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Abstract We develop an inclusive approach for the self-
consistent solution of coupled sets of Bethe-Salpeter and
Schwinger–Dyson equations in QCD. This framework allows
us to maintain the axial Ward-Takahashi identities of the the-
ory within advanced approximation schemes, such as the
skeleton or three-particle irreducible expansions. For this
purpose we reformulate the Schwinger-Dyson equation of
the axial-vector vertex such that the bulk of its quantum cor-
rections is expressed in terms of an effective vertex, con-
taining an additional gluon. Crucially, this vertex satisfies a
symmetry-induced relation of its own, which involves the
full quark-gluon vertex. As a result, the Schwinger-Dyson
equation reproduces the standard Ward-Takahashi identity
satisfied by the axial-vector vertex. Consequently, the known
relation between the quark mass function and the wave func-
tion of the pion in the chiral limit is duly fulfilled. The
present approach offers valuable insights into the interplay
between symmetry and dynamics, and provides a practical
path towards computations of hadron physics within sophis-
ticated approximations. In particular, the one-loop dressed
truncation of the key dynamical equations, including that of
the quark-gluon vertex, is shown to be completely compati-
ble with the required symmetry relations. Further extensions
and potential phenomenological applications of the devel-
oped framework are briefly discussed.

1 Introduction

In recent years, our quantitative understanding of the corre-
lation functions of QCD has advanced considerably, mainly
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due to the ongoing efforts of functional approaches, such
as Schwinger-Dyson equations (SDEs), for reviews see e.g.,
[1–12], and the functional renormalization group (fRG), for
QCD-related reviews see e.g., [13–20]. In fact, by now, the
results for quark-gluon correlation functions from functional
approaches are in excellent agreement with that from gauge-
fixed lattice simulations.

However, the incorporation of this extensive knowledge
into the physics of hadrons is far from straightforward,
chiefly due to incompatibilities between standard trunca-
tion schemes and the underlying fundamental symmetries,
expressed through the Ward-Takahashi identities (WTIs). In
fact, to date, most applications of functional approaches to
hadronic physics are still based on the rainbow ladder (RL)
approximation [21–34]; for works beyond RL, see, e.g., [35–
49]. This method and its variants [50–54] encompass a spe-
cial type of QCD-derived information, typically amassed into
propagator-like constructs (e.g., effective charges [47,55–
58]), but do not include the information encoded in the dress-
ings of the fundamental QCD vertices, and in particular, of
the quark-gluon vertex, �μ.

In general, the physics of hadrons involves a large set
of dynamical equations, non-trivially coupled to each other
[1,3,8]. In particular, the standard SDEs for the quark-gluon
correlation functions must be combined with the appropriate
bound-state equations, namely the Bethe-Salpeter equations
(BSEs) in the case of mesons [59,60], or the Faddeev equa-
tions in the case of baryons [61–70]. Focusing on mesons, in
order for a self-consistent solution to emerge, any approxi-
mation implemented at the level of the SDEs must be appro-
priately incorporated into the BSEs. In fact, a pivotal consis-
tency requirement of any truncation scheme is that the WTIs
[71–75] be exactly preserved, in order for the chiral dynam-
ics to be faithfully captured. The tension within the existing
approaches may be summarized by stating that the proper
treatment of the quark gap equation is known to require quite
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elaborate ingredients, whose incorporation into the BSEs
destabilizes the WTIs. Therefore, it is highly desirable to set
up functional approaches that allow for self-consistent com-
putations, by including or computing state-of-the-art QCD
correlation functions. This would allow us to use the respec-
tive quantitative functional results from e.g., [39,49,76–99],
as well as results from gauge-fixed lattice simulations, see
e.g., [100–121].

Given the key rôle played by the WTIs, in the present
work we shall use chiral self-consistency as our main guiding
principle. In particular, the main element we introduce is to
enforce exactly the WTI satisfied by the flavour non-singlet
axial-vector vertex, �

μ
5 , at the level of the SDE that governs

this vertex, employing the form first presented in [122,123]
This is carried out first at the level of the complete SDE, and
then within its “one-loop dressed” approximation. It turns out
that the success of this endeavor hinges on the use of a quark-
gluon vertex that contains nontrivial dressings for all of its
form factors. In fact, quite importantly, these dressings cannot
be arbitrary; instead, they must be determined dynamically,
as solutions of a standard version of the SDE that controls
the evolution of �μ.

In the remainder of this section we briefly elucidate the
sequence of ideas followed in this work, and highlight the
main results. To that end, we employ a visual overview of
the key components of this analysis, shown in the panels
(a)–(f ) of Fig. 1. In particular, we have

(a) the quark propagator, S(p), and the SDE (gap equation)
that determines its momentum dependence; a key ingre-
dient of this equation is the fully-dressed quark-gluon
vertex, �μ, discussed in the next panel.

(b) the quark-gluon vertex, �μ(q, r,−p), and the one-loop
dressed version of the corresponding SDE, obtained
within the formalism of the three-particle-irreducible
(3PI) effective action, at the three-loop order [41,80,99].

(c) the non-singlet standard axial-vector vertex, �
μ
5 (P, p2,

−p1), and the exact closed form of the SDE that governs
it. In the limit P → 0, this SDE collapses to the BSE
that describes the properties of the pion. The second dia-
gram on the r.h.s. is the standard RL contribution (with
�μ → γμ). The third diagram is composed by a ver-
tex denoted by Gμν

5 , first introduced in [124] under the
name �

μν
5 , which captures all remaining contributions

(see next panel); we refer to it as the “gluon-axial-vector
vertex”. Note that Gμν

5 contains a pole in P2, whose
residue is related to the quark-gluon vertex.

(d) the dynamical equation that determines the gluon-axial-
vector vertex, Gμν

5 , in the one-loop dressed approxima-
tion.

(e) the axial WTI satisfied by �
μ
5 , denoted for brevity by

[WTI]�5 , which involves a special combination of the
full inverse quark propagator.

(f) the axial WTI satisfied by the vertex Gμν
5 , called

[WTI]G5 ; it is akin to that of �
μ
5 , but involves the full

quark-gluon vertex, �μ, instead of the inverse quark
propagator. We emphasize that this WTI corresponds to
relation stated in Eq. 6 of [124].

For the benefit of the reader, in Fig. 2 we summarize the
correlation functions entering in our analysis. Note also that
throughout this article we use conventions and Feynman rules
written in Minkowski space, see e.g., [6,74].

The first important result presented in this work is the
demonstration that the [WTI]�5 holds true at the level of the
full SDE that governs the vertex �

μ
5 , see panel (c). Note that,

crucially, the [WTI]�5 involves the quark propagator, whose
self-energy contains the full �μ, see panel (a). This demon-
stration becomes possible precisely because of the inclusion
of the vertex Gμν

5 , contained in the third graph on the r.h.s. of
panel (c); in particular, Gμν

5 eliminates exactly a symmetry
violating contribution stemming from the second graph. We
emphasize that the proof hinges on the validity of [WTI]G5,
shown in panel (f ).

There is an important consequence of this result, which
brings us one step closer to the BSE satisfied by the pion.
In particular, it is well-known that the dynamical breaking
of the chiral symmetry is encoded in the emergence of a
nonvanishing mass function, B(p2), which appears on the
r.h.s. of the [WTI]�5 , panel (e). The only way to reconcile
this feature is by allowing for a massless pole in �

μ
5 , whose

residue is essentially the pion wave function. In the limit
P → 0, the main component of the pion wave function
satisfies a fundamental relation, connecting it directly to the
quark component B(p2). As we show in this work, the BSE
satisfied by this component, derived as the P → 0 of the SDE
governing �

μ
5 , panel (c), reduces precisely to the dynamical

equation obtained for B(p2) from the gap equation in (a),
with �μ fully-dressed. We stress that, at this point, �μ is
complete; in particular, it is not approximated by the SDE in
panel (b), which has not yet been employed.

Since, for practical purposes, the SDE of �
μ
5 may not be

treated exactly, it is of the utmost importance to implement
a truncation that would respect an approximate version of
the aforementioned key properties. This brings us to a key
aspect of this work. In particular, the one-loop dressed ver-
sion of Gμν

5 in panel (d) satisfies a very concrete version of the
[WTI]G5 in panel (f ): the �μ that emerges on the r.h.s. of the
[WTI]G5 must solve the one-loop dressed version of its own
SDE, shown in panel (b)! Thus, the dynamics and symme-
tries captured by all panels of Fig. 1 are mutually compatible
and coherently intertwined.

The article is organized as follows. In Sect. 2, we review
certain key aspects of the quark propagator and the quark-
gluon vertex, and discuss the form of the SDEs that govern
their evolution. Next, in Sect. 3, we present the WTIs of the
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Fig. 1 Summary of the main building blocks of this work, shown
graphically in panels (a)–(f): a quark gap equation; b one-loop dressed
version of the quark-gluon vertex SDE; c axial-vector vertex SDE; d

one-loop dressed version of the gluon-axial-vector vertex SDE; e axial-
vector vertex WTI; and f gluon-axial-vector vertex WTI

Fig. 2 Diagrammatic representation of the elementary Green functions appearing in this work: top-left: quark propagator; top-right: gluon prop-
agator; bottom-left: quark-gluon vertex; and bottom-right: three-gluon vertex

two axial-vector vertices, �
μ
5 and Gμν

5 , and their respective
pole contents, imposed by the dynamical breaking of the chi-
ral symmetry. In Sect. 4 we demonstrate that the SDE of the
�

μ
5 reproduces the correct WTI, provided that the vertex Gμν

5
is properly included in the SDE kernel. In Sect. 5, we show
that, in the chiral limit, the previous SDE reproduces exactly
the fundamental relation between the pion Bethe-Salpeter
Amplitude (BSA) and the quark mass function. In Sect. 6,
we consider the one-loop dressed approximation of Gμν

5 , and
show that the WTI is exactly fulfilled provided that the quark-
gluon vertex satisfies its own SDE, also approximated at the
one-loop dressed level. Then, the self-consistent implemen-
tation of the above-mentioned approximations at the level of

the SDE for �
μ
5 is carried out in Sect. 7. In Sect. 8 we summa-

rize our results and discuss possible future directions. Lastly,
in App. A we demonstrate the WTIs obeyed by �

μ
5 and Gμν

5 ,
while in App. ?? we comment on the differences between
flavour singlet and non-singlet axial-vector currents.

2 Quark propagator and quark-gluon vertex

In this section we review the main properties of two funda-
mental ingredients of our analysis, namely the quark propa-
gator and the quark-gluon vertex.
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Fig. 3 Pictorial representation of the quark gap equation. The white circles denote full propagators, while the gray circle stands for the fully-dressed
quark-gluon vertex, �μ

The starting point of our considerations is the quark prop-
agator, Sab(p), depicted in Fig. 2, which we cast in the stan-
dard form Sab(p) = iδab S(p), see e.g., [74]. Typically, one
decomposes the inverse quark propagator, S−1(p), as

S−1(p) = A(p2)p/ − B(p2) , (2.1)

where A(p2) and B(p2) are the dressings of the (Dirac) vec-
tor and scalar structures, respectively. The renormalization-
group invariant (RGI) quark mass function, M(p2), is given
by M(p2) = B(p2)/A(p2).

For the purposes of the present analysis, it is useful to also
introduce the Dirac decomposition of S(p), namely

S(p) = a(p2)p/ + b(p2), (2.2)

with

a(p2) = c(p2)A(p2), b(p2) = c(p2)B(p2),

c(p2) := 1

A2(p2)p2 − B2(p2)
. (2.3)

The momentum evolution of the functions A(p2) and
B(p2) is determined from the SDE that governs the quark
propagator, the gap equation,

S−1(p) = p/ − m − i�(p), (2.4)

and it is shown diagrammatically in Fig. 3. In Eq. (2.4), �(p)

stands for the quark self-energy,

�(p) = −g2C f

∫
q
γ ν S(q)�μ(q − p, p,−q)�μν(q − p),

(2.5)

where g is the QCD gauge coupling and C f = 4/3 the
Casimir eigenvalue of the fundamental SU(3) representation.
In addition, the integral measure is denoted by

∫
q

:=
∫

R4

d4q

(2π)4 , (2.6)

where the use of a symmetry-preserving regularization
scheme is implicitly assumed. Moreover, �μν and �μ rep-
resent the full gluon propagator and the fully-dressed quark-
gluon vertex, respectively, to be discussed below. Finally, m

stands for the current quark mass; note that, throughout this
work, we restrict ourselves to the case m = 0 (chiral limit).

In the covariant (Rξ ) gauges [125], the gluon propagator,
�ab

μν(q) = −iδab�μν(q), assumes the general form

�μν(q) = �(q2) Pμν(q) + ξ
qμqν

q4 , (2.7)

where Pμν(q) = gμν − qμqν/q2 is the transverse projection
operator and ξ is the gauge-fixing parameter; for the diagram-
matic representation of the gluon propagator see Fig. 2. The
function �(q2) denotes the scalar component of the gluon
propagator and depends explicitly on ξ . Note that in practical
applications one uses almost exclusively the Landau gauge
(ξ = 0), which brings about certain simplifications in the
treatment of the gap equation. However, in the present anal-
ysis we will keep a general value of ξ , since, as we will see,
none of the ensuing demonstrations depends on the gauge
choice.

The quark-gluon vertex (see Fig. 2) is defined as �b
μ(q, r,

−p) = ig λb

2 �μ(q, r,−p), with λb denoting the standard
Gell-Mann matrices (b = 1, . . . , 8). The part �μ(q, r,−p)

is typically decomposed in a tensorial basis composed by 12
elements, to be denoted by τ

μ
i (q, r,−p); for some standard

choices of bases in the literature, see, e.g., [84,126–128].
Thus,

�μ(q, r,−p) =
12∑

i=1

λi (q, r,−p)τ
μ
i (q, r,−p), (2.8)

where the scalar functions λi (q, r,−p) are the associated
form factors or dressings. Note that, in the Landau gauge (ξ =
0), the number of basis elements is reduced to eight, and the
vertex is usually referred to as the “transversely projected”
vertex, see, e.g., [97], and references therein.

In what follows we will make extensive use of the sepa-
ration of �μ into two components, �

μ
1 and �

μ
2 , comprised

by the basis elements τ
μ
i that contain an odd or even num-

ber of Dirac γ matrices, respectively. In particular, we may
enumerate the basis elements τ

μ
i such that the first (last) six

contain an odd (even) number of Dirac γ matrices, and define

123



Eur. Phys. J. C          (2025) 85:1055 Page 5 of 23  1055 

Fig. 4 Diagrammatic representation of the full quark-gluon vertex
SDE, obtained from a three-loop truncation of the 3PI effective action.
Gray circles represent the fully-dressed quark-gluon and three-gluon

vertices, while white ones identify full quark and gluon propagators.
Diagrams (cμ

1 ) and (cμ
2 ) are often referred to as “abelian” and “non-

abelian”, respectively

�
μ
1 (q, r,−p) :=

6∑
i=1

λi (q, r,−p)τ
μ
i (q, r,−p),

�
μ
2 (q, r,−p) :=

12∑
i=7

λi (q, r,−p)τ
μ
i (q, r,−p), (2.9)

such that

�μ(q, r,−p) = �
μ
1 (q, r,−p)︸ ︷︷ ︸

odd # of γ

+ �
μ
2 (q, r,−p)︸ ︷︷ ︸

even # of γ

. (2.10)

For a given basis, the above decomposition is unique. As it
will become clear in what follows, the decomposition in Eq.
(2.10) appears naturally in various points of the subsequent
analysis, where we will take advantage of the elementary
relations

Tr
[
(even # of γ ) × �

μ
1

] = 0 = Tr
[
(odd # of γ ) × �

μ
2

]
,

(2.11)

and, in addition,

γ5�
μ = γ5(�

μ
1 + �

μ
2 ) = (�

μ
2 − �

μ
1 )γ5. (2.12)

In principle, the evolution of the form factors λi is deter-
mined from the full SDE satisfied by �μ(q, r,−p). To be
sure, in practice one employs truncated versions of the SDE,
thus obtaining approximate results for the λi . One of the stan-
dard approximations of the SDE, extensively employed in
the recent literature, is shown in Fig. 4; this particular SDE
is obtained from the 3PI effective action at the three-loop
order [41,80,129–132]. One of the special characteristics of
the SDE in Fig. 4 is that all fundamental vertices inside the

diagrams (cμ
1 ) and (cμ

2 ) are fully dressed. This is to be con-
trasted with the standard SDE formulation (see e.g., [80] and
references therein), where one of the vertices is always kept
at its classical (tree-level) form. Note that, equivalently, one
may reach the form of the SDE in Fig. 4 by resorting to the
standard skeleton expansion [47].

The dynamical equation depicted in Fig. 4 represents a
typical case of an SDE truncated at the “one-loop dressed”
level: it is comprised by the pair of one-loop diagrams known
from perturbation theory, but with all propagators and ver-
tices fully dressed. Given that this particular version of the
SDE plays a crucial rôle in the construction presented in
Sect. 6, we find it useful to denote the corresponding solu-
tion by �

(1)
μ , namely

�(1)
μ = γμ + (c1μ) + (c2μ), (2.13)

with the two loop parts c1 and c2. They read

(c1μ) = ca

∫
k
�

(1)
β (−k, k + p,−p)S(k + p)

�(1)
μ (q, k + r,−k − p)S(k + r)�(1)

α

× (k, r,−k − r)�αβ(k), (2.14)

and

(c2μ) = cb

∫
k
�

(1)
β (p − k, k,−p)S(k)�(1)

α (k − r, r,−k)

�μρσ (q, k − p, k − r) × �ρβ(k − p)�ασ (k − r),

(2.15)

where �μρσ is the full three-gluon vertex shown in Fig. 2 and
with the prefactors
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ca := −ig2
(

C f − CA

2

)
, cb := ig2 CA

2
. (2.16)

We emphasize once again that �μ is the exact quark-gluon

vertex, while �
(1)
μ is an approximation to it, obtained from a

truncated SDE. Thus, in general, �μ �= �
(1)
μ , even though the

differences are expected to be small. The distinction between
�μ and �

(1)
μ will be maintained in what follows; thus, the

exact results presented in Secs. 3, 4, and 5 involve the former,
while the one-loop dressed construction of Sect. 6 entails the
latter.

Returning to the quark gap equation of Eq. (2.4), we
may suitably project out the coupled system that determines
A(p2) and B(p2); specifically, taking the trace of Eq. (2.4)
isolates the equation for B(p2), while multiplying by p/ and
then taking the trace selects A(p2). Thus, we obtain

p2 A(p2) = p2 + ig2C f

4

∫
q

a(q2)Tr

[
p/γ νq/�

μ
1 (q − p, p,−q)

]
�μν(q − p)

+ ig2C f

4

∫
q

b(q2)Tr

[
p/γ ν�

μ
2 (q − p, p,−q)

]
�μν(q − p),

(2.17)

and

B(p2) = − ig2C f

4

∫
q

a(q2)Tr

[
γ νq/�

μ
2 (q − p, p,−q)

]
�μν(q − p)

− ig2C f

4

∫
q

b(q2)Tr

[
γ ν�

μ
1 (q − p, p,−q)

]
�μν(q − p), (2.18)

where we note in both Eqs. (2.17) and (2.18) the appearance
of the components �

μ
1 and �

μ
2 , introduced in Eq. (2.10).

Observe finally that in the RL approximation, where
�μ → γμ (and ξ = 0), the quark self-energy of Eq. (2.5)
becomes

�RL(p) = −g2C f

∫
q
γ ν S(q)γ μ�μν(q − p), (2.19)

and the system of Eqs. (2.17) and (2.18) collapses to

p2 A(p2) = p2 + ig2C f

4

∫
q

a(q2)Tr
[

p/γ νq/γ μ
]
�μν(q − p),

B(p2) = − ig2C f

4

∫
q

b(q2)Tr
[
γ νγ μ

]
�μν(q − p). (2.20)

3 Axial vertices and their Ward–Takahashi identities

When contracted by Pμ, the axial vertices �
μ
5 (P, p2,−p1)

and Gμν
5 (P, p2, q,−p1 −q), shown in Fig. 5, satisfy abelian

WTIs, denoted by [WTI]�5 and [WTI]G5, respectively. While
the former is well-known, see, e.g., [73,75], the latter has
received little attention [122–124]. In this section we dis-
cuss these WTIs, and the constraints they impose on the pole
structure of the two axial vertices.

3.1 Axial-vector vertex �
μ
5

Consider the flavour non-singlet axial-vector vertex �
μ
5

(Fig. 5), defined as the amputated part of the correla-
tion function 〈0|T jμ5 (y)ψ(x1)ψ̄(x2)|0〉 (see App. A). The
(non-singlet) axial-vector current is given by jμ5 (x) =
ψ̄(x)γ5γ

μtaψ(x), where the ta are the flavour SU (N f ) gen-
erators which, for the shortness, we are systematically drop-
ping.

In momentum space, and in the absence of current quark
masses (m = 0), the vertex �

μ
5 (P, p2,−p1) satisfies the

axial WTI [73–75] (see App. A for the derivation)

[WTI]�5 : −Pμ�
μ
5 (P, p2,−p1)

= S−1(p1)γ5 + γ5S−1(p2). (3.1)

In the limit P → 0, in which case p1 = p2 := p,
this identity reveals a profound connection between the term
B(p2), which emerges when the chiral symmetry is dynam-
ically broken, and the amplitude that controls the formation
of a pion as a quark-antiquark bound state.

In particular, it is well-known that, in the presence of a non-
vanishing B(p2), the only way to satisfy Eq. (3.1) is to allow
�

μ
5 (P, p2,−p1) to exhibit a pole at P2 = 0, which is associ-

ated with the corresponding massless Goldstone boson, i.e.,
the pion.

Specifically, if we substitute the decomposition of Eq.
(2.1) into Eq. (3.1) and implement the limit P → 0, the
terms proportional to A(p2) drop out, and we find

lim
P→0

Pμ�
μ
5 (P, p2,−p1) = 2B(p2)γ5. (3.2)

This observation leads us to conclude that �
μ
5 must display

a pole in P2, i.e.,

�
μ
5 (P, p2,−p1) = �

μ
5 (P, p2,−p1)

∣∣
pole

+ �
μ
5 (P, p2,−p1)

∣∣
reg , (3.3)

with

�
μ
5 (P, p2,−p1)

∣∣
pole = Pμ

P2 χ(P, p2,−p1)γ5 , (3.4)

where χ(P, p2,−p1) is the BSA of the pion. Note that we
suppress the pion decay constant, fπ , which is typically intro-
duced at this point, see, e.g., [75,133].
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Fig. 5 Diagrammatic representation of the two central vertices treated in this work: left-panel: axial-vector vertex; right-panel: gluon-axial-vector
vertex

Fig. 6 Diagrammatic representation of the pole contributions to the two axial vertices under consideration: left-panel: pole residue of the axial-
vector vertex; right-panel: pole residue of the gluon-axial-vector vertex

Using Eq. (3.3), it is straightforward to show that, in the
limit P → 0,

lim
P→0

Pμ�
μ
5 (P, p2,−p1) = lim

P→0
Pμ�

μ
5 (P, p2,−p1)

∣∣
pole

= χ(0, p,−p)γ5. (3.5)

a result whose diagrammatic representation is shown in the
left-panel of Fig. 6. Then, combining Eqs. (3.2) and (3.5), we
find

χ(0, p,−p) = 2B(p2), (3.6)

where the γ5 has been canceled from both sides.
The relation in Eq. (3.6) may be further inspected, by

resorting to the standard tensorial decomposition for the
amplitude χ(P, p2,−p1) [75]

χ(P, p2,−p1) = χ1 + χ2 p/ + 1

2
χ3(p/1 + p/2)

+iχ4[p/1, p/2] , (3.7)

where the χi = χi (P, p2,−p1) are the associated form fac-
tors, which depend on three Lorentz scalars (e.g., p2

1, p2
2 and

p1 · p2). In particular, when P → 0, we have

χ(0, p,−p) = χ1(p2) + χ3(p2)p/. (3.8)

Then, from Eq. (3.6) we obtain the two basic relations [38,
133],

χ1(p2) = 2B(p2), (3.9)

and

χ3(p2) = 0. (3.10)

Notably, Eq. (3.10) may also be directly derived from the
tensor decomposition in Eq. (3.7), as a consequence of charge
conjugation invariance.

3.2 Gluon-axial-vector vertex Gμν
5

The second main element of our construction is the gluon-
axial-vector vertex, Gμν

5 (Fig. 5). This particular vertex is
defined as the amputated and 1PI part of the correlation func-
tion comprised by a quark-antiquark pair, a gluon field, and
an axial-vector current jμ5 , App. A.2.

In the absence of current quark masses, Gμν
5 (P, q, p2,

−q1) satisfies the axial WTI (see App. A for the derivation
and [9,122–124] for additional discussions.)

[WTI]G5 : −i PμGμν
5 (P, q, p2,−q1)

= �ν(q, p1,−q1)γ5 + γ5�
ν(q, p2,−q2), (3.11)

where qi := pi + q. Note that, since γ νγ5 + γ5γ
ν = 0, the

combination of vertices appearing on the r.h.s. of Eq. (3.11)
does not contain tree-level contributions, i.e.,

−i PμGμν
5 (P, q, p2,−q1) = �ν

Q (q, p1,−q1)γ5

+ γ5�
ν
Q (q, p2,−q2), (3.12)

123
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where

�ν
Q (q, r,−p) := �ν(q, r,−p) − λ1(q, r,−p)γ ν. (3.13)

This observation is consistent with the fact that the vertex
Gμν

5 , appearing on the l.h.s. of Eq. (3.12), does not possess
a tree-level term.

As in the case of the axial-vector vertex, this WTI imposes
strong constraints on Gμν

5 . Similarly to the previous case,
Eq. (3.11) requires the gluon-axial-vector vertex to have a
longitudinally coupled pole. In fact, taking the limit P → 0
of this identity, the terms involving �ν

1 drop out, and we are
left with

lim
P→0

PμGμν
5 (P, q, p2,−q1)

= i
[
�ν(q, p,−p − q)γ5 + γ5�

ν(q, p,−p − q)
]

= 2i�ν
2 (q, p,−p − q)γ5, (3.14)

where �ν
2 (q, p,−p − q) is the even part of the quark-gluon

vertex �ν(q, p,−p − q). Note that �ν(q, p,−p − q) cor-
responds to the quark-gluon vertex shown in Fig. 4, but with
r ↔ p.

We emphasize that, crucially, �ν
2 is comprised precisely by

the terms referred to as chiral symmetry breaking components
(see, e.g., [97,99]): when solving the SDE of the quark-gluon
vertex, they arise only when a nontrivial B(p2) has emerged
from the quark gap equation. Thus, it is precisely the part
of the quark-gluon vertex induced by the breaking of chiral
symmetry that saturates the pole residue of Gμν

5 .
To explore this point in some detail, we note that, in com-

plete analogy to �
μ
5 , Eq. (3.14) can be resolved only if Gμν

5
possesses a pole in P2 = 0, i.e.,

Gμν
5 (P, q, p2,−q1) = Gμν

5 (P, q, p2,−q1)
∣∣
pole

+ Gμν
5 (P, q, p2,−q1)

∣∣
reg , (3.15)

with

Gμν
5 (P, q, p2,−q1)

∣∣
pole = 2i

Pμ

P2 Wν(P, q, p2,−q1)γ5.

(3.16)

At the formal level, the component Wν plays a rôle anal-
ogous to that of the amplitude χ in Eq. (3.4), acting as a
momentum-dependent residue. From the physical point of
view,Wν encapsulates key pieces of the pion dynamics, con-
tained in the SDE of the axial-vector vertex. In that sense, it
may be viewed as a concise representation of various con-
tributions that participate in the momentum evolution of the
pion amplitude χ .

Using the decomposition of Eq. (3.15) in conjunction with
Eq. (3.16), it is straightforward to show that (Fig. 6, right-
panel)

lim
P→0

PμGμν
5 (P, q, p2,−q1)

= lim
P→0

Pμ Gμν
5 (P, q, p2,−q1)

∣∣
pole

= 2i Wν(0, q, p,−p − q)γ5 = 2i �ν
2 (q, p,−p − q)γ5,

(3.17)

where, once again, �ν
2 (q, p,−p − q) is the even part of the

quark-gluon vertex �ν(q, p,−p − q).
It is clear thatWν(0, q, p,−p−q) admits the same tenso-

rial decomposition as the quark-gluon vertex�ν(q, r,−r−q)

in Eq. (2.8), with the change r ↔ p, namely

Wν(0, q, p,−p − q) =
12∑

i=1

wi (q, p, −p − q)τν
i (q, p,−p − q),

(3.18)

where the wi (q, p,−p −q) are the corresponding form fac-
tors (dressings). Evidently, as in Eq. (2.10), a separation into
odd and even structures may be carried out (suppressing
momenta)

Wν = Wν
1 + Wν

2 , (3.19)

with

Wν
1 =

6∑
i=1

wiτ
ν
i , Wν

2 =
12∑

i=7

wiτ
ν
i . (3.20)

The substitution of the above tensor decomposition into Eq.
(3.17) leads directly to the relations

Wν
2 = �ν

2 (q, p,−p − q), Wν
1 = 0, (3.21)

or, equivalently, at the level of the form factors

wi (q, p,−p − q) = λi (q, p,−p − q), i = 7, . . . , 12,

(3.22)

and

wi (q, p,−p − q) = 0, i = 1, . . . , 6 ; (3.23)

which represent the direct analogues of Eqs. (3.9) and (3.10),
respectively.
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Fig. 7 Diagrammatic
representation of the SDE
satisfied by the axial-vector
vertex �

μ
5 , formulated from the

point of view of the antiquark
leg

4 The axial WTI from the vertex SDE: exact derivation

In this section we demonstrate that the exact dynamical equa-
tion (SDE) that governs the evolution of �

μ
5 satisfies precisely

the [WTI]�5 of Eq. (3.1).
To that end, instead of considering the SDE satisfied by

�
μ
5 from the perspective of the axial-vector current (leg with

momentum P), we adopt the view of the antiquark leg, car-
rying momentum p1; the resulting SDE is shown in Fig. 7.
According to the standard rules, the vertex connecting the
special leg to the rest of the diagram must be kept at tree-
level (γ σ in Fig. 7). This particular way of writing the SDE,
i.e., using an antifermion as the reference leg has been used in
the studies of the ghost-gluon [4,134,135] and quark-gluon
vertices [43].

Thus, the resulting SDE reads

�
μ
5 (P, p2,−p1) = γ5γ

μ + ig2C f

∫
q
γ σ S(q1)Kμν

× (P, q, p2,−q1)�νσ (q), (4.1)

where we have defined q1 := p1 + q. The kernel Kμν is
comprised by four incoming operators, a quark (ψ), an anti-
quark (ψ̄), a gluon (Aν), and a axial-vector current ( jμ5 ), so
that Kμν := K jμ5 Aνψψ̄ . This kernel may be decomposed as
shown in Fig. 8, namely

Kμν(P, q, p2,−q1) = −�
μ
5 (P, q2,−q1)S(q2)

�ν(q, p2,−q2) + iGμν
5 (P, q, p2,−q1), (4.2)

with q2 := p2 + q, and Gμν
5 is the gluon-axial-vector vertex

introduced in Sect. 3.2.
As a result, the SDE of �

μ
5 can be written as

�
μ
5 = γ5γ

μ + (aμ
5 ) + (bμ

5 ), (4.3)

where

(aμ
5 ) = − ig2C f

∫
q
γ σ S(q1)�

μ
5 (P, q2,−q1)S(q2)

�ν(q, p2,−q2)�νσ (q) , (4.4)

(bμ
5 ) = − g2C f

∫
q
γ σ S(q1)G

μν
5 (P, q, p2,−q1)�νσ (q).

(4.5)

Note that the lowest-order diagram contributing to Kμν is
enclosed in the blue-dashed box of (aμ

5 ) in Fig. 8. A “cut”
through the quark propagator with momentum p2 +q shows
that this diagram is clearly one-particle reducible (1PR); of
course, the full diagram, (aμ

5 ), where the kernel is embedded,
is one-particle irreducible (1PI). All remaining graphs con-
tained in Kμν are 1PI, and coincide exactly with the graphs
forming the vertex Gμν

5 , which is enclosed entirely within
the blue-dashed box in graph (bμ

5 ).
If, instead, a flavour singlet axial-vector current is con-

sidered, a third diagrammatic contribution is present in the
decomposition of K, coupling the axial-vector current to a
pair of gluons, see e.g., [9] and references therein. However,
as explained in App. ??, this additional term vanishes in the
non-singlet case, while in the singlet case contributes solely
to the anomaly. In that sense, as long as the SDE of Eq. (4.3)
describes the flavour non-singlet vertex, it is exact.

Given that the graphs (aμ
5 ) and (bμ

5 ) account for the full
sum of all quantum corrections, if we contract both sides of
Eq. (4.3) by Pμ,

Pμ�
μ
5 (P, p2,−p1)= − (/p1γ5+γ5/p2) + Pμ

[
(aμ

5 )+(bμ
5 )

]
,

(4.6)

the r.h.s. of the [WTI]�5 in Eq. (3.1) must emerge exactly.
Let us focus on the contraction of graph (aμ

5 ), which is
the only loop contribution typically considered within the
RL approximation. Using the r.h.s of Eq. (3.1) for the term
Pμ�

μ
5 (P, q2,−q1) under the integral sign, we find

Pμ(aμ
5 ) = ig2C f

∫
q
γ σ S(q1)

[
S−1(q1)γ5 + γ5S−1(q2)

]

S(q2)�
ν(q, p2,−q2)�νσ (q)

123
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Fig. 8 Diagrammatic representation of the quantum part of the SDE in Fig. 7. The decomposition of Kμν given in Eq. (4.2) is delimited by the
two blue-dashed boxes

= γ5

[
−ig2C f

∫
q
γ σ S(q2)�

ν(q, p2,−q2)�νσ (q)

]

︸ ︷︷ ︸
i�(p2)

+ ig2C f

∫
q
γ σ S(q1)γ5�

ν(q, p2,−q2)�νσ (q)

︸ ︷︷ ︸
V (p1,p2): symmetry violating term

.

(4.7)

The result in Eq. (4.7) prompts the following observations:

(i) When the term i�(p2) of Eq. (4.7) is added to the term
−γ5/p2 of Eq. (4.6), and after use of the gap equation in
Eq. (2.4), one recovers precisely the term −γ5S−1(p2)

in [WTI]�5 . However, the second term, V (p1, p2),
does not admit an interpretation as a genuine quark
self-energy, leading to the obvious violation of the fun-
damental [WTI]�5 .

(ii) Within the RL approximation, where �ν(q, r,−p) →
γν , the symmetry violating term V (p1, p2) reduces to
the required self-energy, since

V (p1, p2)
RL−→ ig2C f

∫
q
γ σ S(q1)γ5γ

ν�νσ (q)

= i�RL(p1)γ5. (4.8)

Thus, diagram (aμ
5 ) reproduces the [WTI]�5 in the RL

approximation, but fails to do so when the full kine-
matic structure of the quark-gluon vertex is maintained.

(iii) One may recast the term V (p1, p2) as the difference
between the required quark self-energy, i�(p1), and
a symmetry violating remainder, to be denoted by
V(p1, p2), through the addition and subtraction of the
term �ν(q, p1,−q1)γ5, i.e.,

V (p1, p2) =
[
−ig2C f

∫
q
γ σ S(q1)�

ν(q, p1,−q1)�νσ (q)

]

︸ ︷︷ ︸
i�(p1)

γ5

(4.9)

+ ig2C f

∫
q
γ σ S(q1)

[
�ν(q, p1,−q1)γ5 + γ5�

ν(q, p2,−q2)
]
�νσ (q)

︸ ︷︷ ︸
V(p1,p2): symmetry violating remainder

.

(4.10)

Thus, one finally has that

Pμ(aμ
5 ) = i

[
�(p1)γ5 + γ5�(p2)

] + V(p1, p2),

(4.11)

with the symmetry violating remainder V(p1, p2)

given in Eq. (4.10). Clearly, in the RL approximation,
V(p1, p2) ∼ γ νγ5 + γ5γ

ν = 0.
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It is now apparent that the gluon-axial-vector vertex Gμν
5 ,

depicted in Fig. 5, must provide the symmetry-restoring con-
tribution that will annihilate precisely the term V(p1, p2).
It turns out that this is indeed what happens, by virtue of
the fundamental WTI satisfied by Gμν

5 , namely the [WTI]G5

in Eq. (3.11). Indeed, using [WTI]G5 and the expression for
(bμ

5 ) given in Eq. (4.5), we obtain directly

Pμ(bμ
5 ) = − ig2C f

∫
q
γ σ S(q1)

[
�ν(q, p1,−q1)γ5

+γ5�
ν(q, p2,−q2)

]
�νσ (q)

= − V(p1, p2). (4.12)

Therefore, after the inclusion of the vertex Gμν
5 , the key

[WTI]�5 is exactly fulfilled at the level of the SDE for �
μ
5 ,

− Pμ

[
γ5γ

μ + (aμ
5 ) + (bμ

5 )
] = S−1(p1)γ5 + γ5S−1(p2).

(4.13)

Note that the essence of this result was already stated in
[124], where the need of a vertex satisfying [WTI]G5 in order
to preserve the axial WTI at the level of the �

μ
5 SDE was duly

recognized.

5 Dynamical realization of the chiral limit

As explained in Sect. 3, the pivotal relations in Eqs. (3.9) and
(3.10) are a direct consequence of the [WTI]�5 . Given that,
as shown in detail in Sect. 4, the SDE that governs the vertex
�

μ
5 satisfies the [WTI]�5 exactly, it is natural to expect that

there will be a dynamical realization of Eqs. (3.9) and (3.10),
recovered by taking the P → 0 limit of diagrams (aμ

5 ) and
(bμ

5 ) in Fig. 8. This particular demonstration is nontrivial,
and furnishes additional valuable insights into this subject;
the aim of this section is to show in detail how this important
result emerges both within the RL approximation and in the
general case.

5.1 Chiral limit in the RL approximation

In order to fix the ideas, it is instructive to revert to the simpler
case of the RL approximation, which involves only diagram
(aμ

5 ), with �ν(q, r,−p) → γν , i.e.,

�
μ
5 = γ5γ

μ + (aμ
5 )RL, (5.1)

with

(aμ
5 )RL = −ig2C f

∫
q
γ σ S(q1)�

μ
5 (P, q2,−q1)

S(q2)γ
ν�νσ (q). (5.2)

When we contract both sides of Eq. (5.1) by Pμ and take the
limit P → 0 (with p1 = p2 := p), the corresponding pole
residues are isolated, while the tree-level term is annihilated.
In particular, using Eqs. (3.5) and (3.8) on both sides, we get

[χ1(p2) + χ3(p2)p/]γ5 = −ig2C f

∫
q

γ σ S(q)
[
χ1(q2) + χ3(q2)q/

]
γ5

S(q)γ ν�νσ (q − p), (5.3)

where we have shifted the integration variable q → p + q.
Using the basic property γ5S(q) = S(−q)γ5, and the

elementary result

S(q)S(−q) = −c(q2), (5.4)

with the function c(q2) defined in Eq. (2.3), we find

χ1(p2) + χ3(p2)p/ = −ig2C f

∫
q

γ σ c(q2)
[
χ1(q2) + χ3(q2)q/

]

γ ν�νσ (q − p), (5.5)

where the γ5 has been canceled from both sides.
It is now elementary to isolate two separate equations from

Eq. (5.5), by taking appropriate Dirac traces, namely

χ1(p2) = − ig2C f

4

∫
q

c(q2)χ1(q
2)Tr

[
γ σ γ ν

]
�νσ (q − p),

(5.6)

and

p2χ3(p2) = ig2C f

4

∫
q

c(q2)χ3(q
2)Tr

[
p/γ σ q/γ ν

]

�νσ (q − p). (5.7)

It is clear at this point that Eq. (5.7) admits the trivial solu-
tion χ3(p2) = 0, in compliance with Eq. (3.10). In addi-
tion, substituting Eq. (3.9) into Eq. (5.6), and using that
b(q2) = c(q2)B(q2) [see Eq. (2.3)], one recovers precisely
the dynamical equation governing B(p2) in the RL approx-
imation, namely the second relation in Eq. (2.20). Thus, the
dynamical Eqs. (5.6) and (5.7), derived from the SDE of the
axial-vector vertex, are fully consistent with the symmetry
relations (3.9) and (3.10).

5.2 Chiral limit with full quark-gluon vertex

Let us consider again the SDE of Eq. (4.3)

�
μ
5 = γ5γ

μ + (aμ
5 ) + (bμ

5 ), (5.8)

with (aμ
5 ) and (bμ

5 ) given by Eqs. (4.4) and (4.5), now main-
taining inside (aμ

5 ) the full structure of the quark-gluon vertex
�ν(q, r,−p), as given by Eq. (2.8).

123
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Next, we contract both sides of Eq. (5.8) by Pμ, and take
the limit P → 0. Evidently, the l.h.s. is exactly the same as
that of Eq. (5.3). On the r.h.s., the leading contributions of
(aμ

5 ) and (bμ
5 ) are generated by the pole part of the vertices

�
μ
5 and Gμν

5 , respectively, i.e.,

lim
P→0

Pμ(aμ
5 ) = − ig2C f

∫
q
γ σ S(q)

[
χ1(q

2) + χ3(q
2)q/

]

γ5S(q)�ν(q ′, p,−q)�νσ (q ′), (5.9)

lim
P→0

Pμ(bμ
5 ) = − 2ig2C f

∫
q
γ σ S(q)�ν

2

(q ′, p,−q)�νσ (q ′)γ5, (5.10)

where we have used Eq. (3.14) to arrive at Eq. (5.10), and we
have set q ′ = q − p.

Using Eq. (5.4), the decomposition of the quark-gluon
vertex in Eq. (2.10), and the relation in Eq. (2.12), we may
bring the γ5 of Eq. (5.9) all the way to the right, namely

lim
P→0

Pμ(aμ
5 ) = ig2C f

∫
q
γ σ c(q2)

[
χ1(q

2) + χ3(q
2)q/

]
[
�ν

2 (q ′, p,−q) − �ν
1 (q ′, p,−q)

]
�νσ (q ′)γ5.

(5.11)

Therefore, after canceling the γ5 from both sides, we arrive
at the result

χ1(p2) + χ3(p2)p/ = (aχ ) + (bχ ), (5.12)

with

(aχ ) = ig2C f

∫
q
γ σ c(q2)

[
χ1(q

2) + χ3(q
2)q/

]
[
�ν

2 (q ′, p,−q) − �ν
1 (q ′, p,−q)

]
�νσ (q ′), (5.13)

(bχ ) = − 2ig2C f

∫
q
γ σ S(q)�ν

2 (q ′, p,−q)�νσ (q ′),

(5.14)

which may be diagrammatically interpreted as shown in
Fig. 9.

The two individual equations for χ1(p2) and χ3(p2) are
given by

4χ1(p2) = Tr(aχ ) + Tr(bχ ), (5.15)

4p2χ3(p2) = Tr
[

p/(aχ )
] + Tr

[
p/(bχ )

]
, (5.16)

It is relatively straightforward to determine the four traces
appearing in Eqs. (5.15) and (5.16), namely

Tr(aχ ) = ig2C f

∫
q

c(q2)χ3(q2)Tr
[
γ σ q/�ν

2 (q ′, p, −q)
]
�νσ (q ′)

− ig2C f

∫
q

c(q2)χ1(q2)Tr
[
γ σ �ν

1 (q ′, p,−q)
]
�νσ (q ′),

Tr(bχ ) = − 2ig2C f

∫
q

Tr
[
γ σ S(q)�ν

2 (q ′, p, −q)
]
�νσ (q ′) (5.17)

= − 2ig2C f

∫
q

a(q2)Tr
[
γ σ q/�ν

2 (q ′, p,−q)
]
�νσ (q ′),

(5.18)

and

Tr
[

p/(aχ )
] = ig2C f

∫
q

c(q2)χ1(q2)Tr
[

p/γ σ �ν
2 (q ′, p, −q)

]
�νσ (q ′)

− ig2C f

∫
q

c(q2)χ3(q2)Tr
[

p/γ σ q/�ν
1 (q ′, p,−q)

]
�νσ (q ′),

Tr
[

p/(bχ )
] = − 2ig2C f

∫
q

Tr
[

p/γ σ S(q)�ν
2 (q ′, p, −q)

]
�νσ (q ′)

(5.19)

= − 2ig2C f

∫
q

b(q2)Tr
[

p/γ σ �ν
2 (q ′, p, −q)

]
�νσ (q ′).

(5.20)

Note that in computing Tr(bχ ) and Tr
[

p/(bχ )
]

we have
used the parametrization introduced in Eq. (2.2), setting
S(q) = a(q2)q/ + b(q2).

We are now in a position to verify that the system in
Eqs. (5.15) and (5.16) is compatible with the key symme-
try relations (3.9) and (3.10), namely {χ1(p2), χ3(p2)} =
{2B(p2), 0}.

To that end, we first focus on Eq. (5.16), and note that
the substitution χ1(q2) = 2B(q2) into the first term of
Tr

[
p/(aχ )

]
in Eq. (5.19) triggers a crucial cancellation.

Specifically, using Eq. (2.3), we have that c(q2)χ1(q2) =
2c(q2)B(q2) = 2b(q2), and so Tr

[
p/(bχ )

]
cancels exactly

against this term, namely

Tr
[

p/(aχ )
] + Tr

[
p/(bχ )

] = ig2C f

∫
q

c(q2)χ3(q
2)Tr

[
γ σ q/�ν

2 (q ′, p,−q)
]
�νσ (q ′). (5.21)

Thus, by virtue of Eq. (5.21), Eq. (5.16) becomes

4p2χ3(p2) = −ig2C f

∫
q

c(q2)χ3(q
2)Tr

[
p/γ σ q/�ν

1 (q ′, p,−q)
]
�νσ (q ′), (5.22)

which obviously admits the trivial solution χ3(p2) = 0, as
dictated by the symmetry. Note that the inclusion of graph
(bμ

5 ) is instrumental for achieving this result; indeed, the con-
tribution of diagram (aμ

5 ) alone fails to vanish when χ3 = 0,
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Fig. 9 Diagrammatic representation of (aχ ) and (bχ ): the contributions of diagrams (aμ
5 ) and (bμ

5 ), respectively, in the limit P → 0

because of the term
∫

q c(q2)χ1(q2)Tr
[

p/γ σ �ν
2 (q ′, p,−q)

]
�νσ (q ′), which vanishes in the RL (because �ν

2 = 0, triv-
ially), but is nonvanishing in general.

Turning to Eq. (5.15), and substituting {χ1(p2), χ3(p2)} =
{2B(p2), 0} into Eqs. (5.17) and (5.18), we arrive at

B(p2) = − ig2C f

4

∫
q

b(q2)Tr
[
γ σ �ν

1 (q ′, p, −q)
]
�νσ (q ′)

− ig2C f

4

∫
q

a(q2)Tr
[
γ σ q/�ν

2 (q ′, p, −q)
]
�νσ (q ′),

(5.23)

which is precisely Eq. (2.18), the dynamical equation for
B(p2) obtained from the gap equation.

The results of this section demonstrate clearly that the two
key equations controlling the axial-vector vertex, namely its
SDE and its WTI, are completely compatible with each other.

6 Unfolding the Gμν
5 : one-loop dressed approximation

Up until this point, the SDE for the gluon-axial-vector ver-
tex Gμν

5 has been treated exactly, without resorting to any
type of approximation. However, for practical purposes, we
need either a diagrammatic expansion for Gμν

5 , or an Ansatz
that capitalizes on the [WTI]G5 that this vertex satisfies, see
discussion at the end of this section.

Opting for the former possibility, in what follows we con-
sider the “one-loop dressed” approximation to Gμν

5 , consist-
ing of one-loop diagrams that contain fully-dressed propaga-
tors and vertices, as shown in Figs. 10 and 11. Note that this
type of truncation has already been discussed in Sect. 2, in
the context of the SDE for the quark-gluon vertex. Therefore,
in complete analogy to the �

(1)
μ introduced in Eq. (2.13), the

gluon-axial-vector vertex emerging from this approximation
will be denoted by G(1)

5μν .

The vertex G(1)
5μν can be expressed as

G(1)
5μν = A5μν + B5μν, (6.1)

where

Aμν
5 := dμν

1 + dμν
2 + gμν

1 + gμν
2 + gμν

3 ,

Bμν
5 := dμν

3 + hμν
1 + hμν

2 , (6.2)

and dμν
i , gμν

i and hμν
i label the contributions shown in

Figs. 10 and 11. The obvious distinction between these two
sets is that the diagrams belonging to Aμν

5 do not contain a
three-gluon vertex, while those of Bμν

5 do; we will therefore
refer to these two sets as “abelian” and “non-abelian”, respec-
tively. In addition, note that the susbet of diagrams shown in
Fig. 11 contain the vertex Gμν

5 itself as their basic ingredient.
We now turn to the key question of what happens to the

[WTI]G5 when G5μν is approximated by Eqs. (6.1) and (6.2),

i.e., G5μν → G(1)
5μν . In order to address this issue, we will

contract by Pμ all diagrams given by Figs. 10 and 11. Quite
interestingly, the answer that will emerge is precisely the
r.h.s. of [WTI]G5 , but with �ν → �

(1)
ν . In other words, the

one-loop dressed versions of G5μν and �ν are connected by
the correct WTI.

We start by considering the set of abelian diagrams belong-
ing to the set Aμν

5 . Contracting by Pμ and using [WTI]G5 ,
we write

Pμdμν
1 = −Lν

1 − Lν
3, Pμdμν

2 = −Lν
2 − Lν

4, (6.3)

where

Lν
1 = g2κa

∫
k
�β(−k, k′

1,−q1)γ5S(k′
2)�

ν(q, k2,−k′
2)

S(k2)�
α(k, p2,−r2)�αβ(k),

Lν
2 = g2κa

∫
k
�β(−k, k′

1,−q1)S(k′
1)�

ν(q, k1,−k′
1)

S(k1)γ5�
α(k, p2,−k2)�αβ(k),

Lν
3 = g2κa

∫
k
�β(−k, k′

1,−q1)S(k′
1)γ5�

ν(q, k2,−k′
2)

S(k2)�
α(k, p2,−k2)�αβ(k),

Lν
4 = g2κa

∫
k
�β(−k, k′

1,−q1)S(k′
1)�

ν(q, k1,−k′
1)

×γ5S(k2)�
α(k, p2,−k2)�αβ(k), (6.4)
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Fig. 10 One-loop dressed diagrams contributing to the gluon-axial-vector vertex SDE, in the lowest-order of its dressed-loop expansion, and not
involving Gμν

5 itself

Fig. 11 One-loop dressed diagrams contributing to the gluon-axial-vector vertex SDE in the lowest-order of its dressed-loop expansion, and
involving Gμν

5 itself
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with k′
i := ki + q and κa := C f − CA/2.

A similar calculation may be carried out for the diagrams
{g}i , i.e.,

Pμgμν
1 = Lν

1 + g2κa

∫
k
γ5�β(−k, k′

2, −q2)

S(k′
2)�ν(q, k2,−k′

2)S(k2)�α(k, p2, −k2)�αβ(k),

Pμgμν
2 = Lν

2 + g2κa

∫
k
�β(−k, k′

1, −q1)

S(k′
1)�ν(q, k1, −k′

1)S(k1)�α(k, p1, −k1)γ5�αβ(k),

Pμgμν
3 = Lν

3 + Lν
4 . (6.5)

When these five contributions are added up, a number
of key cancellations takes place, leaving us with two terms,
namely

PμAμν
5 = g2κa

∫
k
�β(−k, k′

1,−q1)S(k′
1)�

ν(q, k1,−k′
1)S(k1)�

α(k, p1,−k1)�αβ(k)

︸ ︷︷ ︸
(cν

1) of Fig.4 at {r,−p}={p1,−q1}

γ5

+γ5 g2κa

∫
k
�β(−k, k′

2,−q2)S(k′
2)�

ν(q, k2,−k′
2)S(k2)�

α(k, p2,−k2)�αβ(k)

︸ ︷︷ ︸
(cν

1) of Fig.4 at {r,−p}={p2,−q2}

, (6.6)

or, diagrammatically,

(6.7)

Next, we turn to the non-abelian subset Bμν
5 , and follow

completely analogous steps. In particular,

Pμdμν
3 = −Lν

5 − Lν
6, (6.8)

where

Lν
5 = −ig2κb

∫
k
�β(−k′, k1,−q1)γ5S(k2)�

α(k, p2,−k2)

�νρσ (q,−k, k′)�αρ(k)�σβ(k′),

Lν
6 = −ig2κb

∫
k
�β(−k′, k1,−q1)S(k1)γ5�

α(k, p2,−k2)

�νρσ (q,−k, k′)�αρ(k)�σβ(k′), (6.9)

with k′ := k − q and κb := iCA/2, and

Pμhμν
1 = Lν

5 − ig2κb

∫
k
γ5�β(−k′, k2, −q2)S(k2)

�α(k, p2, −k2)�νρσ (q,−k, k′)�αρ(k)�σβ(k′),

Pμhμν
2 = Lν

6−ig2κb

∫
k
�β(−k′, k1, −q1)S(k1)�α(k, p1, −k1)

γ5�νρσ (q,−k, k′)�αρ(k)�σβ(k′). (6.10)

As in the abelian case, an extensive cancellation takes
place when the terms in Eqs. (6.9) and (6.10) are summed
up: the entire contribution given by dμν

3 is exactly canceled
by parts of hμν

1 and hμν
2 , leaving us with

− PμBμν
5 = ig2κb

∫
k
�β(−k′, k1,−q1)S(k1)�

α(k, p1,−k1)�
νρσ (q,−k, k′)�αρ(k)�σβ(k′)

︸ ︷︷ ︸
(cν

2) of Fig.4 at {r,−p}={p1,−q1}

γ5

+ γ5 ig2κb

∫
k
�β(−k′, k2,−q2)S(k2)�

α(k, p2,−k2)�
νρσ (q,−k, k′)�αρ(k)�σβ(k′)

︸ ︷︷ ︸
(cν

2) of Fig.4 at {r,−p}={p2,−q2}

, (6.11)
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or, diagrammatically,

(6.12)

Evidently, now the non-abelian part of the exact [WTI]G5 is
formed, where the quark-gluon vertices are given by the non-
abelian diagram of the SDE in Fig. 4.

Thus, combining Eqs. (6.7) and (6.12), we arrive at

(6.13)

The result in Eq. (6.13) is rather striking: G(1)
5μν , the one-loop

dressed approximation of G5μν , satisfies the [WTI]G5 of Eq.
(3.12), provided that the quark-gluon vertex is determined
from the one-loop dressed version of its own SDE, shown in
Fig. 4, to wit

− i PμG(1)
5μν(P, q, p2,−q1) = �

(1)
Q ν(q, p1,−q1)γ5

+ γ5�
(1)
Q ν(q, p2,−q2). (6.14)

Clearly, as already mentioned in Sect. 3, the tree-level con-
tribution to the quark-gluon vertex may be added to the r.h.s.
of Eq. (6.14) “for free”, leading to

− i PμG(1)
5μν(P, q, p2,−q1) = �(1)

ν (q, p1,−q1)γ5

+ γ5�
(1)
ν (q, p2,−q2), (6.15)

which is precisely the one-loop dressed realization of the
[WTI]G5 .

We end this section by pointing out that, given the pivotal
function of the vertex Gμν

5 , it is important to consider alter-
native procedures for its determination. In particular, since
the [WTI]G5 is a most prominent feature of this vertex, one

may opt for a gauge-technique type of construction [136–
141]. This general method has been employed in numerous
occasions in the literature, for a variety of vertices, see e.g.,
[84,87,142]. Through this well-defined procedure, the non-

transverse part of Gμν
5 may be reconstructed exactly from the

[WTI]G5, while the transverse part remains undetermined.

7 Symmetry-preserving truncation of the vertex �
μ
5

It is clear that the one-loop dressed approximation imple-
mented at the level of Gμν

5 must be self-consistently incorpo-
rated into the SDE satisfied by �

μ
5 , namely Eq. (4.3), together

with Eqs. (4.4) and (4.5). In particular, the effective replace-
ment G5μν → G(1)

5μν imposed at the level of graph (bμ
5 ) must

be accompanied by analogous adjustments, in order for the
fundamental [WTI]G5 to be maintained intact.

In order to elucidate this point, we remind the reader
that, as shown in Sect. 4, the contribution of Gμν

5 inside
(bμ

5 ) is instrumental for canceling the symmetry violating
contribution originating from (aμ

5 ). This latter contribution,
denoted by V(p1, p2), contains precisely the r.h.s. of the
[WTI]G5 , see Eq. (4.10). Evidently, if the effective substi-

tution G5μν → G(1)
5μν is carried out in graph (bμ

5 ), then the
one-loop version of the [WTI]G5 in Eq. (6.15) is triggered.
Therefore, in order for the aforementioned crucial cancel-
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lation between the two graphs to still go through, the cor-
responding replacement �ν → �

(1)
ν must be carried out in

graph (aμ
5 ).

Thus, one arrives at the following truncated version of the
SDE for �

μ
5 ,

�
μ
5 = γ5γ

μ + (aμ
5 ) + (bμ

5 ), (7.1)

where

(aμ
5 ) = − ig2C f

∫
q
γ σ S(q1)�

μ
5 (P, q2,−q1)S(q2)

�(1)
ν (q, p2,−q2)�

ν
σ (q) , (7.2)

(bμ
5 ) = − g2C f

∫
q
γ σ S(q1)G

(1)μ
5ν (P, q, p2,−q1)�

ν
σ (q).

(7.3)

It is important to emphasize that, while graph (aμ
5 ) in Eq. (7.2)

is “one-loop dressed”, (bμ
5 ) is clearly “two-loop dressed”,

because the one-loop dressed G(1)
5μν is nested inside an addi-

tional integration over the gluon momentum q entering in
it. In that sense, there is no self-consistent one-loop dressed
treatment of the vertex �

μ
5 , except within the RL approxi-

mation; within the confines of the present framework, any
meaningful attempt to go beyond RL requires a beyond one-
loop dressed treatment.

Let us now turn to the [WTI]�5 satisfied by the trun-
cated vertex �

μ
5 , defined through Eqs. (7.1),(7.2) and (7.3).

It is clear from the above analysis that the [WTI]�5 is sat-
isfied, provided that we carry out the substitution �μ(q −

p, p,−q) → �
(1)
μ (q − p, p,−q) inside Eq. (2.5), namely

the equation defining the quark self-energy �(p). Following
steps identical to those of Sect. 2, we can derive the dynam-
ical equations for the quark dressing functions A(p2) and
B(p2). Those are exactly as in Eqs. (2.17) and (2.18), except
for the substitution �1 → �

(1)
1 and �2 → �

(1)
2 , defined by

(7.4)

and

(7.5)

8 Discussion and conclusions

In the present work we have developed a comprehensive
approach that aims at a self-consistent treatment of the func-
tional equations associated with the physics of mesons in the
non-singlet sector.

The cornerstone of this formalism is the exact SDE of
the axial-vector vertex �

μ
5 , formulated from the viewpoint

of the antiquark leg. This alternative re-organization of the
quantum corrections is described in terms of a new vertex,
denominated gluon-axial-vector vertex, and denoted by Gμν

5 .
This vertex is nested inside the SDE of �

μ
5 , and satisfies its

own WTI, which relates it to the quark-gluon vertex. As a
result, the WTI of the axial-vector vertex is enforced directly
at the level of the SDE. In particular, the gap equation gov-
erning the quark propagator appearing on the r.h.s. of this
WTI involves the full quark-gluon vertex.

Information on the BSE of the pion is obtained by tak-
ing the limit P → 0 of the above SDE, where P is the
momentum of the axial-vector current. In particular, as it is
well-known, when the chiral symmetry is dynamically bro-
ken, the axial-vector vertex possesses a (longitudinally cou-
pled) pole in P2, whose residue is identified with the BSA of
the pion. By virtue of the aforementioned results, the known
relation between the quark mass function, obtained from the
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gap equation with a full �μ, and the amplitude of the pion,
is precisely fulfilled.

The developed framework offers a rather tight control on
the interlocked equations describing symmetry and dynam-
ics. As a result, it facilitates the design and implementation of
simpler calculational methods. In particular, a concrete trun-
cation scheme for the SDE-BSE system has been identified
in Sect. 6, referred to as “one-loop dressed” approximation; it
incorporates a completely nontrivial quark-gluon vertex �μ,
which is fully compatible with chiral symmetry, as expressed
through the axial WTI.

It is worth pointing out that, throughout all algebraic
manipulations of our analysis, the gluon propagator �μν

remained completely inert. Therefore, the formal aspects of
this work persist for any value of the gauge-fixing parameter
ξ , or even within gauge-fixing schemes other than the covari-
ant gauges. Even though, for practical purposes, the Landau
gauge is undoubtedly the standard choice, the validity of our
considerations for arbitrary gauges is a welcome feature.

It is important to emphasize that our approach has been
developed strictly in the limit of vanishing current quark
masses. Its extension to arbitrary current masses is expected
to proceed in a similar fashion, once the modifications to
the key WTIs have been appropriately taken into account. In
particular, in the presence of current masses, the WTIs con-
tain additional terms involving the axial vertex �5, see, e.g.,
Eq. (11.217) in [74], or Eq. (14) in [133]. The vertex �5 is
associated with the axial current j5 = iψ̄γ5ψ , which satis-
fies the relation ∂μ jμ,a

5 = −2mta j5. We hope to present the
completion of this task in the near future.

The practical implementation of the one-loop-dressed
approximation mentioned above may not be easy to carry
out, due to the presence of the vertex Gμν

5 inside some of
the relevant diagrams, see Fig. 11. It turns out, however, that
a further simplification is possible: one may omit the afore-
mentioned diagrams, keeping only those in Fig. 10, provided
that the SDE of the quark-gluon vertex, Fig. 4, is treated in
the so-called “symmetric” limit. This treatment amounts to
replacing the full momentum-dependence of the form factors
in the quark-gluon SDE by the choice q2 = r2 = p2, see,
e.g., [97]. This additional simplification is expected to lead to
a more tractable version of the pion BSE, apt for numerical
exploration. We expect to report progress in this direction in
a forthcoming communication.
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Appendix A: Derivation of the WTIs

In this Appendix we derive the key WTIs satisfied by the
axial-vector vertex, �

μ
5 , and the gluon-axial-vector vertex,

Gμν
5 , namely the [WTI]�5 of Eq. (3.1) and the [WTI]G5 of

Eq. (3.11), respectively.

1. The [WTI]�5

The starting point for the derivation of the required WTIs is
the master formula given in Eq. (9.24) of [75]. In particular,
for vanishing current quark mass, m = 0, we have

∂ y
μ〈0|T jμ,a

5 (y)ϕ1(x1) . . . ϕn(xn)|0〉
= iδ4(y − x1)〈0|T ∂ϕ1(x1)

∂ω5α(x1)
· · · ϕn(xn)|0〉 + · · ·

+ iδ4(y − xn)〈0|T ϕ1(x1) · · · ∂ϕn(xn)

∂ω5α(xn)
|0〉, (A.1)

where the axial-vector current, jμ,a
5 (x), is given by

jμ,a
5 (x) = ψ̄(x)γ5γ

μtaψ(x); (A.2)

where ta are the generators of flavour SU (N f ) algebra, e.g.,
the Gell-Mann matrices for N f = 3; the ϕi represent field
operators of arbitrary kind, ∂

y
μ is the derivative with respect

to the spacetime variable y, the T denotes the standard time-
ordering operator, and ω5α(x) is the angle of a local chiral
transformation.

We now specialize Eq. (A.1) to the case n = 2, where
ϕ1(x1) = ψ(x1) and ϕ1(x2) = ψ̄(x2). To that end, we con-
sider a local chiral transformation of the quark fields ψ(x)
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and ψ̄(x) [73]

δψ(x) = iω5α(x)γ5taψ(x), δψ̄(x) = iω5α(x)ψ̄(x)γ5ta,

(A.3)

and therefore,

∂ψ(x)

∂ω5α(x)
= iγ5taψ(x),

∂ψ̄(x)

∂ω5α(x)
= iψ̄(x)γ5ta . (A.4)

Thus, using Eq. (A.4), and suppressing isospin indices, we
have

∂ y
μ〈0|T jμ5 (y)ψ(x1)ψ̄(x2)|0〉
= −δ4(y − x1)γ5〈0|T ψ(x1)ψ̄(x2)|0〉

− δ4(y − x2)〈0|T ψ(x1)ψ̄(x2)|0〉γ5. (A.5)

The Fourier transform of the correlation function �̃
μ
5 (y, x1,

x2) := 〈0|T jμ5 (y)ψ(x1)ψ̄(x2)|0〉 defines the connected
axial-vector vertex, �̃

μ
5 (P, p2,−p1), namely

(2π)4δ4(P + p2 − p1)�̃
μ
5 (P, p2,−p1)

=
∫ +∞

−∞
d4 y d4x1 d4x2 ei(Py−p1x1+p2x2)�̃

μ
5 (y, x1, x2),

(A.6)

while the Fourier transform for the quark propagator is given
by

(2π)4δ4(p + q)i S(p) =
∫ +∞

−∞
d4x1d4x2ei(px1+qx2)

〈0|T ψ(x1)ψ̄(x2)|0〉. (A.7)

We next integrate both sides of Eq. (A.5) by
∫

d4 y d4x1 d4x2

ei(Py−p1x1+p2x2). Then, on the l.h.s. we carry out the standard
integration by parts, which brings in a −i Pμ, while on the
r.h.s. we simply recover two Fourier transforms of the quark
propagator. Thus, we get

Pμ�̃
μ
5 (P, p2,−p1) = γ5S(p1) + γ5S(p2). (A.8)

The amputated axial-vector vertex�
μ
5 (P, p2,−p1) is defined

as

�̃
μ
5 (P, p2,−p1) = i S(p1)�

μ
5 (P, p2,−p1)i S(p2), (A.9)

and, therefore, from Eq. (A.8) we get

− Pμ�
μ
5 (P, p2,−p1) = S−1(p1)γ5 + γ5S−1(p2),

(A.10)

namely the [WTI]�5 in Eq. (3.1).

2. The [WTI]G5

In the case of the gluon-axial-vector vertex Gμν
5 (P, q, p2,

−q1), where q1 = p1 + q, we consider again the master
formula of Eq. (A.1) for n = 3, choosing ϕ1(x1) = ψ(x1),
ϕ1(x2) = ψ̄(x2), and ϕ1(x3) = Aν

b(x3), where Aν
b(x3) is a

gluon field. Since the gluon field is invariant under the chiral
transformation, we have ∂ Aν

b(x3)(x)/∂ω5α(x) = 0. Thus,
Eq. (A.1) yields (we suppress color indices)

∂ y
μ〈0|T jμ5 (y)ψ(x1)ψ̄(x2)Aν(x3)|0〉
= −δ4(y − x1)γ5〈0|T ψ(x1)ψ̄(x2)Aν(x3)|0〉

−δ4(y − x2)〈0|T ψ(x1)ψ̄(x2)Aν(x3)|0〉γ5. (A11)

The Fourier transform of the connected G̃
μν
5 (P, q, p2,−q1)

is given by

(2π)4δ4(P + q + p2 − q1)G̃
μν
5 (P, q, p2,−q1)

=
∫ +∞

−∞
d4 y d4x1 d4x2 d4x3ei(Py−q1x1+p2x2+qx3)

×〈0|T jμ5 (y)ψ(x1)ψ̄(x2)Aν(x3)|0〉, (A12)

whereas the Fourier transform of the connected quark-
gluon vertex �̃ν(q, r,−p) is given by

(2π)4δ4(q + r − p)�̃ν(q, r,−p)

=
∫ +∞

−∞
d4 y d4x1 d4x2 ei(−px1+r x2+qx3)〈0|ψ(x1)ψ̄(x2)

Aν(x3)|0〉. (A13)

Using these relations, one obtains from Eq. (A11)

i PμG̃
μν
5 (P, q, p2,−q1) = γ5�̃

ν(q, p1,−q1)

+�̃ν(q, p2,−q2)γ5. (A14)

We next introduce the amputated G
μν
5 and the amputated

quark-gluon vertex �ν , given by

G̃
μν
5 (P, q, p2, −q1) = �ν

ρ(q)i S(q1)G
μρ
5 (P, q, p2, −q1)i S(p2),

�̃ν (q, r, −p) = �ν
ρ(q)i S(p)i�ρ(q, r, −p)i S(r), (A15)

where S is the quark propagator defined in Eq. (A.7), and
�μν(q) is the gluon propagator.

Employing these definitions into Eq. (A14), and using that
qi = q + pi (i = 1, 2), we get

PμG
μν
5 (P, q, p2,−q1) = �ν(q, p1,−q1)S(p1)γ5S−1(p2)

+S−1(q1)γ5S(q2)�
ν(q, p2,−q2). (A16)

We next decomposeGμν
5 into a 1PI part, denoted by iGμν

5 ,
and a 1PR part, denoted byGμν

5 , i.e.,Gμν
5 = iGμν

5 +Gμν
5 . The

contributions composing Gμν
5 originate from diagrams (s1)

and (s2) in Fig. 12, namely Gμν
5 = (s1)

μν
5 + (s2)

μν
5 , which

are given by

(s1)
μν
5 = �

μ
5 (P, p2,−q1)i S(q2)i�

ν(q, p2,−q2),
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Fig. 12 1PR contributions to
the amputated, connected part of
the gluon-axial-vector function,
G

μν
5 . The blue (gray) circles

represent fully-dressed
axial-vector (quark-gluon)
vertices

Fig. 13 Left panel: Gluon-gluon-axial-vector vertex; Right panel: Gluon-gluon-axial-vector vertex contribution to the singlet axial-vector vertex
SDE

(s2)
μν
5 = i�ν(q, p1,−q1)i S(p1)�

μ
5 (P, p2,−p1). (A17)

Then, using Eq. (A.10), we find

Pμ(s1)
μν
5 = S−1(q1)γ5S(q2)

�ν(q, p2,−q2) + γ5�
ν(q, p2,−q2)

Pμ(s2)
μν
5 = �ν(q, p1,−q1)γ5

+ �ν(q, p1,−q1)S(p1)γ5S−1(p2). (A18)

We note now that the terms in Eq. (A18) contain the r.h.s. of
Eq. (A16), namely

PμGμν
5 = �ν(q, p1, −q1)γ5 + γ5�ν(q, p2, −q2) + [r.h.s.](A16)

(A19)

and therefore, from Eq. (A15) we get

i PμGμν
5 + �ν(q, p1,−q1)γ5 + γ5�

ν(q, p2,−q2) = 0
(A20)

which is precisely the [WTI]G5 of Eq. (3.11).

Appendix B: Flavour singlet and non-singlet currents

Throughout our construction we have considered the axial-
vector current, which behaves as a non-singlet under flavour

rotations U ∈ SU (N f ). Specifically, the quark fields trans-
form as

ψ(x) → Uψ(x), ψ̄(x) → ψ̄(x)U †, (B1)

and therefore, the axial-vector current defined in Eq. (A.2)
transforms as

jμ,a
5 (x) → ψ̄(x)U †γ5γ

μtaUψ(x). (B2)

Since

U †taU = Rab(U )tb (B3)

where Rab(U ) defines the adjoint representation of the
flavour group, we have that

jμ,a
5 (x) → Rab(U ) jμ,b

5 (x), (B4)

which is a flavour non-singlet quantity. In contrast, one
may show following the same procedure that the current
jμ,s
5 (x) = ψ̄(x)γ5γ

μψ(x) is a flavour singlet.
Since gluons do not couple to flavour non-singlets, the

diagram shown on Fig. 13. (b) is absent from the SDE of the
non-singlet axial-vector vertex ta�

μν
5 , see Fig. 8. Instead, it

must be added to the SDE of a singlet axial-vector vertex,
see e.g., [9].

Note that the non-singlet current is anomaly-free, see e.g.,
[75], and thus is conserved in the chiral limit; in contrast,
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the singlet current is not conserved in the same limit, dis-
playing the Adler-Bell-Jackiw anomaly [143–147]. Specifi-
cally, the vertex �

μνρ
5 (P, q,−r), Fig. 13. (a), which may be

defined from the Fourier transform of the correlation func-
tion 〈0|T jμ5 (y)Aν(x1)Aρ(x2)|0〉, in complete analogy to Eq.
(A.6), is transverse up the anomaly, that is

Pμ�
μνρ
5 (P, q,−r) = 0 + ig2

16π2 Aνρ(P, q,−r), (B5)

where the quantity Aνρ(P, q,−r) is defined from the Fourier
transform of the anomalous term 〈0|T εμσκδ

Tr[Fκδ(x)Fμσ (x)]Aν(x1)Aρ(x2)|0〉, see, e.g., [75].
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