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We study the full infrared dynamics of 2þ 1 flavor quantum chromodynamics (QCD) with the
functional renormalization group approach. We resolve self-consistently the glue dynamics as well as the
dynamics of chiral symmetry breaking. The computation hosts no phenomenological parameter or
external input. The only ultraviolet input parameters are the physical ones in QCD: the light and strange
quark masses. They are adjusted to the physical ratios of the pion and kaon masses, divided by the pion
decay constant. The results for other observables of current first-principles computations are in
quantitative agreement with the physical ones. This work completes the series of papers, initiated and
furthered in [SciPost Phys. 14, 069 (2023); SciPost Phys. 17, 148 (2024)], on dynamical chiral symmetry
breaking and the emergence of mesonic bound states within the functional renormalization group. As a
first application we discuss the formation of light mesonic bound states. Among other applications such as
the phase structure of QCD, the current work paves the way for studying QCD parton distribution
functions within the functional renormalization group approach to first-principles QCD.
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I. INTRODUCTION

Infrared quantum chromodynamics (QCD) with its
strongly correlated dynamics hosts a few of the most
intriguing phenomena or problems fundamental physics
has to offer. Open challenges range from the quantitative
description and understanding of quark scattering and the
formation of hadron resonances to the phase structure of
QCD and the nonequilibrium physics of QCD in heavy ion
collisions or in the early universe. The resolution of these
phenomena requires, either in parts or fully, nonperturbative
real-time approaches with small systematic errors and a high
computational accuracy.
First-principles functional approaches to QCD are tailor-

made for these tasks: Typically they are used for the
computation of spacelike (Euclidean) or equilibrium
QCD correlation functions. However, as diagrammatic
approaches, unlike lattice simulations, they allow for a
straightforward continuation to timelike and nonequilibrium
QCD correlation functions. For recent reviews on QCD
applications see [1–4]. These unique advantages in the

timelike regime of QCD come at the price of rather intricate
computer-algebraic and numerical challenges, which are
posed by the hierarchy of coupled integral and/or integral-
differential set of diagrammatic relations between QCD
correlation functions. The respective tasks can again be
divided into two interrelated but separate ones: the quest for
quantitative precision including a small systematic error in a
full first-principles approach, and the quest for a systematic
continuation of functional approaches to QCD into the
timelike domain.
In the present work we concentrate on the former task and

put forward a functional renormalization group (RG)
approach to first-principles 2þ 1 flavor QCD. We also
provide QCD results on the latter task with the first analysis
of bound state properties of light mesons. The present work
completes a series of three works: The first two, [5,6], were
concerned with the matter dynamics of low energy QCD. In
these works only the quark dynamics was included,
specifically concentrating on the quantitative resolution of
the four-quark scattering sector of QCD. In the present work
the matter dynamics is augmented with the gluonic one. In
combination this gives us access to the full dynamics of
QCD from the perturbative ultraviolet regime to the strongly
correlated infrared regime.
Special emphasis is given to the interface between the

pure glue sector of the theory and the matter sector. This
dynamic is encoded in the quark-gluon vertex, as well as in
higher quark-gluon scatterings. This interface has been
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studied thoroughly in [7–12], and its quantitative resolution
is key to a small systematic error in functional QCD
approaches. Together with the quantitative resolution of
the pure matter sector put forward [5,6], we obtain quanti-
tative first-principles results in 2þ 1 flavor QCD. With the
current approach, to our best knowledge, this is achieved for
the first time in 2þ 1 flavor QCD without the need of
external input such as gluon correlation functions, adding to
the respective two-flavor work in [10]. Our fRG approach is
then used for a first application to the bound state properties
of light mesons.
This work is organized as follows: In Sec. II, we discuss

the functional renormalization group approach to 2þ 1
flavor QCD. In particular we describe and evaluate the
approximations for the full effective action of QCD. This is
done separately for the pure glue, glue-matter interface,
and pure matter sectors. In Sec. IV we discuss the
determination of the fundamental parameters of 2þ 1
flavor QCD, that is the light and strange current quark
masses. We also present results for momentum-dependent
QCD correlation functions, and in particular for all quark,
ghost and gluon two-point functions, the dressings of the
ghost-gluon, three-gluon vertex, and quark-gluon and four-
quark vertices. In Sec. V, we focus on the bound state
properties of the light mesons. In Sec. VI we briefly
summarize the progress made in the present work.

II. FUNCTIONAL 2+ 1 FLAVOR QCD

The functional renormalization group approach to
QCD is governed by the flow equation for the one-
particle irreducible effective action, the Wetterich equation
[13–15]. This flow equation describes the differential
change of the QCD effective action. The current work
builds on [5,6] and the QCD works in the fQCD collabo-
ration in the past decade, [7,10,11,16–24], or rather the
respective systematic error analysis based on the LEGO®
principle [24]. It also draws from countless fRG works in
low-energy effective theories for QCD. For these and further
QCD works we refer to the recent QCD reviews [3,4].
The classical gauge-fixed action and some notational

details are discussed in Appendix A. The flow for the
effective action and that for (inverse) propagators and
vertices are discussed in Appendix F. The respective
QCD effective action can be divided into the pure glue
sector and the matter sector,

Γk½Φ� ¼ Γglue;k½A; c̄; c� þ Γmat;k½A; q̄; q�; ð1aÞ

with

Φ ¼ ðA; c; c̄; q; q̄Þ: ð1bÞ

In (1), the subscript k indicates the infrared cutoff scale in
the functional renormalization group. The pure glue sector
in (1) carries the purely gluonic interactions, also including

the gauge fixing part with the auxiliary ghost fields. Its
approximation is provided and discussed in detail in
Sec. II A.
The matter sector of the effective action splits into the

glue-matter interface between the glue and quark fields and
a pure matter sector,

Γmat;k½Φ� ¼ Γinter;k½A; q̄; q� þ Γquark;k½q̄; q�: ð1cÞ

In (1c), the part Γquark;k contains the quark-antiquark
scattering terms to all order and Γinter;k½A; q̄; q� comprises
the interface between Γquark;k and the pure glue sector.
It is well known that the matter sector is sourced and

dominated by quark-gluon interactions for perturbative
and semiperturbative momentum scales p≳ 1 GeV, see
[10,16,17,20,24]. This regime is followed by a small
interface regime with mixed quark-gluon and four-quark
dynamics at p ≈ 0.5 GeV, before the system finally settles
in a regime dominated by pion dynamics for p≲ 0.5 GeV,
and hence the pure matter sector. For a recent detailed
study and resolution of this change of the relevant degrees
of freedom as well as their diagrammatic resolution see
[24]. Note also that the infrared regime is the validity
regime of chiral perturbation theory χPT, and hence,
among other insights, functional QCD flows provide us
with an interpolation between the perturbative high energy
regime of QCD and χPT. Indeed, the present approach
allows us to determine the low energy effective constants
in χPT.
In combination, these previous investigations suggest the

following quantitative approximation for the two parts of
the matter sector in 2þ 1 flavor QCD in (1c),

Γinter;k½A; q; q̄� ≈ Γd;k½A; q; q̄�;
Γquark;k½q; q̄� ≈ Γ4q;k½q; q̄�: ð2Þ

The interface action is expanded in terms of gauge-invariant
operators, which has been shown to work quantitatively in
[7,10] in two-flavor QCD: there the quark-gluon vertex and
higher order gluon scatterings with two-quarks have been
expanded in the operators q̄=Dnq with n ¼ 1, 2, 3 and
q̄½=D; =D�q. Within such an expansion, the dressings of
vertices with different powers of gauge fields are related
on the symmetric point, subject to the irrelevance of further
operators. These relations have indeed been confirmed
numerically in [7,10], corroborating such an expansion.
The part of the action built from these operators can be seen
as a generalized Dirac part, hence the name Γd;k. It hosts the
interface terms between the pure glue sector and the matter
sector. Its approximation is discussed and evaluated in
Sec. II B.
The pure matter sector in the matter action hosts the

quark scatterings to all orders. We use a four-quark
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approximation, Γ4q;k, whose dynamics and quantitative
nature were the central focus of the first two papers of
the present series [5,6]. This analysis did not require
dynamical gluons as they decouple below the gluon mass
gap of approximately 1 GeV. The approximation used here
is that put forward and evaluated in [6]. Its main properties
are recapitulated in Sec. II C. In combination, the analyses
in Secs. II A to II C lead us to the quantitative approxi-
mation (3), (16) and (25). Its convergence properties and
the respective systematic error estimate are discussed
separately in Sec. III.

A. Pure glue sector

The approximation for the pure glue sector of QCD
draws from the quantitative study of the dynamics of Yang-
Mills theory in [18,19] with the functional renormalization
group, and similar ones with Dyson-Schwinger equations,
[25–27]. These studies, and references therein, also include
a careful evaluation of the importance of higher-order
tensor structures for the quantitative dynamics of this
system. In combination this suggests the approximation
detailed in Appendix B and the full glue effective action is
provided there in (B1). In the following we discuss the
important features of the approximation at the example of
selected terms,

Γglue;k ¼
Z
p

�
Aμð−pÞp2

�
ZAðpÞΠ⊥

μνðpÞ þ
1

ξ
Πk

μνðpÞ
�
Aμ þ c̄ð−pÞZcðpÞp2cðpÞ

�

þ
Z
p;q

Z1=2
c ðqÞZ1=2

c ð−p − qÞZ1=2
A ðpÞλAc̄cðp; qÞc̄ðqÞT ðclÞ

Ac̄cðp; qÞAμðpÞcð−p − qÞ þ glue interactions; ð3Þ

with the transversal and longitudinal projection operators
Π⊥;Πk defined in (B2) in Appendix B, and

Z
p
≡
Z

d4p
ð2πÞ4 : ð4Þ

Equation (3) contains the full momentum-dependent ki-
netic terms of the ghost and gluon fields in the first line. We
do not consider the longitudinal dressing of the gluon,
which is unity for k ¼ 0 due to the respective Slavnov-
Taylor identity (STI). At k ≠ 0 a nontrivial longitudinal
dressing is enforced by the modified STIs (mSTIs). All
explicit computations here are done in the Landau gauge

ξ ¼ 0: ð5Þ

and hence the longitudinal dressing drops out of the gluon
propagator which is transverse. The choice (5) conven-
iently optimizes both: computational simplicity (both
algebraically and numerically), and the smallest systematic
error in a given approximation, for a respective discussion
see [3,18,28]. The transverse propagator provides an
important benchmark test for our approximation: Its
momentum dependence including the absolute scales is
computed within the present work and is then compared to
the respective lattice results, see Fig. 6 in Sec. IV and the
discussions therein. We achieve quantitative agreement
including the absolute scales.
The purely gluonic vertices are detailed in Appendix B

and are abbreviated with ‘glue interactions’ in the second
line in (3). In short, we only use the classical tensor
structures for the three- and four-gluon interactions and

approximate their dressings with the symmetric point
momentum configuration.
This approximation is illustrated with the example of the

ghost-gluon vertex in the second line of (3): This vertex
contains only one transverse tensor structure, the transverse

projection of the classical one, ½T ðclÞ
Ac̄c�abcμ ðp; qÞ ¼ iqμfabc

with the gluon momentum p and the antighost momentum
q, see (B14). Hence, the ghost-gluon vertex in (3) is simply
a parametrization of the full vertex without any approxi-
mation. The vertex dressing is split in a factor, that carries
the wave functions of the fields attached to it, and hence its
RG scaling. This parametrization is applied to all vertices
and we parametrize

ΓðnÞ
Φi1

���Φin
ðpÞ ¼

"Yn
j¼1

Z1=2
Φij

ðpjÞ
#
Γ̄ðnÞ
Φi1

���Φin
ðpÞ; ð6Þ

with p ¼ ðp1;…; pnÞ. In (6), we have introduced the RG
invariant vertices Γ̄ðnÞðpÞ. While (6) constitutes a mere
reparametrization of the vertex, this split becomes important
if further approximations are applied to either ΓðnÞ or Γ̄ðnÞ,
for a detailed discussion see [24]: In general, the RG-
invariant vertices Γ̄ðnÞðpÞ have a smoother momentum
dependences, for a nontrivial evaluation and application
in quantum gravity see [29].
In view of these considerations we discuss approxima-

tions for the full momentum dependence of the dressing
λAc̄cðp; qÞ, that is the RG-invariant dressing of the vertex
Γ̄Ac̄cðp; q;−p − qÞ. In the present work we use an approxi-
mation that is informed by the investigation of the full
vertex in [7,10]. We evaluate the vertex dressing within
the symmetric point approximation: Instead of the two
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momenta p, q (two radial variables and one angle) we
consider only an average momentum dependence,

λAc̄cðp; qÞ → λAc̄cðp̄Þ; ð7Þ

with

p̄2 ¼ p2 þ q2 þ ðpþ qÞ2
3

: ð8Þ

This average momentum dependence of λAc̄cðp̄Þ is
extracted from the flow equation by an evaluation of
∂tλAc̄cðp; qÞ on the maximally symmetric simplex configu-
ration. This procedure is also applied to the gluonic three-
and four-point functions as well as the quark-gluon vertex,
and their momentum dependence is reduced to that on a
single scalar parameter. At this simplex configuration with
n ¼ 3, 4 the momenta satisfy

pi · pj ¼
nδij − 1

n − 1
p̄2; p̄2 ¼ 1

n

Xn
i¼1

p2
i : ð9Þ

In (9), all momenta are counted as incoming and momen-
tum conservation at the vertices is guaranteed by

pn ¼ −ðp1 þ � � � þ pn−1Þ: ð10Þ

In the present ghost-gluon example we have the incom-
ing momenta p1 ¼ p (gluon), p2 ¼ q (antighost) and
p3 ¼ −p − q (ghost).
The symmetric point approximation discussed for the

ghost-gluon vertex is also used for the other vertices in the
pure glue sector and in the glue-matter interface evaluated
in Sec. II B. This approximation is also discussed in
Appendix B and all symmetric point dressings are given by

λiðp1; p2;…; pniÞ ≈ λiðp̄Þ; ð11Þ

with i ¼ A3; A4; Ac̄c; Al̄l; As̄s and ni ¼ n − 1 for n-point
functions.
The ghost-gluon sector allows us to define two avatars of

the running strong coupling,

αAc̄cðpÞ ¼
λ2Ac̄cðpÞ
4π

; αTðpÞ ¼
1

4π

g2s
ZAðpÞZcðpÞ2

: ð12aÞ

The Taylor coupling αTðpÞ in (12a) uses the nonrenorm-
alization of the ghost-gluon vertex in the Landau gauge, and
is related to the process-independent coupling, see [30–35].
Note that, while they carry the same RG-scaling at two-
loop, they have a different momentum-dependence already
at this order.
The symmetric-point dressings of the three- and four-

gluon vertices discussed in Appendix B give rise to two
further avatars of the strong coupling,

αA3ðpÞ ¼ λ2A3ðpÞ
4π

; αA4ðpÞ ¼ λA4ðpÞ
4π

: ð12bÞ

Seemingly this leaves us with three different initial con-
ditions for the strong coupling at the initial cutoff scale
k ¼ Λ. The fourth one, the Taylor coupling is a derived
quantity and does not show up in the flow. However, at
vanishing cutoff scales, k ¼ 0, all avatars agree with each
other at asymptotically large momenta due to the respective
Slavnov-Taylor identities (STIs), leading to a single cou-
pling parameter to be fixed, as it should be. At k ≠ 0, the
three avatars of the couplings do not agree, but we
encounter minor deviations due to the regulator terms in
the modified STI (mSTI). In [10,18] these differences have
been resolved by tuning the initial couplings such that the
STIs at k ¼ 0 are satisfied for perturbative momenta.
As these differences are small and are even reduced

within the current symmetric point approximation, we
resort to using the approximate identity

αi;ΛðpÞ ¼ αs;Λ; i ¼ A3; A4; Ac̄c: ð13Þ

We also emphasize that (13) is not a free coupling
parameter in QCD: Using a specific (small) value of
αs;Λ merely defines the physical value of the scale Λ.
Finally, based on the results in [10,18] we identify the four-
gluon avatar by the three-gluon one, see also (B13) in
Appendix B,

αA4;kðpÞ ¼ αA3;kðpÞ; ð14Þ

for all k and p. This approximation is quantitative for
momenta p≳ 1.5 GeV, and the increasing difference
below this scale is irrelevant due to the decoupling of
the glue dynamics.
This concludes our discussion of the pure glue sector of

the effective action, for a detailed discussion of the vertex
approximation and further details see Appendix B.

B. Glue-matter interface

The glue-matter interface of the effective action contains
the kinetic term of the quark with its full momentum
dependence, as well as the quark-gluon interactions within
the RG-invariant expansion scheme with the symmetric
point approximation explained above around (6) to (9).
Similarly to the ghost-gluon vertex we shall exemplify this
approximation of the full interface effective action with the
quark–antiquark–gluon interaction with the classical tensor
structure

½T ð1Þ
Aq̄qðp; qÞ�aμ ¼ T ð1Þ

Aq̄q ¼ iγμTc; ð15Þ

with the gauge group generator Tc in the fundamental
representation. In contradistinction to the ghost-gluon term,
the quark-gluon term in (16) is pivotal for the infrared
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dynamics of QCD as it is by far the most relevant quark-
gluon interaction. Moreover, as in the pure glue sector the
classical tensor structure is but one basis element of a
complete tensor basis of the quark-antiquark-gluon inter-
actions whose transverse part hosts eight basis elements,
see (C5) in Appendix C. The full glue-matter interface of

the effective action includes further quark-gluon three-point
terms as well as higher order vertices. The complete form is
deferred to Appendix C, see (C1).
With this preparation the vertex expansion of the glue-

matter interface reads

Γd;k ¼
Z
p
q̄ð−pÞZqðpÞ½i=pþMqðpÞ�qðpÞ þ

Z
p;q

q̄ðqÞZ1
2

AðpÞZ
1
2
qðqÞZ

1
2
qðrÞλð1ÞAq̄qðp; qÞ½T ð1Þ

Aq̄qðp; qÞ�aμAa
μðpÞqðrÞ þ � � � ; ð16Þ

with r ¼ −p − q. The right side in (16) contains the
full momentum-dependent kinetic terms of the light and
strange quarks, and we have only displayed one of the eight
quark-gluon interaction terms. Its RG-invariant dressing

λð1ÞAq̄qðp; qÞ is that of the respective tensor structure of the

RG-invariant vertex Γ̄ð3Þ
Aq̄q defined in (6).

We also note that the sum of the two terms in (16) can be
viewed as a fully momentum-dependent generalization of
the Dirac term in the classical 2þ 1 flavor QCD action
(A2) in Appendix A. This action has an isospin symmetry:
mu ¼ md ¼ ml with the light quark field l ¼ ðu; dÞ, and
ms > ml, see (A7). We shall not consider flavor-mixing
terms in our approximation and hence the quark wave and
mass functions also carry the symmetry,

ZqðpÞ ¼ diagðZlðpÞ; ZlðpÞ; ZsðpÞÞ;
MqðpÞ ¼ diagðMlðpÞ;MlðpÞ;MsðpÞÞ: ð17Þ

Note that the mass function Mq carries the only two
physical parameters of the theory: we shall tune

Mq;k¼ΛðpÞ ≈ ðml;ml; msÞ; ð18Þ

such that the physical values of the ratios of the pion and
kaon pole masses to the pion decay constants are obtained
at k ¼ 0.
We proceed with a brief discussion of the additional

terms taken into account here (indicated by the � � �) and
displayed in Appendix C, before we close this section with
an evaluation of the symmetric point approximation:
The second term in (16) is but one of eight transverse of

twelve altogether quark-gluon terms. A complete basis

fT ð1Þ
Aq̄qðp; qÞ;…; T ð8Þ

Aq̄qðp; qÞg; ð19Þ

whose transverse projections span the transversal tensors, is
provided in Appendix C. Only three of these eight tensors
are relevant and will be considered in our approximation:

two chirally symmetric ones, T ð1;7Þ
Aq̄q , and one chiral sym-

metry breaking one, T ð4Þ
Aq̄q. Here, T ð1Þ

Aq̄q ¼ iγμTc is the
classical tensor structure. This relevance ordering has been

thoroughly tested in functional approaches, see e.g., [7–12].
We have also included two-gluon-quark-antiquark scatter-
ing terms that are related by STIs to the quark-gluon terms

with T ð1;4;7Þ
Aq̄q , see [7,10]. The discussion of these terms is

deferred to Appendix C. All vertex dressings are treated
self-consistently: their flow is computed and fed back into
the diagrammatic part of the flow equations.
So far, no approximation has been applied to the quark-

gluon vertex, apart from dropping the tensor structures that
do not contribute to the dynamics. Now we apply the
symmetric point approximation already used in the pure
glue sector. We exemplify it with the quark-gluon dressings

λðiÞAq̄qðp; qÞ, where we reduce the full momentum depend-
ence on gluon and antiquark momenta p and q to that at the
symmetric point with (9) and (10). Then, the approximation
of the quark-gluon vertex is summarized with

λð1;4;7ÞAq̄q ðp; qÞ → λð1;4;7ÞAq̄q ðp̄Þ; λð2;3;5;6;8ÞAq̄q ðp; qÞ ≈ 0: ð20Þ

The same approximation is applied to the two-quark-two-
gluon vertices considered here, more details can be found in
Appendix C.

The light and strange quark dressings λð1ÞAq̄q of the quark-
gluon vertex provide us with two avatars of the strong
coupling,

αAl̄lðpÞ ¼
1

4π
½λð1Þ

Al̄l
�2ðpÞ; αAs̄s ¼

1

4π
½λð1ÞAs̄s�2ðpÞ: ð21Þ

These avatars complement that obtained in the pure glue
sector, see (13).
Functional QCD admits a highly modular structure, the

modules being the pure glue, the glue-matter interface and
the pure matter sectors. These modules are only connected
by a few diagrammatic interfaces, and this structure, allows
for very reliable systematic error estimates and the apparent
convergence of the results. This is called the LEGO®
principle, for a detailed analysis see [24]. The quark-gluon
vertex takes a special role among these interfaces and we
close this section with a thorough analysis of this interface
and its stability. To begin with, the feedback of the quark-
gluon and quark fluctuations in the glue-matter interface and
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the pure matter sectors into the pure glue sector are
transmitted by closed quark loops with external gluon lines.
The respective interface vertices are the quark-gluon vertex
and higher two-quark–n-gluon vertices. It has already been
checked in [7,10,20,24] that this feedback is rather insensi-
tive to the infrared details for p≲ 5 GeV of the approxi-
mation of the interface action. The current analysis
corroborates these findings. In turn, quark correlation
functions and in particular the quark mass function are
rather sensitive to changes in the quark-gluon vertex for
p≲ 5 GeV.

Moreover, while the inclusion of λð4;7ÞAq̄q is relevant for the
gap equation, their inclusion into the flows of the quark-

gluon vertex dressings λð1;4;7ÞAq̄q is not. Consequently, it is

solely the dressing λð1ÞAq̄q of the classical tensor structure,
which governs dynamical chiral symmetry breaking and
the respective systematic error analysis.
In the present work we use the STI-procedure introduced

in [10] for achieving quantitative accuracy and gauge
consistency: for cutoff scales k≳ 5 GeV,

αAl̄l;kðpÞ ¼ αAs̄s;kðpÞ ¼ αAc̄c;kðpÞ; k ≥ ΛSTI: ð22Þ

In (22), the lower bound for the STI construction is varied
in the regime

3 Gev ≤ ΛSTI ≤ 7 GeV: ð23Þ

For smaller cutoff scales, k < ΛSTI we use the flow
equation for the dressings. This flow captures the decou-
pling of the quark-gluon dynamics due to the gluon mass
gap and the quark constituent masses. This procedure
quantitatively captures both the gauge-consistent running
in the perturbative and semiperturbative regimes as well as
the dynamic decoupling of the quark-gluon dynamics in the
infrared. The choice of a very large regime for ΛSTI also
allows for a conservative systematic error estimate.
Finally we remark, that the above STI-procedure can be

dropped if implementing flows that accommodate the full
mSTIs for the vertex dressings and in particular the quark
wave function ZqðpÞ, for a recent discussion see [24]: the
regulator insertions lead to a sizable flow of Zq;kðpÞ for
k≳ 5 GeV while the wave function Zq;k¼0ðpÞ ≈ 1. The
respective flows and initial conditions are intertwined,
leaving us with a logarithmic fine-tuning problem whose
resolution will be considered elsewhere.
In summary, the STI-procedure implemented in the

current work, together with the conservative systematic
error estimate, captures the quark-gluon dynamics well,
and gives us a quantitative grip on dynamical chiral
symmetry breaking. With this section and Sec. II A we also
have collected all relevant parameters in QCD: the strong
coupling gs, (13) and (22), and the current quark masses ml,
ms, (18). For the sake of convenience we collect them here,

αi;ΛðpÞ ¼ αs;Λ; Mq;ΛðpÞ ¼ ðml;ml; msÞ; ð24Þ

with i ¼ A3; A4; Ac̄c; Al̄l; As̄s. As already discussed below
(13), the initial condition αs;Λ for the strong coupling merely
defines Λ in terms of physical scales, and it is the current
quark masses that are tuned for the physical ratios of the pion
and kaon mass with the pion decay constant. This is
explicitly done in Sec. IVA.

C. Pure matter sector

The third sector of the effective action (1) is the pure
matter sector. It contains all multiquark scatterings, the
lowest order being the four-quark interactions. This sector
has been thoroughly analyzed in [5,6] for 2þ 1 flavor QCD,
and we shall simply use the results obtained there. For a
comprehensive analysis we refer to these works and only
briefly summarize the important findings, concentrating on
the investigation of the relevance order of different terms.
This analysis also took into account previous analyses, and
in particular those in the fRG approach to QCD with
emergent composites in [7,10,16,17,20,24]. In these works
the relevance of higher order scatterings in the scalar-
pseudoscalar channel was evaluated. The structure of these
terms suggests a rapid drop in their relevance for physical
pion masses and larger ones. The numerical findings
confirmed impressively these structural arguments, for a
comprehensive analysis see [24]. We emphasize that the
higher order scatterings in the scalar-pseudoscalar channel
still lead to subleading contributions and based on the
analysis in [24] this informs our total systematic error
estimate of 10% discussed in Sec. III. Moreover, a by-
product of these findings is the complete irrelevance of four-
quark channels with sufficiently massive lowest lying
resonances with mres ≳ 500 MeV. One can show readily
that even the contributions of the four-quark scattering
vertices in these channels to low-order correlation functions
(two-, three-, four-point function) are irrelevant, and their
feedback to higher order ones is even more suppressed.
In summary this leads us to the four-quark approxima-

tion Γ4q;k for the complete pure matter sector of the QCD
effective action. As already mentioned above, this approxi-
mation has been discussed judiciously in [5,6], in particular
in view of dynamical chiral symmetry breaking and the
emergence of the bound states in low energy regime. We
use

Γ4q;k½q; q̄� ¼ −
Z Y4

i¼1

�
d4pi

ð2πÞ4 Z
1
2
qðpiÞ

�
ð2πÞ4δ

�X4
i¼1

pi

�

× λαðpÞT ðαÞ
ijkmðpÞq̄iðp1Þqjðp2Þq̄kðp3Þqmðp4Þ;

ð25Þ

with
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p ¼ ðp1; p2; p3; p4Þ: ð26Þ

where λαðpÞ is the respective dressing of the four-quark
vertex. At the lowest momentum-independent order, the set
of Fierz-complete basis T ðαÞ includes 10 tensors in Nf ¼ 2

QCD. In the case of Nf ¼ 2þ 1, because of the flavor
symmetry breaking between the light and strange quarks,
the number of the basis tensors is increased to 26, see the
details in Appendix D. The complete basis with momentum-
dependent tensors is far bigger, for the two flavor case see
[36]. Moreover, the tensors have symmetric and antisym-
metric parts with antisymmetric and symmetric dressings,
that is λ∓α ðpÞT ðα�Þ, see (D14) and the respective discussion
in Appendix D. Consequently, we consider 52 terms, related
to the 26 Fierz-complete momentum-independent tensors,
thus generalizing the computation in [6] for 2 flavors to
2þ 1 flavors.
While it is possible to solve the system within this

approximation, it can be further reduced without the loss of
quantitative precision. Here we draw in particular from the
results in [6], where it has been shown in the two-flavor
setting that the scalar and pseudoscalar channels are the only
relevant ones, and the contributions of all other channels add
up to less than 1% for the strength of chiral symmetry
breaking, measured in observables such as the chiral
condensate. The suppression of the contribution of the
other channels relates to their large resonance masses with
mres > 500 MeV. This leads to a very efficient suppression
of these channels. In the present work in 2þ 1 flavor
QCD we use this analysis and only consider the channels
with mres ≲ 500 MeV. Accordingly, we include the ðσ; πÞ-
channels and the ðκ; KÞ channels, the latter being the scalar
and pseudoscalar channels of the light-strange quark inter-
action respectively. While encoding off-shell scattering
processes, the pole position of the dressings (t-channels)
provide the pole masses of the mesons with the respective
quantum numbers.
In Appendix D this has been discussed in more detail.

The tensor structures of the ðσ; π; κ; KÞ-channels taken into
account here are combination of tensors in the complete
basis in Appendix D, see (D9). This reduces the size of
the contributions from the other tensor structures.
Equation (D9) take the explicit form

T σ
ijkmq̄iqjq̄kqm ¼ ðq̄T0qÞ2;

T π
ijkmq̄iqjq̄kqm ¼ −ðq̄γ5Tð1−3ÞqÞ2;

T κ
ijkmq̄iqjq̄kqm ¼ ðq̄Tð4−7ÞqÞ2;

T K
ijkmq̄iqjq̄kqm ¼ −ðq̄γ5Tð4−7ÞqÞ2; ð27Þ

where the generators TðiÞ are the respective Gell-Mann
matrices, and the quark field q is given by q ¼ ðl; sÞ with
the light quark field l ¼ ðu; dÞ.

Finally we reduce the full momentum dependence of the
dressings λðαÞðpÞ, while still keeping the quantitative nature
of the approximation. This task has been evaluated in [6]
and informs the present approximation. We briefly recall
the arguments and analysis done there: Specifically we
want to keep the quantitative access to hadron resonances
which are encoded in the resonant behavior of the respec-
tive momentum channel of a given four-quark tensor that
carries the same quantum numbers as the resonance under
investigation. Here, momentum channel refers to the
Mandelstam momenta s, t, and u of the four-quark vertex
depicted in Fig. 1. We define

s ¼ ðp̄þ p̄0Þ2; t ¼ P2; u ¼ ðp̄ − p̄0Þ2; ð28Þ

with

P¼−ðp1þp2Þ; p̄¼ p2−p1

2
; p̄0 ¼ p4−p3

2
: ð29Þ

Then, the full momentum dependence of dressings of the
four-quark vertex λαðp1; p2; p3; p4Þ is reduced to a s, t, and
u-dependence, i.e.,

λαðp1; p2; p3; p4Þ ¼ λαðs; t; uÞ þ Δλαðp1; p2; p3; p4Þ
≈ λαðs; t; uÞ; ð30Þ

where the contribution of Δλα is found to be smaller than
1.5% [6]. We extract the s, t, u-channel momentum
dependences from the configuration

Pμ ¼
ffiffiffiffiffiffi
P2

p
ð1; 0; 0; 0Þ;

p̄μ ¼
ffiffiffiffiffi
p2

q
ð1; 0; 0; 0Þ;

p̄0
μ ¼

ffiffiffiffiffi
p2

q
ðcos θ; sin θ; 0; 0Þ; ð31Þ

This choice is not unique and the ambiguity from choosing
different momentum configurations has been studied in [6]:
it turns out that this ambiguity amounts to a less than 1‰
variation of the result. Accordingly, the respective error is
negligible.
It should be noted that the s, t, and u-channel momen-

tum dependence approximation in (30) and the momentum
configuration in (31) clearly cannot capture all possible
momentum dependence of the four-quark vertex. Our

FIG. 1. Diagrammatic representation of the quark four-point
function, where all momenta are counted as incoming.
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physical goal is to establish a self-consistent and closed
framework in terms of the variables f

ffiffiffiffiffiffi
P2

p
;
ffiffiffiffiffi
p2

p
; cos θg

and fs; t; ug, such that the meson resonance pole can be
extracted from the t–channel. The momentum magnitude
and angular dependence of the BS amplitude can be further
extracted from the momentum dependence in the s– and
u– channels. Our error analysis is also conducted around
this physical goal, such as by setting p̄ ¼

ffiffiffiffiffi
p2

p
ð− sin θ;

cos θ; 0; 0Þ and comparing to (31), rather than arbitrarily
redefining the momentum configuration.
This concludes the discussion of the pure matter sector of

the effective action.

III. SYSTEMATIC ERROR CONTROL
AND APPARENT CONVERGENCE

In this section we present an analysis of the apparent
convergence of the present approximation introduced in
Sec. II, based on an assessment of the systematic error
estimate. While chiefly important for the assessment of the
quantitative reliability of the current functional QCD
approach, it requires some basic technical understanding
of functional approaches. The technically less proficient or
interested reader may skip this section in a first reading.
In Secs. II A to II C we have introduced and discussed the

approximations of the different parts of the effective action,
see (3), (16), and (25) and the respective Appendices B to D.
These three parts constitute well-defined modules of QCD
in terms of general expansion schemes in functional
approaches as discussed in [23,24]. The three modules
are connected via small diagrammatic interfaces which
enable us to discuss the convergence of the approximations
of the modules separately. The most important interface
coupling is summarized in Fig. 2. In particular this allows us
to take advantage of convergence and stability analyses
done within these subsystems in the literature. Moreover,
the stability of the whole system can be assessed by
evaluating the stability of the different modules under
changes to the interfaces. This is called the LEGO®
principle and is discussed in detail in [24].
Following the LEGO® principle, we assess the stability

of the pure glue, glue-matter interface and pure matter
sectors of the full system in Secs. III A to III C, leading to
the combined error estimate in Sec. III D. We close this
section with Sec. III E, which comprises a structural
comparison of the diagrammatic resummations included
here with those in standard approximations to bound state
computations with DSE, BSE, and Faddeev equations.

A. Stability of the pure glue sector

The vertex expansion scheme and different approxima-
tions of the pure glue sector have been studied in detail in
[18]. The best approximation studied there surpasses the one
used here in terms of full momentum dependences of
vertices. We have resorted to the symmetric point

approximation for the gluonic and ghosts-gluon vertices
in the present work as the detailed analysis in [18] has
shown their quantitative reliability. For the details of this
analysis we refer the reader to this work.
It is left to discuss the impact of the interface of the pure

glue sector to the matter sector. To that end we evaluate the
impact of large changes of this interface on the pure glue
correlation functions. Here, large accommodates very con-
servatively potential deficiencies of the interface and the
matter sector. This analysis is simplified by the fact that the
pure glue sector of the action (3) and (B1) is connected to
the pure matter sector only via the interface action discussed
in Sec. II B with its quark-gluon vertices. In short, fluctua-
tions of the matter sector enter the flows for the ghost, gluon
and ghost-gluon correlation functions only via closed quark
loops with external gluon and ghost lines. We have
completely dropped the latter interface couplings as quarks
and ghosts only interact via diagrams with internal gluons,
quarks, and ghosts: These diagrams are highly subdominant
in the perturbative regime as they require high orders in the
strong coupling, and decouple quickly in the infrared due to
the efficient decoupling of the gluon dynamics. In contra-
distinction to the resonant chiral dynamics they are also
suppressed in the momentum regime with momentum
scales p; k ≈ 1 GeV.
The pure quark loops with external gluons effectively

only change the momentum scale running of the gluonic

FIG. 2. Relevant interface couplings: Glue and quark-gluon
avatars αi of the strong coupling, where i ¼ A3; Al̄l; As̄s, see also
Fig. 9 and 10−1p2λπðpÞ, see also Fig. 11. All avatars of the strong
couplings are evaluated at the symmetric point. The pion four-
quark coupling λπðpÞ ¼ λπð0; t ¼ p2; 0Þ is evaluated in the t-
channel momentum. For better visibility we have multiplied it by
10−1. The avatars of the strong couplings peak in the regime
ppeak ≈ 1 GeV and tend toward zero for p≲ 0.5 GeV. The
dimensionless pseudoscalar four-quark coupling p2λπðpÞ peaks
at about ppeak ≈ 0.5 GeV and tends toward zero for p≲mπ. It
also vanishes rapidly in the ultraviolet for p≳ 1 GeV propor-
tional to α2sðpÞ.
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correlation functions from that in Yang-Mills theory to that
in QCD. It has been checked already in [7,10] that even
large changes in the quark-gluon dressings in the semi-
perturbative and infrared regime only have a subdominant
effect on the gluonic correlation functions.
In short, the pure glue sector of the action is well

converged and is very stable under potential even large
changes of the interface as well as the matter sector.

B. Stability of the glue-matter interface

The stability and convergence of the glue-matter inter-
face have been evaluated in great detail in [7,10,24] in the
fRG approach and in [8,9,11,12,22,23] in the DSE
approach. It has been found that only three of the eight
transversal tensor structures of the quark-gluon vertex,

namely λð1;4;7ÞAq̄q , are relevant for quantitative accuracy, and
full quantitative precision requires taking into account a
few higher order scatterings. Still, the by far dominant
contribution is hosted by the dressing of the classical tensor
structure of the quark-gluon vertex, and the results for the
correlation functions quickly converge. The latter fact is
also related to the fact that the pure glue correlation
functions are rather insensitive to the respective changes
as well as to the presence or absence of chiral symmetry
breaking.
The above entails that the largest systematic error in the

glue-matter interface originates in the treatment of the flow

of the dressing λð1ÞAq̄qðpÞ of the classical tensor structure of
the quark-gluon vertex. While it is well controlled by the
mSTI in the perturbative and semiperturbative regime, its
(integrated) flow in the onset regime of confinement has a
relatively large systematic error, see the discussion in
Sec. II B around (23). This error is accounted for with a
very conservative evaluation of this interface within the
regime 3 GeV≲ k≲ 7 GeV, (23). In summary this leads to
a systematic error of approximately 5% in the most
sensitive correlation function, the quark mass functions,
while further correlation functions are less sensitive to these
variations.

C. Stability of the pure matter sector

This leaves us with an evaluation of the systematic error
for the pure matter sector of the effective action. This
sector has been studied thoroughly in the first two works in
the series [5,6]. The results there informed the approxi-
mation of the four-quark sector of the effective action (25),
and a detailed analysis is found there. It is left to evaluate
the potential impact of higher order quark vertices, such as
ðq̄qÞn and ðq̄γ5TiqÞn with i ¼ 1, 2, 3 and n ≥ 3. As in the
case of the four-quark interactions, there is a clear
hierarchy with the pseudoscalar ones being by far the
dominant ones. Their impact has been thoroughly studied
in the fRG approach to QCD with emergent composites in
[10,16,17,20] and in particular in the recent work [24].

In short, their relevance drops quickly with n, the excep-
tion being the chiral limit with pion masses mπ ≲ 1 MeV,
see [37]. Still, n ¼ 3, 4 leads to sizeable though subdomi-
nant corrections below 5%, for a discussion see the works
above. In a forthcoming work we shall augment the current
approximation with emergent composites in the scalar-
pseudoscalar sector. This eliminates the biggest source of
our systematic error as well as gives us more direct and
simpler access to hadronic bound state properties and
timelike correlation functions.

D. Combined systematic error estimate

We conclude that the by far dominating sources for the
systematic error are the lack of full control of the flow of

λð1ÞAq̄q discussed in Sec. III B and the missing higher order
quark–antiquark scattering terms discussed in Sec. III C.
Both of them are of the order 5%. Moreover, they are
partially accommodated in the value of the current quark
masses leading to the physical ratio of the pion decay
constant and the pion/kaon pole masses. In summary we are
led to a conservative systematic error estimate of 10% for
our observables.

E. Dynamics and higher order scatterings

We close the discussion of the functional 2þ 1 flavor
QCD setup in Sec. II and its systematic error estimate in
Secs. III A to III D with a brief evaluation of the dynamics
included in the present approximation. For further analyses
of the present and related approximations we refer the
reader to [10,20,24] and the reviews [3,4].
Here we concentrate on a discussion in the light of

another application areas of the present approach: the
hadron resonance spectrum, the formation of hadrons,
parton distributions functions and related observables.
While part of this evaluation can also be found in [5,6],
we aim at a self-contained discussion here. To begin with,
the most important part of the coupled set of flow equations
is the four-quark flow and its feedback into the quark-gluon
vertex and the quark propagator. In terms of (off-shell)
resonances this includes σ-mode, pion, K and κ exchanges
in the flow of the quark-gluon vertex.
We proceed with a discussion of the off-shell scattering

processes included in the present approximation of the
matter sector: the four-quark vertex is sourced by all
topologies of the quark-gluon boxes. Importantly, the
resummation in the flow does not only generate ladder
diagrams (gluon exchanges between a quark and an
antiquark), but also generic topologies including, e.g., also
the annihilation of a quark–antiquark pair into two gluons,
followed by the recreation of such a pair from two-gluons,
not necessarily in the same tensor channel. The general
resummation is obtained from the flow: in the next flow step
at a given scale k, all the topologies and diagrams generated
before are fed back into the flow. Apart from successively
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dressing the vertices and propagators in the quark-gluon
boxes, this iterative procedure generates triangle and fish
diagrams as well as the tadpole diagrams with six-point
vertices. Again it is important for the evaluation of the
resummation scheme that all topologies of the fish and
triangle diagrams are considered, see Fig. 3. Moreover, all
four-quark vertices considered depend on all Mandelstam
variables s, t, u. Diagrammatically this implies that all
different momentum and tensor channels are fed back into
each other. This rather complete, self-consistent, resumma-
tion of the four-quark vertex originates in the fact, that flow
diagrams only contain fully dressed vertices in contradis-
tinction to DSEs with one classical one and BSEs with a
given BSE kernel. Note that the latter statement only
concerns the standard formulation of the DSE-BSE frame-
work and elaborated schemes have been set up that circum-
vent this diagrammatics, see, e.g., [25,26] and the review
[1]. For a recent example with the skeleton expansion,
leading to diagrammatics similar to that in the fRG flows,
see [35].
In conclusion, in terms of all orders of perturbative

diagrams, such a self-consistent flow generates all nested
diagrams of quark-gluon diagrams except those that are
sourced by a quark-gluon six-point function at one-loop
level. Its flow is schematically depicted in Fig. 4, where we
have left out diagrams with six-point and eight-point
functions as well as mixed diagrams with quark four-point
and quark-gluon vertices.
We emphasize that this includes but goes far beyond

rainbow-ladder diagrams. While a full analysis is beyond
the scope of the present work, we collect some of the
scattering processes that can be derived from the above
diagrammatic dissection. First of all, all two-to-two four-
quark scattering processes are included. Due to the
iteration, this also includes two-to-many quark processes.
Note that almost all of these processes are negligible as

their resonance mass scale is very large ≳1 GeV and
these resonances emerge or get dynamical at about
k ≈ 500 MeV, the scale of dynamic chiral symmetry
breaking. Finally, in terms of two-to-two quark and higher
order resonant interactions, the dropped tadpole diagrams
comprise part of these interactions that, however, are
phase-space suppressed. Moreover, at the physical point
and for smaller pion masses these scatterings are domi-
nated by multipion scatterings. These contributions, while
present, have been shown to be subleading, see in
particular [7,10,16,17,20] and in particular the recent
comprehensive systematic error analysis in [24]. In sum-
mary, the error introduced by their omission is part of our
10% error estimate and the multimeson scatterings will be
added in a forthcoming work that combines the approx-
imations of [10,24] with the present one.
We close this section with a brief diagrammatic trans-

lation of this fRG setup with the Dyson-Schwinger–Bethe-
Salpeter equation setup commonly used for bound state
analyses. To begin with, the inclusion of the four-quark
vertices in the fRG framework and the respective approxi-
mation in their flow corresponds to the inclusion of the BSE
and the choice of the Bethe-Salpeter kernel. This relation is
even more evident in the fRG approach with emergent
composites. Then, the pion-quark-antiquark (Yukawa)
vertex simply reduces to the pion BSE wave function on
the pion pole, see [7,10]. For further direct relations
between the two setups we refer to works on nPI flows,
see [38–45]. In both frameworks, a self-consistent treat-
ment of the chiral dynamics is of utmost importance and is
achieved by deriving the loop relations for the correlation
functions from the functional relation of a suitably chosen
effective action.
In the DSE-BSE setup self-consistent relations between

the correlation functions can be derived from n-particle
irreducible effective actions: then, the choice of the BSE-
kernel also determines the approximation of the quark-
gluon vertex in the gap equation. These choices are dictated
by the nPI expansion scheme underlying the analysis. Such
a treatment leads to a consistent implementation of chiral
symmetry breaking and in particular ensures the consis-
tency of the dynamics of the pseudo-Goldstone bosons.
In the fRG approach, the flows for the correlation

functions are derived from the functional flow equation
of the effective action, see (F1) in Appendix F. Accordingly,
the consistency of the chiral dynamics is hard-wired in a
self-consistent solution of the connected set of flow equa-
tions for all vertices. Here, self-consistent entails that all
vertices considered in the approximation of the effective
action, are fed-back into the diagrammatic flows on the right
hand side. Roughly speaking, the BSE-kernel is encoded in
the approximation to propagators and vertices, specifically
the quark-gluon vertices. Hence, phrased in the DSE-BSE
language, it is guaranteed that the same BSE-kernel is used
throughout the system. The hard-wired self-consistency

FIG. 3. Flow diagrams of four-quark vertices in the pure matter
sector for the t-, u-, and s-momentum channels, respectively.

FIG. 4. Diagrammatic depiction of the flow equations of the
six-quark vertex. For the sake of brevity we only depict one
diagram of the whole class of quark-gluon and four-quark
diagrams. The operator ∂̃t only hits the k-dependence in the
explicit regulator terms in the propagators.
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allows us to choose the approximations for all vertices and
flows separately. Accordingly, we can implement the best
approximation of each subsystem within the full system.
This brief analysis concludes the discussion of the approxi-
mation of the effective action and the flow, including its
relation to other functional approaches.

IV. QCD CORRELATION FUNCTIONS

In this section we report on our results for the quark-
gluon correlation functions in 2þ 1 flavor QCD. To our
knowledge this is the first self-consistent computation of
QCD correlation functions in 2þ 1 flavor QCD, i.e., not
resorting to any input for part of the correlation functions
such as the ghost and gluon propagators as commonly
done. These correlation functions will then be used for
computing bound state properties of mesons such as the
pion Bethe-Salpeter amplitude in Sec. V.
In Sec. IVA we discuss how to adjust the UV initial

conditions in our fRG approach to QCD. This is tantamount
to fixing the renormalization group point and conditions in
Dyson-Schwinger equations (DSEs) in the MOM2 scheme
underlying the fRG approach. For a discussion and com-
parison with the DSE approach see [11]. In Sec. IV B we
discuss the results for gluon and ghost propagators, and in
Sec. IV C we discuss the results for the quark dressings and
the avatars of the strong coupling. In Sec. IVD we present
our results on the four-quark dressings, from which the
meson masses, Bethe-Salpeter amplitude and the decay
constants are derived. The respective results are discussed
in Sec. V.

A. Initial conditions for functional QCD

In this section we describe the tuning of ultraviolet
parameters (24) in the fRG approach to QCD. This starts
with choosing a small initial strong coupling at the initial
cutoff scale k ¼ Λ,

αs;Λ ¼ 0.179: ð32Þ

Implicitly this provides the value of the initial cutoff scale,
when the physical scales are fixed by tuning appropriate
mass ratios in the theory. However, in the absence of any
physical scale, all scales are measured in the initial scale.
Hence, apart from (32), the theory is determined by the two
current quark masses, measured in the initial scale. We have
scanned the parameter range

0 ≤
ml

Λ
≤ 9.1 × 10−5; 0 ≤

ms

Λ
≤ 2.4 × 10−3: ð33Þ

The three parameters in (32) and (33) are the fundamental
parameters in 2þ 1 flavor QCD. We emphasize that these
are the only parameters at our disposal in the current
first-principles fRG approach to QCD. No external input
or phenomenological parameter is used. Moreover, as

elucidated above, the strong coupling is not tuned, its
initial value simply sets the physical scale. Hence we fix the
masses (33) with the two ratios mπ=fπ and mK=fπ , and all
further observables and correlation functions are genuine
predictions.
These ratios are fixed as follows. The QCD correlation

functions computed in Secs. IV B and IV C can be used to
compute meson masses, see Fig. 19 in Sec. IV D and the
discussions therein, and the decay constants, see (44) in
Sec. V. This allows us to determine the physical choice for
the initial condition as that, leading to the physical ratios
mπ=fπ and mK=fπ , see Table I. In Fig. 5 we illustrate the
respective tuning of the current quark masses with that of
tuning ml;Λ ¼ ml to its physical value, while keeping ms;Λ
already fixed at its physical value, ms;Λ ¼ 55.9 MeV: the
ratio mπðmlÞ=fπðmlÞ rises monotonously from its vanish-
ing value in the chiral limit with ml ¼ 0 and mπ ¼ 0 to its
physical one. Note that the full procedure amounts to the
tuning of the pair ml, ms, and this two-dimensional search
is simplified by the mass hierarchy and the monotonicity in
both masses.
In terms of the initial cutoff scale, it is given by

ml

Λ
≈ 5.88 × 10−5;

ms

Λ
≈ 1.57 × 10−3: ð34Þ

which implies the ratio of the current quark masses,

ms

ml
≈ 26.6; ð35Þ

TABLE I. Current quark masses and observables in 2þ 1 flavor
QCD: we choose a small strong coupling αs;Λ ¼ 0.179 at the
initial cutoff scale Λ, see (32). This choice is safely in the
perturbative regime, and the respective ultraviolet (UV) cutoff
turns out to be Λ ¼ 35.7 GeV, see (36). The light and strange
current quark masses ml, ms are the only fundamental parameters
and are determined by the two ratios of meson pole masses and the
pion decay constant,mπ=fπ andmK=fπ . Both, the decay constant
and the pole masses are determined from the QCD correlation
functions computed in Sec. IV. The decay constants are deter-
mined with (44). The pole masses mπ and mK are reconstructed
from the four-quark dressings within a Padé approximation, see
Fig. 19. We also show some first predictions on the constituent
quark masses Mq ¼ Mqðp ¼ 0Þ, see Fig. 7, the pole mass of the
σ-mode, see Fig. 11 and the kaon decay constant (44).

Observables Value Parameters Value

mπ=fπ 137.0=93.0 ml 2.1 MeV
mK=fπ 494.0=93.0 ms 55.9 MeV

Ml 344.5 MeV
Ms 487.3 MeV
mσ 515.2 MeV
fK 114.1 MeV
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close to that used in lattice computations. Moreover, for
(34) the pion mass is the physical one, mπ ¼ 137 MeV,
which finally sets our physics scales. Measured in these
physical units, the initial cutoff scale is given by

Λ ¼ 35.7 GeV: ð36Þ

The physical parameters as well as some first predictions of
fundamental observables and correlation functions are also
summarized in Table I.

B. Correlation functions in the glue sector

We begin our discussion of the numerical results with the
pure glue sector. As discussed in Sec. III A, it is the most

insensitive of the modules when it comes to its stability
under changes of correlation functions in the other modules
including the interface, the quark-gluon scatterings. In
terms of its relevance for the other modules, the interface
and the matter sectors, the gluon propagator, or rather its
dressing, is the most relevant correlation function. The
gluon, ghost and quark propagators or dressings are also the
only correlation function, where precision data from the
lattice exist and provide benchmark tests within the 10%
systematic error estimate discussed in Sec. III D.
It has been discussed at length in the literature, see

[7,10,18,28,46,47], that the feedback of the gluon propa-
gator into other correlation functions is via its dressing
1=ZAðpÞ due to the momentum integral in the flows. This
dressing in 2þ 1 flavor QCD is depicted in the left panel of
Fig. 6 together with the 2þ 1 flavor lattice data from [48].
Our result is in excellent agreement with the lattice data,
well within the 10% error estimate. The increasing deviation
in the infrared comes from the tuning of the scaling solution
in the glue sector instead of the decoupling solution found
on the lattice, for a detailed discussion see [18,28]. It has
been argued that this difference may originate in an infrared
gauge fixing ambiguity in the Landau gauge. Then, this
difference does not show in observables. It has been shown
in [10,46,47] at the example of the quark mass function and
the confinement-deconfinement temperature that this is
indeed the case.
This infrared difference to the lattice is also shown in the

ghost correlation function shown in the right panel of Fig. 6
together with the 2þ 1 flavor lattice data from [48]. This
difference does not feed back into the rest of the system as it
is transmitted via ghost-gluon diagrams, all of which
contain at least one gluon propagator. The scaling of ghost
and gluon dressings (and hence of the vertices) are related
and in combination they cancel out very efficiently. This is
also evident in the quark-gluon avatars of the strong

FIG. 6. Left panel: gluon propagator dressing 1=ZAðpÞ in the Landau gauge in comparison to the unquenched lattice QCD results for
Nf ¼ 2þ 1 flavors [48]. Right panel: ghost propagator dressing 1=ZcðpÞ in the Landau gauge in comparison to the lattice results for
Nf ¼ 2þ 1 flavors [48].

FIG. 5. mπðmlÞ=fπðmlÞ as a function of the light current quark
mass ml. The strange current quark mass is fixed to its physical
value ms ¼ 55.9 MeV, see Table I. The gray dashed lines
indicate the physical parameter values in Table I, leading to
the physical value mπ=fπ ¼ 137=93.
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coupling, which is plotted together with the purely gluonic
avatars in 9. As they also involve correlation functions in
the interface module of the effective action, we defer the
respective discussion to Sec. IV C.
In the present fRG approach to first principle QCD, the

overall momentum scale is provided bymπ ¼ 137 MeV for
the physical ratiomπ=fπ . All other scales, such as the initial
cutoff scale Λ, (36), and the momentum scale in Fig. 6 are
measured in mπ . Accordingly, the excellent agreement of
the ghost and gluon dressings with the lattice data for all
momenta p≳ 1 GeV is an impressive test of the overall
scale setting and the quantitative nature of the present
approximation across the whole system: the scale setting is
done in the pure matter sector of the system and the
momentum scales of the ghost and gluon dressings is an
observable in the pure glue sector. We note that in particular
the peak position of the gluon propagator, p ∼ 0.955 GeV,
which indicates the confinement mass gap, is in quantita-
tive agreement with the peak position of the lattice data.

C. Correlation functions in the quark-gluon interface

The quark propagators, or more precisely their dressings,
as well as those of the quark-gluon vertex are the most
relevant building blocks in the interface module. The
propagator, at k ¼ 0 has the form

GqðpÞ ¼
1

ZqðpÞ
1

i=pþMqðpÞ
; ð37Þ

which is just the inverse of the kinetic term in (16). It hosts
the RG-invariant mass functions MqðpÞ ¼ diagðMlðpÞ;
MlðpÞ;MsðpÞÞ and the quark wave functions ZqðpÞ ¼
diagðZlðpÞ; ZlðpÞ; ZsðpÞÞ. In Fig. 7 we show both, MqðpÞ
and 1=ZqðpÞ for the physical point together with lattice
data for the mass function from [49]. Note that the dressing
ZqðpÞ is not RG-invariant and drops out of all our
observables as both the vertices and the propagator have
global Zq-factors which cancel out in the diagrams.
The RG-invariant mass functions agree well with the

respective lattice results and the deviations are well within
the 10% systematic error of the current computation. In
Fig. 7 we also indicate the systematic error from the STI
procedure applied to the quark gluon vertex. Even though
we have taken a very large regime 3 GeV≲ p≲ 7 GeV for
the potential onset regime of confinement, the error is
relatively small. This corroborates the quantitative nature of
the current approximation.
Figure 7 also displays the inverse wave functions 1=Zq

for the light and strange quarks. The strange quark wave
function is consistent with unity within the systematic
errors of our calculations, while 1=Zq for the light quark is
significantly smaller than one, which is consistent with
previous results of functional QCD, see [7–11,24,51]. Note

that there are still considerable systematic errors in lattice
results of quark wave functions, see [49] for a discussion.
We close the discussion of the mass function with a

dissection of its flow. The flow consists of the sum of
diagrams in three diagrammatic classes, see Fig. 27: the
first class is the quark-gluon diagram with two quark-gluon
vertices which dominates the flow in the UV. Due to
the isospin symmetry of the propagator and vertices the
internal quark propagator in these diagrams is that of the
external quark. The second diagram is a quark-gluon
tadpole whose contribution is negligible. The third diagram
class is the quark tadpole whose contribution is as relevant
for chiral symmetry breaking as the quark-gluon diagram.
Due to the mixing of quark flavors in the four-quark
vertices all quarks contribute to the two-point function flow
of a given quark.
In general, we expect the quark-gluon diagram to

dominate the ultraviolet flow for p≳ 1–5 GeV. While this
also holds true here, all contributions approach zero quickly,
as the flow of the mass function is proportional to itself: in
the UV it is the only scale of chiral symmetry breaking, as
the size of the chiral symmetry breaking vertices is
negligible. Accordingly, due to the relatively small current
quark masses the flows are small. In the infrared both
contributions are rising and peak at about the cutoff scale of
dynamical chiral symmetry breaking kpeak ≈ kχ .
We also find that the quark tadpole is dominated by the

contribution from the scalar σ-channel of the four-quark
vertex, see Fig. 8. A more detailed analysis elucidates the
decomposition of the full QCD dynamics in both, the fRG
approach to QCD with emergent composites and the
present approach. A closer look at the σ-channel reveals
that it hosts two contributions in contrast to one in the pion

FIG. 7. Quark mass function MqðpÞ (solid lines, in unit of
GeV) and inverse quark wave functions 1=ZqðpÞ (dashed lines)
for light (red line) and strange (blue line) quarks with
ΛSTI ¼ 5 GeV. The error bands stand for the results by varying
ΛSTI from 3 to 7 GeV. The light quark mass function is also
compared with the lattice results in [49] (cyan points) and [50]
(purple points).
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channel: both contain one diagram, where the external
color and flavor runs through the internal quark line. These
two diagrams agree up to a relative minus sign for the pions
and the multiplicity of three. In short, this part is dominated
by the pions. These contributions agree with the meson
diagrams in the fRG approach to QCD with emergent
composites.
However, in the σ-channel there is an additional one

proportional to trT0, where color and flavor of the internal
propagator are not connected to the external color and
flavor. It is this diagram that dominates the contribution
from the quark contribution. The respective diagram is
absent in the pion channel as it is proportional to trγ5Ti ¼ 0

and tr γ5=qTi ¼ 0with the loop momentum q and i¼ 1, 2, 3.
In the fRG approach to QCDwith emergent composites this
contribution is generated by the flow of the expectation
value of the σ-mode, and the equation of motion of the
σ-mode contains the respective closed quark-loop.
We also emphasize, that the peak position kpeak of the

four-quark contributions stays at kpeak ≈ kχ also in the
chiral limit. Finally, we note that the four-quark contribu-
tion is crucial for the size of the quark mass function and
the inclusion of the four-quark scatterings, or rather the
scalar and pseudoscalar part of it, is essential for the
quantitative nature of the approximation. This concludes
our detailed analysis of the different contributions in the
flow of the quark mass function, and hence that of
dynamical chiral symmetry breaking.
The avatars of the strong coupling from the ghost gluon,

three gluon and quark-gluon vertices, (12) and (21), are
shown in Fig. 9. For perturbative and semiperturbative
momenta, p≳ 3 GeV, all avatars of the strong coupling
converge toward each other. This convergence is consistent
with the respective STIs, which constrain the longitudinal
parts of the respective classical tensor structures. For
smaller momenta, p≲ 3 GeV one has to consider two
effects: First of all, with the growth of the strong couplings

or rather the growing strength of the respective vertices, the
scattering kernels in the STIs get increasingly important
and the equivalence αiðpÞ ≈ αsðpÞ is successively lost.
Moreover, confinement necessitates nonuniform vertices as
otherwise the confining mass gap cannot be generated, see,
e.g., [18,52] and the recent review [53]. Here, nonuniform
refers to the fact that longitudinal dressings (related to the
STI) and transverse ones are different. Obviously, no
conclusion can be inferred for the nonuniform parts of
the transversal vertices from the STIs. While the nontrivial
scattering kernels can be accommodated, the nonuniform
nature of the vertices is a dynamical effect and is one of the

reasons for using the flows of the dressing λð1ÞAqq̄ of the
quark-gluon vertex in the infrared.
In summary, for momenta p≲ 3 GeV all avatars of the

strong coupling differ sizably, and these differences are
dynamical and not a truncation artifact. Moreover, while
the deviations are visible for p≲ 3 GeV, they are already
building up dynamically before in terms of the mass gap of
the gluon propagator. This has been investigated thor-
oughly in pure Yang-Mills theory in [18] within the fRG
approach and is well-understood. The underlying dynami-
cal mechanism and its momentum dependence have been
investigated judiciously in the literature, see [53]. These
investigations inform our lower boundary of ΛSTI in (23), at
which both, the scattering kernels in the STIs and the
confining dynamics are already present.
In the infrared for p≲ 1 GeV, all avatars either level off

(ghost-gluon) or decay toward zero. The latter is clearly
seen for the avatars αAl̄l; αAs̄s of the quark-gluon coupling.
The strange avatar drops earlier due to the larger strange

FIG. 9. Avatars of the strong coupling, αi for i ¼
Ac̄c; A3; Al̄l; As̄s defined from the dressings of the ghost-gluon
vertex, three-gluon vertex and quark-gluon vertices in (12a),
(12b), and (21). All dressings converge toward each other for
momenta p ≳ 5 GeV due to the STI and start deviating below,
see also Fig. 2. The dashed vertical line on the right indicates
p ¼ Λ ¼ 35.7 GeV, see (36). This momentum scale can be
understood as a (soft) UV-momentum cutoff.

FIG. 8. Different diagrammatic contributions to the flow of the
light quark mass at p ¼ 0.
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quark mass. For momenta at about 1 GeV the strange
quark avatar is slightly larger than the light quark one,
which is related to the respective size or order of the quark
dressings 1=ZlðpÞ; 1=ZsðpÞ, Fig. 7, which implicitly enter
the definitions.
The sign of the three-gluon dressing λA3 changes at about

200 MeV and approaches zero from below, see Fig. 9. This
behavior is triggered by the ghost loop in the fRG or DSE
for the three-gluon vertex which is dominating the deep
infrared and leads to the negative infrared dressing. The
location of the zero crossing depends on the chosen
solution (scaling or decoupling), for further discussions
and results see, e.g., [18,25,26,54–60] (Yang-Mills) and
[10,24] (QCD). Accordingly, the respective strong coupling
αA3 in (21) drops to zero at about 200 MeV before
recovering and approaching zero from below.

We close this section with the discussion of λð4;7Þ
Al̄l

, the
dressings of the other two relevant tensor structures of the
light-quark-gluon vertex. They are shown in Fig. 10

together with that of the classical tensor structure, λð1Þ
Al̄l
.

The full basis is presented in (C5) in Appendix C, and for
the benefit of the reader we recall the three relevant tensor
structures,

h
T ð1Þ

Aq̄qðp;qÞ
i
μ
¼ iγμ;

h
T ð4Þ

Aq̄qðp;qÞ
i
μ
¼ iσμαpα;h

T ð7Þ
Aq̄qðp;qÞ

i
μ
¼ 1

3
σαβγμðpþqÞαðp−qÞβ þ permut: ð38Þ

Here, p is the gluon momentum and q is the antiquark

momentum, and all T ðiÞ
Aq̄q are multiplied by Π⊥ðpÞTa

c.

The dimensionless dressings λð4;7Þ
Al̄l

ðpÞ peak in the regime
0.5 GeV≲ p≲ 1 GeV. While it is suggestive to measure
the importance of the dimensionless dressings for, e.g., the

flow of the constituent quark mass functionMlðpÞ by their
size, this size can be deceiving for two reasons. First of all,
it is the size of the respective diagrammatic contributions
that enters ∂tMlðpÞ and this depends on the contraction of

the tensor structures: while T ð7Þ
Al̄l

is chirally symmetric as is

the classical tensor structure, T ð4Þ
Al̄l

breaks chiral symmetry,
see (38). The latter fact already explains why the respective
dressing switches on at smaller momenta. Second, the
flows are nonlinear. The impact of the different dressings in
the flow or DSE of the quark mass function has been
studied in detail in [10] and in particular in [11]. In these
works the functional equation for the quark mass function
has been analyzed as follows: we use the full solution for
the vertex dressings and the gluon propagator and solve the
functional relation for the quark propagator by dropping

either of the dressings λð4;7Þ
Al̄l

. There it has been found that

dropping λð4Þ
Al̄l

leads to a more than 50% decrease of the

constituent quark mass, while dropping λð7Þ
Al̄l
ðpÞ increases

the light quark mass function by roughly 10%.

D. Correlation functions in the matter sector

In this section we present and discuss our results for the
dressings of the four-quark vertex. A full tensor basis with
26 elements can be found in (D2) to (D7) in Appendix D.
We have not taken into account all of them in the flows as
most decouple very efficiently in all flows including their
own ones. This will be discussed below. In short, we have
only considered the four channels (D9): the scalar and
pseudoscalar channels with the dressings λσ , λπ and the K,
κ-meson channels with the dressings λK , λκ. These dress-
ings are shown in Fig. 11 in 102 GeV−2 units as functions
of the t-channel momentum at u ¼ s ¼ 0,

λαðtÞ ¼ λαðs ¼ 0; t; u ¼ 0Þ: ð39Þ

FIG. 10. Dimensionless dressings λð1;4;7Þ
Al̄l

ðpÞ of the quark-gluon
vertex for the tensor structures T ð1;4;7Þ in (38), as functions of the
symmetric point momentum p.

FIG. 11. Four-quark dressings of the π, σ, K, κ meson channels
as functions of t-channel momentum with s ¼ u ¼ 0.
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This channel contains the pion resonance and other
mesonic resonances. This gives rise to the large value
of λπðt ¼ 0Þ ∝ 1=m2

π . This also explains the ratio of
λπ=λσ ∝ m2

σ=m2
π .

It is important to realize, that, while the size of the
dressings exhibits the mass hierarchy of the resonances, the
importance of the different tensor structures of the four-
quark vertex has to be measured in terms of the size of the
diagrammatic contributions in a given flow. The relative size
of these contributions depends not only on the dressings, but
also on the internal propagators of the diagrams and the
contractions of all the tensors in the diagrams, for a detailed
discussion see [24]. Hence, such an analysis has to be done
separately for each flow of a correlation function, and the
size of the dressing can be deceiving.
Moreover, the momentum-dependence of the dressings is

integrated over in the diagrams and it is rather their
dimensionless form tλαðtÞ that enters the overall analysis.
This combination is shown in Fig. 12. Clearly, the hierarchy
seen in Fig. 11 of the dressings is less pronounced in its
dimensionless form. Also, tλσðtÞ is significantly larger than
tλKðtÞ, leave aside tλκðtÞ. This order reflects better on the
actual importance of the contributions, but as we have
discussed above, such an importance analysis has to be done
with the diagrammatic contributions.
Far more relevant than such a detailed analysis of the

four-quark sector is that of the relative relevance of the
quark-gluon (box diagrams), quark-gluon–four-quark
(triangle diagrams) and four-quark (fish diagrams) con-
tributions in the flow of the dressings of the four-quark
vertex, see Fig. 29 in Appendix F. Its relevance comes from
its importance for the systematic error analysis in Sec. III.
As discussed in Secs. II C and III C, the flows ∂tλα are
dominated by the quark-gluon box, proportional to α2Aq̄q,
for momenta p≳ 1 GeV.

In the following we concentrate on the dressing λπ of the
pion channel. For a discussion of the relevance order we
define the relative strength of a given diagrammatic
contribution (box, triangle, fish) with

SðiÞ
λ ¼ jFlowðiÞ

λ jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
j ðFlowðjÞ

λ Þ2
q ; i; j¼ box; triangle; fish: ð40Þ

The different Si are depicted in Fig. 13. One clearly sees the
dominance of the quark-gluon box for large cutoff scales
k≳ 1 GeV. This UV regime is followed by one that is
dominated by the triangle diagrams, proportional to αAq̄qλπ .
In the infrared with k≲ 0.5 GeV, the fish diagrams domi-
nate. More precisely, this contribution is dominated by the
diagram proportional to λ2π . This successive order of domi-
nance is sourced by the two mass scales at play: the gluon
mass gap mgap ≈ 0.5–1 GeV and the pion pole mass mπ ¼
137 MeV present in the t-channel λπðs ¼ 0; t; u ¼ 0Þ.
We note that the peak position of the four-quark

contribution of the flow of λπ is proportional to mπ, in
contradistinction to that of the flow of the quark mass
function which peaks at the chiral symmetry breaking
scale, see the respective discussion in Sec. IV C. This
proportionality originates in the pseudoscalar channel,
whose t-channel is proportional to 1=ðtþm2

πÞ, the pion
propagator. In particular, in the chiral limit this triggers a
logarithmic infrared divergence of the fish diagram at
vanishing external momentum due to the two internal pion
propagators. In contrast, the tadpole diagram in ∂tMq is
infrared finite.
Note also that this successive dominance order is more

pronounced in the fRG approach with emergent composites:
there, also the pion channel is augmented with a regulator
mass, effectively leading to m2

π → m2
π þ k2. This shifts the

FIG. 12. Dimensionless four-quark dressings t × λα of the π, σ,
K, and κ meson channels as functions of t-channel momentum
with s ¼ u ¼ 0.

FIG. 13. Relative strength of the dimensionless flow of four-
quark dressing of the π channel as functions of scale k at s ¼
t ¼ u ¼ 0.
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interface regime and the pion dominance regime toward the
infrared, leading to a larger separation of the three regimes.
For a detailed discussion see [24]. The direct comparison
with the results there is further complicated by the different
basis choice there. Roughly speaking, the pion channel
defined in [24] is an average of the pion and σ-channel in the
present work. Evidently, in the cutoff regime with dynami-
cal chiral symmetry breaking with k≲ 500 MeV, the pion
contribution are dominating the flows of the λα, if this
contribution comes with a sufficiently large prefactor or
overlap. On a general basis this overlap is uniquely
determined by the residue of the pion pole obtained for
t → −m2

π . A full comparison also involves powers of the
relative mass scales of the respective channels, for example
powers of m2

π=m2
res for a given meson resonance. This

comparison also extends to gluon exchanges where mres is
substituted by the gluon mass gap. Accordingly, if the

overlap with the pion channel is missing, it is the channel
with the lowest resonance mass (and a sufficient overlap),
that sets the scales.
We illustrate this structure within a discussion of the

different diagrammatic contributions to the flow of λπ and
σ, depicted in Figs. 14 and 15. In the flow of λπ, the overlap
of the pion exchange diagrams (fish and triangle) is
sufficiently large and we have successive dominance
regimes of the box (UV), triangle (small interface) and
fish (IR) diagrams, see Fig. 13 and the respective discussion
around Eq. (40). In contrast, no such order is found in the
flow of λσ , see Fig. 15. Specifically, the fish diagram is not
infrared dominant, which indicates a rather small contri-
bution of the pion resonance.
This concludes our discussion of the t-channel dressings

and their relevance order. In the present work we have not
only taken into account the t-channel dressing, but dress-
ings that depend on all momentum channels. Apart from its
more quantitative nature it also allows us to evaluate one-
momentum channel approximation, for a more detailed
discussion see [5,6]. For this discussion we concentrate on
the most important pion channel with the dressing
λπðs; t; uÞ. Its evaluation is based on an analysis of our
results for two-dimensional momentum-channel planes in
Fig. 16 (s–t plane), Fig. 17 (t–u plane), and Fig. 18
(s–u plane).
We start with the results for the two t-channel momen-

tum planes depicted in Figs. 16 and 17. We find that in the
s, u directions the dressing is constant for momenta
p≲ 1 GeV, while it drops earlier in the t direction. This
indicates that in the relevant regime with s; u≲ 1 GeV, the
dressing shows no dependence on these momenta. This
suggests that a t-momentum channel approximation is
already quantitative at the physical point. Given, that the
flows themselves provide an additional momentum average
due to the presence of the infrared cutoff scale k, the
approximation λπðs; t; uÞ → λðtÞ is a quantitative one. We

FIG. 14. Different diagrammatic contributions to the dimen-
sionless flow of four-quark dressing of the π channel as functions
of scale k at s ¼ t ¼ u ¼ 0.

FIG. 15. Different diagrammatic contributions to the dimen-
sionless flow of four-quark dressing of the σ channel as functions
of scale k at s ¼ t ¼ u ¼ 0.

FIG. 16. 3D plot of the four-quark coupling in the π channel as
a function of

ffiffi
t

p
and

ffiffiffi
s

p
with u ¼ 0.
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emphasize that this analysis does not hold true in the chiral
limit, where λπ is divergent and all momentum and angular
dependences are amplified. Finally we note that the two
plots in Figs. 16 and 17 suggest an approximate symmetry
between the s and u momentum-channel dependence. This
is confirmed in Fig. 18, where we show λπ in the s, u-plane.
This concludes our analysis of the four-quark correlation

functions. In short, the analysis in the present section as
well as that in Secs. IV B and IV C entail, that the present
approximation is a quantitative one for vacuum QCD, and
the 10% systematic error estimate in Sec. III is indeed a
very conservative one.

V. MESON PROPERTIES AND BETHE-SALPETER
AMPLITUDES

In combination, the first-principles approach to 2þ 1
flavor QCD, set up in this paper, and that with emergent
composites, allow for many applications, which include the

QCD phase structure, parton distribution functions and
other timelike observables. Respective applications go
beyond the scope of the present work and we concentrate
on the light spectrum. This serves as a proof of principle as
well as providing us with the observables we have used for
determining the physical point with mπ=fπ ¼ 137=93: we
compute the pole masses of the pion and the σ resonance
within a Padé approximation and extract the pion and kaon
decay constants from their Bethe-Salpeter amplitudes.
The direct computation of pole masses requires a func-

tional approach for timelike momenta. Such an approach
has been set up in the past years based on the Källén-
Lehmann representation of correlation functions, see
[37,61–66], for Keldysh contour setups see [67,68]. This
complements the standard approach used in bound state
analyses, see, e.g., the review [1].
In the present work we concentrate on the pole masses of

the pion, the σ-mode and the kaon. These are the lowest
lying resonances in the respective four-quark channels, and
the pole mass is the distance of the first pole or singularity
from the Euclidean frequency axis. This information can be
safely extracted by an analytic continuation with Padé
approximants, for more details and the respective stability
analysis see [5,6]. Instead of the pole we extract the
location of the zero of the inverse four-quark dressings,

1

λα
ðt ¼ −m2

αÞ ¼ 0; for α ¼ π; σ; K: ð41Þ

In the present work we use Padé[4,4] approximants and this
Padé approximant is shown in Fig. 19 together with 1=λαðtÞ
for α ¼ π, σ, and K. The pion and K masses are used for
determining the physical point with

FIG. 18. 3D plot of the four-quark coupling in the π channel as
a function of

ffiffiffi
s

p
and

ffiffiffi
u

p
with t ¼ 0.

FIG. 19. Inverse four-quark coupling 1=λαðtÞ for α ¼ π, σ, K as
a function of the t-channel momentum. The data points denote the
Euclidean results and the solid lines fit with Padé[4,4] approx-
imants. The pole masses are determined by the t-value of
1=λαðtÞ ¼ 0, see (41).

FIG. 17. 3D plot of the four-quark coupling in the π channel as
a function of

ffiffi
t

p
and

ffiffiffi
s

p
with u ¼ 0.
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mπ

fπ
¼ 137

93
;

mK

fπ
¼ 494

93
; ð42Þ

see Table I. In contradistinction, the pole mass of the σ-
mode is a prediction and we find

mσ ¼ 515.2 MeV: ð43Þ

The two observables (42) used to determine the physical
point also require the knowledge of the pion decay constant
fπ , see [69]. It can be computed from the light quark
propagator and the Bethe-Salpeter amplitude hπðpÞ of the
pion. Similarly, the kaon decay constant fK can be
computed from the light and strange quark propagators
and the BSE amplitude hKðpÞ of the kaon. The pion and
kaon decay constants are given by

h0jJa5μðxÞjπbi ¼ iPμfπδab;

h0jJa5μðxÞjKbi ¼ iPμfKδab; ð44aÞ

with the pion and kaon matrix elements of the axial
currents,

h0jJi5μðxÞjπji

¼ δij

2

Z
d4q
ð2πÞ4 Tr½γμγ5Glðqþ PÞhπðqÞγ5GlðqÞ�; ð44bÞ

and

h0jJi5μðxÞjKji¼δij

4

Z
d4q
ð2πÞ4Tr½γμγ5GlðqþPÞhKðqÞγ5GsðqÞ

þγμγ5GlðqÞhKðqÞγ5GsðqþPÞ�: ð44cÞ

In (44b) and (44c), the traces are in color and Dirac spaces.
The indices i, j label the adjoint representation of the flavor
group, with i, j ¼ 1, 2, 3 for the pion and 4, 5, 6, 7 for the
kaon. Here the BS amplitudes are defined at the mass poles
of the mesons, which are given by,

hπ=KðqÞ ¼ hπ=Kðq;P2 ¼ −m2
π=KÞ; ð45Þ

where the integrated momentum q includes the dependence
on both the momentum magnitude and the angle. The
extraction of the BS amplitude will be discussed in detail in
(46). Note that fK is a prediction, as the physical point is
determined with the ratios (42), that only require fπ ,
together with mπ and mK, see Table I.
The computation of (44b) and (44c) requires the quark

propagators in Fig. 7 and the BS amplitudes hπ and hK .
They are extracted from the residue of the relevant four-
quark dressing at the pole of bound state. For a detailed
discussion we refer to [5,6], and we get

hαðp; cos θÞ ¼ lim
P2→−m2

α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λαðp1;…; p4ÞðP2 þm2

αÞ
q

; ð46Þ

where P; p̄; p̄0 are related to p1;…; p4 with (29), and we
evaluate λαðp1;…; p4Þ on the momentum configuration

Pμ ¼
ffiffiffiffiffiffi
P2

p
ð1; 0; 0; 0Þ;

p̄μ ¼
ffiffiffiffiffi
p2

q
ðcos θ; sin θ; 0; 0Þ;

p̄0
μ ¼ −

ffiffiffiffiffi
p2

q
ðcos θ; sin θ; 0; 0Þ: ð47Þ

This configuration differs from that used to compute the
flows of λαðs; t; uÞ, see (31). Hence we cannot directly use
our results for λαðs; t; uÞ. Instead, we follow the procedure
detailed in [6]: the flow for λαðp1;…; p4Þ is evaluated for
the configuration (47), and we use our results for the four-
quark dressings λαðs; t; uÞ discussed in Sec. IV D on the
right-hand side of the flow in the diagrams. This offers
quantitative results, given the small angular dependence
discussed in Sec. IV D. The dependence of the Bethe-
Salpeter amplitudes of pion and kaon on the quark
momentum is shown in Fig. 20, with the momenta of
quark and meson in the same direction cos θ ¼ 1. One can
see that with the increase of the momentum the pion BS
amplitude increases a bit and then decreases at around
p ∼ 300 MeV, and then decreases significantly at
p ∼ 1 GeV. The kaon BS amplitude does not show this
trend of small increase, but begins to decrease later, at
about p ∼ 500 MeV. In Fig. 21 we show the angular
dependence of the pion BS amplitude. We conclude that
the angular dependence of the pion BS amplitude in QCD
is more prominent, of compared to that obtained in low
energy effective theories, see [6]. We also find that the
momentum dependence of the BS amplitude is softened
for cos θ ¼ 0. In turn, for angles θ ≠ π=2, the momentum

FIG. 20. Bethe-Salpeter amplitudes of the pion (red solid line)
and the kaon (blue dashed line) as a function of the magnitude of
the quark momentum at fixed angle cos θ ¼ 1.
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dependence becomes steeper. The present results pave the
way for calculations of the pion and kaon distribution
amplitudes and distribution functions. This is work under
completion and we shall report on it in the near future.
We close this section with an evaluation of the pion mass

dependence of the pion decay constant fπðmπÞ with a fixed
physical strange current quark mass ms ¼ 55.9 MeV, see
Table I. This result is used to assess the validity regime of
chiral perturbation theory. This task requires the computa-
tion of the pion pole mass as a function of the current quark
mass via the Padé approximants as used in Fig. 19 for the
pion, σ-mode and kaon pole masses. In Fig. 22 this is
illustrated for three different pion masses, mπ ¼ 14, 137,

227 MeV with ml ¼ 0.74, 2.12, 3.24 MeV. These are the
smallest and largest pion mass used, as well as the physical
one. The pion decay constants are computed readily with
(44b) and are shown in dependence on mπ in Fig. 23 (red
data points). The errors are from the reconstruction of the
Padé approximants. With an increasing pion mass, the fit
error of the Padé approximants increases as well. Now we
use the results to assess the validity range of chiral
perturbation theory: In Fig. 23 we compare our results to
that in chiral perturbation theory (χPT) at the order ofOðp4Þ
in Fig. 23, see, e.g., [70–72]. We find that the χPT results
agree with ours up to the large pion masses considered here.

VI. CONCLUSIONS AND OUTLOOK

In the present work we have studied the full infrared
dynamics of 2þ 1 flavor QCD with the functional renorm-
alization group approach. The present work completes a
series of works initiated in [5,6] on the infrared dynamics of
QCD. This series aims at establishing a first-principles fRG
approach to QCD for the computation of timelike observ-
ables such as parton distribution functions as well as the
phase structure of QCD.
For the first time, we have solved the complete dynamics

of the system in a self-contained and self-consistent fRG
approach to first principle 2þ 1 flavor QCD without using
any external input. Here, self-contained refers to the fact
that all correlation functions are computed within the fRG
approach themselves. While the use of external input such
as gluon correlation functions obtained from other func-
tional computations or from lattice data is a major advan-
tage of functional approaches, a self-contained computation
constitutes an important benchmark test and step toward the
reliable computation of timelike observables as well as the
phase structure of QCD within the fRG. Self-consistent
refers to the fact that all correlation functions computed are

FIG. 22. Inverse four-quark coupling in the π channel, 1=λπðtÞ,
as a function of the Mandelstam variable t ¼ P2 with s ¼ 0 and
u ¼ 0. Results for several different values of mπ are compared.
Data points denote the results calculated in the flow equation in
the Euclidean t > 0 region. The solid lines stand for results of
analytic continuation from t > 0 to t < 0 based on the fit of the
Padé[4,4] approximants.

FIG. 23. Pion decay constant as a function of pion mass in
comparison to the result of chiral perturbation theory at the order
ofOðp4Þ [70]. The errors are estimated from the reconstruction of
the Padé approximants.

FIG. 21. Bethe-Salpeter amplitude of the pion as a function of
the magnitude of the quark momentum and the angle between the
quark and meson momenta.
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also fed-back into the diagrams. Finally, it is a first
principle approach as it comprises the full dynamics of
QCD with reliable systematic error control, and the only
input in the present computation are the fundamental
parameters of QCD: the light and strange current quark
masses at the initial cutoff scale. The procedure is detailed
in Sec. IVA, while Sec. II discusses the quantitative
approximation used. In particular, Sec. III comprises a
detailed systematic error analysis with a very conservative
overall systematic error estimate of 10%.
Our results are presented in Sec. IV and Sec. V, and we

refer the reader to the comprehensive discussions there. In
particular, we have computed ghost, gluon and quark two-
point correlation functions in quantitative agreement with
lattice data and other functional results, see Figs. 6 and 7.
We also show the ghost-gluon, three-gluon and quark-
gluon couplings, see Figs. 2 and 9. In particular, Sec. IV D
contains our results on the dressings λαðs; t; uÞ of the
α ¼ π, σ, K, κ tensor channels, where s, t, u are the
Mandelstam variables.
The correlation functions discussed in Sec. IV have been

put to work in Sec. V for the computation of the π, σ, K
pole masses, the pion and K-meson BS amplitudes and the
pion and K-meson decay constants. Partially these results
have been used for the determination of the current quark
masses at the physical point, but they also constitute a proof
of principle of the potential of the present approach.
Applications to the phase structure of QCD are under
way, and works on parton distribution functions and further
timelike observables are under completion. We hope to
report on the respective results in the near future.
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APPENDIX A: CLASSICAL QCD ACTION

In this Appendix we detail the classical gauge-fixed
QCD action in a general covariant gauge, as well as
introducing some notation. The classical gauge-fixed action
reads

SQCD ¼ SA½A� þ Sgf ½A� þ Sgh½A; c; c̄� þ Sq½A; q; q̄�: ðA1Þ

with

SA½A� ¼
1

4

Z
x
Fa
μνFa

μν;

Sq½A; q; q̄� ¼
Z
x
q̄ðγμDμ þmqÞq: ðA2Þ

The field strength tensor in (A2) is given by

Fμν ¼ Fa
μνta; Fa

μν ¼ ∂μAa
ν − ∂νAa

μ þ gsfabcAb
μAc

ν: ðA3Þ

with the suðNcÞ Lie algebra

½ta; tb� ¼ ifabctc: ðA4Þ

Here, ta are the generators of suðNcÞ in a given represen-
tation, and fabc are its structure constants. Ghosts and
gluons carry the adjoint representation of the gauge group.
For both, the color and flavor groups we will use the
notation

ðtaadÞbc ¼ ðTa
cÞbc; ðtaf ÞBC ¼ ðTaÞBC; ðA5Þ

where lowercase letters b, c label indices in the adjoint
representation and capital letters B, C label indices in the
fundamental representation. Furthermore, the generators
in the fundamental and adjoint representations are
normalized to

trfTaTb ¼ 1

2
δab; tradTa

cTb
c ¼ Ncδ

ab; ðA6Þ

where the traces are taken in the respective representation.
In order to distinguish the gauge and flavor group gen-
erators we shall also use tc, tc;ad, and Tc for that of the color
gauge group.
The 2þ 1 flavor quark field in (A1) is given by q ¼

ðl; sÞ with the light quark field l ¼ ðu; dÞ. We use a flavor-
diagonal mass matrix in the isospin-symmetric approxi-
mation with mu ¼ md ¼ ml,

mq ¼ diagðml;ml; msÞ: ðA7Þ

The covariant derivative is given by

Dμ ¼ ∂μ − igsAμ; ðA8Þ
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and the quarks live in the fundamental representation of the
gauge group. Hence, in component notation, the pure
matter sector of the QCD action reads

Sq½A; q; q̄� ¼
Z
x
q̄BðγμDBC

μ þmqÞqC; ðA9Þ

with

DBC
μ ¼ δBC∂μ − igsABC

μ ; ðA10Þ

where we have suppressed the Dirac and flavor indices.
Finally, the gauge-fixing part of the classical action for a

general covariant gauge consists of the gauge-fixing term
Sgf and the corresponding ghost action Sgh,

Sgf ¼
1

2ξ

Z
x
ð∂μAa

μÞ2; Sgh ¼
Z
x
c̄að−∂μDab

μ Þcb; ðA11Þ

with the covariant derivative in the adjoint representation

Dab
μ ¼ ∂μδ

ab − gsfabcAc
μ: ðA12Þ

Here we have used (A8) and

ðtaadÞbc ¼ −ifabc: ðA13Þ

In all explicit computations in the present work we use the
Landau gauge, i.e., ξ → 0.

APPENDIX B: TRUNCATION OF THE PURE
GLUE SECTOR

In this Appendix we discuss the approximation of the
pure glue sector of the effective action, extending the
analysis in Sec. II A. We do this in a two-step procedure.
First, we drop all higher order gauge-field correlation

functions: ΓðnÞ
An ≈ 0 for n > 4. Moreover we reduce the full

tensor structure of the remaining vertices to the classical
ones, only taking into account the primitively diverging
vertices. Then, the full expression for the pure glue sector
of the effective action (3) is given by

Γglue;k½A; c; c̄� ¼
1

2

Z
p
Aa
μðpÞp2

�
ZAðpÞΠ⊥

μνðpÞ þ
1

ξ
Zk
AðpÞΠk

μνðpÞ
�
Aa
νð−pÞ þ

Z
p
ZcðpÞc̄aðpÞp2δabcbð−pÞ

þ
Z
p1;p2

½Z1
2
cðp1ÞZ

1
2
cðp2ÞZ

1
2

Aðp3Þ�λAc̄cðp1; p2Þ½T ð1Þ
Ac̄cðp1; p2Þ�a1a2a3μ c̄a2ðp2Þca1ðp1ÞAa3

μ ð−ðp1 þ p2ÞÞ

þ 1

3!

Z
p1;p2

"Y3
i¼1

Z
1
2

AðpiÞ
#
λA3ðp1; p2Þ½T ð1Þ

A3 ðp1; p2Þ�a1a2a3μ1μ2μ3

Y3
i¼1

Aai
μiðpiÞ

þ 1

4!

Z
p1;p2;p3

"Y4
i¼1

Z
1
2

AðpiÞ
#
λA4ðp1; p2; p3Þ½T ð1Þ

A4 ðp1; p2; p3Þ�a1a2a3a4μ1μ2μ3μ4

Y4
i¼1

Aai
μiðpiÞ; ðB1Þ

with the transversal and longitudinal projection operators

Π⊥
μνðpÞ ¼ δμν −

pμpν

p2
; Πk

μνðpÞ ¼ pμpν

p2
: ðB2Þ

The tensors T ð1Þ
A3 ; T

ð1Þ
A4 ; T

ð1Þ
Ac̄c refer to the classical tensor

structures. In general, we define these tensor structures by
the respective derivatives of the classical QCD action (A2),
evaluated at vanishing fields and gs ¼ 1,

T ð1Þ
Φi1

���Φin
ðp1;…; pn−1Þð2πÞ4δðp1 þ � � � þ pnÞ

¼
�

δnSðnÞQCD½Φ�
δΦi1ðp1Þ � � � δΦinðpnÞ

�
½Φ ¼ 0; gs ¼ 1�: ðB3Þ

The relative signs in (B1), are chosen such that all dressings
reduce to their classical counterparts, if the full effective
action is reduced to the classical one,

λA3 ; λAc̄c → gs; λA4 → g2s : ðB4Þ

As discussed in Sec. II A, we compute the full momentum
dependence of the two-point functions. The transversal
two-point function of the gluon and the ghost two-point
function is derived from (B1) as

h
Γð2Þ
AAΠ⊥

i
ab

μν
ðpÞ ¼ ZAðpÞp2δabΠμν

⊥ ðpÞ;
ðΓcc̄ÞabðpÞ ¼ ZcðpÞp2δab: ðB5Þ
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The transverse projection operator Π⊥ is defined in (B2).
The dressings ZAðpÞ and ZcðpÞ are the wave functions of
the gluon and ghost, respectively.
We now proceed to the vertices, where we use a further

approximation. This constitutes the second step in our
approximation procedure. Instead of the full momentum
dependence of the vertices we only consider the symmetry
point approximation exemplified in Sec. II Awith the ghost
gluon vertex. We use

λΦi1
���Φin

ðp1;…; pn−1Þ → λΦi1
���Φin

ðp̄Þ ðB6Þ

with p̄ and the maximally symmetric simplex configuration
defined in (9) and (10).
With these preparations we get from (B1) and (B6) the

final expression for the gluon three-point function,h
Γð3Þ
A3

i
abc

μνρ
ðp1;p2;p3Þ ¼ ð2πÞ4δðp1þp2þp3Þ

×

"Y3
i¼1

Z
1
2

AðpiÞ
#
λA3ðp̄ÞT ð1Þ

A3 ðp1;p2Þ;

ðB7Þ

withh
T ð1Þ

A3

i
abc

μνρ
ðp1;p2Þ¼−ifabc½δμνðp1−p2Þρ

þδνρðp2−p3Þμþδμρðp3−p1Þν�; ðB8Þ

with p3 ¼ −p1 − p2. We use the same approximation for
the four-gluon vertex, and with (B1) and (B6) we arrive at

Γð4Þ
A4 ðp1; p2; p3; p4Þ ¼ ð2πÞ4δ

 X4
i¼1

pi

!Y4
i¼1

Z
1
2

AðpiÞ

× λA4ðp̄ÞT ð1Þ
A4 ðp1; p2; p3Þ; ðB9Þ

with the classical tensor structure T ð1Þ
A4 ,h

T ð1Þ
A4

i
abcd

μνρσ
ðp1; p2; p3Þ ¼ ½feabfecdðδμρδνσ − δμσδνρÞ

þ feacfebdðδμνδρσ − δμσδνρÞ
þ feadfebcðδμνδρσ − δμρδνσÞ�:

ðB10Þ

It follows from the STIs, that all the avatars of the strong
couplings agree for perturbative and semiperturbative
momenta,

αiðpÞ ≈ αjðpÞ; for p≳ 5 GeV; ðB11Þ

for i; j ¼ A3; A4; Ac̄c; Aq̄q and

αiðpÞ ¼
λ2i ðpÞ
4π

; αA4ðpÞ ¼ λA4ðpÞ
4π

; ðB12Þ

with i ¼ A3; Ac̄c; Aq̄q. (B11) holds true for p≳ 5 GeV,
as for these momenta the scattering kernels, that separate
these couplings, approach unity. This has been confirmed
numerically in two-flavor QCD in [7,10]. Indeed, for the
purely gluonic vertices it even holds true for p≳ 1.5 GeV,
below which the gluonic dynamics decouples. Therefore we
shall use

λA4ðp̄Þ ¼ ½λA3ðp̄Þ�2; ðB13Þ

for all momenta.
The ghost-gluon vertex and the respective symmetric

point approximation have been discussed in Sec. II A, see
in particular (8) to (10). We derive from (B1) and (B6)

h
Γð3Þ
Ac̄c

i
abc

μ
ðp1; p2; p3Þ ¼ ð2πÞ4δðp1 þ p2 þ p3Þ

×
h
Z

1
2
cðp1ÞZ

1
2
cðp2ÞZ

1
2

Aðp3Þ
i

× λAc̄cðp̄ÞT ð1Þ
Ac̄cðp1; p2Þ; ðB14Þ

with

h
T ð1Þ

Ac̄c

i
abc

μ
ðp1; p2Þ ¼ ifabcðp2Þμ: ðB15Þ

This concludes the discussion of the pure glue sector of the
effective action.

APPENDIX C: TRUNCATION OF THE
GLUE-MATTER INTERFACE

The glue-matter interface of the QCD effective action
includes the two-point functions of light quarks and strange
quarks, quark-gluon vertices, and higher quark-gluon
interactions. Together with the pure matter sector discussed
in Appendix D they are closely related to the spontaneous
chiral symmetry breaking and the dynamical emergence of
the mass of visible matter. In (16) in Sec. II B we have only
written down the quark-gluon interaction with the classical
tensor structure. Here we provide the full approximation
including all quark-gluon terms as well as the higher order
scatterings we take into account.
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Γd;k ¼
Z
p
q̄ð−pÞZqðpÞ½i=pþMqðpÞ�qðpÞ þ

Z
p;q

q̄ðqÞ
�
Z

1
2

AðpÞZ
1
2
qðqÞZ

1
2
qðrÞ

X8
i¼1

λðiÞAq̄qðp; qÞ½T ðiÞ
Aq̄qðp; qÞ�aμ

�
Aa
μðpÞqðrÞ

þ
Z
p;q;r

q̄ðrÞ½Z1
2

AðpÞZ
1
2

AðqÞZ
1
2
qðrÞZ

1
2
qðsÞλAAq̄qðp; q; rÞ½T AAq̄qðp; q; rÞ�abμν �Aa

μðpÞAb
νðqÞqðsÞ þ � � � ; ðC1Þ

As discussed in Sec. II B, we only take into account the
tensor structures T ð1;4;7Þðp; qÞ in the numerics as the other
tensor structures give negligible contributions. This has
been checked explicitly, see also, e.g., [7,10]. This, and the
higher order terms are discussed below (C6).
In the current work we use the isospin symmetric

approximation with Zu ¼ Zd ¼ Zl and Mu ¼ Md ¼ Ml.
Then, the two-point correlation function of the quarks in
(C1) can be represented concisely in a diagonal matrix
form,

Γð2Þ
q̄q ðpÞ ¼ diagðZlðpÞ; ZlðpÞ; ZsðpÞÞi=p

þdiagðMlðpÞ;MlðpÞ;MsðpÞÞ; ðC2Þ

The quark-gluon vertex plays the crucial role in the
dynamics of strong chiral symmetry breaking. In the
Landau gauge, the transverse part of the quark-gluon vertex
is given by the flavor-diagonal correlation function

Π⊥
μνðpÞ

	
Γð3Þ
Aq̄q



a

ν
ðp; q; rÞ

¼ ð2πÞ4δðpþ qþ rÞZ1
2

AðpÞZ
1
2
qðqÞZ

1
2
qðrÞ

× Π⊥
μνðpÞ

X8
i¼1

λðiÞAq̄qðp̄Þ
h
T ðiÞ

Aq̄qðp; qÞ
i
a

ν
; ðC3Þ

with the transverse projection operator Π⊥
μνðpÞ in (B2). In

(C3) we have suppressed the color, flavor and Dirac indices
of the quarks. The average momentum p̄ is defined in (9)

and the tensor structure T ðiÞ
Aq̄q with i ¼ 1;…; 8 factorize,

½T ðiÞ
Aq̄qðp; qÞ�aμ ¼ Ta

c ½T ðiÞ
Aq̄qðp; qÞ�μ; ðC4Þ

with the generators Ta
c of the gauge group in the funda-

mental representation. The tensor structures T ðiÞ
Aq̄q with

i ¼ 1;…; 8 are given by

h
T ð1Þ

Aq̄qðp; qÞ
i
μ
¼ iγμ;h

T ð2Þ
Aq̄qðp; qÞ

i
μ
¼ ðq − rÞμ;h

T ð3Þ
Aq̄qðp; qÞ

i
μ
¼ iσμαðq − rÞα;h

T ð4Þ
Aq̄qðp; qÞ

i
μ
¼ iσμαpα;h

T ð5Þ
Aq̄qðp; qÞ

i
μ
¼ iðq − rÞμ=p;h

T ð6Þ
Aq̄qðp; qÞ

i
μ
¼
h
Π⊥

μαðp; q − rÞ þ δμα
i
iγαpβðq − rÞβ;h

T ð7Þ
Aq̄qðp; qÞ

i
μ
¼ 1

3
fσαβγμ þ σβμγα þ σμαγβg

× ðpþ qÞαðp − qÞβ;h
T ð8Þ

Aq̄qðp; qÞ
i
μ
¼ Π⊥

μαðp; q − rÞiσαβpβpσðq − rÞσ; ðC5Þ

with

σμν ¼
i
2
½γμ; γν�; Π⊥

μνðp; qÞ ¼ δμν −
pμqν
pρqρ

; ðC6Þ

see also [24]. For the tensor basis in (C5), the first one T ð1Þ
Aq̄q

is the classical channel in QCD action, which dominates the
chiral symmetry breaking. The remaining are nonclassical,
which vanish on the UV scale and contribute to the
fluctuations in RG running. Previous functional QCD

studies have revealed that only T ð1;4;7Þ
Aq̄q have a sizable

impact on the results, and the other nonclassical channels

T ð2;3;5;6;8Þ
Aq̄q are negligible. See [7–10,21]. Based on the

Lorentz symmetry analysis of Dirac structure, channel

T ð4Þ
Aq̄q is chiral symmetry breaking, while channel T ð7Þ

Aq̄q

respects the chiral symmetry. In this work, for the light-

quark-gluon vertex, we consider the classical channel T ð1Þ
Aq̄q

and nonclassical channels T ð4Þ
Aq̄q and T ð7Þ

Aq̄q. For the strange-

quark-gluon vertex, the classical channel T ð1Þ
Aq̄q is included

in the computation.
We close this Appendix with a discussion of the higher

order scatterings of gluons with a quark–antiquark pair.
This has been studied in great detail in [7] (quenched) and
[10] (unquenched) for two-flavor QCD. In [7] relations
between the dressings of the different quark-gluon tensor
structure have been found numerically, which suggests a
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good expansion of the quark-gluon terms in local gauge-
invariant operators of the type

q̄=Dq; q̄TμνDμDνq; q̄TμνρDμDνDρq; � � � : ðC7Þ

(C7) includes q̄=Dnq, q̄σμνFμνq and further local invariants.
This allows us to infer the dressings of higher order
scattering terms with n gluons from lower order ones.
The reliability of this gauge-consistent expansion has been
corroborated in [10], where 18 tensor structures for the two-
gluon-quark-antiquark vertex (three derived from q̄=D2q
and 15 derived from q̄=D3q), have been considered explic-
itly. For the three-gluon-quark-antiquark vertex five tensor
structures have been considered, derived from

R
x q̄=D

3q.
The latter explicit analysis confirmed the gauge-consistent
approximation used in [7], including efficient importance
ordering.
Accordingly, in the present work we use the approach

developed in [7] and only consider the most relevant higher
order term, a chiral symmetry breaking term in (C7), related

to the T ð2Þ
Aq̄q and T

ð4Þ
Aq̄q tensor structures: it has been found in

[7], that the dressings λð2ÞAq̄q; λ
ð4Þ
Aq̄q satisfy the relation

λð2ÞAq̄qðpÞ ≈
1

2
λð4ÞAq̄qðpÞ: ðC8Þ

In view of the invariants (C7) this suggests the existence of
a local operator q̄TμνDμDνq with the tensor structure

Tμν ¼ δμν − 2iσμν; ðC9Þ

with (C6) and the dressing λ4. From this term we derive a
two-gluon-quark-antiquark vertex with the tensor structure

½T AAq̄q�abμν ¼ δμνfTa
c; Tb

cg þ 2σμνfabcTc
c: ðC10Þ

and a symmetric point dressing

λAAq̄qðpÞ ¼
1ffiffiffiffiffi
p2

p λð4ÞAq̄qðpÞ: ðC11Þ

The impact of the other symmetry-breaking channels is
subleading, see also [7,10]. In summary this leads us to the
approximation of the two-quark-two-gluon vertex used in
the present work,

Π⊥
μρðpÞΠ⊥

νσðpÞðΓð4Þ
AAq̄qÞabρσðp; q; r; sÞ

¼ ð2πÞ4δðpþ qþ rþ sÞZ1
2

AðpÞZ
1
2

AðqÞZ
1
2
qðrÞZ

1
2
qðsÞ

× Π⊥
μρðpÞΠ⊥

νσðpÞλAAq̄qðp̄Þ½T AAq̄qðp; qÞ�abρσ : ðC12Þ

This concludes our analysis of the glue-matter interface of
the effective action.

APPENDIX D: TRUNCATION OF THE PURE
MATTER SECTOR

Here we discuss the tensor structure and the symmetry
relations of 2þ 1 flavor Fierz-complete basis for the four-
quark vertex, see also the review [74]. The two-flavor basis
has been summarized and used in our previous works [5,6]
and related fRG works [7,10,75].
We have already discussed in Appendix C, that in the

present isospin symmetric approximation, the mass matrix
is diagonal, see (C2). For the 2þ 1 flavor QCD, the quark
mass can be represented by a diagonal mass matrix

Mq ¼

0
B@

Ml 0 0

0 Ml 0

0 0 Ms

1
CA; ðD1Þ

here we set the masses of the up and down quark equal to
the light quark mass ml. This sector is invariant under the
transformation of the SUVðNf ¼ 2Þ flavor symmetry.
However, the strange quark massMs is significantly bigger
than the Ml and this leads to breaking the SUVðNf ¼ 3Þ
flavor group. If we only maintain the smallest symmetry
UVð1Þ ⊗ SUVðNf ¼ 2Þ ⊗ SUðNcÞ, a full basis in 2þ 1

flavor QCD is provided by

8>>>>>>><
>>>>>>>:

1D ⊗ 1D
γ5 ⊗ γ5

γμ ⊗ γμ

γμγ5 ⊗ γμγ5

σμν ⊗ σμν

9>>>>>>>=
>>>>>>>;

8>>>>>>><
>>>>>>>:

1f ⊗ 1fP
3
i¼1 T

i ⊗ TiP
7
i¼4 T

i ⊗ Ti

T8 ⊗ T8

1f ⊗ T8

9>>>>>>>=
>>>>>>>;

�
1c ⊗ 1c
Ta
c ⊗ Ta

c

�
; ðD2Þ

with σμν in (C6). Here, Ti and Ta
c denote the generators in

the fundamental representation of the flavor group and the
color group, respectively. Because of the Fierz transforma-
tion, there are 26 linearly independent four-quark inter-
action channels. Here we clarify them according to the
group structure in the flavor space. The tensor structures in
the basis with the flavor group being the identity element
T0 include,

FOUR-QUARK SCATTERINGS IN QCD III PHYS. REV. D 112, 054047 (2025)

054047-25



T ðS−PÞSIN
ijkm ¼ ðT0ÞijðT0Þkm − ðγ5T0Þijðγ5T0Þkm;

T ðSþPÞSIN
ijkm ¼ ðT0ÞijðT0Þkm þ ðγ5T0Þijðγ5T0Þkm;

T
ðSþPÞadjSIN
ijkm ¼ ðT0Ta

cÞijðT0Ta
cÞkm þ ðγ5T0Ta

cÞijðγ5T0Ta
cÞkm;

T ðVþAÞSIN
ijkm ¼ ðγμT0ÞijðγμT0Þkm − ðγμγ5T0Þijðγμγ5T0Þkm;

T
ðV−AÞadjSIN
ijkm ¼ ðγμT0Ta

cÞijðγμT0Ta
cÞkm

þ ðγμγ5T0Ta
cÞijðγμγ5T0Ta

cÞkm; ðD3Þ

Here the SIN in the superscript denotes the singlet state in
the flavor group. The basis that includes Tð1–3Þ, which
describes the interaction between light quarks, is given by

T ðS−PÞISO
ijkm ¼ ðTð1−3ÞÞijðTð1−3ÞÞkm − ðγ5Tð1−3ÞÞijðγ5Tð1−3ÞÞkm;

T ðSþPÞISO
ijkm ¼ ðTð1−3ÞÞijðTð1−3ÞÞkmþðγ5Tð1−3ÞÞijðγ5Tð1−3ÞÞkm;

T
ðSþPÞadjISO
ijkm ¼ ðTð1−3ÞTa

cÞijðTð1−3ÞTa
cÞkm

þðγ5Tð1−3ÞTa
cÞijðγ5Tð1−3ÞTa

cÞkm;
T ðVþAÞISO

ijkm ¼ ðγμTð1−3ÞÞijðγμTð1−3ÞÞkm
− ðγμγ5Tð1−3ÞÞijðγμγ5Tð1−3ÞÞkm;

T
ðV−AÞadjISO
ijkm ¼ ðγμTð1−3ÞTa

cÞijðγμTð1−3ÞTa
cÞkm

þðγμγ5Tð1−3ÞTa
cÞijðγμγ5Tð1−3ÞTa

cÞkm; ðD4Þ

Here the ISO in the superscript denotes the isospin states in
the flavor group. The basis, that includes Tð4–7Þ and
describes the interaction between light and strange quarks,
is given by

T ðS−PÞCRO
ijkm ¼ ðTð4−7ÞÞijðTð4−7ÞÞkm

− ðγ5Tð4−7ÞÞijðγ5Tð4−7ÞÞkm;
T ðSþPÞCRO

ijkm ¼ ðTð4−7ÞÞijðTð4−7ÞÞkm
þ ðγ5Tð4−7ÞÞijðγ5Tð4−7ÞÞkm;

T
ðSþPÞadjCRO
ijkm ¼ ðTð4−7ÞTa

cÞijðTð4−7ÞTa
cÞkm

þ ðγ5Tð4−7ÞTa
cÞijðγ5Tð4−7ÞTa

cÞkm;
T ðVþAÞCRO

ijkm ¼ ðγμTð4−7ÞÞijðγμTð4−7ÞÞkm
− ðγμγ5Tð4−7ÞÞijðγμγ5Tð4−7ÞÞkm;

T
ðV−AÞadjCRO
ijkm ¼ ðγμTð4−7ÞTa

cÞijðγμTð4−7ÞTa
cÞkm

þ ðγμγ5Tð4−7ÞTa
cÞijðγμγ5Tð4−7ÞTa

cÞkm; ðD5Þ

Here the CRO in the superscript denotes the state corre-
sponding to the crossing combination of light and strange
quarks. The basis that includes T8 is given by

T ðS−PÞHYP
ijkm ¼ ðT8ÞijðT8Þkm − ðγ5T8Þijðγ5T8Þkm;

T ðSþPÞHYP
ijkm ¼ ðT8ÞijðT8Þkm þ ðγ5T8Þijðγ5T8Þkm;

T
ðSþPÞadjHYP
ijkm ¼ ðT8Ta

cÞijðT8Ta
cÞkm

þ ðγ5T8Ta
cÞijðγ5T8Ta

cÞkm;
T ðVþAÞHYP

ijkm ¼ ðγμT8ÞijðγμT8Þkm − ðγμγ5T8Þijðγμγ5T8Þkm;

T
ðV−AÞadjHYP
ijkm ¼ ðγμT8Ta

cÞijðγμT8Ta
cÞkm

þ ðγμγ5T8Ta
cÞijðγμγ5T8Ta

cÞkm; ðD6Þ

Here the HYP in the superscript denotes the hypercharge in
the flavor space. and the basis which involves the mixing of
T0 and T8 is given by

T ðS−PÞMIX
ijkm ¼ ðT0ÞijðT8Þkm þ ðT8ÞijðT0Þkm

− ðγ5T0Þijðγ5T8Þkm − ðγ5T8Þijðγ5T0Þkm;
T ðSþPÞMIX

ijkm ¼ ðT0ÞijðT8Þkm þ ðT8ÞijðT0Þkm
þ ðγ5T0Þijðγ5T8Þkm þ ðγ5T8Þijðγ5T0Þkm;

T
ðSþPÞadjMIX
ijkm ¼ ðT0Ta

cÞijðT8Ta
cÞkm þ ðT8Ta

cÞijðT0Ta
cÞkm

þ ðγ5T0Ta
cÞijðγ5T8Ta

cÞkm
þ ðγ5T8Ta

cÞijðγ5T0Ta
cÞkm;

T ðVþAÞMIX
ijkm ¼ ðγμT0ÞijðγμT8Þkm þ ðγμT8ÞijðγμT0Þkm

− ðγμγ5T0Þijðγμγ5T8Þkm
− ðγμγ5T8Þijðγμγ5T0Þkm;

T
ðV−AÞadjMIX
ijkm ¼ ðγμγ5T0Ta

cÞijðγμγ5T8Ta
cÞkm

þ ðγμγ5T8Ta
cÞijðγμγ5T0Ta

cÞkm
þ ðγμT0Ta

cÞijðγμT8Ta
cÞkm

þ ðγμT8Ta
cÞijðγμT0Ta

cÞkm: ðD7Þ

Here the MIX in the superscript denotes the mixing
between light and strange quarks. At last, in addition to
the channels listed above, we also need to take into account
the channel related to the UAð1Þ symmetry breaking ’t
Hooft determinant, which reads

T A
ijkm ¼ ðT0ÞijðT0Þkm þ ðγ5T0Þijðγ5T0Þkm

− ðTð4−7ÞÞijðTð4−7ÞÞkm − ðγ5Tð4−7ÞÞijðγ5Tð4−7ÞÞkm:
ðD8Þ

In a final step we change the basis (27) guided by a quest
for optimizing the approximation: we want to only keep the
four tensors with the lowest lying resonances, related to the
σ, π, κ, K mesons, see the discussion in Sec. II C. However,
the basis (27) is not diagonal and the flows of the respective
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dressings mix different channels even if the basis is
diagonalized. The respective optimization task will be
discussed elsewhere, [76], and goes beyond the scope of
the present work. Hence we simply define combinations of
tensors in the complete basis (27) that increase significantly
the overlap with the resonant channels and in turn decrease
the overlap of the other tensors with the low lying
resonances. This leads us to σ, π, κ, K-channels defined by

T σ
ijkm ¼

	
T ðSþPÞSIN

ijkm þ T ðS−PÞSIN
ijkm



=2;

T π
ijkm ¼

	
T ðSþPÞISO

ijkm − T ðS−PÞISO
ijkm



=2;

T κ
ijkm ¼

	
T ðSþPÞCRO

ijkm þ T ðS−PÞCRO
ijkm



=2;

T K
ijkm ¼

	
T ðSþPÞCRO

ijkm − T ðS−PÞCRO
ijkm



=2; ðD9Þ

with the explicit form provided in (27) in Sec. II C. Note
that such a choice is not unique and the optimization task
requires an analysis of the complete basis.
Finally, we discuss the separation in symmetric and

antisymmetric parts of given tensors. While this extends the
given momentum-independent basis in a natural way,
it also lacks the full systematics of taking into account
all p2-tensor elements, for further discussions see [6]. From
the definition of the four-quark scattering vertex,

Γð4Þ
q̄iqjq̄kqmðpÞ ¼

δ4Γk½q; q̄�
δq̄iðp1Þδqjðp2Þδq̄kðp3Þδqmðp4Þ

; ðD10Þ

we arrive at

Γð4Þ
4q;k½q; q̄� ¼ −4ð2πÞ4

Y4
i¼1

Z
1
2
qðpiÞδ

 X4
i¼1

pi

!

×
X
α

h
λαðpÞT ðαÞ

ijkm − λαðp0ÞT ðαÞ
kjim

i
; ðD11Þ

with p ¼ ðp1; p2; p3; p4Þ defined in (26) and p0 ¼
ðp3; p2; p1; p4Þ. Equation (D11) comprises the crossing
symmetry of the vertex that arises from the anticommuta-
tion of antiquark derivatives. Accordingly, we can split a
vertex contribution from a given tensor structure T ðα−Þ into
two parts, proportional to the symmetric and antisymmetric
components of the tensor,

T ðα−Þ
ijkm ¼ 1

2

	
T ðαÞ

ijkm − T ðαÞ
kjim



;

T ðαþÞ
ijkm ¼ 1

2

	
T ðαÞ

ijkm þ T ðαÞ
kjim



: ðD12Þ

The respective symmetric and antisymmetric dressings are
given by

λþα ðp1; p2; p3; p4Þ

≡ 1

2
½λαðp1; p2; p3; p4Þ þ λαðp3; p2; p1; p4Þ�;

λ−α ðp1; p2; p3; p4Þ

≡ 1

2
½λαðp1; p2; p3; p4Þ − λαðp3; p2; p1; p4Þ�: ðD13Þ

Note that the antisymmetric dressings λ−α are proportional
to momentum-squared times regular terms and hence the
respective tensor structure if a momentum-dependent one.
As indicated above, we have simply taken into account the
small part of all momentum-dependent tensors of the order
momentum squared, suggested by crossing symmetry.
In summary, (D12) and (D13) allow us to rewrite

(D11) as

Γð4Þ
4q;k½q; q̄� ¼ −4ð2πÞ4

Y4
i¼1

Z
1
2
qðpiÞδ

 X4
i¼1

pi

!

×
X
α

h
λþα ðpÞT ðα−Þ

ijkm − λ−α ðpÞT ðαþÞ
kjim

i
: ðD14Þ

In this work, we reduce the tensor structures, considered in
the computation to α ¼ α∈ fσ; π; κ; Kg. Within the cross-
ing-symmetric procedure introduced above these are eight
tensors with the dressings λþα ðpÞ and λ−α ðpÞ.

APPENDIX E: INDEPENDENCE
ON THE INITIAL SCALE

In the present computation we start the flow at the initial
cutoff scale Λ ¼ 35.7 GeV with the initial effective action

ΓΛ½Φ� ¼ SQCD½Φ� þ
Z
x
m2

scal;ΛðAa
μÞ2: ðE1Þ

Here, the initial mass parameter of the gluon leads to the
scaling solution at k ¼ 0. We emphasize that it is not a free
mass parameter and the mass parameter only reflects the
breaking of gauge symmetry due to the regulators, encoded
in the mSTIs. It is a function of the three relevant
parameters of 2þ 1 flavor QCD,

m2
scal;Λ ¼ m2

scal;Λðαs;Λ; ml; msÞ: ðE2Þ

This has been discussed in detail in [10,18,28], see also the
reviews [3,4]. The strong coupling in the classical action
and the light and strange current quark masses are pre-
sented in Table I.
This initial condition is only approximate as ΓΛ½Φ�

already comprises the quantum fluctuations with k > Λ,
leading to nontrivial momentum dependences in ΓΛ½Φ�.
The latter is needed for guaranteeing the full Λ-independ-
ence of the full effective action, called RG-consistency, see
[38,77]: The cutoff dependence of the initial effective
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action satisfies the flow equation itself. The flow of the
irrelevant operators can be expanded in terms of inverse
powers of the initial scale Λ2 and this expansion shows a
rapid convergence for sufficiently large cutoffs. However,
since all momentum dependences in the initial effective
action are suppressed with powers of p2=Λ2 for the
momenta under investigation here p ≪ Λ, and the quanti-
tative nature of the approximation (E1) is achieved rapidly
by increasing the initial cutoff scale, or rather decreasing
the initial strong coupling. This has been tested thoroughly
in particular in [10], where an initial cutoff Λ ≈ 102 GeV
has been used, and even higher ones have been tested.
Moreover, a respective analysis in pure Yang-Mills theory
has been performed in [18].
In short, these analyses entail that the current initial

cutoff scale Λ ¼ 35.7 GeV is sufficiently large to lead to
converged results for the infrared momenta under inves-
tigation within the current error estimate of 10%. Still, for
the sake of completeness, we augment the current compu-
tations with an explicit analysis of the Λ-independence of
the results. We shall concentrate on the pure matter sector
with its novel ingredient in comparison to [10], the s quark
and the three-momentum channel approximation for the
four-quark vertex. Given the well-tested convergence of the
pure glue sector, we do not assess this part again here. For
this test of the pure matter sector we initiate the flow at an
asymptotically large initial scale or rather a small coupling,

αs;ΛUV
¼ 1.44

4π
≈ 0.1146; ΛUV ¼ 333.3 GeV; ðE3aÞ

with the current quark masses

ml;ΛUV
¼ 2 MeV; ms;ΛUV

¼ 40 MeV: ðE3bÞ

These units are measured in the pion decay constant, whose
value we simply define with fπ ¼ 93 GeV. The respective
strong coupling and light quark mass function is shown in
Figs. 24 and 25 together with results obtained with initial
cutoffs Λ ¼ 30, 90 GeV. The latter cases are discussed
below in more detail.
Evidently, the initial conditions for (E3) are not subject

to a full fine-tuning of the physical units. In Table II we
have listed the respective ratios of pion and kaon masses
with the pion decay constant. They are close but not
identical to the physical ones. While full fine-tuning is
possible and straightforward, it is tedious. Indeed, this is
the, purely numerical, reason for not reassessing the glue
sector again: the quadratic fine-tuning of the scaling mass
parameter (E2) is the most costly part of the setup.
However, in this Appendix we are only interested in the
cutoff independence of our approach. This can be fully
tested by an analysis in the vicinity of the physical point,
and hence we refrain from performing the full fine-tuning.
We also would like to add, that the required numerical
accuracy of the solver is increasing successively with Λ.
While this can be readily done, it slows down the solver
considerably, while adding nothing to the infrared accuracy
of our results, for further discussions see [10].

FIG. 24. Quark-gluon avatars of αAl̄lðpÞ at k ¼ 0 as functions
of the momentum obtained from flows from different initial
cutoff scales Λ ¼ 30, 90 GeV and Λ ¼ 333.3 GeV. The latter
setup is described in (E3). The initial conditions for the smaller Λ
is described around (E4a).

FIG. 25. Light quark mass functionMlðpÞ at k ¼ 0 as functions
of the momentum obtained from flows from different initial
cutoff scales Λ ¼ 30, 90 GeV and Λ ¼ 333.3 GeV. The latter
setup is described in (E3). The initial conditions for the smaller Λ
is described around (E4a).

TABLE II. Initial conditions and parameters at different initial
scales. Specifically, the initial conditions for Λ ¼ 90 GeV and
Λ ¼ 30 GeV are obtained from the results of Λ ¼ 333.3 GeV.

Λ [GeV] αs ðml;msÞ [MeV] ðmπ=fπ; mK=fπÞ
333.3 0.1146 (2, 40) (149=93; 481=93)
90 0.1268 (2.19, 43.70) (149=93; 481=93)
30 0.1438 (2.47, 48.79) (149=93; 481=93)
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Now we initiate further flows at the smaller cutoff scales
Λ ¼ 90; 30 GeV by using the results of the initial con-
ditions (E3) in the following way: We read out an initial
condition for the classical initial action (E1) of further
initial cutoff scales Λi < Λ from

αAq̄q;Λi
¼ αAq̄q;Λi

ðp ¼ 0Þ;
mq;Λi

¼ Mq;Λi
ðp ¼ 0Þ; ðE4aÞ

with the respective scaling mass parameter (E2)

m2
scal;Λi

¼ m2
scal;Λi

ðαs;Λi
; ml;Λi

; ms;Λi
Þ: ðE4bÞ

The right-hand sides of (E4) are the vanishing momentum
results of the full momentum-dependent coupling and
constituent quark masses obtained from the UV setup
(E3a). In short, we define a classical initial condition in
the matter sector by reducing the full momentum-dependent
quark-gluon vertex and mass function to classical ones,
dropping the entire four-quark sector and reinitiating the
flow. We keep the full momentum dependences of the glue
sector as this facilitates the quadratic fine-tuning problem
(E4b). If this reduction leads to agreeing results with the UV
setup (E3), this proves two properties: (1) the independence
of our results of the initial cutoff and (ii) the quantitative
accuracy of the approximation (E1). Note that (i) entails that
we can safely take the limit Λ → ∞, the current setup is UV
safe and only has the three relevant parameters of 2þ 1
flavor QCD, and only two of them, the masses, determine
the physical point.
The results obtained within this procedure show a

quantitative agreement for all the tested initial cutoff scales,
and we illustrate this with the two relevant correlation
functions, the light quark-gluon coupling αA;l̄lðpÞ and the

light constituent quark mass at k ¼ 0, see Figs. 24 and 25.
Moreover, in Table II we also list the ratios mπ=fπ and
mK=fπ. These observables and all correlation functions
obtained from the initial conditions at Λ ¼ 30; 90 GeV
agree quantitatively with those obtained from the UV initial
condition Λ ¼ 333.3 GeV. Note also that the small devia-
tions also reflect the fact that the current simple read-out
procedure overestimates the error and the results converge
even more if the initial conditions are fully tuned to the same
physics observables mπ=fπ and mK=fπ at k ¼ 0.
Finally, we compare the light quark-gluon avatar of the

strong coupling from the computation withΛ ¼ 333.3 GeV
with that at the physical point with Λ ¼ 35.7 GeV: In
Fig. 26 we show αAl̄lðpÞ obtained from both initial con-
ditions. Note that the results from the initial cutoff scale
ΛUV ¼ 333.3 GeV can be obtained with a flow from Λ ¼
35.7 GeV by using the full effective action Γk¼35.7 GeV,
obtained from the ΛUV flow. Since the light quark masses
and the respective pion mass differ by less than 10%, the
difference in the strong coupling is dominated by the lack of
momentum dependence in the initial condition (E1) for Λ ¼
35.7 GeV as well as from dropping the initial four-quark
couplings. The differences are negligible.
We conclude that the current analysis proves impres-

sively the first principle nature of the approach. We rush to
add that respective analyses, both numerically and con-
ceptually, have been presented in the literature before for
QCD in the past three decades. In the context of the specific
approach here see, in particular, [7,10,16,18,20,24,78], and
for a complete survey we refer to the reviews [3,4].

APPENDIX F: FLOW EQUATIONS

By now there exists a plethora of fRG works in QCD that
include technical details on the derivation and the explicit
form of the flows for the correlation functions. The present
work draws in particular from [7,10,16,17,19,20,24,37]
and we refer to the discussions there. Moreover, we use
smooth regulators, see (F4) which are more adapted to the
advanced momentum-dependent approximation used in the
present work. For respective discussions on the optimiza-
tion of these approximations see [24,38,79,80]. With these
regulators and momentum-dependent correlation functions,
all flows can only be represented in terms of momentum
integrals, and are represented by quite lengthy expressions.
The derivations can be done with [81,82], a general code
framework for solving fRGs can be found in [83]. Below
we sketch the derivation of these flows and depict them in a
diagrammatic form.
The flow equations for all correlation functions are

derived from that for the effective action, the Wetterich
equation [13]. For QCD it reads

∂tΓk½Φ� ¼ 1

2
TrGk½Φ�∂tRk; ðF1Þ

FIG. 26. Quark-gluon avatars of αAl̄lðpÞ at k ¼ 0 as functions
of the momentum obtained from flows from different initial
cutoff scales Λ ¼ 30, 90 GeV and Λ ¼ 333.3 GeV. The setups
are described in (24) and (E3).
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with the propagator matrix in field space

Gk;Φi1
Φi2

½Φ� ¼
�

1

Γð2
k ½Φ� þ Rk

�
Φi1

Φi2

; ðF2Þ

which is derived from the path integral, where the regulator
term

ΔSk½Φ� ¼ 1

2

Z
p
Φið−pÞRk;ΦiΦj

ðpÞΦjðpÞ; ðF3Þ

with Φ ¼ ðAμ; c; c̄; q; q̄Þ, (1b) is added to the classical
QCD action (A1). The regulator matrix Rk in field space is
given by,

Rk ¼

0
BBBBBBB@

RA 0 0 0 0

0 0 −Rc 0 0

0 Rc 0 0 0

0 0 0 0 −Rq

0 0 0 Rq 0

1
CCCCCCCA

ðF4aÞ

with the entries

RAðpÞ ¼ Π⊥ðpÞẐAðpÞp2rAðxÞ;
RcðpÞ ¼ ZcðpÞp2rcðxÞ;
RcðpÞ ¼ ZqðpÞp2rqðxÞ: ðF4bÞ

and the uniform shape function

riðxÞ ¼ rðxÞ; with rðxÞ ¼ k2e−x; x¼ p2

k2
; ðF4cÞ

for all regulators i ¼ A, c, q. Here ẐA is from the
reparametrization of the gluon two-point function, which
is given by	

Γð2Þ
AAΠ⊥



ab

μν
ðpÞ ¼ ZAðpÞp2δabΠμν

⊥ ðpÞ
¼ ẐAðpÞðp2 þm2

AÞδabΠμν
⊥ ðpÞ: ðF5Þ

At p ¼ 0, ẐAð0Þ≡ 1 and the flow of the gluon two-point
function is entirely contained in the flow of the gluon mass
for any k. Note that the second line in (F5) only comprises
a convenient reparametrization of the gluon two-point
function.
With these preparations the flow equations for all

correlation functions are simply obtained by taking the
respective field derivatives of the flow (F1). The diagram-
matic representations of all flow equations are provided in
Appendices F 1 to F 3 in Figs. 27–29 for the two-, three-,
and four-point functions respectively.

1. Flow of the two-point functions

We consider the flow of all 2þ 1 flavor QCD two-point
functions, see Secs. II A and II B and Appendices B and C.
The diagrammatic approximation is depicted in Fig. 27: All
propagators and vertices on the right-hand side are com-
puted from their flows and fed back self-consistently. This
also entails that we have dropped diagrams with higher
order couplings which are set to zero:
(1) tadpoles in the flows of all two-point functions

containing the following four-point functions:
two-gluon-ghost–antighost coupling, the quark-
antiquark-ghost-antighost, and the four-strange
quark vertices.

Here ∂̃t is defined as the t-derivative which only acts on the
regulator in the flow equation. It is the same definition in
Figs. 28 and 29.

2. Flow of the three-point functions

We consider the flow of the ghost-gluon, three-gluon and
quark-gluon three-point functions in 2þ 1 flavor QCD
within the approximation details in Secs. II A and II B and
Appendices B to C. The diagrammatic approximation is
depicted in Fig. 28: All propagators and vertices on the
right hand side are computed from their flows and fed back
self-consistently. This also entails that we have dropped
diagrams with higher order couplings which are set to zero:
(1) diagrams in the flows of all three-point functions

considered here containing the following four-
point functions: two-gluon-ghost-antighost cou-
pling, the quark-antiquark-ghost-antighost, and the
four-strange quark vertices.

(2) All tadpoles: all five-point vertices are set to zero in
the present approximation.

3. Flow of the four-point functions

We consider the flow of the four-gluon and the four-
quark four-point functions in 2þ 1 flavor QCD within the
approximation detailed in Sec. II C and Appendix D. The
diagrammatic approximation is depicted in Fig. 29: All
propagators and vertices on the right-hand side are com-
puted from their flows and fed back self-consistently. This
also entails that we have dropped diagrams with higher
order couplings which are set to zero:
(1) diagrams in the flows of all four-point functions

considered containing the following four-point
functions: two-gluon-ghost-antighost coupling, the
quark-antiquark-ghost-antighost, and the four-
strange quark vertices.

(2) All diagrams with a three-point and a five-point
function: all five-point vertices are set to zero in the
present approximation.

(3) All tadpoles: all six-point vertices are set to zero in
the present approximation.
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FIG. 27. Diagrammatic representation of the flow equations of two-point functions. For the sake of brevity we only depict one diagram
of whole classes of diagrams with the same vertices. The operator ∂̃t only hits the k-dependence in the explicit regulator terms in the
propagators.

FIG. 28. Diagrammatic representation of the flow equations of three-point functions. For the sake of brevity we only depict one
diagram of whole classes of diagrams with the same vertices. The operator ∂̃t only hits the k-dependence in the explicit regulator terms in
the propagators.
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