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Abstract
The effectiveness and efficiency of a beam injection

scheme is crucial to achieve high beam intensities while
minimizing possible beam losses. The classical method
for injecting from a linac to a synchrotron is the multiturn
injection (MTI). In this scheme the quality of the injected
beam as well as of the injection scheme depends on factors
as beam emittance, type of local bump ramp, chromatic-
ity, dispersion and beam intensity. This approach relies on
the decorrelation between the planes of the injected beams.
However, investigations on the beam coming from the linac
have suggested the possibility that a beam correlation may
exist [1]. We present here an investigation of the effect of
a correlated beam on the efficiency of the MTI for several
degrees of correlation.

MULTITURN INJECTION
The injection process referred to in this study is the well-

implemented process of multiturn injection (MTI). During
the MTI process, several beamlets are injected via electro-
static septum turn by turn, utilizing a closed orbit bump
to fill up the available phase space. During this so-called
”phase space painting”, the injected particles get accumu-
lated to the maximum available intensity whilst avoiding any
particle losses. This topic has been the subject of extensive
research in the past [2–4], and recent studies continue to ex-
plore its optimization possibilities under varying parameters
and extending to a 2-plane-approach [5, 6].

The injection scheme referred to in this work is a standard
MTI with a local bump of the closed orbit, utilizing four
bumper magnets with a linear steerer strength decrease
between the first and the last injection turn. General settings
can be extracted from Table 1. An example for phase space
painting a can be seen in Fig. 1.

The injection coordinates of the beam are set
according to the matching condition 𝑋′(𝑠𝑖𝑛𝑗) =
𝑋(𝑠𝑖𝑛𝑗)[−𝛼𝑥(𝑠𝑖𝑛𝑗)/𝛽𝑥(𝑠𝑖𝑛𝑗)], where 𝑠𝑖𝑛𝑗 is the longitu-
dinal position of the injection in the ring and 𝛼(𝑠𝑖𝑛𝑗), 𝛽(𝑠𝑖𝑛𝑗)
are the Twiss parameters at the injection location.

Injection Efficiency
For the purpose of this work, we define the injection effi-

ciency as the number of particles which survive until the end
of the simulation NPAR𝑒𝑛𝑑 with respect to the number of
particles that were aimed to be injected in total, which is the
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Table 1: Simulation Settings Used in This Work for SIS18-
lattice with U238

73+ Ions

Parameter Value Unit Description

NPAR𝑏 105 [1] Particles per beamlet
𝜖𝑥 5 [mm-mrad] Emittance, x-plane
𝜖𝑦 5 [mm-mrad] Emittance, y-plane
𝑄𝑥 3.29 [1] Tune, x-plane
𝑄𝑦 4.29 [1] Tune, y-plane
𝐸nuc 11.4 [MeV/u] Energy per nucleon
𝐼 50 [mA] Beam current
𝛼𝑥(𝑠𝑆𝑒𝑝𝑡𝑢𝑚) -0.90248 [rad] Twiss 𝛼, x-plane
𝛽𝑥(𝑠𝑆𝑒𝑝𝑡𝑢𝑚) 8.9851 [m] Twiss 𝛽, x-plane

Figure 1: Example for the accumulation of beamlets dur-
ing MTI (phase space painting) in normalized phase space
coordinates for a linear orbit bump decrease MTI of a KV
distributed 𝑈23873+ beam of 105 particles at the 15th ac-
cumulation turn. The colors indicate the different injection
turns of the beamlets. The red dashed line marks the septum
position in normalized coordinates.

number of particles injected per beamlet NPAR𝑏 multiplied
by the number of injection turns 𝑗:

Eff𝐼𝑛𝑗 = NPAR𝑒𝑛𝑑
NPAR𝑏 ⋅ 𝑗 (1)

In this work, we focus on the effect an exisiting interplane
correlation of the incoming beam entering the synchrotron
from the linac may have on the injection and the phase space
evolution of the injected beam.
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BEAM CORRELATION
The correlation between the x- and y-plane of a beam

is described by the second order beam moments matrix or
Covariance matrix 𝐶 [1]:

𝐶 =
⎛⎜⎜⎜⎜⎜⎜
⎝

⟨𝑥𝑥⟩ ⟨𝑥𝑥′⟩ ⟨𝑥𝑦⟩ ⟨𝑥𝑦′⟩
⟨𝑥′𝑥⟩ ⟨𝑥′𝑥′⟩ ⟨𝑥′𝑦⟩ ⟨𝑥′𝑦′⟩
⟨𝑦𝑥⟩ ⟨𝑦𝑥′⟩ ⟨𝑦𝑦⟩ ⟨𝑦𝑦′⟩
⟨𝑦′𝑥⟩ ⟨𝑦′𝑥′⟩ ⟨𝑦′𝑥⟩ ⟨𝑦′𝑦′⟩

⎞⎟⎟⎟⎟⎟⎟
⎠

. (2)

This matrix provides information on how certain coordinates
of the beam in the phase space are correlated with each
other. Correlation or coupling sources can be all elements
of the machine lattice that act on the cross-plane elements
of 𝐶. In an ideal, decoupled beamline, these cross-plane
terms are zero. However, experimental observations show
measurable coupling effects, particularly originating from
the linear accelerator section [1]. This indicates that practical
beam dynamics often deviate from the uncoupled ideal.

Next, we model the inter-plane correlations introduced
by an unidentified coupling element, which is suspected to
adversely affect the efficiency of the Multi-Turn Injection
(MTI) process. To simulate such coupling, we introduce a
parameterized 4×4 transformation matrix 𝑀 of the form:

𝑀 =
⎛⎜⎜⎜⎜⎜⎜
⎝

1 0 𝜖 0
0 1 0 𝜖

−𝜖 0 1 0
0 −𝜖 0 1

⎞⎟⎟⎟⎟⎟⎟
⎠

. (3)

The matrix 𝑀 represents an idealized model of inter-plane
coupling which fulfills the symplectic condition [7], ensur-
ing that the transformation is physically consistent. At the
same time, the parameterized form of 𝑀 is beneficial for this
exploratory study: Keeping all input factors constant for dif-
ferent simulation runs, direct comparison of the simulation
outcome with respect to the parameter 𝜖 is possible.

In practical beamlines, such coupling effects may arise
from skew quadrupole fields or imperfections in beamline
alignment and optics.

Since Multi-Turn Injection (MTI) is performed via a
closed orbit bump, it is crucial to apply the coupling trans-
formation only to the incoming beam, not to the reference
closed orbit. To achieve this, the closed orbit coordinates

⃗𝑋𝐶𝑂 must be explicitly accounted for. While the beam coor-
dinates ⃗𝑋 are defined with respect to the nominal beamline
center at (0, 0, 0, 0)𝑇, the coupling transformation must be
applied relative to the offset from the closed orbit:

⃗𝑋corr = ⃗𝑋𝐶𝑂 + 𝑀( ⃗𝑋 − ⃗𝑋𝐶𝑂). (4)

This ensures that the introduced correlation affects only
the injected beam, preserving the integrity of the closed orbit
configuration.

Coupling Coefficient
The evolution of the covariance of the beam coordinates

can be calculated at each instant of the process by applying
Eq. (2). As a measure of the resulting correlation factor of
the beam at the end of the injection process, a coefficient 𝑇
is introduced (adapted from [8]):

𝑇 = 𝑡
1 + 𝑡 , (5)

where

𝑡 =
√⟨𝑥𝑥⟩⟨𝑥′𝑥′⟩ − ⟨𝑥𝑥′⟩2√⟨𝑦𝑦⟩⟨𝑦′𝑦′⟩ − ⟨𝑦𝑦′⟩2

√det𝐶
− 1. (6)

Defining 𝑇 like in Eqs. (5) and (6) ensures a norming
to a maximum of 1 for better comparison of the outcome.
For a strongly coupled beam 𝑇 → 1, whereas in absence of
coupling 𝑇 = 0.

PROOF OF CONCEPT
The hypothesis is that the higher the induced coupling per

beamlet is, the more losses will occur, resulting in a lower
injection efficiency after the injection process is completed.
With the settings presented in Table 1, we run the simulation
for 20 injection turns and several values of 𝜖.

Simulation Procedure
For the purpose of this work, a one-plane MTI simula-

tion code was implemented in FORTRAN95, utilizing the
MICROMAP library for beam initialization and tracking.
As a representative synchrotron lattice, the SIS18 lattice is
used. The code calculates the beam injected for a certain
number of 𝑗 injection turns and is tracked for a total number
of 𝑛 turns in the ring. At each 𝑗, a beamlet of NPAR𝑏 parti-
cles is injected, which means it is initialized with a certain
distribution around an injection point in phase space at a
longitudinal position 𝑠𝑖𝑛𝑗. Right after injection, the parti-
cle data is manipulated by matrix multiplication with 𝑀 as
shown in Eq. (4).

The beam performs one revolution in the ring before the
next injection of NPAR𝑏 particles takes place. The total
particle number NPAR is tracked at every turn, as well as
the phase space coordinates of each particle, together with a
flag for the turn number of which the corresponding particle
was injected. Figure 1 shows an example of the phase space
painting during injection.

The simulation is performed for several stregth of correla-
tion, varying the value of 𝜖 in ten equidistant steps between
0 and 0.45. The results are listed in Table 2 and shown
graphically in Fig. 2.

The simulation results show a decreasing injection Effi-
ciency when increasing the correlation grade 𝜖. For this is
the only variable changed within the simulation settings it is
feasible to say the injection decrease is caused by the applied
interplane correlation. At the same time, the magnitude of
efficiency decrease is not very high for a simulated MTI
with ideal conditions like the absence of chromaticity and
dispersion effects.
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Table 2: Simulation Results for a simulation sample MTI of
𝑗 = 20 Injection turns of U23873+ ions, example for SIS18-
lattice.

Induced
Correlation
Strength 𝜖[-]

Injection
Efficiency
Eff𝐼𝑛𝑗 [-]

Coupling
Coefficient
𝑇[-]

0 0.8490 5.8781 × 10−5

0.05 0.8490 0.2781
0.1 0.8485 0.6027
0.15 0.8483 0.7680
0.2 0.8474 0.8495
0.25 0.8469 0.8931
0.3 0.8458 0.9187
0.35 0.8447 0.9346
0.4 0.8431 0.9452
0.45 0.8419 0.9524

Figure 2: Evolution of injection efficiency and correlation
factor of the resulting injected beam after injection.

DISCUSSION
The approach of a parameterized one-knob-model like

shown in this work is promising, because it enables a direct
observation of efficiency change due to the variation of the
parameter 𝜖. A relation between the development of the
injection efficiency in the presence of artificially induced
correlation can be shown, resulting also in a larger Coupling
Coefficient.

Reduction of possible correlation sources already within
the transfer channel is prone to be beneficial for the effi-
ciency of the injection process. Optimization of the general
injection parameters may allow a better simulation base-
line of higher efficiency at the end of the injection process.
At the same time, the simulation can be expanded to the
presence of chromaticity, dispersion or even space charge
effects for a higher number of particles. This will give a
more realistic scenario of how much efficiency decrease
may be caused by interplane coupling effects in the injected
beam. Furthermore, the extension of the study to the effect
on after-injection losses will be of interest.

This work has been performed for a specific way of apply-
ing interplane correlation through the Matrix 𝑀 shown in
Eqs.(3) and (4). Other variations of coupling matrices that
are not symmetric or have no non-zero elements may show
a comparable effect, as long as they fulfill the symplectic
condition.
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