PHYSICAL REVIEW D 111, 063007 (2025)

Constraining twin stars with cold neutron star cooling data
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We investigate the influence of a phase transition from hadronic matter to a deconfined quark phase
inside a neutron star on its cooling behavior including the appearance of twin star solutions in the mass-
radius diagram. We find that while the inferred neutrino luminosity of cold transiently accreting star in MXB
1659-29 is reproduced in all of the constructed twin star models, the luminosity of a colder source, the
neutron star in SAX J1808.4-3658, cannot be described by equations of state with quark-hadron transition
densities below 1.7 saturation density, suggesting that twin stars with such low density transitions to the
quark phase are not realized in nature. We also discuss how constraints to the quark-hadron phase transition
density are strongly dependent on the cooling effectiveness of neutrino reactions in the quark phase.
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I. INTRODUCTION

The unique high-density regime of neutron stars has long
been established as an ideal laboratory for the investigation
of nuclear bulk matter properties, specifically the equation
of state (EOS). Nonetheless, there are great technical
difficulties in both theoretically determining the EOS by
performing a first-principles calculation from quantum
chromodynamics (QCD), and experimentally constraining
the EOS with nuclear or astrophysical measurements.

Currently, the low-density region of equations of state
(EOSs), up to at least saturation density, can be constrained
with experimentally determined ground state properties of
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finite nuclei, such as binding energy per nucleon, charge
radii and neutron skin thickness (see, for example, [1,2]).
A viable way to construct an EOS able to reproduce
these properties is the relativistic mean field (RMF)
approach [3—11]. It generates EOSs that are highly para-
metrized by the strengths of various meson interactions,
which are sensitive to different baryon densities of the EOS.
In addition, in constant-coupling RMF parametrizations, its
EOSs are covariant, so when extrapolated to the neutron-star
regime, causality is naturally preserved, as demonstrated by
Mueller and Serot [8]. Thus, this approach is particularly
suited for the incorporation of the known nuclear exper-
imental constraints, at densities below and around saturation
density, and observational astrophysical constraints, at
larger densities. The high-density neutron star EOS con-
straints include heavy ion collision experiments [12—14] and
neutron stars’ observables such as maximum mass [15-19],
tidal deformability (A) [20,21] and radius measurements.
Specifically, the NICER x-ray mission has provided par-
ticularly constraining simultaneous measurements of mass
and radius of selected pulsars [22-27], setting strong
constraints on the EOS [28-31]. However, by combining
all these measurements, one notices that there is an apparent
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tension between neutron star masses, which reach at least
values of 2M [15-18], therefore requiring a stiff EOS,
and the tidal deformability reported for GW170817, which
suggests a soft EOS [21]. Nonetheless, EOSs usually
considered too stiff to reproduce the tidal deformability
constraint can be brought into agreement with it if a quark-
hadron phase transition is present [32-36]. This phase
transition generates so-called hybrid stars, formed by
an inner quark core with nucleonic outer core and crust
[37-44], which feature smaller values of the tidal deform-
ability, more in line with naturally soft EOSs.

A subcategory of hybrid stars with some significance are
twin stars, which are two stars with the same mass and
different radii. Such configurations can only be generated by
an EOS with a strong phase transition or a rapid cross-over
[45-53]. Thus, observing twin stars would be a smoking
gun signal for the presence of a transition to a new phase in
the core of at least some neutron stars. In this context, it is
interesting to investigate whether cooling data could further
constrain the existence of twin stars or set limits on the
density for which such a phase transition would take place.

Previous studies have investigated the cooling behavior of
quark-hadron hybrid stars with different EOSs [54,55],
suggesting that they are able to reproduce current stars’
temperature evolution data. Another study [56] has per-
formed estimates on the effectiveness of quark direct Urca
(dUrca) cooling reactions in hybrid stars that are consistent
with cold stars’ luminosities, but they lacked a consistent
EOS for the quark phase. To our knowledge, the present
work is the first study focusing on twin stars without
strangeness in the hadronic phase. Furthermore, we focus
on very cold transiently accreting neutron stars, whose low
temperatures strongly indicate the presence of fast-cooling
processes in the stars’ core [57]. Reproducing the inferred
neutrino luminosity of cold sources can set an upper limit on
the star core volume governed by fast-cooling processes,
thus potentially constrain the quark-hadron phase transition
density, particularly for EOSs with dUrca neutrino emission
reactions in the quark phase only.

In Sec. II, we describe the hadronic and quark EOSs used
in this investigation, as well as the calculation of dUrca
emissivities and the estimation of the neutrino luminosity
of the sources. The corresponding luminosities are con-
fronted with astrophysical data from cooling neutron stars
in Sec. III, where we also show the possible hybrid star
masses of each source as a function of the quark-hadron
phase transition density. The relationship between the
EOSs parameters and the reproduction of neutron stars’
luminosities is discussed and summarized in Sec. IV.

II. THEORETICAL FRAMEWORK

A. Equation of state

To provide a detailed understanding of the EOS in the
context of the relativistic mean field theory [3—11], we first

discuss the Lagrangian density given by L = Ly + Ly
where the first term is the free Lagrangian density, in
natural units,
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where

F,, =9,A,-0,A,,
Viw=09,V,—9d,V,,
b, =9db,—0db,, (3)

and M is the nucleon mass. In this Lagrangian, the nucleon
interactions are modeled by exchanging photons, repre-
sented by the field A,, and various mesons. The field ¢
represents the interactions of the scalar-isoscalar o-meson
responsible for intermediate attractive interactions, V*
represents the vector-isoscalar w-meson responsible for
short-range repulsive interactions and b, represents the
vector-isovector p-meson. The latter introduces the isospin
dependence in the interactions and is crucial for describing
the differences between neutron-rich and isospin-symmetric
nuclear matter. In addition to meson-nucleon interactions,
the Lagrangian density includes scalar and vector self-
interactions. In particular, the w-meson self-interactions, as
described by the parameter ¢, soften the EOS at high density
and can be tuned to reproduce the maximum mass of a
neutron star [8]. Hence, we use { as one of our free
parameters ranging between 0.00 < ¢ < 0.02 to make sure
that the EOSs are consistent with the latest pulsar mass
measurements [15,16,18].

It is customary to characterize the behavior of both
symmetric nuclear matter (SNM) and the symmetry energy
in terms of a few bulk parameters. To introduce these
parameters in terms of the EOS, the total binding energy
per nucleon can be expanded as

E(n,a) = E(n,0) + Esym(n)at2 + .- (4)

where E(n,0) is the energy per nucleon of symmetric
matter, a = 1-2y is the asymmetry parameter with
y =np/(ny + np), where ny is the neutron and np
the proton number density, respectively, and Egyy,(n) is
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TABLE 1. Coupling constants of the four EOSs discussed in the text. For each of the four models, we fix m, = 782.5 MeV and
m, =763 MeV. The scalar meson masses and the nonlinear « values are given in MeV.

Model mg g g 9 K y) e A,
EOS 1 501.366 99.880356 159.122616 144.434050 4.701218 —0.0200808 0.000 0.03608328
EOS 1I 499.693 104.831132 173.492123 164.004957 3.535450 —0.00539112 0.020 0.03915850
EOS 1II 509.767 128.601266 215.590598 92.415742 2.519619 —0.00218582 0.020 0.009667709
EOS IV 503.057 107.170473 176.982544 92.079086 3.129633 —0.00319217 0.020 0.009050690

the symmetry energy. By performing a Taylor series
expansion around saturation density, these energies can
be expressed as

1
E(H,O)ZGO—FEKXZ“‘"W (5)

and

1 2
o

Egym(n) =J + Lx + 3

(6)
where x = (n—ngy)/3 is a dimensionless expansion
parameter that quantifies the deviations of the density
from its value at the saturation density ng,. Here ¢, and K
represent the energy per nucleon and the incompressibility
coefficient of SNM, while J, L, and K sym are the value,
slope and curvature of the symmetry energy at saturation
density, respectively. These coefficients can be constrained
by nuclear experiments, but, particularly for the density
slope of the symmetry energy, there are conflicting
constraints (see, for example [58] and references within).
While the measurement of the electric dipole polarizability
suggests a soft value of L =47 + 8 MeV [59] in agree-
ment with the CREX result of the neutron skin measure-
ment of Ca*® [60], the PREX measurements of the neutron
skin in Pb%%8 [61] prefer a stiffer value for the slope of the
symmetry energy, of L = 106 = 37 MeV. A broader range
of estimations for the slope parameter L from neutron skin
experiments place it between either L = 40-60 MeV
[1,60,62] or much higher L = 121 £47 MeV [1,62,63].
To cover a broad range of the slope parameter L consistent

TABLE II

with these experimental constraints, we use EOSs with
L =50 MeV and L =90 MeV.

Additionally, we take the Dirac effective mass,
M* = M — g,¢, as our third free parameter. This parameter
affects the pressure of SNM at intermediate densities [64],
and for an optimal parametrization of the relativistic mean
field model, m* = M*/M should be in the range of
0.55 < m* < 0.65, [65,66], although larger values of m*,
up to 0.75 may also be allowed [67]. We use two values of
m* in the EOSs, of 0.55 and 0.60. Thus, we have three
parameters that control the density dependence of the EOS
at various densities: m* at intermediate densities, { at high
densities, and L around saturation density for the nuclear
symmetry energy. We combine those parameters within 4
EOSs: L =50 MeV, m*=0.60, {=0 (EOS I); L =
50 MeV, m* =0.60, { =0.02 (EOS II); L =90 MeV,
m* =055 ¢=002 (EOS II) and L =90 MeV,
m* = 0.60, { = 0.02 (EOS 1V). The remaining parameters
of the Lagrangian are then optimized to predict the binding
energies and charged radii of closed shell nuclei “’Ca, *Ca,
90Zr, 132Sn and 2%8Pb within less than 2% of the experimental
data. We also ensure that the incompressibility of neutron-
rich matter [68] is consistent with the centroid energies of
the giant monopole resonance in 2%Pb. In Table I we
provide the full set of coupling constants for the four EOSs,
and in Table II, we present a representative set of finite
nuclei predictions for each of these EOS configurations.
Finally, in Table III we display some of the bulk parameters
of infinite nuclear matter for these EOSs.

Comparing the results from each of the EOSs in pairs,
one can check the effect of a given parameter on hybrid star

Experimental data for the binding energy per nucleon (MeV) [69], charge radii (fm) [70], and neutron skins (fm) for

48Ca and 298Pb representing doubly closed shell nuclei, are shown alongside theoretical predictions from TUFSU [71], FSUGold2 [72],
and the four EOSs discussed in the text. Predictions for other closed shell nuclei properties also lie within less than 2% of the

experimental data.

Nucleus Observable Experiment IUFSU FSUGold2 EOS I EOS II EOS III EOS IV
B/A 8.667 8.549 8.621 8.594 8.595 8.753 8.628

#Ca Ren 3.477 + 0.002 3.416 3.413 3.442 3.428 3.400 3.425
Ruin 0.121 = 0.035 0.173 0.232 0.182 0.178 0.211 0.219
B/A 7.867 7.896 7.872 7.867 7.867 7.867 7.868

208ppy Ry 5.501 £ 0.001 5.476 5.489 5.502 5.502 5.502 5.502
Ryan 0.283 £ 0.071 0.162 0.286 0.183 0.176 0.269 0.260
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TABLE III. Bulk properties of nuclear matter for the four
sets of EOS discussed in the text. Saturation density (ng,) given
in (fm~3), energy per nucleon of SNM (e;), incompressibility
coefficient of SNM (Kj), value (J), slope (L) and curvature
(Ksym) of the symmetry energy at saturation density given
in MeV.

Model Mgat €0 Ky J L Km

EOS I 0.1517 -16.19 2340 31.63 50.00 26.76
EOSII 0.1513 -16.21 2330 3145 50.00 21.88
EOS III 0.1463 —1598 2540 35.15 90.00 -36.13
EOS IV 0.1489 -1621 246.0 3564 90.00 -56.56

cooling. In particular, an important quantity to examine is
the direct Urca threshold, which refers to the proton fraction
Y, = Z/A in neutron star matter above which direct Urca
reactions are allowed by energy-momentum conservation.
In the simplest case, when muons are not present in the
EOS, the dUrca threshold is found to be Y, qyrea = 1/9, but
in more realistic EOSs including muons [73], it can be
found by solving the charge neutrality and momentum
conservation equations that lead to the following dynamical
equation [74,75],

(1_YP>1/3_1+<1—3’>‘/3, (7)

Yy

where V = Z, /Z is the muon charge fraction. Therefore,
the dUrca threshold is strongly dependent on the EOS and
it has been shown [76,77] that EOSs with a larger value of
L have a lower dUrca threshold density. This trend can be
understood by observing that EOSs with a larger value of
L have a larger symmetry energy at high densities, which
makes the neutron star matter more symmetric and allows
the proton fraction to more easily exceed the required
threshold proton fraction at lower densities. In other
words, Y, is directly proportional to L, according to the
relation [77]

64

2
377 Ny

sz

3
<J+Lx—|—%KSymx2 + - > . (8)
for matter in beta equilibrium. Increasing the slope of the
symmetry energy independently of the other expansion
parameters directly increases the proton fraction, thus
reducing the density at which the dUrca threshold Y, is
reached. There is no similar one-to-one correspondence
between the remaining parameters m* and ¢ and the
expansion parameters in Eq. (8) with the proton fraction,
so a simple relation between the dUrca threshold and m™* or
{ cannot be constructed. Nonetheless, EOSs with larger m*
or ¢ present slightly increased dUrca threshold densities, as
seen in Table IV, but we note in passing that the influence
of those quantities in hybrid star cooling will be more

clearly seen in the dUrca emissivity rather than the dUrca
threshold.

To build quark-hadron phase transitions in the hadronic
EOSs, we assume that at a sufficiently high pressure, pans
the hadronic EOS is replaced by a quark phase. We model
this by using a Maxwell construction, meaning that the
phase transition is realized as a discontinuity in energy
density at a constant pressure of py.... The quark phase is
described using a constant speed of sound EOS. This ansatz
has been well established [49,78] and takes the following
mathematical form

( ) o €RMF(p) P < Ptrans
W= e + A€+ oy (P = Puans) P> Prans
trans QM\P ~ Pwans) P = Ptranss

©)
where cqy is the constant sound speed of the quark phase.
We set the speed of sound in the quark phase to
com = ¢ = 1, in natural units, since higher sound speeds
increase the possibility for twin star configurations. The
transitional pressure p,,s and the jump in energy density Ae
are free parameters. The transition pressure can be used
interchangeably with the energy density at the point of
transition €y,,, in the nucleonic phase through the rela-
tion €qrgns = €RMF(ptranS)'

Following the works of [33,53,79], we build quark-
hadron phase transitions that generate twin stars. This
criterion is a strong constraint mostly for EOS II, forbidding
phase transitions between 2.3 <n < 4ng, for that EOS.
Thus, hybrid stars in this density region are not investigated
in this work, even though they could be compatible with
observational data. We vary the phase transition parameters
Prans @and Ae to allow for the smallest and largest possible
Nyans geNerating twin stars that fit the astrophysical con-
straints. Different combinations of the parameters L and {
affect the stiffness of the hadronic part of the EOSs, which
restricts the quark phase transitions resulting in hybrid stars
compatible with astrophysical data constraints. In particular,
EOSs with larger { accommodate larger quark phase
transition densities, but the tidal deformability observation
restricts EOSs with larger values of L to relatively low-
density phase transitions, around 2 ng,. The parameters of

TABLEIV. Slope of symmetry energy at saturation (L) in MeV
and the dimensionless quantities of Dirac effective mass (m*), w-
meson self-interactions ({) and dUrca threshold proton fraction
(Y pqusca) Tor purely hadronic EOS 1, EOS II, EOS Il and EOS V.
The dUrca threshold density (ngy.,) is given in terms of the
saturation density and the dUrca threshold mass (mgy.,) and
maximum mass (7, ), in terms of M.

L m* ¢

EOS I 50 0.60 0.0
EOSIT 50 0.60 0.02
EOS I 90 0.55 0.02
EOSIV 90 0.60 0.02

Y p dUrca N4Urca MyUrca Max

0.1375  3.51 258 270
0.1376  3.55 1.87  2.09
0.1319  1.77 .01 219
0.1321  1.78 092 211
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TABLE V. Parameters of the hybrid EOSs built with EOS I (upper left), EOS II (upper right),
EOS TII (lower left) and EOS IV (lower right). Transition density (7,,,) given in terms of
saturation density, transition pressure (pia,) and energy density jump (Ae) given in
MeV/fm?3. The cases where nucleonic dUrca processes are allowed are marked with a star.
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EOS I

EOS I

Nians = 1y Prrans = 3, Ae = 170,
Nians = 1.29, Prans = 6, Ae = 260,
Ngans = 1.84, Puans = 25, Ae = 220,
Nians = 2, Pirans = 38, Ae = 236,
Nians = 25 Prans = 38, Ae = 280

EOS II

Nrans = 1, Ptrans = 4, Ae = 130,
Nirans = L5, Ptrans = 12, Ae = 172,
Mitans = 25 Duans = 27, Ae = 2006,
nl*rans = 2.18, Ptrans = 36, Ae = 220
n;krans =22, Ptrans = 38, Ae =296

Nirans = 1.2, Ptrans = 5, Ae = 180
Nirans = 1.87, Ptrans = 20, Ae =223
Nirans = 22, Ptrans — 35, Ae = 241
Nirans = 4, Pyans = 153, Ae =250

n;'ans = 407’ Ptrans = 160, Ae = 245
n;krans =423, Ptrans = 180, Ae = 229
n:(rans = 4.6, Ptrans = 205, Ae =200

EOS IV

Nirans = 09’ Ptrans = 32, Ae = 132
Nirans = 1.28, Pirans — 7, Ae = 285
Nirans = 1.67, Ptrans = 15, Ae = 182
nfrans =193, Ptrans = 23, Ae =211
nfrans = 2~]6, Ptrans = 32, Ae = 226
nfrans = 237’ Ptrans = 42, Ae = 255

all phase transitions built in this work are shown in Table V.
Finally, we combine the quark-hadron hybrid core EOS
with the Baym-Pethick-Sutherland EOS [80] for the outer
crust and the Negele-Vautherin EOS [81] for the inner crust.
Using accreted crust EOSs would not significantly change
the calculated masses or tidal deformabilities [82—-87], even
if it may alter radii predictions [85,86,88]. For each EOS, we
use the random-phase approximation (RPA) analysis [89] to
calculate the crust-core transition density, with the inner
crust EOS ending at approximately 0.5 ng, and the remain-
ing small gap in densities smoothly connected using a cubic
spline interpolation.

All EOSs constructed in this work are compatible with
the most recent astrophysical observations of mass and
radius of neutron stars. However, simultaneously repro-
ducing the large mass of PSR J0740 4 6620 and the tidal
deformability detected in the merger event GW 170817 can
be challenging. The smallest radius at two solar masses
featured by any of our hadronic EOSs is Ry, = 11.85 km,
placing it comfortably within the radius range of R =
12.76J_r11.'(‘)‘29 km for the 68% confidence interval of PSR
JO740 + 6620 [90], also in agreement with this source’s
recent data reanalysis of [91]. The largest radius at two
solar masses is generated by the stiffest EOS, at
Ry, = 13.7 km, which is within this pulsar data con-
straint as well. All hybrid EOSs also respect this limit. On
the other hand, all of our purely hadronic EOSs have a tidal
deformability outside the bounds of GW170817. However,
for most of our hybrid stars, we are able to choose
appropriately small transition points to the quark phase
such that compatibility with GW170817 was regained.
Exceptions to this case are EOS II hybrid stars with phase
transition above 4 ng,, that presented a tidal deformability

of Ay 4m, = 596, which is marginally outside GW170817’s
upper limit of A4y, = 580 [92], but close enough to
warrant investigation. The tidal deformabilities of all other
hybrid EOSs listed in Table V for 1.4M stars range
between 100 and 550. The other mass and radius contours
reported by NICER, for sources PSR J0437-4715 [27] and
PSR J0030 + 0451 [22,23], do not impose stricter con-
straints to the hybrid EOSs, which are also mostly con-
sistent with the data reanalysis of PSR J0030 + 0451 of
Ref. [26]. Model PDT-U for this source is the exception, as
it tends to exclude hybrid EOSs with low density phase
transitions. Nonetheless, we chose to proceed analyzing
those EOSs, mostly because they remain consistent with
PSR J0030 + 0451’s favored mass-radius contours, ST
+PDT [93].

While solving the TOV equations, we have often
observed the presence of a single stable hybrid star in
the first mass-radius branch, even when usual stability
criteria, like the so-called Seidov limit [94], would suggest
otherwise. This phenomenon is a function of the step-size
of the radial grid used, or equivalently, the error tolerance
chosen in solving the TOV equations. For an Euler ODE
solver with fixed step-size, we have observed its critical
value to be around 50-100m, depending on the size of the
quark core in the hybrid EOSs. To our knowledge, this
phenomenon has been observed before, but not docu-
mented [95]. It does not affect the calculations performed
in this work, and investigating it was out of the scope of
this paper.

B. Hybrid star cooling

The neutron stars under study have high inferred
neutrino luminosities, thus we focus on neutrino emitting
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fast-cooling processes, which take place at the neutron star
core, and ignore slow-cooling, as well as crust-cooling
processes, because their cooling rates are subdominant in
cold neutron stars [96]. The determination of neutron stars
surface temperature and envelope composition in this
simplified scenario is discussed in Sec. IIC. We use a
1D general relativity routine to calculate the hybrid stars’
core cooling.

For the EOSs used in this work, the relevant reactions are
nucleonic neutrino direct Urca reactions for the nucleonic
part of the EOS, n—>p+1[1+4+7; and p+[—>n+y,
where [ stands for leptons, and quark direct Urca reactions
for the quark part of the EOS, d - u+e¢ 47, and
u+ e~ — d+v,, with corresponding neutrino emissivities
in natural units, respectively derived in [96,97],

457n

€Urca — mG% COS2 9(:(1 + 3g*A2)m£l‘*m§*
x (37°Y,n)'/3T° (10)
o4 » 2 1/3,,-2 76

€qUrca = EGF cos* Oc(3Y,) Pan*nT®. (11)

Corrections due to in-medium interactions are included in

the effective Landau masses m}*, m5*, given by

mi*t =\ M2+ ki (12)

with M being the Dirac effective mass. Here g} ~
ga(l = m) is the axial vector coupling that depends

on the baryon density [98], G is the weak interaction
constant, a is the strong coupling constant and 6c is the
Cabibbo angle.

Considering up and down quarks cooling processes only,
we fix the electron fraction in the quark phase to Y, = 1073
and the strong coupling constant @ = 0.12, unchanging with
density. The effect of these approximations on the estimated
masses of the sources and phase transition density is
discussed in Sec. IV. The quark EOS we use is agnostic
about the presence of strange quarks in the quark phase, but
for simplicity we assume they do not participate in the
cooling reactions here. Possible color superconducting
phases are also ignored for the same reason.

Given the nature of first-order transitions, no quark-
hadron mixed phase is present for a Maxwell construction
in neutron stars. Therefore, if the phase transition happens
before the nucleonic dUrca threshold is reached, quark
dUrca processes will be the only fast-cooling neutrino
reactions of the hybrid star. The hybrid EOSs where
nucleonic dUrca cooling takes place are indicated by star
symbols (k) in Table V.

Some gap models describing superfluidity and super-
conductivity in the nucleonic core are included, following
the parametrization originally described in [99]

(kFx - k0)2 (kFx - k2)2

Alkp) = A ,
(kes) O (key — ko)2 + ki (kix — ka)? + k3

(13)

where kg, is the Fermi momentum of the nucleons x and the
quantities Ay, kg, ki, ko and k5 are free parameters. We
work with combinations of neutron triplet superfluid gap
models NT SYHHP [100], NT AO [101], NT EEHO [102]
and proton singlet superconducting gap models PS CCDK
[103], PS BCLL [104] and PS CCYps [105], which form a
representative sample of nuclear pairing models, including
examples where both most and very few of the nucleons in
the core are paired. When nuclear pairing is included,
the dUrca emissivity (Eq. (10)) is reduced by a factor Ry,
such that

reduced _

€Urca €UrcaRL s (14)

where [96]

55
R, = {0.2312 + \/ (0.7688)% + (0.14381)5)2}

X exp (3.427 —1/(3.427)> + v§>,

0.157 1.764
Vs = 1—7(1456—74— z ), (15)

for proton singlets and

5
R = {0.2546 /(07454 + (0.12841@)2}
X exp (2.701 —1/(2.701)% + v%),

1.188
vr=VI1-— 7(0.7893 + —), (16)
T

for neutron triplets, such that when both species are paired,

R; ~ min (RL.singlet’ RL,triplet)' (17)

In these expressions, © = T/T,., where T, is the critical
temperature of each gap model parametrization and 7 =
T(r) is the local temperature such that

T(r) = Te "), (18)

with 7' being the temperature of the core at infinity. Eq. (17)
is valid for strong superfluidity [106], but since 7. > T for
most of the neutron star’s core density, weak superfluidity
corrections to these factors would only be minor.

C. Transiently accreting neutron stars envelope
and temperature

We reproduce the inferred neutrino luminosity of two
transiently accreting neutron stars in the low-mass x-ray
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binaries MXB 1659-29 and SAX J1808.4-3658. These
sources are chosen for their low luminosity, which suggests
that fast-cooling processes must be active in their core [57].
In particular, the neutron star in SAX J1808.4-3658 is one
of the coldest ever observed, thus its cooling pattern might
strongly constrain the core EOS. MXB 1659-29 was
selected because three cycles of accretion-quiescence have
been observed for this neutron star, which has improved the
accuracy of its crust heat transport models and temperature
estimation, allowing for a more precise determination of its
neutrino luminosity [56,107].

The estimated temperature of the neutron star in MXB
1659-29 at quiescence as measured by an observer at
infinity, 7%°, is taken from [107,108] to be 55 eV.
Therefore, we assume for this source a helium envelope
composition, following their detailed modeling of crust
cooling, consistent with this source’s latest data [109]. We
then use relation [110], in natural units,

~ T \4 R2 0.413
T=0.552¢"®108K ¢ ) e _—— |
10 K 9% 10°GM

(19)

valid when a neutron stars’ envelope consists of mostly
light elements, to describe how the temperature varies from
the surface to the bottom of the envelope. The inferred
neutrino luminosity of the neutron star in MXB 1659-29 is
estimated from the amount of deposited energy from
accretion, considering its inferred average mass accretion
rate (M)~ 1.5x10°My/yr [111], following the pro-
cedure described in [112], which leads to an expected
value of neutrino luminosity observed at infinity L, =
(3.91 £2) x 10 erg/s with 1o standard deviation. The
major sources of uncertainty to this neutrino luminosity
estimation are the estimated source’s distance and the
envelope composition. Other possible sources of uncer-
tainty in the crust cooling modeling, such as the uniformity
of the outburst accretion rate or deep crustal heating rates,
were already included in the analysis of [107], leading to
the previously mentioned error bars in the luminosity.

Detailed models for the crust cooling of the neutron star
in SAX J1808.4-3658 are not available. Thus, we work
with an estimated upper limit to its neutrino luminosity of
L, =1x10% —1 x 10® erg/s, obtained considering its
average accreted mass (M) = 9 x 107'2M /yr [113], such
that the approximate neutrino luminosity is the mass
accretion rate times the energy released by deep crustal
heating reactions, Q =~ 0.5-2 MeV/nucleon mass. We take
T = 36f§ eV for this source [113], and calculate its
neutrino luminosity considering two envelope composition
scenarios: a “light elements” one, where we assume
Eq. (19) can be used and a “heavy elements” one, where
the expression [114]

104 9x 10*GM
(20)

o 4 2 0.455
T — 1.288¢4(R) 108 K[( e ) R R

valid for iron envelopes, is used.

We assume that the inferred neutrino luminosity of each
source is released entirely by core cooling processes. Since
the masses of these sources are unconstrained, we calculate
hybrid star masses consistent with the estimated luminos-
ities and their corresponding quark core volumes.

III. RESULTS

In this section, we calculate the range of neutron star
masses corresponding to the estimated lower and upper
limits of neutrino luminosity for each source. This provides
a check to the feasibility of the phase transitions built-in
and allows us to delineate the effects of twin stars in the
luminosity relations. Since core collapse supernova simu-
lations suggest that neutron stars lighter than ~1M  are not
formed [115-119], we do not include such stars in our
analysis, but still display them in some plots for a more
complete visualization of the results.

A. Hybrid stars with hadronic L =50 EOSs

Depending on the EOS, nucleonic superfluidity model,
and the onset of the quark phase, the inferred neutrino
luminosities of the neutron stars in MXB 1659-29 and SAX
J1808.4-3658 can be reached with quark dUrca processes
alone, nucleonic dUrca processes alone or a combination of
them. For EOS 1, all quark phase transitions take place
before the onset of the dUrca threshold, thus the neutrino
luminosities of cold sources are reached with quark dUrca
processes only. Increasing the value of the { parameter to
0.02 (EOS 1II) considerably softens the EOS and allows for
larger phase transition densities. In that case, all hybrid
stars with phase transition densities smaller than the dUrca
threshold, 3.55ng,, cool predominantly through quark
dUrca processes, while the ones with larger phase transition
densities cool mainly through nucleonic dUrca processes.

Figure 1 displays the predicted hybrid star masses for
MXB 1659-29’s neutron star, considering also nuclear
pairing in the nucleonic phase for EOS 1II stars. The data
points in blue correspond to EOS I with a phase transition at
Nians = 2 Ny, DUt Ae = 280 MeV, to differentiate it from
the point in black with phase transition at n,,, = 2 ny, and
Ae = 236 MeV. Increasing Ae while keeping the other
phase transition parameters unaltered slightly reduces the
mass range, but the most important parameter for determin-
ing the range of hybrid masses is still the transition density
Nyans, that determines the quark volume fraction in the
hybrid star. For EOS 1I, the gap model combination NT
AO + PS CCYps, shown in Fig. 1, provides a strong dUrca
suppression, resulting in a large difference to the nonpaired
case, which eventually fails to reproduce the lower
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FIG. 1. Total masses of the hybrid stars with MXB 1659-29’s
neutron star lower and upper inferred neutrino luminosities, built
with EOS 1T (in black) and EOS II (in green). The density
transitions Ny, (N, ) are represented on the x-axis. The blue line
marks the special case of EOS I, pyans = 38 MeV, nyne = 2 gy,
Ae =280 MeV to differentiate it from Ae =236 MeV with
same transition density, in black. In brown, the results for EOS II
with nuclear pairing combination NT AO + PS CCYps are
shown. In the lower plot, the hybrid stars corresponding quark
radius fraction in relation to total radius is shown.

luminosity limit of the source in MXB 1659-29 for large
phase transition densities, n,,, > 4.3 ng,. That is an exam-
ple situation where including nuclear pairing in the nucle-
onic phase does not necessarily increase the calculated mass
range, because then, the quark dUrca cooling again becomes
dominant and the decisive factor becomes the quark
volume, which might not be large enough to reproduce a
source’s luminosity. This situation is particularly clear for
combinations of strong superfluidity and superconductivity
gap models such as PS AO + NT SYHHP or PS CCDK +
NT AO.

For both EOSs, the mass ranges predicted for hybrid stars
with phase transitions at low densities (N < 2.5 Ngy) i
Fig. 1 are larger because these stars have a larger quark
phase volume fraction (close to 100%), thus present a larger
volume undergoing quark dUrca cooling. This suggests
that, for those EOSs and phase transitions, the full range of
inferred luminosities of colder sources is potentially not
achieved in the quark volume available, that is, these twin
stars would not reproduce the neutrino luminosity of colder
sources. This is indeed the case for EOS I and EOS II, which
fail to reproduce SAX J1808.4-3658s neutron star inferred
luminosity (between 10°? to 10°3 erg/s) completely for
phase transitions with ng,,, < 1.8 ny,, for all envelope
compositions tested. This scenario is examined in more
detail in Figs. 2 and 3. In Fig. 2, the calculated masses for
the neutron star in SAX J1808.4-3658 are shown, consid-
ering a light element envelope and 28 < T* <40 eV.
The predicted masses for each temperature are indicated
with different symbols. Despite the general trend of lower
effective temperatures resulting in larger masses for SAX

2.6¢ X 286V
24F + >:>< + 36eV 7
2.2F ¥ % x e 40eV ]
2.0} 11 M
o 4 !
ERTIN O ¥ ¥ ¥
= 1.6F o —— EOSI
1.4F —— EOS I Ae 280 1
?1'2_ — EOS I
%1‘0_ —— EOS II-Gap
.= 100 = =
T sof ]
U I I I I I e I
e 1.0 15 20 25 30 35 40 45 5.0
=
e

ntrans/ Ngat

FIG. 2. Total masses of the hybrid stars with SAX J1808.
4-3658’s neutron star lower and upper inferred neutrino luminos-
ities, built with EOS I (in black) and EOS II (in green), for T® =
28 eV (crosses and dotted lines), T® = 36 eV (plus signs and
dashed lines) and T*® = 40 eV (circles and solid lines), with light
element envelope. The blue line marks the special case of EOS I,
Pirans = 38 MeV, nyne = 20y, Ae =280 MeV. In brown, the
results for EOS II with nuclear pairing combination NT AO + PS
CCYps are shown. In the lower plot, the hybrid stars correspond-
ing quark radius fraction in relation to total radius is shown.

J1808.4-3658’s neutron star, the fraction of quark radius
relative to the total radius necessary to reach the inferred
luminosity is always between 90% and 100% for
Nians < 1.8 g In Fig. 3, we examine in more detail the
luminosity curves of EOS I with T® = 36 eV, where the
inferred luminosity of the neutron star in SAX J1808.
4-3658 is indicated by the horizontal gray band and the first
stable star for each phase transition is represented by a dot,
such that lower masses correspond to unstable stars. Hence,

1035 L R ' ' ' j '//:”’/’,51"”///
: \\_\: ____________ ’_;‘__—— ’5"“’—”/
103/1 3 : ? ‘~——__—--,;: S — Nirans = Nsat
2 P { [ Q— n =13n
E 1 ‘ : trans . sat
) P 1 !
& 103 1 1 I
3 | o
1032 ] Nyrans = 1.8 Ngat i
Nyrans = 2 Ngat
— Mgrans = 2 n;at
1031 L L L L L L
0.0 0.4 0.8 1.2 1.6 2.0 2.4 2.8
M (M)
FIG. 3. Total luminosity and mass of EOS I hybrid stars for

T = 36 eV with light elements envelope (solid lines) and heavy
elements envelope (dashed lines). SAX J1808.4-3658’s neutron
star predicted luminosity is highlighted by the gray region.
Different phase transitions are indicated by different colors
according to the label. Circles mark the first stable star for
each EOS. The blue line with label n,,, = 2n}, is the case
Perans = 38 MeV, ng,, = 21y, and Ae = 280 MeV.
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it is clear that the lower limit of SAX J1808.4-3658’s
neutron star luminosities is reached only in unstable stars
for phase transitions ng,,s < 1.8 ng,, with a light element
envelope, thus these phase transitions are inconsistent with
the full error band of cooling data.

Including nuclear pairing in EOS II with SAX J1808.
4-3658’s neutron star effective temperatures produces a
similar effect to that seen in Fig. 1 for MXB 1659-29.
Strong pairing such as NT AO + PS CCYps reduces the
predicted mass range because it suppresses the nucleonic
dUrca reactions, forcing most of the luminosity to be
generated by quark dUrca processes. In this scenario, the
cases with low temperatures in particular have problems in
reproducing the lower limit of SAX J1808.4-3658’s neu-
tron star luminosity. We note that, for both EOSs, assuming
a heavy element envelope composition for the neutron star
in SAX J1808.4-3658 results in luminosities inconsistent
with the source’s inferred cooling data for most phase
transitions and temperatures.

B. Hybrid stars with hadronic L=90 EOSs

The dUrca threshold of hadronic L = 90 EOSs is lower
than for the L = 50 EOSs (see Table IV), thus there are
more cases of hybrid stars constructed involving both
nucleonic and quark dUrca cooling. However, the increased
stiffness of the nucleonic EOSs only allows for relatively
low density phase transitions, of at most 7, < 2.4 ng,, to
be compatible with astrophysical data [36,79,120], hence
only a relatively small range of possible phase transition
densities can be probed. The different Dirac effective
masses M* of EOS III and EOS IV only marginally affect
the allowed quark-hadron phase transition densities and
luminosity curves.

The general pattern of larger mass ranges for lower phase
transition densities is repeated for the L = 90 EOSs, as
seen in Figs. 4 and 5. For these EOSs, large quark volumes
are still needed to reproduce the upper limit of inferred
luminosities for the neutron star in MXB 1659-29, thus
colder sources tend to be incompatible with small phase
transition densities, around n,,, < 1.8 ng,. This trend is
also observed for reproducing SAX J1808.4-3658’s neu-
tron star data, whose full inferred luminosity band is
only achieved assuming a light element envelope compo-
sition and Ry, 2 1.9 ng,, for both EOS III and IV and
28 < T* <40 eV. A less likely but still possible scenario
for this source is a heavy element envelope composition
with T® = 28 eV and ny,,s 2 1.9 ng,, where the luminos-
ities are reached by nucleonic dUrca, thus the mass ranges
are very small, or a light element envelope with T® =
36 eV and ngy, = 1.5 ng, for EOS I or ny,, = 1.7 ngy
for EOS 1V, where the source luminosity is reached by
quark dUrca processes only, as shown in Figure 5 for the
light element envelope composition. However, in these
cases, SAX J1808.4-3658’s neutron star lower luminosity
limit is reached for sources with masses M < 1M,.

2.6F _ —— EOSIV —— EOS III-Gap ]
2.4¢ ) — EOS1II
2.2¢
—~2.0f
©
= 1.8
= 1.6}
1.4}

—_
[\
T

00F : -
500 I
OE L L L E
1.0 1.5 2.0 2.5
ntrans/ Ngat

quark radius(%)

FIG. 4. Total masses of the hybrid stars with MXB 1659-29’s
neutron star lower and upper inferred neutrino luminosities,
including superfluidity in EOS II (PS CCDK + NT EEHOr
gap model combination in red), without superfluidity (black), and
EOS IV without superfluidity (green). The density transitions
Nyrans (g ) are represented on the x-axis. In the lower plot, the
hybrid stars corresponding quark radius fraction in relation to
total radius is shown.

Including nuclear pairing results in quark dUrca proc-
esses being dominant for densities 7,,,, > 1.9 ny,, which
leads to a visible increasing of the mass ranges from around
one solar mass, for the nonsuperfluid case, to values
centered around 1.8M for MXB 1659-29 and nuclear
pairing model PS CCDK + NT EEHOr, as seen in Fig. 4.
For SAX J1808.4-3658, including nuclear pairing also
significantly increases the mass ranges above one solar
mass for both EOSs, as seen in Fig. 5 for EOS III. Both

26p —— EOSII
24r | i < —— EOS III-Gap A
X —
5ol x T . x EOS IV
~ 2.0} .
' A
218 R
= 1.6} I l'
. ' + l
1.4F b X 28V ]
12F i E + 366V
1.0F . i E ? ? . .- 40 eV ]
1.0 1.5 2.0 2.5 3.0
Dirans / Ngat
FIG. 5. Total masses of the hybrid stars with SAX J1808.4-

3658’s lower and upper inferred neutrino luminosities, including
superfluidity in EOS III (PS CCYps + NT AO gap model
combination in brown), without superfluidity (black), and EOS
IV without superfluidity (green), for T® = 28 eV (crosses and
dotted-dashed lines), T® = 36 eV (plus signs and dashed lines)
and T® =40 eV (circles and solid lines), with a light element
envelope. The density transitions ny,,(ng,) are represented on
the x-axis.
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EOSs favor strong proton superconductivity gap models,
such as PS CCDK and PS CCYps, and are agnostic about
the neutron superfluidity ones, given the relatively low
densities of onset of the quark phase, which starts before
neutron pairing can significantly affect the luminosity
curves.

IV. DISCUSSION AND CONCLUSIONS

Reproducing the luminosity of fast cooling sources with
twin stars is challenging. First, one must build quark-hadron
EOSs consistent with astrophysical data, for which the
biggest limiting factor is the tidal deformability constraint
provided by GW170817 [21]. Since our hadronic EOSs
feature comparatively large radii with large values of A, a
small transition density is needed to achieve compatibility
with this constraint, thus the range of allowed phase
transition densities for EOS III and IV, with L =
90 MeV, is limited to n < 2.5ng,, and for EOS I, with
L =50 MeV, to n < 2ng,. The quark-hadron phase tran-
sition density for EOS II can be as high as 4.6 ng,, but the
requirement that mass-radius contours from NICER [24,25]
are reproduced leaves a gap between the allowed phase
transition densities such that 1.2ng < g, < 2.2ng, or
4ng < Nygps < 4.6 0, This EOS allows for a larger range
of transition densities generating twin stars, opening up the
high density regime.

However, due to the smaller efficiency of quark dUrca
processes compared to nucleonic dUrca processes, stable
twin stars with low density phase transitions tend to struggle
reproducing the low luminosities of cold neutron stars. In
particular, quark-hadron phase transitions densities below
1.7ng, in twin stars of all EOSs under study fail to
reproduce the full range of SAX J1808.4-3658’s neutron
star inferred luminosities, usually only succeeding to
reproduce their upper limit. Therefore, these low density
quark-hadron phase transitions, up to 1.7 n,, are disfavored
over the ones able to reproduce the full luminosity range,
suggesting that twin stars with low density transitions to the
quark phase are not realized in nature.

EOSs with larger phase transition densities successfully
reproduce SAX J1808.4-3658’s neutron star luminosity,
often with a light element envelope composition and
28 < T® <36 eV. For phase transition densities above
the nucleonic dUrca threshold, that luminosity is obtained
with nucleonic processes only and the quark cooling
contribution is very minor and hardly detectable. In these
cases, including nuclear pairing in the nucleonic phase
suppresses nucleonic dUrca reactions, turning quark dUrca
into the leading cooling process. However, because the
hybrid star volume in the quark phase is small, these stars
often fail to reach low luminosities consistent with cold
neutron stars. In this scenario, the full range of SAX
J1808.4-3658’s neutron star inferred luminosity has been
successfully reproduced for EOS II containing weak nuclear
pairing models both for protons and neutrons, and for EOS

IIT and IV with strong proton superconductivity models. All
phase transitions of EOS T are below the nucleonic dUrca
threshold. This result could be an indication that twin stars
with low L hadronic EOSs, with transition density to the
quark phase 4ng < ng.s favor weak nuclear pairing
whereas large L ones, which can only hold transition
densities of 2.5ng < Ny favor strong proton pairing
and very weak neutron triplet pairing in the nucleonic phase.

Hybrid stars that are not twin stars allow for more phase
transitions, particularly above 2 ng,, consistent with astro-
physical constraints, including cooling data. Thus, while
twin stars can still describe observations within a certain
range of phase transition densities for some EOSs, this
could be an indication that cooling data favors nontwin star
solutions. Overall, hadronic EOSs with lower values of the
slope of symmetry density L tend to allow for twin stars
with larger quark-hadron phase transition densities.
Furthermore, their hybrid stars tend to have lower radii,
so they more easily match NICER constraints than their
large L counterparts. Therefore, it is more likely for EOSs
with small values of L to feature twin stars which respect to
astrophysical constraints, including cooling.

The cooling calculations of the quark phase have been
performed with an estimate of the electron fraction of
Y, = 1073, and strong coupling constant, & = 0.12. These
factors determine the difference in effectiveness of nucle-
onic and quark dUrca emissivities. Their ratio, which is
independent of the source’s temperature, is shown in
Figure 6 for all EOSs studied in this work. Nucleonic
dUrca reactions are just under 100 times more effective
than quark dUrca reactions for these values of Y, and a, a
ratio very similar to all EOSs, peaking at low densities.
Therefore, when both processes are active, quark dUrca
cooling is subdominant and hardly noticeable. Our estimate
for the electron fraction of the quark phase was based on the
assumption that it consists of up, down and strange quarks
in weak equilibrium. Then, assuming the quark phase is
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FIG. 6. Ratio of nucleonic dUrca emissivity (equea) to quark
dUrca emissivity (equark dUrca)» assuming these reactions are
simultaneously active in the quark phase, for all EOSs.
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charge neutral and that up and down quarks are approx-
imately massless and noninteracting fermions, one can
estimate that

2
m
Uy N, 21
i a1)
hence,
1 6
Yo~ (25) ~1075 - 1077, (22)
3 \2u,

for typical quark chemical potentials of u, =300 -
500 MeV [121]. This estimate is consistent with the
calculations of more realistic NJL quark EOSs. NJL. models
without color superconductivity estimate that the electron
fraction for two or three flavor quark matter is, at most, of
the order of Y, ~ 1073, reducing with increasing density
[122]. Performing the cooling calculations with this value of
electron fraction for the quark phase, we obtain qualitatively
similar results to the ¥, = 107> case discussed in this paper:
low density phase transitions for all EOSs struggle to
reproduce the full range of cold neutron stars’ luminosities.
Furthermore, the calculated masses in the Y, = 1073
scenario are smaller and the mass ranges are reduced, as
expected from a more efficient quark cooling. Future work
will study the effects of consistently calculated neutrino

emissivities for a specific quark EOS, including color
superconductivity phases, to investigate the sensitivity of
these results.
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