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We calculate, to second order in the scattering length between two fermions, the Landau quasiparticle

interaction for a low-density mixture of two fermion species with unequal densities at temperature zero. From

the Landau parameters we evaluate the energy density and find agreement with the result of Kanno [Prog. Theor.

Phys. 44, 813 (1970)]. The calculations are then extended to the case of two fermion components with different

total densities, each with two spin components, a situation of interest in nuclear physics and astrophysics, where

the species are neutrons and protons. An interesting finding is that, for low proton concentrations, x ≪ 1, the

leading term in the energy density, beyond the x5/3 contribution from the kinetic energy and the x2 one due to the

two-body interaction in the mean-field approximation, varies as x7/3 ln x. This is to be contrasted with the higher

powers of x implicit in many phenomenological energy-density functionals employed in nuclear physics, such

as those of the Skyrme type.
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I. INTRODUCTION

This work is motivated by the desire to improve the de-

scription of neutron-rich matter such as that found in neutron

stars. There the proton fraction x = np/(nn + np), where nn is

the neutron density and np the proton density, is typically of

order 5% at densities around nuclear saturation density. To this

end, we wish to elucidate the behavior of the energy density

of bulk matter consisting of neutrons and protons at low total

baryon density, n = nn + np. As we shall show, for low proton

concentration, the analytic structure of the energy density dif-

fers from that given by many widely used phenomenological

energy functionals, such as those of the Skyrme type [1].

Study of degenerate Fermi systems with two components

with different densities has a long history dating back to

Stoner’s model for ferromagnetism [2]. In the 1960s, fol-

lowing the development of Landau’s theory of Fermi liquids

[3–8], there were numerous studies of ferromagnetism based

on such a model, both in the context of laboratory materi-

als as well as in astrophysics, where it had been suggested

that the high magnetic fields in pulsars, which had been
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discovered at that time, could be a consequence of a ferro-

magnetic state of neutrons. In the astrophysical setting, Kanno

[9] extended to the case of two components with unequal den-

sities the calculations of the ground-state energy, which had

been performed for a low-density gas with two components

with equal densities [10–12].1 While for two components with

equal densities, the calculations have been carried to high

orders in an effective field theory (EFT) expansion [14–16],

analytical results for two components of different densities so

far are limited to the terms up to second order in the scat-

tering length, and in this paper we shall confine ourselves to

this case.

More recently, binary mixtures of fermions have received

renewed attention as a result of the possibility of making ex-

periments on low-density mixtures of fermionic atoms. Much

of this has been numerical, because of the difficulty of per-

forming analytical calculations when the two fermions have

different masses [17–19]. Recently, Pera et al. have presented

a direct evaluation of the second-order contribution to the

energy of an SU(N) Fermi gas [20].

In this paper we begin by revisiting the calculation of the

energy density of a Fermi gas with two components with

different Fermi momenta. We shall consider the case of equal

masses. Kanno reported his results only in a short communi-

cation [9], and we shall provide a detailed derivation of the

expression for the energy density. The approach we adopt

1A textbook exposition of the work of Ref. [12] may be found in

Ref. [13].
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differs from Kanno’s in that we first calculate the Landau

parameters, which have not previously been evaluated, and

from them calculate the energy density. This is the procedure

used by Abrikosov and Khalatnikov [12] for the case of equal

Fermi momenta and it simplifies integrations compared with

the direct evaluation of integrals performed by Kanno.

In Sec. II we calculate the sound speed of a binary mixture

of fermions in terms of Landau parameters and from that we

shall derive an expression for the contribution to the energy

density to second order in the scattering length. Section III

is devoted to the calculation of the quasiparticle interaction,

Landau parameters, and energy density for a binary fermion

mixture, and in Sec. IV the results are generalized to the case

of neutron-proton mixtures. Section V contains a discussion

of the results and their implications. The calculational details

are given in the Appendix.

II. SOUND VELOCITY AND LANDAU PARAMETERS

In this section we relate the sound velocity to the Landau

parameters, and from that calculate the contribution to the

energy to second order in the scattering length. We consider

two components, which we shall denote by “a” and “b”, with

densities na and nb and the same mass m. It is convenient to

consider the energy density as a function of the total density

n = na + nb, and the concentration xa = na/n. The concentra-

tions satisfy the condition xa + xb = 1. In the nonrelativistic

limit, the quantity ∂2E/∂n2|xa
, E being the total energy den-

sity, is related to the first sound velocity, s, in the medium by

the relation

∂2E

∂n2
=

∂µ

∂n
=

ms2

n
, (1)

where µ, the total chemical potential, is given in terms of

the chemical potentials µa and µb by µ = xaµa + xbµb. The

energy density can then be obtained by two integrations with

respect to the density. The advantages of this way of pro-

ceeding are twofold: first, the sound velocity may be directly

expressed in terms of the Landau quasiparticle interaction, and

therefore it is possible to identify the regions of phase space

that are responsible for particular terms in the expression for

the energy, and second, the integrations with respect to the

density are straightforward.

In this work, we assume the system is in a normal ground

state, i.e., we neglect superfluid pairing correlations and we

assume there are no bound states. Our work is thus applicable

where pairing gaps are small compared with the Fermi energy,

so that pairing contributions to the energy density will be

small (see, e.g., Ref. [21]).

We consider variations of the densities of both components,

δna and δnb, so that the ratio of a particles to b particles

remains the same. Therefore, we have

δna

na

=
δnb

nb

=
δn

n
. (2)

The energy change to second order in the changes δna and

δnb in the densities, and no angular distortions of the Fermi

surfaces is given by

δ2E =
(δna )2

2Na(0)
+

(δnb)2

2Nb(0)
+

1

2
f aa
0 (δna )2

+
1

2
f bb
0 (δnb)2 + f ab

0 δnaδnb, (3)

where

Na(0) =
m∗

a pa

2π2
and Nb(0) =

m∗
b pb

2π2
(4)

are the densities of quasiparticle states at the Fermi surface,

pa and pb being the respective Fermi momenta and ma and mb

the effective masses. The densities are given in terms of the

Fermi momenta by the expression

nα =
p3

α

6π2
, (5)

where we have suppressed factors of h̄, as we shall throughout

this work. The Landau quasiparticle interaction is defined by

f αβ (p, p′) =
δ2E

δnpαδnp′β

, (6)

where α and β are species labels and npα is the quasiparticle

occupation number for momentum state p and species α. For

p and p′ on the respective Fermi surfaces, one may expand f
is terms of Legendre polynomials, Pℓ(ζ ), where ζ = p̂ · p̂′:

f αβ (p, p′) =
∑

ℓ

f
αβ

ℓ
Pℓ(ζ ). (7)

As shown by Sjöberg, for the case of equal masses, ma =

mb = m, one can write the effective masses in the form [22]

m∗
a

m
= 1 +

F a
1

3
, (8)

where

F a
1 = Na(0)

(

f aa
1 + f ab

1

p2
b

p2
a

)

, (9)

and similar expressions with the roles of a- and b-particles

interchanged. Thus it follows that

1

Na(0)
=

1

N0
a (0)

−
1

3

(

f aa
1 + f ab

1

p2
b

p2
a

)

, (10)

where2

N0
a (0) =

mpa

2π2
(11)

is the free-particle density of states at the Fermi surface. The

effective mass is thus given by

m

m∗
a

= 1 −
N0

a (0)

3

(

f aa
1 + f ab

1

p2
b

p2
a

)

. (12)

2The factor of 2 difference between Sjöberg’s expressions for den-

sities of states and ours is due to the fact that we work in terms of the

density of states for a single internal (spin) state, whereas his results

are for nucleons, each with two spin states.
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On combining Eqs. (2), (3), and (10), one finds

∂µ

∂n
=

ms2

n
=

[

1

N0
a (0)

+ f aa
0 −

1

3
f aa
1

]

x2
a

+

[

1

N0
b (0)

+ f bb
0 −

1

3
f bb
1

]

x2
b

+

[

2 f ab
0 −

f ab
1

3

{

(

xa

xb

)1/3

+

(

xb

xa

)1/3
}]

xaxb. (13)

In this work, we shall be particularly interested in terms of

order a2, where a is the free-space scattering length and we

shall indicate these by a superscript “(2)”. The integrals in the

various expressions all converge, so on dimensional grounds

it follows that at given concentrations of a- and b-particles,

the second-order contribution to ms2/n varies as n1/3 times a

function of the concentrations, as we shall confirm later by

detailed calculations. Therefore, after integrating twice with

respect to n, one sees that the corresponding contribution

to the energy density is (9/28)n2 times the contribution to

∂µ/∂n:

E (2) =
9

28

{[

f
(2)aa
0 −

1

3
f

(2)aa
1

]

n2
a +

[

f
(2)bb
0 −

1

3
f

(2)bb
1

]

n2
b

+

[

2 f
(2)ab
0 −

f
(2)ab
1

3

(

p2
a + p2

b

pa pb

)

]

nanb

}

(14)

=
1

112π4

{[

f
(2)aa
0 −

1

3
f

(2)aa
1

]

p6
a +

[

f
(2)bb
0 −

1

3
f

(2)bb
1

]

p6
b

+

[

2 f
(2)ab
0 −

f
(2)ab
1

3

(

p2
a + p2

b

pa pb

)

]

p3
a p3

b

}

. (15)

III. QUASIPARTICLE INTERACTION

In this section we calculate the quasiparticle interaction

and Landau parameters to second order in the scattering length

for the two species. We shall consider here the case when

the states a and b correspond to the two spin-1/2 substates

of the same particle. In that case, the Pauli principle implies

that the scattering length for like particles vanishes (see, e.g.,

Ref. [13]). The contribution to the energy density of first order

in the scattering length is

E (1) = U0

∑

1,2

n1an2b. (16)

The second-order contribution is given by3

E (2) = −
∑

1,2,3,4

U 2
0

n1an2b(n3a + n4b)

ǫ1 + ǫ2 − ǫ3 − ǫ4

δ(p1 + p2 − p3 − p4),

(17)

where ǫi = p2
i /2m, U0 = 4πa/m, a being the a-b scattering

length, and in the sum over momentum states in unit volume

3This equation is the starting point of Kanno’s calculation [9] for

a hard-sphere Fermi gas. However, the results are more general and

may also be derived in the language of effective field theory [14,18].

we use 1 as a shorthand for p1, and so on. The quantity

ni,α is the distribution function for particles of species α and

momentum pi, which in the ground state is unity for pi < pα ,

pα being the Fermi momentum for species α, and zero oth-

erwise. The energy denominator in Eq. (17) can vanish and

the integrals must be interpreted as principal value ones, as is

explained in detail in Ref. [18].

The first-order contributions to the Landau parameters are

given by

f (1)ab(p, p′) = U0, (a �= b) (18)

and they vanish if a = b. These results are independent of the

relative populations of the two components and independent

of the momenta.

The second-order contribution to the Landau f function is

given for two a-particles on their Fermi surface by

f (2)aa(p, p′) = −U 2
0

∑

1,2

2n1bδ(p − p′ − p1 + p2)

ǫ1 − ǫ2

(19)

= −2mU 2
0

∑

1

2n1b

p2
1 − (p1 − q)2

(20)

= U 2
0 χbb(q), (21)

where

q = p − p′ (22)

is the relative momentum of the two particles, and

χαα (q) =
mpα

2π2

(

1

2
+

1 − y2
α

4yα

ln

∣

∣

∣

∣

1 + yα

1 − yα

∣

∣

∣

∣

)

(23)

is the static Lindhard function with yα = q/(2pα ). While con-

sidering neutrons and protons, we have taken their masses

to be equal but, in the case of unequal masses, m must be

replaced by mα . Physically Eq. (21) represents the interaction

between two a-particles induced by exchange of a b-particle–

b-hole pair. While the second-order contribution to the energy

might be expected to be negative, it gives a positive contribu-

tion to the quasiparticle interaction because it corresponds to

an exchange term. For two b-particles, the result is

f (2)bb(p, p′) = U 2
0 χ aa(q). (24)

For interaction of an a-particle with a b-particle, both on

their respective Fermi surfaces, the result is

f (2)ab(p, p′) = − 2mU 2
0

∑

1

(n1a + n1b)

p2
a + p2

b − p2
1 − (k − p1)2

− 2mU 2
0

∑

1

n1a

p2
a − p2

b + p2
1 − (p1 − q)2

− 2mU 2
0

∑

1

n1b

−
(

p2
a − p2

b

)

+ p2
1 − (p1 − q)2

,

(25)

where

k = p + p′ (26)
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is the total momentum. For p and p′ lying on the respective

Fermi surfaces, it follows that

q2 + k2 = 2
(

p2
α + p2

β

)

, (27)

and therefore the variables q and k are not independent, and

we shall write terms as functions of q or k according to which

choice is the more convenient. The first term in Eq. (25)

represents a reduction of the second-order contribution to the

energy due to blocking of intermediate two-particle states by

the filled Fermi seas and the second term is due to exchange of

an a-b particle-hole pair. Details of the calculations are given

in the Appendix and the result is

f (2)ab(q) =
mU 2

0

2π2

[

pa + pb

4

(

3 +
(pa − pb)2

q2

)

−

(

(

p2
a − p2

b

)2

8q3
−

(

p2
a + p2

b

)

4q
+

3q

8

)

× ln

∣

∣

∣

∣

q + pa + pb

q − pa − pb

∣

∣

∣

∣

+

(

p2
a − p2

b

)

4k
ln

∣

∣

∣

∣

k + pa − pb

k − pa + pb

∣

∣

∣

∣

]

. (28)

A. Landau parameters

From the results above one can calculate the angular

moments. From Eq. (18), one sees that the first-order contri-

bution to the Landau parameters has only an l = 0 component

given by

f
(1)ab
0 = U0(1 − δab). (29)

The second-order contributions are given by Eqs. (21), (24),

and (28) and details of the calculations are given in the Ap-

pendix. One finds

f
(2)aa
0 =

mU 2
0

2π2

[

pb

3
+

(

−
pa

6
+

p2
b

2pa

)

ln

∣

∣

∣

∣

pa + pb

pa − pb

∣

∣

∣

∣

+
p3

b

3p2
a

ln

∣

∣

∣

∣

p2
a − p2

b

p2
b

∣

∣

∣

∣

]

, (30)

1

3
f

(2)aa
1 =

mU 2
0

2π2

[

−
pb

15
−

2

15

p3
b

p2
a

+

(

pa

30
+

p2
b

6pa

)

ln

∣

∣

∣

∣

pa + pb

pa − pb

∣

∣

∣

∣

+

(

p3
b

3p2
a

−
2

15

p5
b

p4
a

)

ln

∣

∣

∣

∣

p2
a − p2

b

p2
b

∣

∣

∣

∣

]

, (31)

and the combination that occurs in the energy density is

f
(2)aa
0 −

1

3
f

(2)aa
1 =

mU 2
0

2π2

[

2

5
pb +

2

15

p3
b

p2
a

−

(

pa

5
−

p2
b

3pa

)

× ln

∣

∣

∣

∣

pa + pb

pa − pb

∣

∣

∣

∣

+
2

15

p5
b

p4
a

ln

∣

∣

∣

∣

p2
a − p2

b

p2
b

∣

∣

∣

∣

]

.

(32)

The corresponding results for f
(2)bb
0 and f

(2)bb
1 may be ob-

tained from these by exchanging a and b. For the interactions

between quasiparticles in different spin states one finds

f
(2)ab
0 =

mU 2
0

2π2
(pa + pb)

[

1

2
+

(pa − pb)

4pa pb

×

(

pa ln

∣

∣

∣

∣

p2
a − p2

b

p2
a

∣

∣

∣

∣

− pb ln

∣

∣

∣

∣

p2
a − p2

b

p2
b

∣

∣

∣

∣

)]

(33)

and

1

3
f

(2)ab
1 =

mU 2
0

2π2

[

2

15
(pa + pb) −

p3
a + p3

b

10pa pb

+

(

(pa + pb)

12
+

1

20

(

p5
a + p5

b

)

p2
a p2

b

)

ln

∣

∣

∣

∣

pa + pb

pa − pb

∣

∣

∣

∣

+
2

15

1

p2
a p2

b

(

p5
a ln

∣

∣

∣

∣

p2
a − p2

b

p2
a

∣

∣

∣

∣

+ p5
b ln

∣

∣

∣

∣

p2
a − p2

b

p2
b

∣

∣

∣

∣

)]

.

(34)

For the unpolarized spin-1/2 system (pa = pb), our result

agrees with the effective mass to second order in the dilute

gas expansion [23,24]4

m∗

m
= 1 +

8

15π2
(7 ln 2 − 1)(kFa)2. (35)

B. Energy density

On inserting the expressions for the Landau parameters

into Eq. (15), one finds

E (2) = U 2
0 �(pa, pb), (36)

where

�(pa, pb) =
m

3360π6

[

22p3
a p3

b(pa + pb) +
1

2
(pa − pb)2

× pa pb(pa + pb)
(

15p2
a + 15p2

b + 11pa pb

)

−
7

4
(pa − pb)4(pa + pb)

(

p2
a + p2

b + 3pa pb

)

× ln

∣

∣

∣

∣

pa + pb

pa − pb

∣

∣

∣

∣

− 4p7
a ln

pa + pb

pa

− 4p7
b ln

pa + pb

pb

]

. (37)

This result agrees with that reported by Kanno [9], which was

confirmed in Ref. [20]. For pa = pb = pF one recovers the

well-known result [13]

E (2) =
mU 2

0 p7
F

840π6
(11 − 2 ln 2), (38)

and for pb/pa → 0 or pa/pb → 0 the interaction tends to

zero, a consequence of the Pauli principle.

In the nuclear case, one often uses a quadratic approxima-

tion to interpolate between the symmetric (pa = pb or x =

1/2) and the one-component system (pb = 0, x = 0 or pa =

0, x = 1). In order to compare our full second-order result,

4Note the sign typo in Eq. (32) of Ref. [24].
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FIG. 1. Plot of the ratio of E (2)(n, x), Eq. (36), to its value

E (2)(n, 1/2), Eq. (38), for matter with equal numbers of the two

constituents, as well as the corresponding result for the quadratic

approximation, as a function of x.

Eq. (36), with such a quadratic interpolation, we study the ra-

tio E (2)(n, x)/E (2)(n, x = 1/2) = �(pa, pb)/�(pa = pb) of

the full result to the symmetric case, Eq. (38), as a function of

x = nb/n, so that the ratio is independent of total density n =

na + nb. This is plotted in Fig. 1, where the curvature of the

quadratic approximation has been taken to be equal to that of

the full expression at x = 0.5. The figure shows the shortcom-

ings of the quadratic approximation, which underestimates

the difference in between the energy densities for x = 0 and

x = 0.5 by ∼13%. In particular, the quadratic approximation

does not recover the result that E (2) vanishes for x = 0 or

1 due to the Pauli principle for S-wave contact interactions.

This could be remedied by adjusting the quadratic approxi-

mation to fit the extremes x = 0 (or x = 1) and x = 1/2, but

then the approximation would perform worse for other values

of x.

IV. MIXTURES OF NEUTRONS AND PROTONS

We now turn to mixtures of neutrons and protons which are

not magnetically polarized. At the very lowest densities, the

system is strictly speaking not a normal Fermi liquid because

of a bound state, the deuteron, in the neutron-proton spin

triplet channel, as well as other many-body bound states. Such

matter consists of a mixture of neutrons, protons and bound

states. However, at densities greater than the average density

in the deuteron, the deuteron is dissolved, and similarly for

other composite nuclei. It is then a reasonable first approxima-

tion to treat spatially uniform matter as a low-density normal

Fermi liquid with effective two-body interactions which are

not simply related to the free-space scattering lengths. From

the expression for the energy density of a two-component

system, it is straightforward to calculate the energy density

of neutrons and protons with two spin states. There are four

spin and isospin states, which we denote by a, b, c, and d.

TABLE I. Matrix elements for nucleon-nucleon scattering. If the

spin directions of all nucleons in a scattering processes are reversed,

the matrix element is unchanged.

a b c d U c,d
a,b

n ↑ n ↑ n ↑ n ↑ 0

n ↑ n ↓ n ↑ n ↓ U ↑↓
nn

p ↑ p ↑ p ↑ p ↑ 0

p ↑ p ↓ p ↑ p ↓ U ↑↓
pp

n ↑ p ↑ n ↑ p ↑ U ↑↑
np

n ↑ p ↓ n ↑ p ↓ U ↑↓
np

n ↑ p ↓ n ↓ p ↑ Ũ ↑↓
np

There are four independent effective low-energy interac-

tions. Two of these are for like particles, and they are

U
n↑,n↓

n↑,n↓ = U
n↓,n↑

n↓,n↑ = Unn =
4πa↑↓

nn

m
(39)

for neutrons, where a↑↓
nn is the corresponding scattering length,

and

U
p↑,p↓

p↑,p↓ = U
p↓,p↑

p↓,p↑ = Upp =
4πa↑↓

pp

m
(40)

for protons, a↑↓
pp being the corresponding scattering length.

For like spins the effective interactions vanish, as in the two-

component case considered in Sec. III.

The two other nonzero effective interactions are for the

case when a and b refer to a neutron and a proton, for which

there are four possible spin-isospin states. If a and b refer to

the same spin state, spin conservation implies that the states c

and d must have the same spin component, and the effective

interaction corresponds to that for a neutron and a proton in a

spin-triplet state,

U
n↑,p↑

n↑,p↑ = U
n↓,p↓

n↓,p↓ = U S=1
np . (41)

When a and b correspond to different spin states, the states

c and d can be either the same as a and b or the states with

the spins interchanged. The effective interaction for the first

possibility is

U
n↑,p↓

n↑,p↓ = U
n↓,p↑

n↓,p↑ = 1
2

(

U S=1
np + U S=0

np

)

≡ U ↑↓
np , (42)

and that for the second one is

U
n↓,p↑

n↑,p↓ = U
n↑,p↓

n↓,p↑ = 1
2

(

U S=1
np − U S=0

np

)

≡ Ũ ↑↓
np . (43)

In terms of the scattering lengths for neutron-proton scatter-

ing, aS
np,

U S
np =

4πaS
np

m
. (44)

A summary of these results is given in Table I.

The first-order contribution to the energy density for a

system that is not magnetically polarized is given by

E (1) = 1
4
Unnn2

n + 1
4
Uppn2

p + 1
8

(

U S=0
np + 3U S=1

np

)

nnnp. (45)
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The second-order contribution to the energy density ob-

tained by generalizing Eq. (17) to four internal states is

E (2) =
∑

{a,b,c,d}

∑

1,2,3,4

(

U c,d
a,b

)2 n1an2b(n3c + n4d )

ε1 + ε2 − ε3 − ε4

× δ(p1 + p2 − p3 − p4), (46)

where the sum over species is to be taken over independent

choices of the pairs of states a,b and c,d. Interactions between

nucleons in the same spin and isospin state vanish by the

Pauli principle, so there is a total of 6 ways of choosing two

nucleons in different spin-isospin states.

If all the states a–d refer to neutrons, the contribution to the

energy density is given by that for a two-component Fermi

gas with equal Fermi surfaces for the two spin components,

Eqs. (36) and (38) with U0 replaced by Unn, the effective

interaction between neutrons in different spin states. Corre-

sponding results apply when all states refer to protons.

On squaring the matrix elements for neutron-proton in-

teractions in Eq. (46) and adding terms one finds that the

second-order contribution to the energy density is propor-

tional to (U S=0
np )2 + 3(U S=1

np )2. The final result is

E (2) =U 2
nn�(pn, pn ) + U 2

pp�(pp, pp)

+
[(

U S=0
np

)2
+ 3

(

U S=1
np

)2]

�(pn, pp), (47)

where � is defined in Eq. (37). Because this involves the same

� function, the same discussion about the performance of the

quadratic approximation applies to the case of neutron-proton

mixtures (see Fig. 1 and discussion thereof).

On extending the calculations of Sec. III to the case of

neutrons and protons with two spin components each, we find

for the Landau parameters for neutron-proton mixtures:

f (2)↑↑
nn = (U ↑↓

nn )2χnn + ((U ↑↑
np )2 + (U ↑↓

np )2)χpp, (48)

f (2)↑↓
nn = (U ↑↓

nn )2(
nn + χnn) + (Ũ ↑↓
np )2χpp, (49)

f (2)↑↑
pp = (U ↑↓

pp )2χpp(q) + ((U ↑↑
np )2 + (U ↑↓

np )2)χnn, (50)

f (2)↑↓
pp = (U ↑↓

pp )2(
pp + χpp) + (Ũ ↑↓
np )2χnn, (51)

f (2)↑↑
np = (U ↑↑

np )2
np + ((U ↑↑
np )2 + (Ũ ↑↓

np )2)χnp, (52)

f (2)↑↓
np = ((U ↑↓

np )2 + (Ũ ↑↓
np )2)
np + (U ↑↓

np )2χnp. (53)

The spin-symmetric and spin-antisymmetric interactions are

given by f s
αβ = ( f

↑↑

αβ + f
↑↓

αβ )/2 and f a
αβ = ( f

↑↑

αβ − f
↑↓

αβ )/2 and

therefore

f (2)s
nn = (U ↑↓

nn )2
(

1
2

nn + χnn

)

(54)

+
(

3
4

(

U S=1
np

)2
+ 1

4

(

U S=0
np

)2)

χpp, (55)

f (2)a
nn = − 1

2
(U ↑↓

nn )2
nn + 1
2
U S=0

np U S=1
np χpp, (56)

f (2)a
np = 1

4

((

U S=1
np

)2
−

(

U S=0
np

)2)


np

+ 1
2
U S=1

np

(

U S=1
np − U S=0

np

)

χnp. (57)

Landau parameters can be calculated from Eqs. (54)–(57) by

expanding the χ ’s and 
’s in terms of Legendre polynomials,

see also the Appendix.

V. DISCUSSION AND CONCLUSIONS

Low-density gases are model systems which have played

an important role in studies of many-body physics. An inter-

esting result of our work it that for low proton concentrations,

the energy density has a term proportional to n
7/3
p ln np, which

is negative. For small y = pp/pn one finds

� ≃
mp7

n

3360π6

[

35y3 − 14y5 +
70

3
y6

−
4

105
(71 + 105 ln[1/y])y7

−
7

2
y8 +

2

3
y9 + O (y10)

]

. (58)

The n
7/3
p ln np term is not present in phenomenological energy

density functionals such as those of the Skyrme type, where

a term in the energy density proportional to a power greater

than two in the total nucleon density n is introduced in order to

make the saturation density of nuclear matter finite. Typically

this term varies as n2+α with α = 1 or α around 1/3. This

leads to the term beyond the quadratic one in an expansion of

the energy density in powers of np varying as n3
p.

In recent work studying proton drip, it was convenient to

use as the two quantities specifying the state of the system

the proton density and the neutron chemical potential, rather

than the nucleon densities [25]. It is straightforward to show

that the n
7/3
p ln np terms in expansions of E (nn, np) and of

E (µn, np) for small np are identical.

For small differences between the neutron and proton den-

sities, there is a term in the energy proportional to (pn −

pp)4 ln |pn − pp| (see, e.g., Ref. [26]). The corresponding term

in the energy of a single-component spin-1/2 Fermi liquid as

a function of the magnetic field H leads to an H2 ln H term

in the magnetic susceptibility which was invoked to explain

measurements on palladium [27].

For neutrons and protons, the low-density expressions for

the energy density and other quantities are applicable only

over a limited density range because the magnitudes of the

scattering lengths are so large, ∼10 fm, so the low-density

expansion holds only for ∼10−3 fm−3. An additional compli-

cation is that the neutron-proton scattering length in the triplet

state is positive, which reflects the existence of a bound state,

the deuteron. To take the deuteron and other bound states

into account, one could extend the present calculation by

including them explicitly, as in the virial expansion approach

[28]. However, at densities greater than the typical density in

the deuteron, one does not expect the bound states to play a

dominant role and the low-density results we have derived

should be a good approximation provided the scattering length

in vacuo is replaced by an appropriate S-wave effective scat-

tering length, as we remarked earlier.

For a low-density mixture of neutrons and protons with a

low proton concentration one finds that the energy density is

given by Eq. (58), which shows that the expansion parameter

is (np/nn )1/3. This is to be contrasted with the higher power

that occurs with effective interactions of the Skyrme type.
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In Ref. [29], the authors, building on Refs. [30,31], calcu-

lated the influence of induced interactions on superfluid gaps

in mixtures of fermions with three components, and this work

could be extended to the case of four components using the

results for induced interactions given above.
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APPENDIX: EVALUATION OF INTEGRALS

1. Quasiparticle interaction

Here, we give some details of the calculations of the Lan-

dau quasiparticle interaction and the Landau parameters.

Equation (25) for f (2)ab may be written in the form

f (2)ab(p, p′) = f (2)ba(p, p′) = U 2
0 (
ab + χ ab), (A1)

where 
ab = 
a + 
b and χ ab = χ a + χb. Here,


a(q) = − 2mU 2
0

∑

1

n1a

p2
a + p2

b − p2
1 − (k − p1)2

=
m

2π2

[

pa

2
−

q

8
ln

∣

∣

∣

∣

(q + pa )2 − p2
b

(q − pa )2 − p2
b

∣

∣

∣

∣

+

(

p2
a − p2

b

)

8k
ln

∣

∣

∣

∣

(k + pa )2 − p2
b

(k − pa )2 − p2
b

∣

∣

∣

∣

]

. (A2)

The result for 
b is obtained from Eq. (A2) by interchanging

a and b. Thus one finds


ab(q) =
m

2π2

[

pa + pb

2
−

q

4
ln

∣

∣

∣

∣

q + pa + pb

q − pa − pb

∣

∣

∣

∣

+

(

p2
a − p2

b

)

4k
ln

∣

∣

∣

∣

k + pa − pb

k − pa + pb

∣

∣

∣

∣

]

. (A3)

The quantities χ a and χb are given by

χ a(q) =
m

2π2

[

pa

4

(

1 +
p2

a − p2
b

q2

)

−

[(

p2
a − p2

b

)2
− 2

(

p2
a + p2

b

)

q2 + q4
]

16q3

× ln

∣

∣

∣

∣

(pa + q)2 − p2
b

(pa − q)2 − p2
b

∣

∣

∣

∣

]

(A4)

and the corresponding result with a and b interchanged. There-

fore

χ ab(q) =
m

2π2

[

pa + pb

4

(

1 +
(pa − pb)2

q2

)

−

{

(

p2
a − p2

b

)2

8q3
−

(

p2
a + p2

b

)

4q
+

q

8

}

× ln

∣

∣

∣

∣

q + pa + pb

q − pa − pb

∣

∣

∣

∣

]

. (A5)

For pa = pb, Eq. (A5) reduces to the static Lindhard function

Eq. (23). Insertion of Eqs. (A3) and (A5) into Eq. (A1) leads

to Eq. (28).

2. Landau parameters

From Eq. (7) it follows that Landau parameters are related

to the quasiparticle interaction by the expression

f
αβ

ℓ

2ℓ + 1
=

1

2

∫ 1

−1

dζ f αβ (q)Pℓ(ζ ). (A6)

The quantity ζ = p̂ · p̂′ is related to either q or k by the

relations

ζ =
p2

α + p2
β − q2

2pα pβ

=
k2 − p2

α − p2
β

2pα pβ

, (A7)

which follow from Eqs. (22) and (26) for p and p′ lying on the

Fermi surface for the species in question. Thus one finds

f
(2)aa
0 =

mU 2
0

2π2

∫ 2pa

0

dqq

2p2
a

[

pb

2
+

(

p2
b

2q
−

q

8

)

ln

∣

∣

∣

∣

q + 2pb

q − 2pb

∣

∣

∣

∣

]

(A8)

and

1

3
f

(2)aa
1 =

mU 2
0

2π2

∫ 2pa

0

dq

2p2
a

[(

p2
b

2
−

q2

8

)

×

(

1 −
q2

2p2
a

)

ln

∣

∣

∣

∣

q + 2pb

q − 2pb

∣

∣

∣

∣

]

. (A9)

On performing the integrals, one arrives at Eqs. (30) and (31).

Results for the b–b interaction are obtained from those for

the a–a interaction by interchanging a and b in Eqs. (A8) and

(A9).

For the Landau parameters for particles in different internal

states, it follows from Eq. (28) that

f
(2)ab
0 =

mU 2
0

2π2

∫ 1

−1

dζ

2

[

pa + pb

4

(

3 +
(pa − pb)2

q2

)

−

(

(

p2
a − p2

b

)2

8q3
−

(

p2
a + p2

b

)

4q
+

3q

8

)

× ln

∣

∣

∣

∣

q + pa + pb

q − pa − pb

∣

∣

∣

∣

+

(

p2
a − p2

b

)

4k
ln

∣

∣

∣

∣

k + pa − pb

k − pa + pb

∣

∣

∣

∣

]

. (A10)
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Consequently,

f
(2)ab
0 =

mU 2
0

2π2

[

3

4
(pa + pb) +

(pa + pb)(pa − pb)2

8pa pb

× ln

∣

∣

∣

∣

pa + pb

pa − pb

∣

∣

∣

∣

−

(

p2
a − p2

b

)2

16pa pb

I−2 +

(

p2
a + p2

b

)

8pa pb

I0

−
3

16pa pb

I2 +

(

p2
a + p2

b

)

8pa pb

Ĩ0

]

, (A11)

where

In =

∫ pa+pb

|pa−pb|

dy yn ln

∣

∣

∣

∣

y + pa + pb

y − pa − pb

∣

∣

∣

∣

(A12)

and

Ĩn =

∫ pa+pb

|pa−pb|

dy yn ln

∣

∣

∣

∣

y + pa − pb

y − pa + pb

∣

∣

∣

∣

. (A13)

Also

f
(2)ab
1

3
=

mU 2
0

2π2

[

−
(pa + pb)(pa − pb)2

8pa pb

+
(pa + pb)(pa − pb)2

(

p2
a + p2

b

)

16p2
a p2

b

× ln

∣

∣

∣

∣

pa + pb

pa − pb

∣

∣

∣

∣

−

(

p2
a − p2

b

)2(

p2
a + p2

b

)

32p2
a p2

b

I−2

+

(

3p4
a + 2p2

a p2
b + 3p4

b

)

32p2
a p2

b

I0 −
5

32

(

p2
a + p2

b

)

p2
a p2

b

I2

+
3

32p2
a p2

b

I4 −

(

p4
a − p4

b

)

16p2
a p2

b

Ĩ0 +

(

p2
a − p2

b

)

16p2
a p2

b

Ĩ2

]

.

(A14)

Specifically,

I−2 =
2

p2
a − p2

b

[

−pa ln

∣

∣

∣

∣

pa − pb

pa

∣

∣

∣

∣

+ pb ln

∣

∣

∣

∣

pa − pb

pb

∣

∣

∣

∣

]

,

(A15)

I0 = 2

[

pa ln

(

pa + pb

pa

)

+ pb ln

(

pa + pb

pb

)]

, (A16)

I2 =
2

3

[

pa

(

p2
a + 3p2

b

)

ln

(

pa + pb

pa

)

+ pb

(

p2
b + 3p2

a

)

× ln

(

pa + pb

pb

)

+ 2pa pb(pa + pb)

]

, (A17)

I4 =
2

5

[

pa

(

p4
a + 10p2

a p2
b + 5p4

b

)

ln

(

pa + pb

pa

)

+ pb

(

p4
b + 10p2

a p2
b + 5p4

a

)

ln

(

pa + pb

pb

)

+ 4pa pb(pa + pb)
(

p2
a + pa pb + p2

b

)

]

, (A18)

Ĩ0 = 2

[

−pa ln

∣

∣

∣

∣

pa − pb

pa

∣

∣

∣

∣

+ pb ln

∣

∣

∣

∣

pa − pb

pb

∣

∣

∣

∣

]

, (A19)

Ĩ2 =
2

3

[

−pa

(

p2
a + 3p2

b

)

ln

∣

∣

∣

∣

pa − pb

pa

∣

∣

∣

∣

+ pb

(

p2
b + 3p2

a

)

× ln

∣

∣

∣

∣

pa − pb

pb

∣

∣

∣

∣

+ 2pa pb(pa − pb)

]

. (A20)

Simplifying expressions (A11) and (A14) gives Eqs. (33)

and (34).

For the case of equal Fermi momenta, pa = pb = pF,

one finds f
(2)ab
0 = 2(mpFU 2

0 /2π2) and 1
3

f
(2)ab
1 =

(mpFU 2
0 /2π2)(1 + 8 ln 2)/15, in agreement with what is

obtained by taking the angular moments of the expressions in

Ref. [[13], Eq. (6.16)].
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