24) implies that oy =
o ( p2 = ,uz), where o, (p) is the running quark gluon cou-
pling.

The respective mass function M, (p) is shown in Fig. 10
as the continuous black line. Note that the constituent quark
mass M, (0) = 350 MeV is that of 2+1 flavour QCD, which is
slightly higher than that in the chiral limit. However, for the
present purpose the precise value is not of primary impor-
tance, as we are only interested in the relative impact of
the infrared deformations of the gluon propagator. This con-
cludes the discussion of the setup, including the computa-
tional benchmark result for the quark propagator.

3.2.2 Infrared (in)sensitivity of the constituent quark mass
In Sect. 3.1 we have argued that the insensitivity of 7. and fur-

ther observables to infrared deformations of the gluon propa-
gator can be explained by the appearance of the gluon dress-
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ing 1/Z 4 in the loop integrals; see in particular (20) and the
related discussion. Now we apply this same argument to the
gap equation (22). In particular, we concentrate on the scalar
part of the gap equation, M, (p), which reads

o0
20, 2.2
My(p) = —2, (p) | dk* k°G (k) f(p, k), (25)
T N— ——
0 1/Zak)
where

M

fk, p) = /d@ sin 6

0

My (k + p, —p)
Zg@lu® + MZw)]

(26)

with u = k + p, and the angle 0 between k and p.

Equation (25) has the same structure as (20). The inte-
grand is proportional to the dressing 1/Z 4 (k) of the gluon
propagator. The only difference is the factor f(k, p), with
a finite limit as k — 0. In conclusion, the gap equation for
M, (p) is effectively insensitive to variations of G 4 (p) that
do not significantly change the gluon dressing function, that
are deformations for momenta p < p;, . as discussed around
(20). This argument is readily extended to the equation that
controls the momentum evolution of the form factor Z, (p).

Consequently, we expect that the quark propagator, and
in particular the constituent quark mass function M, (p), is
only sensitive to infrared deformations of momenta p 2 p.
in the 2+1 flavour gluon propagator in Fig.3b, depicted as
green- and brown-shaded areas. The computational results
for M ;t (p) are shown in Fig. 10, and fully confirm our expec-
tations. The colors correspond to those of the gluon prop-
agators used as input, depicted in Fig.3. The only visible
difference between M, (p) (black curve) and M, qi (p) origi-
nates from varying the gluon propagator beyond its infrared
inflection point (green and brown bands and curves). If the
results from these deformations are removed, the remaining
curves (blue and orange) are indistinguishable from M, (p),
as shown in the inlay of Fig. 10.

3.2.3 Infrared (in)sensitivity of the pion decay constant

The two dressing functions Z,; and M, of the quark propa-
gator are not observables themselves, as they are coefficients
of a gauge-fixed correlation function.

However, as discussed before, they enter into observ-
ables that are defined as momentum integrals of products
or ratios of correlation functions. The most direct relation
of Z,, M, to a genuine observable is provided for the pion
decay constant f;. In particular, using the Pagels-Stokar for-

mula [63,64], one has

(AP Zo  My(p)
S @n)* Zy(p) [p? + ME(p)P

p?
X [Mq(P) - TM‘/f(p)} ; (27)

where M(/] (p) = 9,2M,(p). The constant Z, is iden-
tified with Z,(0) in the derivation of (27) through the
pion Bethe-Salpeter equation. Using the quark propagator
from Sect.3.2.1 we obtain a pion decay constant of f; =
93.2 MeV, which compares very well with f; ~ 93 MeV
for physical current masses. This proximity of values is
expected, as we have tuned the constituent quark mass to
the physical case and not to the chiral limit. In the latter case
the constituent quark mass is slightly smaller, and so is the
pion decay constant, f , ~ 88 MeV, see e.g., [65] for chiral
extrapolations of lattice results.

Now we use (27) to study the impact of the infrared defor-
mations of the gluon propagator on the pion decay constant:
we compute the quark wave function Z;It( p) and the con-
stituent mass function Mqi( p) for these deformations, see
Fig. 10. Inserting these results in (27), we obtain the corre-
sponding variations of the pion decay constant, denoted by
fa

From Fig. 10 we expect that only the deformations with
P 2 Pi, have a sizeable impact on the pion decay constant,
since only the deformations in the green- and brown-shaded
areas modify the quark propagator appreciably. This expec-
tations is confirmed by the explicit computation: in Fig.4b,
we show the ratio fnjE /f=, between the pion decay con-
stant obtained with the modified gluon propagator and that
obtained with the lattice fit. Notably, fJTﬂE /fr 1s practically
unity for variations of the gluon propagator below 390 MeV,
for which f;ﬁ and f; deviate by less than 1%.

We end this section by pointing out that the sensitivity
of the chiral condensate (g g) on the gluon propagator may
be tested in a similar fashion, using that, in the chiral limit
[6,66-68],

d4
“{Gq) = Ne / S TGy ()]

v L My (p)
) @m)* Zy,(p)p* + M2(p)]

Note, however, that, in contradistinction to the pion decay
constant f5, the chiral condensate (g ¢) is not a genuine
physical observable, since it depends explicitly on the value
of the renormalization scale . Therefore, the values quoted
in the literature, see e.g., [65], rely on a number of additional
assumptions and conventions. Consequently, for the purposes
of this initial exploration, we have opted for the cleaner case
of a bona-fide physical observable, such as f;.

(28)
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Fig. 11 Gluon part of the Polyakov loop potential at the center-
symmetry point ¢ = 1/2, multiplied by exp{mgap/ T}, with mgsp from
Table 2. The asymptotic saturation of the result indicates that the poten-
tial V4 drops as exp{—mgap/ T}, see inlay

4 The gluon mass gap

Section 2 and Sect.3 have shown that the gluon propaga-
tor incorporates a physical mass scale, the gluon mass gap
Mgap, Telated to confinement. Moreover, important infrared
observables, such as the confinement-deconfinement phase
transition and f;, directly depend on it. As discussed in the
introduction of Sect. 2, similarly to the definition of the scale
of chiral symmetry breaking, there is no unique definition
of this mass gap. However, as we will explain in Sect.4.1, a
natural definition is that of the “screening mass”. This iden-
tification also prompts us to put forth a simple, physically
motivated fit, presented in Sect.4.2. This fit provides some
insight into the relation between chiral symmetry breaking
and confinement. First steps in this direction are taken in
Sect.4.3, where we study the mg,p-dependence of 7. and

Jr-
4.1 Screening mass

In the following we define m g, as a screening-type mass of
the gluon propagator:

Mgap is the real part of the location of the first (non-trivial)
singularity in the complex plane, see (29).

This choice is guided by two related aspects of infrared
QCD:

(1) First, the computation of the transition temperature and
similar finite temperature observables with the Matsubara
formalism is tantamount to summing over the pole and cut
contributions in the upper complex half plane. The Mat-
subara sums originate from the singularities induced by
the thermal distribution. Using Cauchy’s theorem, they
can be obtained from a computation on the real frequency
axis, encompassing physical singularities, such as pole
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and cut contributions. The latter include the contributions
of the (upper half plane) singularities in the gluon prop-
agator, as also discussed in Sect.3.1: the details of the
computation of 7, unravel the fact that it is the first pole
of the gluon propagator in the complex plane which pro-
vides the exponential suppression of the gluon loop for
small temperatures. Moreover, for asymptotically small
temperatures, the cut of the gluon propagator, induced by
the ghost loop [69], becomes visible. This is illustrated
in Fig. 11, where we show the gluon part of the Polyakov
loop potential in N, = 2 Yang-Mills theory at the center-
symmetric point ¢ = 1/2, multiplied by exp{mg,p/T'}.
Here, mgyp is provided by Table 2: it is obtained by our
determination of the screening mass from the physically
motivated fit in Sect. 4.2.

(2) Second, computations of the hadron resonance spec-
trum are performed with real-time bound state equations.
These equations require as inputs the QCD correlation
functions, and, particularly, the gluon propagator, in the
complex plane. The importance of the gluon propagator is
highlighted in glueball computations, see e.g., the recent
work [70] and references therein, and these relations have
already been exploited in [71].

The definition of m g,y as the screening mass translates into
a simple condition in terms of the gluon dressing Z4(p),

Mgap = Wgap > Wgap = (1 + ngap) Mgap , (29a)
with
@gap = min{Re | Za(—w?) =0}. (29b)

For a physical resonance, m g, would correspond to the pole
mass and Ygaphtgap Would be the width. Moreover, if wgyyp is
reconstructed from Euclidean data, the ambiguity of its real
part, mgap, is far smaller than that of ygap.

The RGI property of wgap, and hence that of m gy, is read-
ily deduced from the RG-equation of the gluon propagator,

d dA
(M— +2VA) Ga(p) =0, pu—L=ysiA,.

30
d d (30)

Here, 1 is the RG-scale and d /d 1 is the total derivative with
respect to . Evidently, (30) implies

d
(M— — 2VA> Za(p) =0,
du

€19
and hence the zeros of Z4(p) are RGI, u dZ 4 (ws)/di = 0.
It is important to emphasise that (29) does not depend on the
presence or absence of a spectral representation of the gluon,
for respective discussions see e.g., [72-77].



Eur. Phys. J. C (2025) 85:1339

Page 13 0of 22 1339

Table 2 Parameters in (32) for the gluon propagator in Yang-Mills
theory (Ny = 0), and the Ny = 2 + 1 flavour gluon propagator. The
fits in comparison to the functional and lattice data are shown in Fig.2

Ny mgapIMeV] Vgap  Zsat  Zpeak Zgh Zuv  Cuv O+ Cc—

0 686
2+1 818

0.585 0.245 0.670 0.036 0.853 0.326 0.074 3.71
0.399 0.279 0.175 0.050 0.540 1.47 0.162 3.70

As mentioned before, with (29), the gluon mass gap is
defined similarly to a pole or screening mass of a physical
particle. We hasten to emphasise, however, that the gluon
does not define an asymptotic state that would be proportional
to A, |S2), where |2) is the QCD vacuum. Therefore, in order
to avoid the misinterpretation of these similarities, we have
opted for the notion of a “gluon mass gap” rather than that
of a “gluon mass”.

4.2 Fit of the gluon propagator using g,y

In this Section, we propose a simple global fit for the
gluon propagator, where the scale setting is implemented
through mg,, rather than Aqcp [78]: this identification uses
the fact that they are directly related and we cannot change
them independently. In Appendix D we discuss this in more
detail. Moreover, all further fitting parameters admit a direct
“physical” interpretation within the three regimes that were
identified in Sect. 2:

(uv) the perturbative ultraviolet regime,

(sc) the strongly correlated Schwinger regime,

(ir) the deep infrared regime.

Two further parameters cover the interfaces between the three
regimes,

(int) the two interfaces between (uv,sc,ir).

In fact, the corresponding fitting parameters are fixed locally
within the respective regimes.

4.2.1 General structure of the fit

For decoupling-type of gluon propagators, the proposed fit
takes the form

Zpf(p) = Zaic(x) + Zp,uv(X), (32a)
with
1
Zsat/X — Zpeak — Zgh 10g (1 + a)

Z A = , 32b

Air(%) a +c+x)2 ( )
and
Z A uv(x) :Zuv[l + cuy log (1 +C+x)]y . (32¢)

The dimensionless parameter x denotes the only available
kinematic variable, corresponding to the physical momentum
squared measured in units of ng,p, namely

p2

2
gap

x(p) = (33)

m

Finally, the parameter y captures the one-loop anomalous
dimension,

4
. 13—§Nf

= , (34)
1
22 — 3 Ny

v

while the exponentiated form of the square bracket comes
from a one-loop resummation.

We close this part with a brief discussion of the scales in
(32), as the gluon dressing has a dependence on the mass
gap Mmgyp, on Aqcp, and on the RG-scale 1. As mentioned
before (32), we have used that mg,,, Agcp are both avatars
of the dynamically generated mass scale of QCD, namely its
physical mass gap, to wit,

AQCp X Mgap - (35)

In (32) this relation is used and only mg,p is present. This
entails specifically, that in Yang-Mills theory a change of
Mgyp amounts to no change of the physics. In turn, chang-
ing one of the two scales while keeping the other fixed, is
a physics change and hence we do not describe Yang-Mill
theory any more. On the other hand, in QCD we can use a
change of mg,, with (35) for changing the scales of the con-
finement dynamics relative to that of the chiral dynamics:
qualitatively, this emulates changing the color and flavour
number which has been shown to change the ratio mgap /M,
see [29]. This will be discussed further in Sect. 4.3.

The fit Z 5(p) in (32) carries no explicit dependence
on the RG-scale i and uses the RG-condition (2) at u =
4.3GeV with

2

2
Mgap

Zase(x(w) =1, (36)

x(p) =

Accordingly, a change of mgy, — Amgy at fixed fitting
parameters amounts to a change of the RG-scale with u —
Au. Moreover, the RG-equation (31) for Z4 entails that the
fitting parameters are RG-scale dependent. This is discussed
at the example of the UV-part Z4 ,y in Appendix D where
we also discuss the relation of (32) to common fits in the
literature.
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4.2.2 Physics & determination of the fitting parameters Cy =ncy, Zeat = sat , 41
n

The gluon mass gap gy is the only mass scale in (32), taking
over the role of Agcp in standard fits used in the literature
[19,57,79-81]. It only enters via x defined in (33). Note also
that mgat = G;lﬁt(()) = Zep?/x is the saturation mass of
the gluon propaéator and hence zgy is the ratio of saturation
mass and gluon mass gap squared.

The other parameters in (32) can be ‘collected’ into three
sets belonging to the regimes (uv) (sc), and (ir),
@r) : zsats Zgh - 37

(W) : zuy, Cuy, (8C): Zpeak »

The last two parameters adjust the two interfaces between
(uv,sc,ir). In particular, they accommodate the “decoupling”
of the asymptotic scalings.

(int) : cq, c—. (38)

For c;x > 1 the infrared dressing Z4 i decouples, while
for c_x > 1 the infrared logarithm from the ghost loop
decouples.

The respective results for all parameters are collected in
Table 2, as well as the “width” parameter ygyp in (29).

We proceed with the determination of the fitting param-
eters. At first, one might be tempted to use (32) as a global
fit, and fix the parameters through standard x 2-minimisation.
However, such a procedure ignores the fact that all parame-
ters describe specific dynamical aspects in one of the three
regimes, (uv), (sc), and (ir). Therefore, they should be fitted
within these regimes rather than globally, in order to best
accommodate the corresponding physics.

Note that the description of the interfaces between regimes
is assigned to only two of the parameters, namely c4. This
minimalistic choice is prompted by the fact that gluon and
matter correlation functions show rather rapid transitions
between regimes. Hence, the corresponding interfaces are
rather limited, suggesting that the parameters c+ should suf-
fice for areasonable description of the transitions. Our results
confirm this expectation: the fitting quality around the inter-
faces is only slightly inferior to the rest of the regimes.

For the determination of the fitting parameters from the
numerical data, we rewrite the fit (32) in physical units:

)\ -l
- M gap - _ 2 2
=nZ, N - > ¥ = p2[GeV?]. (39
P (1Gev2 *=prAGeV.  (9)

Then, after rescaling all parameters in Z4 f; by 1, we arrive
at

Zam(x) = Zam(F). (40)

Z A fit(%) has the form (32) with the parameters c, z,
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together with the invariant parameters

Cuv =Cuv, Zi =2z, i=peak,gh, uv. (42)
The parameters ¢, Z can be determined directly from gluon
propagator data in their respective regimes (uv) (sc), and (ir),
introduced in (37):

UV regime (uv): The two UV parameters capture the per-

turbative regime and are adjusted there, according to
Zuv s Cuy _lim ZA,ﬁt(p) = lim Zgata(p) . (43)
X—>00 X—>00

In this limit, only the part Z 4 yy (¥) survives, with Z 4y (X) —
Zuv[1 + Cay log (0]

The validity regime of fits akin to that of (43) has been
studied in [57], for 2+1 flavour QCD. As was shown there at
the level of the quark-gluon running coupling, the momentum
range compatible with two-loop perturbation theory extends
to p ~ 3GeV. This is compatible with the location of the
ultraviolet inflection point p$ ~ 1.6 GeV, defined in (3)
as the approximate ultraviolet onset scale of the dynamics
regime of the Schwinger mechanism. Similar considerations
apply to Yang—Mills theory.

Schwinger regime (sc): In this regime we have a single
fitting parameter, Zpeax, Whose value controls the peak height
and position of the dressing function (red point in Fig.2).
Specifically,

Zpeak © ZA fit(Ppeak) = Zdata(Ppeak) » 44)

In our procedure, it is determined through a global x>-fit
in the momentum interval between the two inflection points,
pi, as the regime is dominated by the emergence of the mass
gap, and the subsequent decoupling of the dynamics.

Deep IR regime (sc): The infrared parameters are fixed
through

Zsat - GA,ﬁt(O) = Gaa(0),

%G
Zgh : lim — = lim
x—0 logx x—0

3G g1, (P)

= (45)
log x

The first condition in (45) fixes the saturation mass squared,
mfat, with that from the gluon propagator data, namely
G4 .daa(0) = ms_a% The second condition in (45) adjusts
the subleading logarithmic running of the gluon propagator,
which originates from the massless ghost loop [69]. To date,
this deep infrared behaviour is only accessible within func-
tional approaches; it cannot be extracted from the lattice data,
as the respective lattice volumes are still too small. We have

determined it from the ghost loop of the gluon DSE. Since
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the ghost propagator and ghost-gluon vertex are quite insen-
sitive to the matter sector [82], we use Yang-Mills results,
namely the fit in Appendix B for the ghost dressing, and the
ghost-gluon vertex from [8], for the determination in both the
Ny =0and Ny =2 + 1 cases; the numerical difference in
the values of zgp, in Table 2 results from the different values
of the strong coupling, g5, in each case.

Interfaces (int): The final adjustment of the global fit
is done with the parameters ¢+ that control the interfaces
between the different regimes. They are determined together
with zpeax through a X2-ﬁt for momenta between the two
inflection points pi.

4.2.3 Gluon mass gap and scale invariance

The above procedure fixes all parameters in Z A.fit. The mass
gap, mgap, and the dimensionless “width”, ygqp, are obtained
by solving the (complex) pole condition (29),

Zafit(—@2) = Za (=02 + Za w(—d2) =0, (46)

with @2 = (1 + iygap)?/n. Equation (46) fixes 1 and Ygap.

The parameters ¢, z and rescaling parameter 7 allow us to
determine c, z by using (41), (42) and (47). The mass gap is
simply given by

1
MaplGeV] = . 47)

The results for mgyp, Yeap for Yang-Mills theory and 2+1
flavour QCD are summarised in Table 2, together with the
other fitting parameters c, z. As discussed around (36), the
fit defines the RG-scale relative to the gluon mass gap, and
we infer from Table 2 that

2 2
i~ 3029 (miw) 2~ 27.63(m2D), @8)

for Yang-Mills theory (uyy) and 2+1 flavour QCD (u,,,)
respectively. This concludes the discussion of the fit (32)
for the gluon dressing Z 4.

Note that, in Yang-Mills theory, this fit takes into account
the (classical) conformal invariance of the theory: the quan-
tum theory only depends on a single mass scale. Commonly,
this scale is saturated by Aqcp, which may be extracted from
the perturbative B-function. Nonetheless, we consider that
the unique scale of the theory is best represented by the gluon
mass gap, generated by the Schwinger mechanism, and our fit
makes this physical choice manifest. A fully self-consistent
description may be given by using this scale-setting in the fits
of all correlation functions. Then, a change of the gluon mass
gap in the Yang-Mills gluon propagator does not change the
theory at all, as dimensionless functions only depend on the
x defined in (33).

In QCD the situation is different, as it features two dynam-
ical infrared scales: the confinement scale, mgyp, and the
DCSB scale, m , ; related observables/order parameters are T;
and f. Therefore, in contradistinction to pure Yang-Mills,
the variation of mg,p, while keeping the chiral scales fixed,
changes the dynamics of the theory. Such a variation mim-
ics changing colors and flavours (or current quark masses),
and can be used for investigating the interrelation of confine-
ment and chiral dynamics. This interrelation is relevant for
the exploration of the phase structure of many flavour and
color QCD, for a recent functional study, see [29].

We expect that variations of the fitting parameters in (32),
and in particular of mg,, relative to other intrinsic scales,
should provide valuable insights on the intertwined infrared
dynamics of QCD. A first attempt in this direction will be
presented in the next subsection.

4.3 Dependence of T, and f; on the gluon mass gap

In this final subsection we comment on the dependence of
the two observables under investigation, 7. and f;, on the
gluon mass gap. For this analysis we use the fits (32) with
Table 2 for the gluon propagator in Yang-Mills theory and
2+1 flavour QCD.

We first consider the confinement-deconfinement temper-
ature. We have shown in Sect.4.2 that the gluon propaga-
tor can be written in terms of the dimensionless momenta

p?/ méap, see (33), together with fitting parameters that do

2
not depend on mg,,.

is simply given by

Consequently, the critical temperature

T ~ Ceonf Mgap , (49)

where the value of ccopr depends on the values of the other
fitting parameters in Table 2. We expect a subleading mgap-
dependence of cconf, if the full dynamics is considered. In
addition, corrections due to the implicit mg,p-dependence of
the ghost must also be considered.

Moving to 2+1 flavour QCD, and in particular to chiral
observables such as fr, the situation is considerably more
complicated, due to the presence of two fundamental mass
scales, that of DSCB, m,, and that of confinement, related
to mgap. There are, however, two limiting cases that may be
analysed qualitatively.

For this analysis we use the fact that the fit (32) with its
sole dependence on x leads to (35) and (48). Hence, changing
Mgap With

Maap(h) = A mgl;l) , (50)

is tantamount to changing Agcp and the RG-scale relative

to the chiral symmetry breaking scale m, ; here, mga;;l) =

@ Springer
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818 MeV from Table 2. This implies an RG-scale

Mo41(A) = Apogr,  poy1 =43GeV, (51
which follows from (48).

Let us first consider the limit mg,p/m, — 00. Heuristi-
cally, an increasing value of mgy,p leads to the gradual sup-
pression of the gluon propagator, eventually reducing the
overall interaction strength below the required critical size.
Computationally, for A > 1, the gap equationin (25)is solved
with

as —> ag(Apuayr), (52)

with the running quark-gluon coupling «4(p) in QCD,
i.e., that used in Sect. 3.2. With increasing value of mgap(2),
the input coupling decreases logarithmically. As the gap
equation is formulated in x, the decrease of «; is the only
change. Accordingly, the constituent quark mass drops, and
so does fr. There is a critical value, mgp(1*) = m;,‘ap,
beyond which DCSB is absent, with M, (p) = 01in the chiral
limit considered here. We are led to

fa(mgay > m¥y) =0. (53)

Now we consider the opposite limit with mgap/m, — 0.
Note that we do not encounter a Landau pole, as the present
procedure keeps the ratio Aqcp/mgap fixed. Instead, if we
take mg,p — 0 at fixed Agcp, we encounter a Landau pole,
see Appendix D.

For fixed ratio AQcp/mgap, the Schwinger regime and
the deep infrared regime are at far lower scales than that of
DCSB for mgyp/m, — 0. At momenta p 2 m,, the gluon
propagator is perturbative, resembling a photon-type prop-
agator ~ 1/p?, accompanied by the gluonic tail associated
with asymptotic freedom.

In this case, f saturates at a value that we denote by
f793 the saturation is caused because the generation of a con-
stituent quark mass switches off the infrared dynamics in the
quark gap equation below the respective scale. Thus, we are
led to

fr(mgap/my — 0) = f7. (54)

Computationally, this limit comes with a subtlety: while we
would like to use (52) with the physical quark-gluon cou-
pling used in Sect. 3.2, this is a good approximation only in
the regime where o runs perturbatively. Taking the inflec-
tion point p$ as an approximate boundary of this regime,
we are bound by A ~ 0.3. For smaller A one may consider
RG-scales that do not satisfy (51). This requires an explicit
n-dependence of the fit, which is discussed in Appendix D. In
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any case, the input coupling o (A 2+ 1) isrising with decreas-
ing A. Accordingly, f; is a non-trivial and monotonically
decreasing function of ma41(1).

A reliable study of the related dynamics requires detailed
numerical computations, along the lines of [29]. Such an
analysis is important for further investigations of the phase
structure of many flavour QCD, and especially a possible
new phase characterised by the locking of confinement and
DCSB, uncovered in [29]. However, a detailed computation
lies beyond the scope of the present work, and shall be con-
sidered elsewhere.

5 Conclusion

In this work we have discussed the physics of the gluon mass
gap, mgap, both in pure Yang-Mills theories and 2+1 flavour
QCD. We have argued that it is well-defined as a screening
mass of the gluon propagator, even though its value is difficult
to determine precisely.

In addition, we have shown that important observables in
infrared QCD are directly sensitive to the size of mg,p, but
are insensitive to the momentum dependence of the gluon
propagator below the decoupling scale induced by mgyp.
Specifically, we have studied the mg,,-dependence of the crit-
ical temperature 7, of the confinement-deconfinement phase
transition, and the pion decay constant f; . Importantly, these
relations elevate m g, to an observable itself, even though it
is only defined as an RGI property of a gauge-fixed corre-
lation function. This property is similar to that of physical
pole and screening masses that can be extracted from gauge-
fixed correlation functions, if the latter have an overlap with
the respective physical states. This motivated us to define the
gluon mass gap as the screening mass of the gluon propaga-
tor.

Our analysis led us also to a physically motivated fit for
the gluon propagator, whose parameters are related to both
ultraviolet and infrared properties of QCD, and include the
mass gap. We have used this fit for the study of the mgap-
dependence of T, f; mentioned above, as well as in a pre-
liminary analysis of the interplay between confinement and
chiral symmetry breaking. We envisage the extension of this
study with further observables, in order to achieve a com-
prehensive understanding of the intertwined dynamics. We
hope to report on the respective results in the near future.

We emphasize that the general physical picture outlined
in this work, and the main results obtained, persist when
the chiral limit of the matter sector is considered, i.e., 2+1
flavour QCD with vanishing current quark masses, my — 0.
Since this particular limit may not be simulated on the lat-
tice, this assertion is based on detailed functional studies. In
particular, the gluon dressing function with Ny = 2 quark
flavours was obtained for a variety of pion masses in [28].
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As may be clearly seen in Fig. 4 therein, the gluon dress-
ing function is practically insensitive to the value of the pion
masses, within the range m, € [285,60] MeV. In order
to ensure that this lack of sensitivity holds until the chiral
limit, m, = 0, one may turn to the right panel of Fig. 2
in the recent review of [83]: the lowest pion mass reached
in [28], m; = 60 MeV, corresponds to a current quark
mass of approximately mo =~ 1 MeV. Between this value,
and the chiral limit, mo = 0, the pion mass drops rather
abruptly from m, = 60 MeV down to m, = 0. However,
varying mq within the interval [0, 1] MeV at the level of
the quark gap equation leaves the form factors Z,(p) and
M, (p) practically unchanged. Since the dependence of the
gluon propagator on the quark parameters is mild, of the
type In[p* + M?(p)], see e.g., [57], no appreciable effects
are induced into the gluon dressing until the chiral limit has
been reached.

Finally, an alternative approach to the dynamical gener-
ation of the gluon mass gap is the quartet mechanism [84].
Similarly to the Schwinger mechanism, it proceeds through
the formation of massless bound state poles in the ghost-
gluon vertex [85]. It would be interesting to explore possible
relations between the two mechanisms, in an attempt to unify
both approaches.
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Appendix A Varying the gluon propagator

In order to assess the (in)sensitivity of T;., My (p), and fr,
to the infrared behaviour of the gluon propagator, we deform
G 4 in the deep infrared, either enhancing or suppressing it,
without affecting its form for momenta p larger than a chosen
point, v.

Specifically, taking G 4 (p) to be the fit given by (32), with
the parameters in Table 2 for either Ny =0or Ny =241,
we construct variations given by

Ga(p) = Gi(p) =Gam(p) £8(p),

8(p) =80 expl—(p/v)“]. (AD)
For Euclidean p > 0, the term §(p) can be seen as a smooth
step function, affecting the propagator for momenta p < v,
and vanishing quickly for p > v, where ij( p) reduces to
G A(p). The exponent k controls how quickly §(p) — 0 for
p > v, while §y determines the size of the variation at the
origin.

In Fig.3, we show the gluon dressing function, Z4(p),
resulting from the above variations for both the Yang-Mills
theory (Fig.3a) and 2+1 flavour QCD (Fig. 3b), with the cor-
responding propagators displayed in the inlays. In both cases,
we employ §g = 3.3 GeV‘Z, k =3,and v € [0.1, 0.5] GeV.
In addition, in the same figure, we show as black continuous
lines the original fits for G o (p), given by Equation (32), the
positions of the inflection points p;, and pi'g (blue points),
and of the maximum of 1/Z4(p) (red point). The variations
GX and G are denoted by dashed and dot-dashed lines,
respectively, and are colored differently for the cases where
v is larger or smaller than the infrared inflection point, p; .

Table 3 Parameters in (B1) for the ghost propagator in Yang-Mills
theory

dir[GeV~2] du[GeV2]

Ze,ir Zcuv buy

0.268 0.616 2.64 1.14 2.59

@ Springer
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Note that, at the level of 1/Z 4 (p), the variations withv < p;_
are practically invisible.

Appendix B Ghost propagator

In Fig. 12 we show lattice data [86] (data points) and DSE
data [58] (red continuous line) for the inverse ghost dressing
function, Z.(p). We also included a combined fit to the lattice
data and the perturbative ultraviolet behaviour (dashed black
line),

Zc,ﬁt(p) = Zc,ir(p) + Zc,uv(p) s (Bl)
where
Zeie(p) = __ feir (B2)
c,ir(P) = 1+dirP2 s
and
51974
Zea(p) = zeav [ 1 + b log(l +dup)| . (B3

with the fitting parameters in Table 3. As in the case of
the gluon dressing, the observed quantitative agreement is
indicative of the level of sophistication reached by functional
approaches in the past two decades; for a state-of-the-art sur-
vey, we refer to the recentreviews [7,8,12], as well as [30,35].

Appendix C Functional approach to the
confinement-deconfinement phase
transition

In this Appendix we briefly review the approach on
confinement-deconfinement phase transition introduced in
[42]. Atsufficiently high temperature, QCD enters the decon-
fined phase. In Yang-Mills theory, the system undergoes a
second-order phase transition for two colors, and a first-order
one for three colors or more. The underlying symmetry is
the center symmetry of the gauge group, and the respective
order parameter in Yang-Mills theory is the Polyakov loop.
Loosely speaking, the Polyakov loop is related to the free
energy of a static single quark, or rather, half of the energy of
a static quark—anti-quark pair. In full QCD with dynamical
fermions, the system exhibits a smooth crossover, as center
symmetry is explicitly broken. In the following, in order to
keep computations as simple as possible, we only consider
Yang-Mills theory; for full 2+1 flavour QCD, see e.g., [51].

In Yang-Mills theory, the free energy £y of a static quark—
anti-quark pair at infinite distance is given by

(L[Aol) ~ exp[—BFy3/2] . (CI)
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Fig. 12 Dressing 1/Z.(p) of the ghost propagator. We show lattice
data [86] (data points), DSE data [36] (red curve), and a fit (dashed black
line) obtained with the lattice data and the perturbative UV behaviour

where the traced Polyakov loop L[Ag] is provided by (7).

In the confined phase, Fy; diverges as the distance r
between the quark and the anti-quark increases. In turn, for
large temperatures the system is becoming weakly-coupled,
and the Polyakov loop can be expanded in powers of the
gauge field around Ap = 0. Hence, we find,

=0 forT < T,

>0 forT >T, "’ (€2)

(L[AoD) {

where it is understood that the group direction that gives real
and positive values for the Polyakov loop has been singled
out.

The expectation value of the traced Polyakov loop (C1) is
an infinite order correlation function of the gauge field, which
is challenging to compute within functional approaches that
involve an expansion in correlation functions of powers of the
fundamental field. In [42,43] a related gauge-invariant order
parameter has been defined. Moreover, in specific gauges
this gauge-invariant order parameter has a linear relation to
the expectation value of the gauge field in these gauges. The
derivation of this relation uses the transformation properties
of the Polyakov loop: it is the Wilson line winding around
the time direction. In particular, the Polyakov loop lies in the
gauge group, and can be represented as the exponential of an
algebra element ¢, with
PE =00, @) > UDSOHU' R, (€3
with U(X) € SU(3) and periodic gauge transformations
UX)=U({t =0,X) = U(t = B,%). The covariant trans-
formation properties of the algebra element ¢ (X) in (C3)
allow us to define the gauge-invariant order parameter, see
(421,

(@), o) = Zvn én, va=EV[p()], (C4)
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with the eigenmodes v, (X) of the matrix field ¢. The &, in
(C4) are the eigenvectors to the eigenvalue v,. The eigen-
values ¢(xX) of the algebra field ¢ (X) are gauge-invariant,
due to the covariance of the algebra element. Moreover, their
center-symmetric values are in one-to-one correspondence
to a vanishing Polyakov loop: they both signal the center-
symmetric confining phase.

The mean field (¢) in (C4) can be readily computed from
the effective potential of Ag, derived from the background
DSE depicted in Fig.5. To relate ¢ to Ag, we use the free-
dom to take a specific gauge for the latter, as the background
field effective action and hence the Ag-potential are back-
ground gauge-invariant: we use background fields Ag in the
Polyakov gauge, where Ag(x) = A{(X). Then, the tempo-
ral component is time-independent, and lies in the Cartan
subalgebra, indicated by the superscript c. Finally, take the
background field that solves the equation of motion. Then
we find

A
v, = eigenvalues (ﬂg‘Y 0> mod 1, (C5)
2
and confinement is signalled by
L{{p)] =0, (C6)

where (¢) = ), (vs)é,. After the rotation in the Cartan sub-
algebra, the ¢, for the non-vanishing eigenvalues are com-
binations of the Cartan matrices. In the simplest case of an
SU(2) gauge theory, we have that v, € (0, £¢3). We also
quote the eigenvalues for the physical SU(3) case,

(C7)

+ 3
v, € <0, 0, +¢3, i%T«/—%) ,

see e.g., [51].

The order parameter potential for ¢ is readily computed in
the background field approach to Yang-Mills theories [87—
97], where the covariant gauge-fixing is substituted by a
gauge-covariant one: for that purpose, we split the gauge
field A into two parts, a background (classical) component,
A, and a fluctuating (quantum) field, a,, i.e.,
Ay=A,+ay. (C8)
The respective gauge-fixed Yang-Mills action at finite tem-
perature is given by

1 g F by, 1 (A 2
S:Z/ngvFli‘v+/x[c“DMDﬁ ¢ +E(Dﬂau) }
(C9)

with D, (A) = 9, —igsA, and D, = D, (A). The space-
time integrals at finite temperature are given by

B
/:/ dx0/d3x,
X 0
R

with 8 = 1/T.Inthe case of QCD, the kinetic and interaction
terms associated with the quarks must be duly supplied to the
action of (C9).

Then, the order parameter potential is a part of the

effective action F[A, a,c,c] for Yang-Mills theory, and
I'[A,a,c ¢ q,
q] for QCD, evaluated for given background gauge fields
A, and for vanishing fluctuation fields «, ¢, ¢, ¢, q; i.e., for
Yang-Mills theory we have I'[A] = I'[A = A, 0, 0, 0]. The
background effective action I'[A] can be computed from its
respective functional relation; in the present work we take
the background DSE, see [43]. More precisely, we compute
the temporal background gauge field DSE, which is depicted
in Fig. 5. For constant backgrounds Ay, it defines the order
parameter potential, see Sect.3.1.1.

(C10)

Appendix D RG-dependence of the fit Z 4 6:(p)ZA

The gluon dressing Z 4 g satisfies the RG-equation (31). Evi-
dently, this implies a non-trivial n-dependence of the fitting
parameters z, c. In this Appendix we use the UV-part Z 4 v
in order to illustrate this ©-dependence, as well as to discuss
a reparametrisation, leading to p-independent fitting param-
eters.

To that end, we restrict ourselves to RG-scales w that are
deep in the UV, such that

Zpi(n) = 0. (D1)

Equation (D1) holds true for the RG-scales used in the
present work, namely with © 2 p;; , and in particular for
= 4.3GeV. This leads us to

Za () = Zgu (1) - (D2)

Then, a change of the RG-scale, © — u’/, while enforcing
(2) at the new scale u’, leads to

Zuy —> Zuv [1 — cuy log (1 + C+X(M/))]y )

Cuv —> Cuv [1 — cuylog (1 + C+X(M))] . (D3)

One readily sees that Z4 g; with (D3) satisfies its RG-
equation (31) at one loop.
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Fig. 13 Gluon dressing for fixed Agcp and different gluon mass gaps
Mgap. For mgyp < 551 MeV (dot-dashed red line) the propagator
becomes complex for small momenta, signalling the onset of the Landau
pole

Equation (D3) can also be used to define RG-invariant
fitting parameters ¢, 7. We quote the result,

1 Y
””}, (D4)

A x) =Zu [ 1+ Cuylog —————
Auv(X) “V[ u g1+C+x(M)

with

Zuy = Zuv [1 + cuy log (1 + C+X(M))]y >

~ Cuv
Coy = , D5
M Tt euylog (14 cqx(w) )

with u d(c, 7)/du = 0 (at one-loop). Note that a similar rep-
resentation can also be achieved for the infrared part. How-
ever, this is considerably more difficult, reflecting the fact
that the RG scale p should rather be taken in the ultraviolet
instead of the infrared regime.

Moreover, (D4) gives us easy access to an analysis of the
relation between the perturbative scale Aqcp and the gluon
mass gap mgyp, obtained from the Schwinger mechanism:

In principle, the gluon mass gap may grow large, and hence
x(u) — 0. However, this is ruled out by the dynamics, as
the longitudinal massless resonance triggering the Schwinger
mechanism would not be generated by asymptotically small
couplings.

In turn, for mg,p, — 0, the fit (D4) runs into the perturba-
tive Landau pole, see Fig. 13. Since it is precisely this Lan-
dau pole that the action of the Schwinger mechanism evades,
Aqcp defines an approximate infrared bound for the gluon
mass gap. This concludes our discussion of the RG-scale
dependence of Z4 f, and stresses again the natural identifi-
cation of all scales in Z4 g, (32), with the gluon mass gap.
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