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Abstract Within the Bethe—Salpeter framework, we present
a computation of space-like electromagnetic form factors for
pseudoscalar mesons, including light and heavy-light sys-
tems. Our approach employs a flavour-dependent variation
of the standard Taylor effective charge, which contains key
contributions from the quark-gluon vertices. This effective
interaction is a common ingredient of all relevant dynam-
ical equations, and accommodates the crucial mass differ-
ences between the various quark flavours. Particular attention
is paid to the nonperturbative determination of the quark-
photon vertex. The computed electromagnetic form factors
for the pion and the kaon mesons show excellent agreement
with experimental determinations. In addition, the predic-
tions for the charge radii of heavy-light systems are in overall
good agreement with lattice QCD.

1 Introduction

The electromagnetic form factors (EFFs) of light mesons,
in particular those of the pion and the kaon, are of key
importance for the understanding of the internal structure
and dynamics of hadrons in terms of their quark and gluon
constituents. Over the past decades, both experimental mea-
surements and theoretical investigations have made signifi-
cant progress in exploring these form factors across various
momentum-transfer regimes.

From the theoretical point of view, hadronic form factors
have been extensively studied within the framework of the
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Bethe—Salpeter equations (BSEs), a covariant approach for
describing bound states in quantum field theory [1-6]. This
framework has been adopted in numerous studies of the EFFs
of light mesons [7-22] and spectroscopy [23-33], achieving
progressively higher levels of precision and sophistication.
On the lattice QCD side, a plethora of calculations is available
for light mesons [34—40].

On the experimental side, the precise determination of the
pion and kaon EFFs remains a priority for contemporary and
future hadronic physics programs. Upcoming experiments at
major facilities, such as Jefferson Lab [41], the U.S. Electron-
Ion Collider (EIC) [42], and the Electron-Ion Collider in
China (EicC) [43], are expected to provide accurate data on
light meson form factors, particularly in the high- Q2 region.

Within the BSEs formalism, EFFs are calculated using
the so-called “impulse approximation”, where the interaction
of the photon with the quark-antiquark system is mediated
via the dressed quark-photon vertex and the Bethe—Salpeter
(BS) amplitude of the meson. An important ingredient of
this calculation is the quark-photon vertex itself, which we
compute here using its full general structure. In particular,
we include both the longitudinal components satisfying the
Ward-Takahashi identity (WTI) for electromagnetic current
conservation, as well as the transverse components that cap-
ture dynamical effects beyond the bare vertex. This compre-
hensive treatment is essential for the accurate description of
the EFFs, particularly in heavy-light systems, where flavour
asymmetries can enhance the impact of transverse contribu-
tions.

While the light sector has been thoroughly analyzed [7—
20,22,44], the inclusion of heavy-light systems, such as
the D, B, and their strange counterparts (Dy, By), presents
unique challenges, including the treatment of asymmetric
quark masses and singularities in the quark propagators.

In this work, we employ the BSEs formalism to compute
the EFFs of both light and heavy-light pseudoscalar mesons.
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To account for the nontrivial flavour dynamics in these sys-
tems, we implement the flavour-dependent interaction pre-
viously developed in [32]. In this approach, the interaction
strength acquires a natural dependence on the quark flavour
via the dynamically generated quark wave function. By incor-
porating this flavour sensitivity directly into the BSE and gap
equation, we can investigate how mass differences between
the constituent quarks influence the momentum dependence
of the EFF.

It is important to highlight the main differences between
the present work and two recent related publications, namely
[19] and [45]. In broad terms, the key distinction between
these works lies in the composition of the respective interac-
tion kernels employed in the computation of the EFFs. In our
case, the renormalization-group invariant interaction kernel
is derived by combining the gluon propagator with appropri-
ate dressings of the quark-gluon vertices, which give rise to a
modified version of the standard Taylor coupling [32]. Thus,
the elements comprising the kernel are obtained from lattice
QCD and functional studies, and are, in that sense, rooted in
QCD dynamics. In contrast, Ref. [19] employs a weighted
version of the rainbow—ladder truncation with the Qin—Chang
model [46], where different parameters are chosen for light
and heavy mesons, and are subsequently averaged in order
to induce the desired flavour-dependence. Instead, in our for-
mulation the flavour-dependence arises naturally from the
genuine dressing of the quark-gluon vertices, without intro-
ducing separate parameter sets for different quark sectors.
Finally, a common drawback of both [19] and [32] is that the
dressing of the vertices induces a mild breaking of the axial
WTI, see discussion in Sect. 3. Turning to [45], it is based on
a light-front quark model [47,48], where the wave functions
of the mesons are not obtained dynamically, but are rather
postulated to be of the Gaussian type, containing a set of
parameters that are fitted from experiment. Thus, while the
results are in general comparable (see Sect. 5) the theoretical
foundation of [45] is quite distinct, relying on additional phe-
nomenological inputs and adjustable parameters not needed
in our approach, or that of [19].

The article is organized as follows. In Sect. 2 we present
the general framework that will be employed throughout
this work. In Sect. 3 we present a quantitative study of
the amount of symmetry violation stemming from the use
of the flavour-dependent interaction in the quark gap equa-
tion. In Sect. 4 we carry out a detailed analysis of the
quark-photon vertex, and present results for all of its form
factors. Section 5 contains the main results of this work,
namely the EFFs and charge radii, together with an extensive
comparison with experiment, lattice QCD, and a variety of
approaches. In addition, we present a detailed error analysis,
which confirms the robustness of our results under varia-
tions of the main inputs. Finally, in Sect. 6 we discuss our
conclusions.

@ Springer

2 General framework

In this section we review the standard framework employed
for the computation of the EFFs, and discuss the key dynam-
ical equations and their main ingredients.

2.1 Electromagnetic form factors in the impulse
approximation

Mesonic form factors are extracted from the physical ampli-
tude that describes the interaction between a meson and an
electromagnetic current, j, (x) = W(x)yu ¥ (x). In the BSEs
framework, the current is calculated by means of the cou-
pling of an external photon to each of the constituents of
the bound state. The corresponding hadronic matrix element
is given by Jy,(pav,q) = (s(pp)ljuls(pi)), where s(pay)
denotes the meson under consideration. This matrix element
is related to the electromagnetic form factor Fy of the meson
through the expression

J * Pav
23
where p.y = (py + pi)/2 is the total momentum of the
meson, p; and p y denote the initial and final meson momen-
tum, respectively, and ¢ = p s — p; is the photon momentum.

In the impulse approximation [23,49], the conserved cur-
rent J* (pay, q¢) describes the coupling of a single photon to a
quark-antiquark system, see Fig. 1. The J*(pay, ¢) is given
by the following integral expression

J*(Payv, ) = 2Pk, Fs(g*) — Fs(g?) =

2.1)

T (pays 4) = /k Alks. p)SET (ks q)

S )A(ki, pi)Sk-), 2.2

where A is the BS amplitude and A its charge conjugated
counterpart, ['* represents the quark-photon vertex, and S
stands for the quark propagator. The integral measure is
denoted by

+o0
/:: (2n)—4/ d*k,
k —00

where the use of a symmetry-preserving regularization
scheme is implicitly assumed. In addition, the relevant kine-
matic variables are defined as

2.3)

ky =k+npay, k- =k—(—n)pa, e+=k++%a
q q q

b =ky ——, =k_4+=, s_=k_—=. 2.4

T St TS > 24

Here, the parameter 1 determines the distribution of the total
momentum p,, between the quark and antiquark. Depending
on the quark mass composition, a suitable choice of the value
of 1 leads to a tighter control of the singularities in the quark
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Fig. 1 Diagrammatic representation of electromagnetic current in the
impulse approximation, employed for the calculation of electromag-
netic form factor. The green and gray circles denote the fully-dressed

propagator. This, in turn, enhances the numerical stability of
the calculation, especially for systems with significant mass
disparity, such as heavy-light mesons.

The processes under consideration are elastic, having the
same initial and final states, whose common bound state
mass is denoted by M. Thus, the on-shell momenta sat-
isfy pi2 = p; = —M?, and p,, may be parametrized as
pav = (0,0,0,iy/M? + g%/4).

Itis important to note that (2.2) accounts for the case where
the photon interacts with only one of the valence quarks of
the meson; evidently, the contribution of the interaction of the
photon with the other quark must be duly added, as shown in
Fig. 1. Thus, the complete electromagnetic form factor for a
pseudoscalar particle reads,
Fs(q®) = ¢gFy(q®) + egFg(q?), (2.5)
where e, and ez are the corresponding electric charges for
the quark and antiquark.

2.2 Dynamical equations

The elements comprising (2.2), namely S, A, and T'* are
determined from their own dynamical equations, evalu-
ated within appropriately constructed truncation schemes.
Recently, a new framework for the study of heavy-light
mesons has been put forth [32], where the standard one-gluon
exchange interaction is complemented by flavour-dependent
contributions stemming from the adjacent quark-gluon ver-
tices (blue circles in Fig. 2). In this treatment, only the clas-
sical form factor of each quark-gluon vertex is retained, and
is evaluated in the so-called “symmetric” configuration. The
Slavnov—Taylor identity satisfied by the quark-gluon vertex
links this form factor to the quark wave-function, A f(qz),
see (2.9), which encodes the flavour-dependence. Specifi-
cally, the resulting effective interaction, Z 7/ (g%), is given

quark-photon vertex and quark propagator, respectively, and the various
kinematic variables are defined in (2.4)

by
Zrr(gh = ar(@HAr(@HAp @D,

where the effective charge ar (¢?) is the so-called “modified
Taylor coupling”, introduced in [32], and shown in Fig. 3.
The key difference between @7 (¢%) and the standard Tay-
lor coupling, az(g?), is the inclusion of certain process-
independent contributions extracted from the quark-gluon
vertex. We stress that the determination of both a7 (¢%) and
a7 (g?) contains no adjustable parameters.

The effective interaction of (2.6) is a common ingredient
of the three main dynamical equations, namely (2.10), (2.11)
and (2.13); in fact, in all of them, it appears in the unique
combination

(2.6)

D;f;, (k) == 4 Ay (k) Ty (K2) 2.7)
with

kKrEVN 1
Ay (k) = (W - ) ok (2.8)

the tree-level gluon propagator in the Landau gauge.

In particular, we have:

(i) The quark propagator, S}‘b (p) = i8% Sr(p), where
the index f stands for the quark flavour, taking values f =
u,d, s, c, b. The standard decomposition of Sf_l(p) is

S p) =i Ar(pP) + By (p?), 2.9)
where A ¢ ( p2) and By ( pz) are the dressings of the Dirac vec-
tor and scalar tensor structures, respectively. The
renormalization-group invariant (RGI) dynamical quark
mass, Mf(pz), is given by /\/lf(pz) = Bf(pz)/Af(pz).
At tree-level, S(; ;( p) = i +my, where my denotes the
current quark mass of the flavour f. In addition, the self-
energy, Zf(pz), is defined as Zf(pz) = S}?I (p)— Sof}(p).

@ Springer
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b1
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Fig. 2 Diagrammatic representation of the main dynamical compo-
nents: (i) is the quark self-energy entering in the gap equation; (ii) the
BSE for the mesonic wave function; and (iii) the SDE of the quark-
photon vertex. Appropriate contributions from the quark-gluon vertices

b1

D2

(blue circles) are combined with the scalar factor, A (k), of the Landau-
gauge gluon propagator to form the interaction kernel of (2.6), depicted
here by the blue band

Fig. 3 The modified Taylor
effective charge, ar (qz),

obtained by combining the =

lattice results of [50] for the 2.0 | ‘
standard Taylor coupling, g
ar(¢?), with certain
propagator-like contributions /
extracted from the quark-gluon 1.5
vertices. The dashed curve

represents the central S
parametrization from [32]. The
shaded band shows the variation
obtained by shifting the fit
parameters by one standard
deviation (4=0') around their
central values, and will be used 0.5
for the error analysis presented
in Sect. 5.3

L L L

The evolution of the components A ( p?) and B 7( p?) is
determined from the quark gap equation. In terms of the ker-
nel introduced in [32], the renormalized gap equation reads

ijl(p) = Zo(ipf + mg) + Cpfk YaSpk+pyp D?‘?(k)’

£/ (p?)
(2.10)

where Cp = 4/3 is the Casimir eigenvalue of the funda-
mental representation, and m; is the renormalized current

@ Springer

1 2
q(GeV)

quark mass. The diagrammatic representation of the quark
self-energy Zf(pz) is shown in Fig. 2, panel (i). Finally,
Z, is the wave-function renormalization of the quark field,
determined within the momentum subtraction (MOM) renor-
malization scheme [51-54].

(ii) The BS amplitude A in (2.2) is given by the homoge-
neous BSE [see panel (ii)] of Fig. 2)

Agp(pr, p2) = —/kVMS(kl)Aff/(kl,kz)S(kz)VvD?;/(k),
2.11)
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withk; =k + p;, i =1,2.

An alternative parametrization of the momenta, used
extensively in the related literature, is givenby P = p1 — p»
and p = (p1 + p2)/2. In terms of these variables, the ten-
sorial decomposition of the BS amplitude of a pseudoscalar
meson is given by

Aspi(p, P) = (xlff +ixl'P+ix{Pp-P)

+x4”,[.¢,1?]) Vs, 2.12)

where the subamplitudes le - Xi/ f /(p, P) are func-
tions of the Lorentz scalars P2, p2, p - P.

(iii) The SDE of the quark-photon vertex, depicted dia-
grammatically in panel (iii) of Fig. 2, is given by

T (p1. p2) = Zayu

- G S WO (ks G D). 13)

The self-consistent treatment of (2.13) is presented in the
next section, where the momentum-dependence of the twelve
form-factors comprising F,{ (p1, p2) will be determined.

3 Axial Ward-Takahashi identity and the effective
kernel

The dressing of the quark-gluon vertices described in the
previous section endows the effective interaction with the
required flavour-dependence. However, when the resulting
equations are truncated at their lowest order (first term in
the skeleton expansion), a violation of the axial WTI occurs
for unequal current quark masses. In that sense, the resulting
deviations from the exact WTI relations may be interpreted
as part of the systematic error of the given method [32]. In
this section we demonstrate in detail how this violation comes
about, and introduce a procedure for estimating its numerical
impact on certain key quantities.

Of central importance for the dynamical chiral symme-
try breaking are the axial-vector current, js‘lu (x), and the
axial current, jg’(x), see, e.2., [55] (Ch.11), and [56]. In
terms of the fundamental quark fields, ¢(x) and g(x), they
are defined as j¢ (x) = G ysEyug(x) and jE(x) =
q(x)ys %q(x), where A4 are the Gell-Mann matrices. Then,
the axial-vector vertex, Fgﬂ (p1, p2), and the axial vertex,
Fg‘ (p1, p2), are defined as the momentum-space transforms
of (0IT[J5,(0)g(x)g(»)]|0) and (OIT[j§(0)q(x)g(y)]1|0),
respectively, where 7' denotes the standard time-ordering
operator.

We next suppress the “isospin” indices, and introduce
quark flavour indices, f and f’. Then, it is well-known

that the axial-vector vertex F;Z/(p], p2) satisfies the WTI
[55,56]

PATLE (pi, p2) = ST (p0)iys + ivs Sy (p2)

—imp+mT (prp, G

where P = p1 — p».
Within the framework of [32], the vertices Fg /f (p1, p2)

and I‘gf/ (p1, p2) satisfy the SDEs shown in Fig. 4, namely

04 (1o = v = [ Sy Grd] G ks ) v D 6.

!
Gs’flf (p1,p2)

(3.2)

and

rl (p1.p) = s — fk Ve Spr)TL (k1 ka) Sy (ko) yp DY (),

G2 (p1.p2)
(3.3)

where, for latter convenience, we use the short-hand nota-
tion Gsf;{ (p1, p2) and GSf ! (p1, p2) to denote the non-trivial
parts of the corresponding SDEs.

Evidently, upon contraction with P, the tree-level term

Y5y yields

Plysyu = So p(pDiys +ivsSy 1 (p)

—2i(my +m TS (p1. p2) (3.4)

where we have used that, at tree-level, F({ ];/ (p1, p2) = V5.
Turning to the quantum part of the calculation, one may

directly confirm that, in the case of equal flavours, f = f/,

the use of the kernel 1 7f (¢%) in (3.2) and (3.3) preserves the

validity of (3.1). In particular, the contraction of Fg J / (k1, kp)
by P* triggers the WTI of (3.1) under the integral sign of
GSJZ (p1, p2), and one gets

PGL (p1. p)
=i / Yo Sp (kDS (k)ys + v5S 7 (ko)
k

—2m TL7 (k1. k2)1S7 (k2) v DY) (k)

= iys / VS (k2) yp DY () + i / YaSy (k) DY} () s
k k
+ 2im Sp (k)T (ki ko) Sy (k) v D (k
f kVa (k)57 (k1. k2) Sy (k) yp Dy (k)

= Xr(piys +iysXf(p2) — 2imfG§f(P1, p2). (3.5)

@ Springer
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H FS# F{,
(@) (B) e =% +
P2 P2

Fig. 4 Diagrammatic representation of the SDE governing the vertex

1"'57;{/([71, p2) (a), and of the SDE governing the vertex I"'Sff,(pl, P2)
(b). The wavy line with a small gray circle at its end denotes the axial-

Then, the sum of (3.4) and (3.5) yields precisely the two sides
of (3.1), with f = f'.

Instead, when f # f, the use of the kernel I ¢/ (g?) leads
to a violation of (3.1). In particular, the repetition of the steps
leading to (3.5) now yields

P“Gsflf (p1. p2) = 5 (pDiys +iysE p(p2)

—i(mp+mpGY (pr.p). (36
where
Sr(p) = CF/k VuSy (k1) yy D' (k) |
Er(p2) =G /k VuSy (k2)ys D'y (k) 3.7

We note that, in contradistinction to X ¢ (p1) and X ¢(p2), the
5 ¢(p1) and £ £ (py) in (3.7) contain a non-diagonal D?;, k),
which thwarts the interpretation of these quantities as genuine
self-energies. Evidently, this mismatch is the manifestation
of the WTTI violation associated with the use of the kernel
Iyf(q®) when f # f.

A way to quantify this violation is to study the quantitative
difference between the components of the S (p) computed
using X (p), and the same Sy (p) computed using flf(p)
for all possible 1/ (qz). In particular, if we fix f = u, we
may first compute ¥, (p) using the correct kernel 7,,; we
will denote the resulting quark propagator by X, (p), where
the additional subscript “u” indicates precisely that I, was
used in the computation. Then, we compute X, (p) using
instead iu(p), which, depending on the value of f/, may
contain I, I, or I,p; this gives rise to three versions of
¥, (p), which we denote by X,(p), Zyc(p), and X, (p),
respectively. Employing the standard decomposition given
in (2.9), we will denote the corresponding Dirac components
of the above quark propagators by A, (p?), A, 7 ( p?), and
Buu(p?), Bys/(p?), and the resulting versions of the u quark
mass by M, (p?) and M, ¢ (p?), with f' =5, ¢, b.

@ Springer

vector current jsau (x), while the dotted line indicates the axial current
J§ (x). As in the case of Fig. 2, the interaction kernel (blue band) is
given by (2.6)

With the above ingredients in hand, we next introduce the
point-wise percentage errors (§A), s (p*) and (8M), s (p?),
defined as

2| Auu(p?) — A (P2
Aun(p?) + Ay (p?)

2 [Muu(p?) — Myp(p?)]
Muu(p?) + Mg (p?)

x 100% ,

A (p?) =

SM)up (p?) = % 100%

(3.8)

for f" = s, ¢, b. Thecurvesfor (§A), s (p?)and M)y (pH,
obtained from the appropriate treatment of the gap equation,
are shown in Fig. 5. We see that in the worst case, involving
the quarks with the largest mass disparity, f = uand ' = b,
the maximum error in the computation of the quark wave-
function is slightly over 3% (left panel). The maximum dis-
crepancy in the computation of the constituent quark masses
occurs again for the case f = u and f’ = b, and is about
9% (right panel).

As an illustration, we computed the mass of the heavy light
meson D using propagators for both the u and ¢ quarks con-
structed with X, (p), i.e., both dressed using the off-diagonal
kernel I,,.. This yields a mass of 1.99 GeV, compared to the
1.93 GeV obtained in our previous study using diagonal ker-
nels for the propagators [32], i.e., an error of about 3%.

4 Quark-photon vertex

The quark-photon vertex is a crucial ingredient in the study
of the electromagnetic interaction of hadrons [10,19,22,23],
and has been studied in isolation in a series of works [7,57—
60].

Just as the electron-photon vertex known from QED, the
quark-photon vertex F,{ (p1, p2) satisfies the fundamental
WTI
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Fig. 5 he relative point-wise percentage errors defined in (3.8), computed for the quark dressing functions A(p?) (left panel), and the quark masses

M(p?) (right panel)

q"T (p1, p2) = iS;  (p2) —iS; (p1). .1

It is now straightforward to establish the compatibility of the
kernel / 77 (¢®) with the local U (1) symmetry, encoded in the
WTI of (4.1). At the level of the bare vertex SDE (Z, = 1),
one contracts by g” both sides of (2.13), and uses the r.h.s.
of (4.1) under the integral sign of (2.13), namely

0T ) = th == G vy IS )
— 871 (k)1Sf (k2) yp D5 (k)

=i [ip‘z e f yasf(kmﬁD‘;lffi(k)}
k

i |:i,¢1 +mys+ CF/k J/an(kl))/ﬂDﬁ-(k)] ,
“4.2)

which, by virtue of (2.10), is precisely the WTI of (4.1). The
preservation of the U (1) gauge symmetry ensures charge
conservation, which is crucial for the veracious calculation
of hadronic form factors. Note, in addition, that the require-
ment that the WTI of (4.1) be valid after renormalization
imposes the well-known relation Z; = Z,, where Z| denotes
the renormalization constant of the quark-photon vertex; this
equality has already been enforced at the level of the vertex
SDE in (2.13), where Z; has been replaced by Z».

The vertex I', (p1, p2) may be naturally decomposed into
two parts,
T (p1, p2) = Tic(p1, p2) + I (p1, p2) 4.3)
where the so-called “Ball-Chiu” part, FB’LC( P1, P2), saturates
the WTI of (4.1), while the transverse part, FT“ (p1, p2), sat-
isfies unTH (p1, p2) = 0. According to the construction of
[61], the form factors comprising I‘]fc( p1, p2) are expressed
entirely in terms of the quark functions A( p?) and B(p?)
appearing in (2.9). In particular, introducing for convenience

the kinematic variables u = (p; 4+ p2)/2 and ¢ = p1 — p2,
we have

Tl(q, u) = Ay™ 4+ 20 ulsh + 2irz ut + ixg[y?, ],

(4.4)
with the form factors given by
_AD + A(p3) y A(p}) — A(p3)
2 ’ Pi—p3
B(p}) — B(p3
py= ZPD =B o, 4.5)
Pr—p;

The transverse component I't (p, p2) may be expanded as

8
O (qg.u) = hi(g.u)t/", (4.6)
i=1

@ Springer
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where the ti“ are the elements of an eight-dimensional basis,
and the h; (g, u) denote the associated form factors. Specifi-
cally, we employ the basis of [62], whose elements are given
by

Tl - IILUVU9 7:2 - tl'“) (u CI) []/v, ¢]5

i
T:él = E[Vﬂa %]7 TM = _[]/ﬂ7 ¢7 ﬁ]?
= ithuy, T = t””uvﬂ
T7 = tllu (M C]) Yvs tg = ttl;uv 2 [J/v» ﬂ] ’ (4’7)
where we used the projector ') = (a - b) §"*¥ — b*a”, and
the triple commutator is defined as [A, B, C] = [A, B]C +

[B,C]A + [C, A]B, with [A, B, A] = 0. It is understood
that all form factors introduced above carry a flavour index
“f”, which has been suppressed for simplicity.

Note that a key advantage of the decomposition in (4.3) is
that it enables a separation of the transverse components with
respect to the total momentum ¢. This is especially relevant
for a time-like photon, where the quark-photon vertex devel-
ops vector meson bound-state poles (e.g., at g = —M%).
These poles reside exclusively in the transverse components,
while the time-like domain may also feature non-resonant
singularities originating from the analytic structure of the
quark propagator [58,63].

5 Results and discussion

In this section we present the numerical results for the BS
amplitude and quark-photon vertex. Once these elements
have been obtained, the current J, can be calculated from
(2.2), and the EFF of pseudoscalar particles may be subse-
quently extracted.

5.1 Numerical inputs

The current quark masses have been fixed to the following
values:

my g = 0.005GeV, m; =0.094GeV, m.=1.1GeV,
mp = 3.5GeV, (5.1

at the renormalization point u = 4.3 GeV. Furthermore, the
parameter 1 that controls the routing of the total momentum
Pav in (2.4) has been fixed to the following values, which
depend on the quark content of the meson:

Nus = 0.47,
Ned = 0.24,

Nep = 0.41,
nup = 0.16.

nse = 0.38, ng =0.25,

(5.2)

@ Springer

These values have been fixed to avoid singularities in the
quark propagator and to facilitate the numerical calculations;
for a further discussion, see Sect. 5.3. The resulting quark
dressing functions A(p) and M (p) are the same as those
computed in Fig. (5) of Ref. [32]. Here, it is important to
remark that when employing these fixed values for 7 ¢/ the
light mesons, together with the heavy light D and Dy, can
be computed numerically onshell. On the other hand, for the
B, B and B, we employed a parametrization of the quark
propagator in terms of complex conjugate poles, as described
in [32].

5.2 Results and comparison with the literature

(i) BS amplitudes. To compute the BS amplitude from
(2.11), we employ standard methods where the integral equa-
tion is reformulated as an eigenvalue problem. The physical
solutions correspond to mass-shell points given by P? =
—M?. In our numerical implementation, the BS amplitude
is expanded using a basis of 8 Chebyshev polynomials Fig-

ure 6 displays the resulting subamplitudes X " for the pion
and the D; meson, projected onto the leading Chebyshev
moment.

(i) Form factors for the quark-photon vertex. For
the calculation of spacelike hadron form factors, the quark-
photon vertex is required in the region ¢> > 0. The solution
of (2.13), unlike the homogeneous case, does not correspond
to an eigenvalue problem. Instead, the equation is a linear
integral equation driven by the bare vertex, which after dis-
cretization reduces to a system of linear equations where the
interaction kernel defines the matrix structure. Such systems
can be solved using “LU decomposition”, factorizing the ker-
nel matrix into lower and upper triangular parts for efficient
inversion [64]. In Figs. 7 and 8 we present the full structure
of the vertex for u and s quarks. As a consistency check,
we have verified that our numerical results from the WTI
solution from (4.5) are identical to those obtained from the
vertex SDE. On the other hand, the transverse components
are consistent with previous studies [58,65].

(iii) Electromagnetic form factors. Moving to the EFFs
inFigs. 9 and 10, we note that our results are correctly normal-
ized, satisfying F(0) = 1 for electrically charged particles,
and F(0) = 0 for neutral mesons, as required by the vector
WTL

The left panel of Fig. 9 shows that our result for the pion
electromagnetic form factor is in excellent agreement with
experimental measurements. Similarly, the right panel of Fig.
9 shows that our computation for the kaon electromagnetic
form factor is consistent with the available experimental data.
Furthermore, our results for the D and Dy mesons exhibit
a similar qualitative behavior to that observed between the
pion and kaon, see Fig. 10, where the inclusion of a strange
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Fig. 6 The BS amplitude for the pion (solid lines) and for the Dy (dashed lines). We have set x/ := X,-”d and xiD‘ = X,“_ , where the general

amplitude Xif U .,, indicating the specific quark content, has been introduced in (2.12). For easier comparison, all BS amplitudes are rescaled such

that ¥ (0) =1

Fig. 7 Longitudinal form 1.3
factors of the quark-photon
vertex. Upper-left: the up-quark
form factors obtained using the
interaction of (2.6) (solid line)
compared to the RL result of
[58] (dash-dotted lines). Upper
right: up-quark (solid line) and
strange quark (dashed line) form
factor A1. Bottom panel:
up-quark (solid line) and strange
quark (dashed line) form factor
Ao.and A3

T 1.3 T

= 1.15

A2 (Gev—1)

quark in the meson’s quark content leads to a slight difference
between the form factor of D(cd) and D;(c5), reflecting the
influence of the quark mass. A similar trend is evident in
the comparison between the B(ub) and B, (cb) form factors,
where the presence of a lighter quark enhances the mass
asymmetry, resulting in a more pronounced variation in the
behavior of the form factor.

In the case of the 1. and 71, mesons, when both quark
and antiquark contributions are included, the total electro-

w
S
ot
o
—_
[\
w
i~
ot

magnetic form factor vanishes identically due to charge con-
jugation. Nevertheless, structural information can still be
extracted by computing the form factor associated with a sin-
gle quark contribution from (2.5). Our results indicate that the
electromagnetic form factor for the 7; exhibits a noticeably
slower decrease with increasing momentum transfer com-
pared to the n.. We emphasize that the single-quark contri-
butions shown for n. and 5. are not physical observables; they
are included as useful theoretical reference quantities that can

@ Springer
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Fig. 8 Transverse form factors of the quark-photon vertex using the interaction from (2.6) for up quark (solid lines) and strange quark (dashed

lines)
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Fig. 9 Computed pion (left) and kaon (right) electromagnetic form
factor for a space-like photon (solid lines), compared with the available
experimental data [66-71] and with the results from the weighted-RL
[19] (dashed-line). The insets offer a closer look at the infrared region of
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momenta, where most of the experimental points are accumulated. The
band on our calculations originates from the variation of the modified
Taylor coupling @7 (¢2), shown in Fig. 3
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Fp,.p.(¢?)
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Fig. 10 Computed electromagnetic form factors (solid lines) for
mesons interacting with a space-like photon compared with the results
from [19] (dashed-line). Results are shown for: D and Dy (upper left),
B and B, (upper-right), n. and n; (bottom-left), and for K, Do, By and

serve as benchmarks across different theoretical approaches
(e.g. lattice QCD, functional methods, quark models, etc.)
when analyzing heavy-heavy pseudoscalars.

(iv) Charge radii. The charge radius can be determined
from the derivative of the electromagnetic form factor eval-
uated at g% = 0:

¢*(CeV?)

B (bottom-right). Note that the curves for the 5, and 1, mesons corre-
spond to the single—quark contributions; as explained in the text, these
contributions are not physical observables, but could serve as theoretical
benchmarks for heavy—heavy systems

dF(q?)

2
=-6 .
r) 0T oo

(5.3)

The computed charge radii for different pseudoscalar mesons
are presented in Tables 1 and 2, where they are compared with
experimental measurements, as well as predictions from the
Contact Interaction (CI) model [72], the Algebraic model

@ Springer
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Table1 Charge radius results for light and charm pseudoscalar mesons.
All results are given in fm. Note that the imaginary factor “i”” has been
used when the squares of the reported radii are negative. Uncertainties

for the radii of the w and K mesons are shown, obtained from a +o

variation of the parameters in the modified Taylor coupling, see Sect.
5.3. The values taken from the literature are supplied with uncertainties
only when explicitly reported in the original references

Radius (fm) b K K° D Dy Dy

This work 0.656(5) 0.568(4) 0.270i 0.428 0.542i 0.368
Experiment [78] 0.659(4) 0.560(30) 0.277(18)i - - -

LQCD [74,75] 0.656(11) - - 0.450(24) - 0.465(57)
Data driven [76,77] 0.655(18) 0.599(4) 0.245(8)i - - -
Weighted-RL [19] 0.646 0.608 0.253i 0.435 0.556i 0.352
Light front [45] 0.668(35) 0.610(20) 0.302(22)i 0.411(15) 0.534(26)i 0.301(11)
AM [73] - - - 0.680 0.372
CI[72] 0.45 0.42 - - - 0.26

Table 2 Charge radius predictions for bottom and heavy pseudoscalar

mesons. All results are given in fm. Note that the imaginary factor “i
has been used when the squares of the reported radii are negative. We

remind the reader that the 7, and 7, results correspond to single—quark
contributions, which are not physical observables but serve as theoret-
ical benchmarks for heavy—heavy systems

Radius (fm) B By By B, Ne b
This work 0.631 0.442i 0.330i 0.213 0.267 0.082
Weighted-RL [19] 0.619 0.435i 0.337i 0.219 - -
Light front [45] 0.564(22) 0.396(16)i 0.281(13)i 0.189(10) - -
AM [73] 0.926 - 0.345i 0.217 - -
CI[72] 0.34 0.36i 0.24i 0.17 0.20 0.07

(AM) [73], Lattice QCD (LQCD) [74,75], Data driven [76,
77], Light front [45], and the weighted-RL approach of [19].

Our results for the 7, KT, and K° mesons are in very
good agreement with experimental values, showing small
deviations of 0.45, 1.42, and 2.5%, respectively.

Comparing our results with those from other approaches,
we observe some differences. The CI model underestimates
the charge radii of the pion and kaon, predicting values of
0.450 fm and 0.420 fm, respectively, which are significantly
smaller than both experimental measurements and our own
results. This underestimation is also evident in the predictions
for heavy-light mesons, where, for instance, the Dy meson
radius is given as 0.260 fm, notably lower than our 0.368 fm.
Nevertheless, the overall qualitative behavior is consistent
with our findings.

The Algebraic model yields a charge radius of 0.680 fm for
the D meson, which is substantially larger than both our pre-
diction (0.428 fm) and lattice QCD results (0.450 fm). Addi-
tionally, this model exhibits a significant difference between
the D and Dy mesons, with a predicted charge radius of 0.372
fm for the latter, whereas our results suggest that these two
mesons should have comparable charge radii.

For heavy-light mesons, our results exhibit a similar over-
all behavior compared to the weighted-RL investigated in
[19]. In particular, our predictions for the B and B mesons,
0.631 fm and 0.330i fm, respectively, are in close agreement
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with the corresponding weighted-RL values of 0.619 fm and
0.337i fm. The most noticeable discrepancies arise in the
light meson sector, where some variations in the charge radii
are observed.

Finally, it is interesting to note that lattice QCD is the only
approach that obtains a larger central value for the charge
radius of the Dy meson than for the D meson. Nevertheless,
the error for both particles is rather considerable.

5.3 Error analysis

In order to ascertain the robustness of our key results, in this
subsection we study their stability under variations of the
inputs, as well as of the parameters entering in the calcula-
tions.

5.3.1 Varying the interaction strength

The central quantity in this entire approach is the interaction
strength Z gy (qz), defined in (2.6), which, as explained in
detail in Sect. 2.2, enters in all dynamical equations. The
most prominent ingredient of Z ¢ ¢/ (¢?) is the modified Taylor
coupling, @z (¢?), which is constructed using the standard
Taylor coupling, a7 (¢?), as the basic quantity of reference.
In particular, a7 (¢2) is taken from the N = 2 + 1 + 1 lattice
analysis of [50], and has distinct error bars associated with
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Table 3 Values of the parameters defining the modified Taylor cou-
pling @7 (¢2) from (5.4). The central set corresponds to the best fit to the
lattice-QCD data from [32], while the “Top” and “Bottom” sets repre-
sent variations of 4o and —o, respectively. Additionally, we employed
a3z = 10.72 GeV™2, a4 = —2.5 GeV™* and a5 = 29.02 GeV 9,
A7=0.5GeV,Ag=1GeVand fp =11 —2n7/3 (ny =4)

ap (GeV~2) ai (GeV™) ar (GeV™)
Top 10.85 24.19 28.44
Central 10.35 23.69 27.94
Bottom 9.85 23.19 27.44

all available points; as may be seen in the plot of Fig. 3,
these errors propagate finally into &z (g?). We emphasize
once more that the determination of & (qz) does not involve
any adjustable parameters. For the purposes of our analysis,
we employ the following fitting function for &z (¢2),

2
apq® + aig*In (1 + %) + axg*

1 4 a3q? + asq* + asq®
6

ar(q?) =
4 q

+ 2
Bo (Ag +¢°In Z—2>
T

, 54

which describes very accurately the lattice data of Fig. 3
[32].

To provide an estimate of the numerical uncertainty asso-
ciated with our results for the pion and kaon electromagnetic
form factors, we varied the parameters entering in the & (¢2)
of (5.4) by one standard deviation (£o0') around their central
values. The corresponding values of the parameters are dis-
played in Table 3. The resulting variation is illustrated in
Fig. 3, where the dashed curve corresponds to the central
parametrization of &7 (¢2) employed in [32], and the shaded
band indicates the effect of this variation.

The propagated uncertainty affects the bound-state masses,
the BS amplitudes, the quark—photon vertex, and, conse-
quently, the electromagnetic form factors. The resulting
masses for the pion and kaon are m, = 0.139(2) GeV and
mg = 0.495(2) GeV. For the BS amplitudes shown in Fig.
6, the variation induced by the coupling uncertainty is at the
level of approximately 2%, while the quark—photon vertex
varies by about 1%.

The final propagation of all these errors at the level of
the EFF for the pion and kaon is shown in the bands of
Fig. 9. The extracted charge radii, ry = 0.656(5) fm and
rg = 0.568(4) fm, remain in excellent agreement with
experimental measurements.

5.3.2 Varying the renormalization scale |4

On general grounds, current matrix elements, such as the
J*(pay, q) considered here, do not depend on the renormal-

ization scale p employed in intermediate calculations [23].
Of course, given that our framework contains truncations and
approximations, it is essential to test explicitly the response
of the obtained results under variations of the scale .

The natural point of departure for such a study is the quark
gap equation of (2.10), in conjunction with the BSE in (2.11).
Let us focus on the set of current quark masses given in (5.1),
which have been determined at the renormalization point
u = 4.3 GeV. In particular, for the case of m,,, the determina-
tion proceeds as follows [32,79]. The gap equation of (2.10)
is renormalized at © = 4.3 GeV, by imposing the MOM
condition A, (4 = 4.3GeV) = 1, which fixes the value of
the renormalization constant Z;. Then, the gap equation is
solved for a variety of values for m,, yielding a sequence
of solutions for A, (p), B,(p), and M,,(p). In continuation,
these solutions are fed into the BSE of (2.11), which yields
a sequence of values for the pion mass. At this point, we sin-
gle out the value of m,, for which the pion mass assumes its
observed value, m, = 139 MeV. An identical procedure is
employed for determining mg, m., and my, using as bench-
marks the masses of the kaon, 7., and 7.

The procedure described above may be repeated for dif-
ferent values of w; in particular, we have used the following
values, u € {4.3, 3.0, 2.5, 2.0} GeV.

Upon completion of these variations, the following obser-
vations are in order:

(i) The constituent masses of the quarks, M (p), are com-
pletely p-independent, as expected. The case of M, (p) is
shown in the left panel of Fig. 11.

(i) The values of the current masses of the up, m,, are
shown in Table 4. Note that, in general, the current masses
satisfy the relation M () = m, imposed by the renormal-
ization condition mg = Z,,mq, as may be seen in the inset
of the left panel of Fig. 11.

(iif) The variation of the renormalization constant Z, for
different values of u is shown in Table 4, while the family
of up quark wave functions, A,(p), is shown in the right
panel of Fig. 11. As a self-consistency check, we note that
the bare Ag(p) and the renormalized Ag (p, p) are related by
Ao(p) = Zz_l (wW)ARr(p, ). Since Ag(p), being a bare quan-
tity, does not dependent on 1, when each solution Ag (p, 1) is
divided by its corresponding Z> (1), they should all collapse
to a single curve. As may be verified from the inset in the right
panel of Fig. 11, this is indeed what happens, at a high level of
accuracy. This serves as a useful self-consistency check, indi-
cating that the solutions of the gap equation respond under
variations of the renormalization scale exactly as expected
on theoretical grounds.

(iv) The ingredients obtained from the gap equation, for
different values of u, are subsequently substituted into the
BSE of (2.11), in order to obtain the bound-state masses
and amplitudes. It turns out that the results are completely
stable, both at the level of the BS amplitudes as well as the
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Fig. 11 Left: The mass M, (p) computed for the four values of u
indicated; the p-independence of M, (p) is evident. In the inset we
display the values of the current quark masses, using the property
M,y (1) = my. Right: The quark wave function A, (p) obtained for

Table 4 Computed values for the renormalized constant Z; for differ-
ent values of u with the respective up quark mass

1 (GeV) 4.3 3.0 2.5 2.0
Z> 0.90 0.88 0.86 0.83
my (GeV) 0.0052 0.010 0.016 0.029

masses. For instance, in the case of the pion mass, one finds a
variation of less than one per mil, with comparable numbers
for the other mesons. This stability may be ultimately traced
back to the RGI nature of the BSE kernel [32]; specifically,
the BSE kernel maintains its form invariant before and after
renormalization, namely SoSoDo = SrSgrDg, a property
that is tantamount to complete p-independence.

The final step is to confirm numerically that the u-
dependences carried by the A(p) cancel when they are
inserted in the formulas that furnish the EFFs, such as (2.2).
These cancellations are driven by the fundamental WTI
in (4.1), connecting the inverse quark propagator with the
quark-photon vertex. The numerical analysis reveals that,
indeed, the p-dependences from the A(p) are nearly per-
fectly compensated by those contained in the vertex form
factors.

The final upshot of these considerations is that the observ-
ables computed change by less than one per mil under the
considered variations of the renormalization scale.

@ Springer

=43 GV
n=3.0GeV

0.9 f=2.5 GeV
p=2.0 GeV

p (GeV)

various values of . As expected on formal grounds [see point (iif)],
when divided by the corresponding Z> (), all curves collapse essen-
tially to one (inset)

5.3.3 Varying the momentum routing of the BSE

The parameter 7, introduced in (2.4), determines the distri-
bution of the total momentum among the quark and anti-
quark in the BSE. As a general practice, the values of the n
are chosen in such a way as to avoid kinematic singularities
in the quark propagators, especially in systems displaying
large quark mass disparities. As discussed in [19,65,80,81],
the precise choices used for the routing parameter n have
no impact on physical observables. In practice, varying 7
from its “optimal” value simply means that a finer integra-
tion grid is required for reaching a given level of precision,
thus increasing the computational cost. This logistical com-
plication aside, all calculated observables remain unchanged.

The values for the parameters n quoted in (5.2) minimize
the computational cost, requiring the least number of Cheby-
shev polynomials (8) for the treatment of the corresponding
BSEs. Deviations from these selected values forces the use
of a larger number of such polynomials, in order to main-
tain the desired numerical accuracy. Our variations show
that, depending on the computational details, the number of
required polynomials varies between 10 to 12, leading to a
50% increase in the computational time.
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6 Conclusions

In this work, we have applied the Bethe—Salpeter frame-
work to the computation of EFFs of heavy-light pseudoscalar
mesons by implementing a flavour—dependent interaction
kernel. The computed EFFs for light mesons (7 and K) show
excellent agreement with experimental data, thereby validat-
ing the consistency of the approach. In the heavy-light sector,
where experimental and lattice QCD results for form factors
are not yet available, we provide predictions. In particular,
our estimates of the charge radii are in good agreement with
existing theoretical studies, offering valuable benchmarks for
forthcoming lattice and experimental efforts.

Furthermore, the present framework can be naturally
extended to the study of vector mesons, such as the p and K*,
for which EFFs provide complementary insight into internal
meson structure beyond spin-zero systems. Beyond mesons,
the formalism can also be applied to baryons, which will be
investigated in the future.
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