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The study of the nuclear equation of state (EoS) is one of the primary goals of experimental and theoretical

heavy-ion physics. The comparison of recent high-statistics data from the STAR Collaboration with transport

models provides a unique possibility to address this topic in a yet-unexplored energy domain. Employing

the microscopic N-body parton-hadron-quantum-molecular dynamics transport approach, which allows us to

describe the propagation and interactions of hadronic and partonic degrees of freedom, including cluster and

hypernucleus formation and dynamics, we investigate the influence of different EoS on bulk observables, the

multiplicity, pT , and rapidity distributions of protons, � s and clusters up to A = 4, as well as their influence on

the collective flow. We explore three different EoS: two static EoS, dubbed “soft” and “hard,” which differ in the

compressibility modulus, as well as a soft momentum-dependent EoS. We find that a soft momentum-dependent

EoS reproduces most baryon and cluster observables, including the flow observables, quantitatively; however,

hard EoS show a similar trend.

DOI: 10.1103/3msm-wrxd

I. INTRODUCTION

The quest for the equation of state (EoS) of strongly in-

teracting matter is one of the major objectives of present-day

nuclear physics. Its knowledge is a cornerstone for the under-

standing of heavy-ion reactions, for the mass-radius relation

of neutron stars and for the understanding of neutron-star

collisions. Therefore, in different fields, efforts have been

made to provide data that may allow for determining the EoS.

They include heavy-ion collisions [1,2], the search for mas-

sive neutron stars [3–6], and, very recently, also the study of

gravitational waves emitted during neutron-star mergers [7,8].

On the theoretical side, the EoS of nuclear matter can be

calculated by the Brueckner-Dirac approach [9] or by chi-
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ral effective theories [10]. Both rely, however, on expansion

schemes, which limit their predictive power to densities below

or close to normal nuclear matter density. Lattice gauge calcu-

lations should be the tool to extend these calculations toward

higher densities or chemical potentials µ, but the sign problem

makes calculations difficult for µ �= 0 and at densities, which

are reached in heavy-ion collisions, the present efforts to de-

termine the EoS in terms of a µ/T expansion around µ/T = 0

are not very reliable.

In this situation, in which the EoS cannot be inferred from

underlying theories, the only systematic approach for its ex-

ploration is the comparison of experimental heavy-ion data

with results of transport approaches, in which the EoS can be

varied. By varying beam energy, system size and centrality of

heavy-ion reactions the EoS can be explored at densities up

to about three times normal nuclear matter density, ρ0, and

up to temperatures of T = 120 MeV. By this, they cover the

temperature-density (T, ρ) region, which is also relevant for

neutron-star mergers.

If one wants to follow this way, it is obvious to investigate

the most complete experiment in this kinematical sector. The
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STAR collaboration recently published data from Au + Au

collisions at
√

sNN = 3 GeV, where dense baryonic matter

is expected to be formed. These data include the differential

yields and azimuthal anisotropy of various particles, including

hadrons (proton, �, �− hyperons, etc.) [11–13], light clusters

(deuteron, triton, 3He, 4He) [11,14], and hypernuclei (3
�H,

4
�H) [15,16]. The data were taken in 2018 as part of the Beam

Energy Scan Phase II Program at the Relativistic Heavy Ion

Collider (RHIC) located at the Brookhaven National Labora-

tory. These data are presently the most complete with respect

to the phase-space coverage, statistics, and the detector de-

sign.

In the past, in heavy-ion collisions, three observables have

typically been identified, which are sensitive to the equa-

tion of state: subthreshold K+ production [17,18], the in-plane

v1[19,20], and the elliptic flow v2. The latter two can be

obtained by expanding the azimuthal distribution of hadrons

in a Fourier series

dN

dφ
∝ 1 + 2v1 cos(φ − �R) + 2v2 cos[2(φ − �R)] + · · · .

(1)

φ is the azimuthal angle of the particle measured with respect

to the event plane (or a “reaction plane”) �R. The flow co-

efficients vn, n = 1, 2, . . . are defined with respect to �R an

average over all particles in all events for a given centrality

range [21,22]:

vn = 〈cos[n(φ − �R)]〉. (2)

The strategy to determine the nuclear EoS is then

the following: In the transport approaches, parametrized

nucleon-nucleon potentials or nuclear mean-field potentials

are employed, which correspond in nuclear matter to a differ-

ent EoS at zero temperature. Usually, one limits the number

of parameters to a minimum (three out of which two are

determined by the requirement that at ρ0 the binding energy

per nucleon is −16 MeV). The third parameter is traditionally

expressed by the compressibility modulus K,

K = 9ρ
dP

dρ

∣

∣

∣

∣

ρ=ρ0

= 9ρ2 ∂2[E/A(ρ)]

(∂ρ)2

∣

∣

∣

∣

ρ=ρ0

, (3)

which determines the curvature of E/A(ρ) at ρ0. In studies

of monopole vibrations [23], which are sensitive to densities

around normal nuclear matter density, a value of K ≈ 200

MeV has been found, whereas the early Plastic Ball data

[24], which are sensitive to much higher densities, could be

explained by a larger compressibility modulus, K ≈ 380 MeV.

[19]. An EoS with K = 200 MeV yields a weak repulsion

against the compression of nuclear matter and thus describes

“soft” matter (denoted by “S”). K = 380 MeV causes a strong

repulsion of nuclear matter under compression and is called

a hard EoS, denoted by “H.” More complex parametrizations

have been employed as well, however, without exploring ex-

plicitly the parameter space [25,26].

In most of the past studies, static potentials have been

employed due to the problem of introducing momentum-

dependent potentials in mean-field calculations [27,28].

Exceptions have been quantum molecular dynamics–type

(QMD-type) calculations as well as the above-mentioned

hadron string dynamics (HSD) mean-field calculation. The

momentum dependence of the nucleon-nucleon interaction is

important in heavy-ion collisions because, when a projectile

and target start to collide, the relative momentum is large,

and therefore the potential is much more repulsive than in

neutron stars, where the Fermi momentum is the momentum

scale. Calculations for heavy-ion collisions have shown that

the momentum dependence of the potential increases strongly

v1 and v2 in comparison with a static EoS with the same value

of K [28].

The goal of our study is to investigate the nuclear EoS

and to obtain constraints on the nucleon-nucleon momentum-

dependent potential. For that, we confront the entirety of the

measured bulk observables (yields, rapidity, and transverse

momentum spectra) and flow harmonics of hadrons, clusters,

and hypernuclei produced in Au + Au collisions at invariant

energies
√

sNN = 3 GeV with the results of a transport ap-

proach for different EoS. As a tool for this investigation of

the EoS we employ parton-hadron quantum molecular dy-

namics (PHQMD) [28–33], a microscopic N-body approach

for the description of hadron and cluster dynamics. Our work

is an extension of the recent PHQMD study on the influence

of the EoS and momentum-dependent potentials on baryon

and cluster observables measured by the HADES and FOPI

collaborations at lower beam energies (1.2A–1.5A GeV). The

exploration of hadronic observables at an invariant energy

of
√

sNN = 3 GeV, for which no data have been available

before, also allows us to study the influence of the momentum-

dependent potential.

Our paper is organized as follows: We start by recalling

the model description in Sec. II. In Sec. III we define the

centrality selection procedure within the PHQMD in line with

the STAR procedure. In Sec. IV we present the PHQMD

results for the bulk observables of hadrons: cluster yields and

spectra. In Sec. V, we present the results for the collective flow

coefficients. We summarize our findings in Sec. VI.

II. MODEL DESCRIPTION: PHQMD

Parton-hadron quantum molecular dynamics (PHQMD)

[29–33] is a microscopic N-body transport approach that com-

bines the baryon propagation from the quantum molecular

dynamics (QMD) model [20,34–36] and the dynamical prop-

erties and interactions in and out of equilibrium of hadronic

and partonic degrees of freedom of the parton-hadron string-

dynamics (PHSD) approach [37–42]. Here, we recall the

basic concepts for the implementation of the potential in the

PHQMD.

A. QMD propagation

The QMD equations of motion (EoM) for an N-body

system (i.e., system of N interacting nucleons) are derived

using the Dirac-Frenkel-McLachlan approach [43,44], which

has been developed in chemical physics and later applied

to nuclear physics for QMD-like models [34,36,45,46]. It is

based on the variational principle for the Schrödinger equa-

tion, where the time evolution of the N-body wave function ψ
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is obtained from the variation

δ

∫ t2

t1

dt〈ψ (t )|i
d

dt
− H |ψ (t )〉 = 0, (4)

where H is the N-body Hamiltonian and 〈. . .〉 means the

expectation value with respect to the many-body wave func-

tion (same as the next equation). Equation (4) can be

formally solved by approximating the N-body wave function

by the direct product of single-particle “trial” wave func-

tions (neglecting antisymmetrization) ψ =
∏N

i ψi. With the

assumption that the wave functions have a Gaussian form and

that the width of the wave function is time independent, one

obtains two equations of motion for the time evolution of

the centroids of the Gaussian single-particle Wigner density,

which resemble the EoM of a classical particle with the phase-

space coordinates ri0, pi0 [34]:

ṙi0 =
∂〈H〉
∂ pi0

, ṗi0 = −
∂〈H〉
∂ri0

. (5)

We stress that the difference to the classical EoM is that here

the expectation value of the quantal Hamiltonian is used and

not a classical Hamiltonian.

In PHQMD the single-particle Wigner density of the Gaus-

sian wave function of a nucleon, ψi, is given by

fi(ri, pi, ri0, pi0, t )

=
∫

d3ye−ipi ·y/h̄ψi

(

ri −
y

2,
, pi0, ri0

)

×ψ∗
i

(

ri +
y

2
, pi0, ri0

)

=
1

(2π h̄)3
e− 2

L
[ri−ri0(t )]2

e
− L

2h̄2 [pi−pi0 (t )]2

, (6)

where the Gaussian width L is taken as L = 2.16 fm2. The

corresponding single-particle density at r is obtained by in-

tegrating the single-particle Wigner density over momentum

and summing up the contributions of all nucleons:

ρsp(r, t ) =
∑

i

∫

dpi f (r, pi, ri0, pi0, t )

=
∑

i

(

2

πL

)3/2

e− 2
L

[r−ri0 (t )]2

. (7)

Let us consider a system of N nucleons. H is the sum of

the Hamiltonians of the nucleons, composed of kinetic and

two-body potential energy, which has a strong interaction and

a Coulomb part

H =
∑

i

Hi =
∑

i



Ti +
∑

j �=i

Vi j



. (8)

The total potential energy of nucleons in PHQMD

has three parts: a local static Skyrme-type interaction,

a local momentum-dependent interaction, and a Coulomb

interaction:

Vi j = V (ri, r j, ri0, r j0, pi0, p j0, t )

= VSkyrme loc + Vmom + VCoul

=
1

2
t1δ(ri − r j ) +

1

γ + 1
t2δ(ri − r j )ρ

γ−1

int (ri0, r j0, t )

+
1

2
V (ri, r j, pi0, p j0) +

1

2

ZiZ je
2

|ri − r j |
. (9)

The expectation value of the potential energy Vi j between

the nucleons i and j is given by

〈Vi j (ri0, pi0, r j0, p j0, t )〉

=
∫

d3rid
3r jd

3 pid
3 p j Vi j (ri, r j, pi0, p j0)

× f (ri, pi, ri0, pi0, t ) f (r j, p j, r j0, p j0, t ), (10)

and the interaction density is given by

ρint(ri0, t ) =
∑

j �=i

∫

d3rid
3r jd

3 pid
3 p jδ(ri − r j )

× f (ri, pi, ri0, pi0, t ) f (rj, pj, rj0, pj0, t ). (11)

To extend PHQMD to relativistic energies, we take into

account the Lorentz contraction of the initial nuclei. This is

done in an approximate way, as explained in Ref. [29], by

introducing a modified single-particle Wigner density for each

nucleon i:

f̃ (ri, pi, ri0, pi0, t )

=
1

π3
e− 2

L
[rT

i (t )−rT
i0(t )]2

e− 2γ 2
c.m.
L

[rL
i (t )−rL

i0(t )]2

× e− L
2

[pT
i (t )−pT

i0 (t )]2

e
− L

2γ 2
c.m.

[pL
i (t )−pL

i0 (t )]2

, (12)

which accounts for the Lorentz contraction of the nucleus in

the beam z direction in coordinate and momentum space by

including γc.m. = 1/(1 − v
2
c.m.)

1/2, where vc.m. is the velocity

of projectile and target in the computational frame, which is

the center-of-mass (c.m.) system of the heavy-ion collision.

Accordingly, the interaction density modifies as

ρ̃int(ri0, t ) → C
∑

j

(

1

πL

)3/2

γc.m.e
− 1

L
[rT

i0(t )−rT
j0 (t )]2

× e− γ 2
c.m.
L

[rL
i0(t )−rL

j0 (t )]2

. (13)

For the energies considered here, the relativistic corrections

are not important.

B. Modeling the EoS within PHQMD

The potential that a nucleon experiences while traveling

through nuclear matter is momentum dependent, as can be

inferred from its beam energy dependence observed in elastic

pA scattering data [47,48]. Typically, these data are analyzed

by comparing experimental results with solutions of the Dirac

equation that include scalar (Us) and vector potentials, the

latter represented by its zero component (U0). These analyses

are detailed in Refs. [47,48].

To derive a nucleon-nucleon potential suitable for

nonrelativistic QMD-type calculations, we first calculate

the Schrödinger equivalent potential—also called optical
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Parametrization I

Parametrization II

Parametrization III

FIG. 1. (top) Schrödinger equivalent optical potential Uopt versus

the absolute value of relative momentum p of the proton extracted

from pA collisions [47,48,50]. (bottom) The distribution of the

relative momenta among the nucleons for different times and for

Au + Au collisions at
√

sNN = 3 GeV.

potential—Uopt, as described in Ref. [49]:

Uopt(r, ǫ) =Us(r) + U0(r) +
1

2mN

[

U 2
s (r) − U 2

0 (r)
]

+
U0(r)

m
ǫ, (14)

where ǫ is the kinetic energy of the incoming proton in the

target rest frame. The optical potential also has an imagi-

nary part, which we neglect here because we treat collisions

explicitly.

With this potential, we can rewrite the upper components

of the Dirac equation

(−iα∇ + βm + βUs(r) + U0(r))φ = (ǫ + m)φ (15)

in the form of a Schrödinger equation
(

−∇2

2m
+ Uopt(r, ǫ)

)

ψ =
2mǫ + ǫ2

2m
ψ. (16)

The analysis of the pA data at different beam energies shows

that Us and U0 depend on ǫ, which yields also a more complex

ǫ dependence of Uopt. Our fit of Uopt to these experimental

data, normalized to Uopt(p = 0) = 0, is shown in Fig. 1 by

the dotted line, alongside with Uopt extracted from the pA

scattering data analyzed via a Dirac equation [50], presented

as black dots. Beyond the proton kinetic energy of 1.04 GeV,

TABLE I. Parameters of the potential used in PHQMD, assuming

that the momenta are given in GeV.

EoS α [GeV] β [GeV] γ K [MeV]

S −0.3835 0.3295 1.15 200

H −0.1253 0.071 2.0 380

SM −0.478 0.4137 1.1 200

a [GeV−1] b [GeV−3] c [GeV−1]

236.326 −20.730 0.901

d [GeV] e f [GeV−1]

72.237 27.085 −1.722

no data are available. This introduces uncertainties for the

extrapolation of the Uopt(p) to large momenta p. This ex-

trapolation is necessary in the PHQMD transport approach to

describe heavy-ion collisions with
√

s > 2.32 GeV. In Sec. III,

we demonstrate the consequences of these uncertainties of

Uopt(p) at large p on the observables. To judge the importance

of the extrapolation of Uopt to higher energies, we show in the

lower part of Fig. 1 the distribution of the relative momentum

between the nucleons at different times, from t = 1 fm to t

= 15 fm. Initially, there is a peak for the momentum corre-

sponding to the beam energy, which lasts for a couple of fm/c.

Starting from 7 fm/c, the system approaches equilibrium and

the maximum of the distribution peaks at a value for which

measured values of Uopt are available.

After having obtained the momentum dependence of the

nuclear mean field, we have to construct, in a second step,

the momentum dependence of the two-body interaction be-

tween two nucleons. The Schrödinger equivalent potential is

obtained by averaging the two-body potential V (p, p1) over

the Fermi distribution of the cold target nucleons,

Uopt(p) =
∫ pF V (p, p1)d p3

1

4
3
π p3

F

. (17)

The experimental data are in the low momentum region with

p � 1.7 GeV and no more constraints in the high-momentum

region. To study whether different parametrizations of Uopt

for high pT have an influence on the observables, we also

perform calculations with two other parametrizations of the

momentum-dependent potential, which give the same results

in the low-momentum region, but differ for high momenta,

shown in the top panel of Fig. 1. The parametrization I (black

dotted line) has the form

V (p, p1) = [a(�p)2 + b(�p4)] exp[−c�p], (18)

with �p = [(p − p1)2]1/2. The parametrization II (blue

dashed line) is the same as the parametrization I for momenta

�2 GeV/c, but with a constant for momentum >2 GeV/c.

The parametrization III (red solid line) for �p < 1.7 GeV is

the same as the old one, while for �p > 1.7 GeV/c, we take

V (�p) = d + e�p + f �p2, (19)

which gives a slight increase in the potential in the region of

interest in this study. The parameters of the parametrization

are shown in Table I.
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In the Dirac analysis, the vector and scalar mean-field

potentials depend roughly linearly on the baryon density in the

nucleus [47,48]. This linear dependence can be reproduced if

we assume in Eq. (9)

V (r1, r2, p10, p20) = V (p10, p20)δ(r1 − r2), (20)

because the δ function creates a linear density dependence

when averaged over the wave functions. The energy of the

system is

E = 〈ψ (t )|(T + V )|ψ (t )〉

=
∑

i



〈i|
p2

2m
|i〉 +

∑

i �= j

〈i j|Vi j |i j〉





=
∫

H (r)d3r. (21)

|ψ (t )〉 =
∏

i |ψi〉 is the N-body wave function, which is taken,

as said, as the direct product of the single-particle wave

functions of the nucleons. The momentum-dependent poten-

tial has been introduced in QMD-type transport approaches

in Ref. [20] and explored later in Refs. [34,51–53] and for

Boltzmann-Uehling-Uhlenbeck (BUU) type approaches in

Ref. [54] and have been widely applied in different forms

[25,26,55–61].

C. Relation of the potential to the EoS of nuclear matter

In infinite nuclear matter, momentum and position are not

correlated, and one can calculate the equation-of-state of cold

nuclear matter from the potential. In infinite matter, the static

part of the QMD potential is given, as in Ref. [29], by

VSkyrme stat = α
ρ

ρ0

+ β

(

ρ

ρ0

)γ

, (22)

to this the momentum-dependent part for cold nuclear matter

is added, which can be obtained by

Vmom(pF ) =
∫ pF

∫ pF d p3
1d p3

2V (p2 − p1)

( 4
3
π p3

F )2

ρ

ρ0

. (23)

The Fermi momentum is a function of the density and

therefore one obtains the total strong interaction potential

VSkyrme(ρ) = VSkyrme stat(ρ) + Vmom(ρ). (24)

To calculate the energy per nucleon, we introduce U =
∫

V (ρ)dρ. This allows us to write

E

A
(ρ) =

3

5
EFermi(ρ) +

U

ρ
. (25)

As discussed, our equation contains the minimal number of

three parameters α, β, γ , which have to be determined. They

are obtained by the requirement that at normal nuclear density

E/A = −16 MeV. The compressibility modulus K is a free

parameter. The hard (K = 380 MeV), the soft, and the soft

momentum-dependent (K = 200 MeV) equations of state

are illustrated in Fig. 2, and the parameters for the three

equations-of-state are presented in Table I. For cold nuclear

matter, the soft and soft momentum-dependent EoS have by

construction the same E
A

(ρ).

FIG. 2. Equation-of-state for T = 0 for the hard (green line), soft

(blue line), and the soft momentum-dependent potential (red line).

D. Cluster production in PHQMD

Clusters can be identified in PHQMD by three different

algorithms:

(1) Coalescence mechanism. A proton and a neutron can

form a deuteron if their distance at the time, when the last

one of the two freezes out, is less than |r1 − r2| � 3.575 fm

in coordinate space and less than |p1 − p2| � 285 MeV/c in

momentum space. For details of this cluster formation algo-

rithm in PHQMD we refer to Ref. [31]. This method is not

applied in this article.

(2) Kinetic mechanism. Deuterons can be created in cat-

alytic hadronic reactions as πNN ↔ πd and NNN ↔ Nd

in different isospin channels. The quantum nature of the

deuteron is considered through an excluded volume that for-

bids its production if another hadron is localized in this

volume. We project, furthermore, the relative momentum

of the incoming nucleons onto the deuteron wave function

in momentum space. These quantum corrections lead to a

significant reduction of deuteron production by the kinetic

mechanism, particularly at target or projectile rapidities. The

details of this algorithm are described in Ref. [32].

(3) Potential mechanism. The attractive potential between

baryons with a small relative momentum keeps them close

together and can lead to a group of bound nucleons. At

a given time t , a snapshot of the positions and momenta

of all nucleons is recorded and the minimum spanning tree

(MST) clusterization algorithm is applied: two nucleons i and

j with the corresponding isospin are considered as “bound”

to a deuteron or to a larger cluster A > 2 if they fulfill the

condition [34]

|r∗
i − r∗

j | < rclus, (26)

where on the left-hand side the positions are boosted in the

center of mass of the i j pair. The maximal distance between

cluster nucleons, rclus = 4 fm, corresponds roughly to the

range of the attractive NN potential. Additionally, in the ad-

vanced MST (aMST) cluster algorithm [30], the clusters have

to be bound (EB > 0). It is important to highlight that MST

serves as a tool for cluster recognition, not a mechanism for

“building” clusters, since the QMD transport model propa-

gates baryons and not preformed clusters.
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FIG. 3. Rapidity distribution (integrated over all pT ) of protons

(upper row), deuterons (middle row), and tritons (lower row) from

PHQMD simulations of Au + Au collisions at
√

sNN = 3 GeV (left

column) and 5.4 GeV (right column) in the 0%–10% centrality class.

Results are shown for the three different parametrizations of the

nuclear optical potential (parametrizations I, II, and III) of Fig. 1.

In the calculations presented here, we employ, as detailed

in Ref. [32], a combination of (2) and (3) to identify clusters.

III. MODEL STUDY: THE INFLUENCE

OF UNCERTAINNESSES IN Uopt(p) ON OBSERVABLES

Before coming to the comparison of the PHQMD results

with the experimental data, we report the results of a model

study on the influence of uncertainties of Uopt(p) on observ-

ables such as the rapidity distributions and the flow harmonics

v1, v2 of protons and light clusters.

As discussed in Sec. II B there are no experimental data,

which would allow for a reliable extrapolation of Uopt(p) to

large p, see Fig. 1. However, a momentum p > 2 GeV/c is

achievable already at the beam energies of
√

s = 3 GeV - as

follows from the lower plot in Fig. 1. In our model study we

explore the three parametrizations of Uopt(p), shown in Fig. 1,

and investigate whether the different parametrization lead to

different values of the observables for heavy-ion reactions

at
√

sNN = 3 GeV as well and at 5 GeV, which allow us to

explore even larger p.

The result of this study is shown in Fig. 3 for the rapid-

ity distributions of protons, deuterons, and tritons, in Fig. 4

for the in-plane flow v1(pT ), and in Fig. 5 for the elliptic

flow v2(pT ) of protons and deuterons at midrapidity. In these

figures, we present the observables for
√

sNN = 3 GeV (left

panels) and 5 GeV (right panels) for all three parametrizations

of Uopt of Fig. 1.

FIG. 4. The in-plane flow v1(pT ) near target rapidity (−1 <

y < −0.5) of protons and deuterons from PHQMD simulations of

Au + Au collisions at
√

sNN = 3 GeV (left column) and 5.4 GeV

(right column) in the 10%–40% centrality class. Results are shown

for three different parametrizations of the nuclear optical potential

(parametrizations I, II, and III).

Figure 3 shows that the rapidity distributions of pro-

tons, deuterons, and tritons are practically identical for the

three parametrizations. The same is almost true for the

in-plane flow v1. The elliptic flow, v2, however, depends

on the parametrization. Especially at high pT the different

parametrizations change the elliptic flow by 30%, for protons

as well as for deuterons. This systematic error in the results

due to the unknown optical potential at this energy has to be

taken into account when we discuss the results.

We note that the calculations, presented in the following

sections, are performed using the parametrization I.

FIG. 5. The elliptic flow v2(pT ) at midrapidity (−0.5 < y < 0)

of protons and deuterons from PHQMD simulations of Au + Au col-

lisions at
√

sNN = 3 GeV (left column) and 5.4 GeV (right column) in

the 10%–40% centrality class. Results are shown for three different

parametrizations of the nuclear optical potential (parametrizations I,

II, and III).
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FIG. 6. The multiplicity distribution of charged particles in Au +
Au collisions at

√
sNN = 3 GeV of STAR data (black dots) and of the

hadronic transport model PHQMD using a hard (green band), a soft

(blue band), and a soft momentum-dependent (red) equation of state

(EoS). Vertical lines indicate the minimum number of tracks required

for an event to be in the corresponding centrality bin for the soft EoS

with momentum dependence.

IV. CENTRALITY SELECTION WITHIN PHQMD

The main purpose of this paper is to compare the pre-

dictions of the PHQMD transport approach with the best

experimental dataset, which is, for the relevant energies

around
√

sNN � 3 GeV, presently and for the near future avail-

able. This will allow us to elucidate how presently transport

approaches compare with high statistics results and to indicate

where disagreement needs future development. We compare

the Au + Au collisions at
√

sNN = 3 GeV from the STAR

experiment with PHQMD calculations for the three different

EoS, S, H, and SM, discussed in the previous section.

To compare data and model calculations, we determine

the centrality in PHQMD in the same way as was done in

the experimental analysis. In experimental data, the centrality

class is defined using the measured charged particle multi-

plicity (FXTMult) within the acceptance of the STAR Time

Projection Chamber (TPC) (−2.0 < η < 0). The relation-

ship between FXTMult and collision centrality is determined

by fitting Glauber model calculations [62] to FXTMult. In

PHQMD, charged particles (π, K, p) are selected within the

same η range as in data, and with 0.2 <pT < 10.0 GeV/c and

pT > 0.35 GeV/c for protons, which mimics the acceptance

of the STAR detector. Subsequently, the PHQMD multiplicity

distribution is scaled to match the
√

sNN = 3 GeV STAR data,

as shown in Fig. 6. As can be seen, the distribution for the

different EoS is rather similar to each other and to the data.

The tail in the data at FXTMult>200 is due to pileup events,

i.e., multiple collision events, which occur within a short

period of time or within the same detector readout window.

These events are not included in the experimental analysis.

The FXTMult values, corresponding to different collision cen-

tralities, are determined using the following formula:

CM =
1

σ AA

∫ ∞

M

dM ′ dσ

dM ′ (27)

FIG. 7. The transverse-momentum spectra of protons for dif-

ferent rapidities and centralities in Au + Au collisions at
√

sNN =
3 GeV. The proton spectra have been corrected for the feed-down

from � decays. The measured data points from STAR [11] are shown

as colored markers, and the calculations from PHQMD using soft

EoS, hard EoS, and soft EoS with momentum dependence are shown

as dotted, dashed, and solid lines, respectively. The data points and

model calculations are scaled by factors of 1/10 from mid- to forward

rapidities as indicated in the legend.

where M is the FXTMult value, which corresponds to a given

centrality CM . In Fig. 6, we show the centrality windows in

data as well as the event distribution for the three EoS.

V. RESULTS ON PARTICLE YIELD

A. Transverse momentum spectra

We start out with the comparison of measured differential

yields of various particles to PHQMD calculations for several

centrality bins with different EoS. Figure 7 shows the proton

pT spectra for different rapidities and centralities in Au + Au

collisions at
√

sNN = 3 GeV. The PHQMD calculations using

H and SM EoS describe the data fairly well. The agreement

between data and theory increases with increasing centrality

and approaching midrapidity. Very good agreement is found

near midrapidity, and in central collisions. The predictions

underestimate the data near the target rapidity in more periph-

eral collisions. There, the emission of light clusters happens

by fragmentation or by thermal emission on a much longer

timescale than the passing of the two nuclei in heavy-ion

reactions. The timescale for cluster production at the rapidity

of the residue is given the time to regain the spatial form

of the residue and by deexcitation of excited residue states.

This timescale is much longer than the time we can pursue

the simulations. Below pT = 1 GeV/c calculations using an

S EoS are similar to those using an H and SM EoS. For

pT > 1 GeV/c, the spectra with an S EoS are softer than
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FIG. 8. (upper panel) The transverse-momentum spectra of pro-

ton, deuteron, triton, 3He and 4He for rapidities window between

−0.1 and 0, in 0%–10% Au + Au collisions at
√

sNN = 3 GeV. The

measured data points from STAR [13] are shown as colored mark-

ers and the calculations from PHQMD using soft, hard, and soft

with momentum dependence EoS are shown as dotted, dashed, and

solid lines, respectively. The blast-wave fit to the data is shown as

dash-dotted lines. (lower panels) The ratio of the data and PHQMD

calculations with soft (upper), hard and soft with momentum depen-

dence EoS (lower) to the blast-wave fit.

those with an H and SM EoS, and the S EoS calculations

underestimate the data in all rapidity and centrality bins. The

deuteron, triton, 3He, 4He, and � are shown in Figs. 25

and 26, respectively, of the appendix and exhibit similar over-

all trends.

To emphasize the cluster size dependence of the pT spec-

tra we compare in Fig. 8 the pT spectra of p, d , t , 3He,

and 4He at midrapidty for the most central collisions (0%–

10% centrality) with the calculations for the three EoS and

with the blast wave fit. It is evident that the spectra show

for the different clusters a quite different form. To better

visualize the difference between models and data, we also cal-

culate the ratio of the model calculations and the blast-wave

fit to the data. The ratios are shown in the lower panels

of Fig. 8. The data-to-fit ratios, represented by the colored

markers, are consistent with unity, indicating that the fits are

of good quality. The soft EoS predictions are systematically

lower than the blast-wave fit for all pT for all clusters. For

protons, the H and SM EoS calculations closely follow the

blast-wave fit, remaining near unity. In other words, the calcu-

lations with H and SM EoS describe the protons at midrapidity

well, in both the measured region and the extrapolated region.

This also implies that the choice of using the blast-wave

function for the extrapolation to low-pT values is reasonable.

For deuterons, the H and SM EoS predictions are mostly

consistent with the blast-wave fit in the measured data region.

However, some tension can be observed for the slope of the

FIG. 9. The coalescence parameters BA to the power (A − 1)−1

for deuterons (upper panel), tritons (middle panel), and 3He (bot-

tom panel) as a function of pT divided by A in 0%–10% Au + Au

collisions at
√

sNN = 3 GeV. The data are shown as black markers,

and the blast-wave fit to the data is shown as dash-dotted lines. The

calculations from PHQMD using soft, hard, and soft with momentum

dependence EoS are shown as blue, green, and red lines, respectively.

data and the H and SM predictions. Due to this tension, both

calculations fall below the blast-wave fit at low pT in the

extrapolated region. For tritons, 3He, and 4He, the situation

is similar to that of deuterons; although the difference in the

slope of the pT spectra is more significant. This leads to an

even larger deviation between the H and SM calculations and

the blast-wave fit at low pT .

To compare the pT spectra of clusters with those of

free nucleons, one can introduce the covariant coalescence

function BA:

EA

d3NA

d3 pA

= BA

(

Ep

d3Np

d3 pp

)Z(

En

d3Nn

d3 pn

)A−Z

(28)

≈ (1.3)A−Z BA

(

Ep

d3Np

d3 pp

)A∣

∣

∣

∣

∣

pp=pn=
pA
A

, (29)

where A and Z are the mass and proton number of the light

nuclei, respectively. We adopt the same definition as used

in the experimental data [11], which assumes that protons

and neutrons have the same pT , rapidity, and centrality de-

pendence, and the neutron yields are obtained by scaling the

proton yields by a factor of n/p = 1.3 ± 0.1. This factor is

estimated by assuming the relation n/p = t/ 3He. Figure 9

describes the dependence of the coalescence parameters for

B2(d) and B3(t) on the scaled transverse momentum (pT /A),

and B3(3He) at midrapidity in 0%–10%. Data show increasing

BA with increasing pT . These trends are qualitatively repro-

duced by the PHQMD calculations. The model approximately

describes the data within the experimental uncertainties in

the measured region, although there is some tension at low

pT /A, particularly for d and t . Because the tension is in the

lower pT /A, the extrapolation to the full pT range using the
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TABLE II. Fitted kinetic freeze-out parameters for various par-

ticles and the percentage (%) of the measured pT range relative to

the total dN/dy, measured in 0%–10% centrality bin at midrapidity

y = (−0.1, 0) for
√

sNN = 3 GeV Au+Au collisions.

Particles Tkin (GeV) 〈βT 〉(c) Measured percentage (%)

p 0.062 ± 0.004 0.45 ± 0.01 55 ± 4

� 0.062 ± 0.006 0.39 ± 0.02 55 ± 1

d 0.070 ± 0.004 0.40 ± 0.01 36 ± 5

t 0.078 ± 0.005 0.37 ± 0.01 23 ± 2
3He 0.077 ± 0.005 0.38 ± 0.01 26 ± 2
4He 0.080 ± 0.010 0.36 ± 0.02 15 ± 1

blast wave fit is affected as well; as one can see, the dashed

line, which represents the blast wave fit, also lies above the

PHQMD calculations. The effects of extrapolation and com-

parison of quantities such as pT -integrated yields and mean

transverse momentum will be discussed in more detail in the

next section. Finally, we note that differences between differ-

ent EoS are less pronounced in BA because the ratio cancels

out some of the EoS dependencies.

B. pT -integrated yields and yield ratios

In the experimental data analysis, due to detector accep-

tance and statistics, the low- and high-pT regions cannot be

measured directly. The pT -integrated yields are therefore esti-

mated by extrapolating the spectra to the unmeasured regions

using functions such as the blast-wave formula [63],

1

2π pT

d2N

d pT dy
∝

∫ R

0

rdrmT I0

(

pT sinh ρ(r)

Tkin

)

× K1

(

mT cosh ρ(r)

Tkin

)

, (30)

where mT is the transverse mass of the particle, I0 and

K1 are the modified Bessel functions, and ρ(r) = tanh−1(βT ),

where βT is the radial flow velocity. In the region 0 � r �

R, βT can be expressed as βT = βS (r/R)n, where βS is the

surface velocity, and n reflects the form of the flow velocity

profile. The average transverse flow velocity of the source is

then defined as 〈βT 〉 = 2
n+2

βS , which represents the spatially

averaged transverse velocity of the fireball over the radial pro-

file at kinetic freeze-out. For the experimental data reported in

this paper, n is fixed to 1, i.e., the transverse velocity profile

is chosen to depend linearly on the radius, while Tkin and the

overall normalization are free parameters in the fit. The fitted

values for various particles observed in the 0%–10% centrality

bin at midrapidity y = (−0.1, 0) are tabulated in Table II,

together with the fractions of the yield within the measured

pT range relative to the total yield [11].

The blast-wave function is used for all particles except 3
�H

and 4
�H, because the number of data points is too small for a

stable fit. For the hypernuclei, the mT -exponential function,

dN

mT dmT

∝ e−mT /TmT (31)

FIG. 10. The pT integrated yield of proton, deuteron, triton,
3He, 4He (up), � 3

�H and 4
�H (down) as a function of rapidity

in 0%–10% Au + Au collisions at
√

sNN = 3 GeV. The measured

data points from STAR [11,13,15] are shown as colored markers,

while the calculations from PHQMD using a soft, hard, and soft

momentum-dependent EoS are shown as dotted, dashed, and solid

lines, respectively.

is used instead, where mT = (m2
0 + p2

T )1/2 is the transverse

mass of the particle, and TmT
is a fit parameter. Based on the

difference of the estimated yields using different extrapolation

functions, a systematic uncertainty is assigned. It depends

both on the statistical accuracy of the pT spectra and the

fraction of the unmeasured region. For the majority of cases,

this uncertainty ranges from 3 − 6% for protons and increases

for 4
�H with 10%–30%.

Figure 10 shows the pT -integrated p, d , t , 3He, 4He, �, 3
�H

and 4
�H yields as a function of rapidity for 0%–10% central

Au + Au collisions at
√

sNN = 3 GeV. As in the previous

section, the data [11,13,15] are compared with PHQMD with

the S, H, and SM EoS. It should be noted that in PHQMD,

yields are obtained over the full pT range, so no extrapola-

tion is needed. Thus, differences in the rapidity distribution

between PHQMD calculations and the data can arise from

two factors: (1) a difference in the integrated yield in the

measured region, (2) a difference in the extrapolation of the

experimental data into the unmeasured pT regions by a fit

function because the extrapolation function is not uniquely

determined. The latter may be a consequence of a different

shape of the calculations and data in the measured region, even

if both agree within the error bars.

The proton rapidity distribution is rather well reproduced

by all three PHQMD calculations. For deuterons, we observe
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FIG. 11. The yield ratios �/p, 3
�H /3He, and 4

�H /4He [11,13,15]

as a function of rapidity in 0%–10% central Au + Au collisions

at
√

sNN = 3 GeV. The measured data points are shown as black

markers, while the calculations from PHQMD using soft, hard, and

soft momentum-dependent EoS are shown as blue, green, and red

bands, respectively.

that PHQMD with H EoS predicts a lower yield compared

with those with S and SM EoS, which indicates that the light

nuclei yields are sensitive to the stiffness of the EoS. The

data favors the S and SM EoS, although both calculations still

underestimate the data by ≈20% at midrapidity. Near target

rapidity, all three PHQMD calculations predict a prominent

peak-like structure due to fragments from the target and pro-

jectile residues, but this structure is wider in the data for t ,
3He, and 4He and is not visible for p and d . We observe

that the calculations using a H EoS are consistently lower

than those using an S and SM EoS. However, the calculations

underestimate the experimental data by approximately a factor

of 2 for t and 3He, and the factor of 3 for 4He.

As for the strange particles, we observe that the � yield

has a mild sensitivity to the EoS, with calculations with S EoS

predicting the largest yields, and SM predicting the lowest

yields. This is due to the different densities and hence of

the mean-free paths, which are obtained in these calculations.

Within uncertainties, all three calculations describe the data.

As for 3
�H and 4

�H, we observe that the S EoS predicts the

largest yield, followed by the SM and H EoS. The difference

between the predictions is rather significant in a wide range

of rapidities, i.e., predictions from S and H EoS differ by

approximately a factor of 2. This indicates a higher sensitivity

of the hypernuclei yields to the EoS compared with the yields

of other particles. The calculations with H EoS give a good

description of the 3
�H data, while calculations with the S EoS

describes 4
�H.

It is important to note that the experimental yields of 3
�H

and 4
�H were obtained assuming branching ratios (B.R.s) of

25% and 50% for their two-body decays, respectively [15].

The decay B.R. of 3
�H → 3He + π− was not directly mea-

sured. A variation in the range by 15%–35% for the B.R.

was considered when calculating the total dN/dy. For 4
�H →

4He + π− a variation of 40%–60% was considered in the

analysis. PHQMD cannot describe excited states of nuclei.

Therefore, the γ decay of the excited state of 4
�H

∗
(1+) to

the ground state is not taken into account by the PHQMD

calculations. The yield ratios as a function of rapidity, shown

in Fig. 11, are calculated by dividing the � yield by the

proton yield and the yield of each hypernucleus by the yield

FIG. 12. The yield ratios of hypernuclei to nuclei as a function of

the mass number in 0%–10% Au + Au collisions at
√

sNN = 3 GeV

[11,13,15]. The measured data points are shown as black markers,

while the calculations from PHQMD using soft, hard, and soft with

momentum-dependent EoS are shown as blue, green, and red bands,

respectively. Expectations from the Thermal- FIST model [64] are

also shown.

of the nucleus with the same mass number. For all three ratios

(�/p, 3
�H / 3He, 4

�H / 4He), calculations with the S EoS

overestimate the data, while those with H and SM give a fair

description of the data, although the SM and H EoS calcula-

tions overestimate the 3
�H / 3He ratio slightly. Figure 12 shows

the hypernuclei-to-nuclei ratio at midrapidity (|y| < 0.5), this

time plotted as a function of the mass number. The depen-

dence of this ratio is nonmonotonic. This nonmonotonicity is

also seen in PHQMD calculations, particularly for the H EoS,

however, to a lesser extent. We also compare with calculations

from a thermal model [64], with and without the inclusion of

the excited 4
�H∗(1+) decay. The inclusion of this decay in the

model reproduces the trend in the data, which implies that the

nonmonotonicity could be partially arising from feed-down of

the excited state 4
�H∗. A more complete understanding of the

role of feed-down on hypernuclei production may be needed

to establish hypernuclei as probes for the equation-of-state in

the future.

The light nuclei ratios Np × Nt/N2
d and N4He × Nt/(N3He ×

Nd ), shown in Fig. 13, have been suggested to be sensitive

to baryon density inhomogeneities generated by a possible

critical endpoint or by a first-order phase transition [65], and

have been proposed as sensitive observables for the equa-

tion of state [65–67] Although at this energy we do not

expect to reach the point where a first-order phase transition

may occur, we think it is meaningful to confront the data

with the predictions. In particular, the observed flat centrality

dependence of Np × Nt/N2
d at

√
sNN = 3 GeV is consistent

with coalescence calculations including a first-order phase

transition [65] (AMPT + coalescence), while those without

(UrQMD + coalescence) exhibit an increasing trend which

is inconsistent with the data. We note here that the MST
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FIG. 13. The yield ratios Np × Nt/N2
d (left) and N4He ×

Np/(N3He × Nd ) (right) in the rapidity region y = (−0.5, 0) as a func-

tion of centrality in Au + Au collisions at
√

sNN = 3 GeV [11]. The

calculations from PHQMD using soft, hard, and soft momentum-

dependent EoS are shown as blue, green, and red bands, respectively.

Calculations from transport models with a coalescence afterburner

[65] and a thermal model [64] are also shown for comparison.

clusterization algorithm for PHQMD produces a flat centrality

dependence for all employed EoS. The results are qualita-

tively consistent with the data, without the need of inquiring

a first-order phase transition. This also points to the need for

a complete understanding of the cluster formation procedure

before one advocates cluster formation as a probe for a first-

order phase transition or for a critical point.

VI. RESULTS ON COLLECTIVITY

A. Mean transverse momentum

As we have seen in the preceding section, the experimental

transverse momentum spectra of all particles can be well

described in a blast-wave model, which has two parameters,

the temperature T of the fireball and the collective radial

expansion β of the medium. To condense the information, we

can define the average transverse momentum as

〈pT 〉(T, β ) =

∫

pT
dN
d pT

d pT
∫

dN
d pT

d pT

. (32)

This quantity is based, as is the rapidity distribution in

Sec. V B, on the assumption that a blast wave describes the

spectra well also in the unmeasured regions. Different func-

tions are used for the extrapolation to estimate the systematic

uncertainties.

Figure 14 shows 〈pT 〉 of p and � as a function of rapidity

on the left and for the rapidity interval −0.1 < y < 0 as a

function of the number of participants on the right-hand side.

The number of participants for each centrality is determined

by the same Glauber calculations, which we used for the

centrality determination, described in Sec. IV. Calculations

with the S EoS underestimate the data for both p and �. As

a function of rapidity, calculations using the S EoS reproduce

the same functional form as the data for both p and �. In

centrality dependence, however, the discrepancy between data

and calculations increases with centrality for p, whereas, for

�, the calculations follow the experimental trend, which flat-

tens with increasing centrality.

Calculations with a H and an SM EoS come much closer

to the data than the calculation with a S EoS and describe the

FIG. 14. The mean transverse momentum 〈pT 〉 of protons and

�s as a function of rapidity (left panels), and at midrapidity as a

function of the number of participating nucleons (right panels) in√
sNN = 3 Au + Au GeV collisions [11,13]. The data are shown as

solid markers, while PHQMD calculations are shown as lines.

data reasonably well. Calculations with an SM EoS describe

the data best but fail to reproduce the flattening of the rapidity

distribution toward midrapidity, which is seen in the data.

It is worth noting (see bottom figures) that the 〈pT 〉 of p is

larger than that of � at midrapidity in all centrality regions,

despite the larger mass of the �. Similar observations have

been reported previously at similar collision energies [68,69],

and are often attributed to the fact that � particles are pro-

duced while a fraction of protons may be spectator protons at

such low energies.

It is worthwhile to investigate this further. To sepa-

rate the influence from the temperature and the collective

expansion on the transverse momentum spectra, we per-

form blast-wave fits to the proton and � spectra in the

rapidity region y = (−0.1, 0) in four different centralities,

0%–10%, 10%–20%, 20%–40%, and 40%–80% to extract

the temperature Tkin at kinetic freeze-out and the average

collective velocity 〈βT 〉. The radial flow profile parameter

n is fixed to 1 in these studies. The results are shown in

Fig. 15. The temperature of protons and �s are identical

within uncertainties, but the collective radial flow of protons

is systematically larger than that of �s. �s are produced

particles and the production probability is higher close to the

center of the fireball, where the nucleon density is high and

consequently the mean-free path small. In the center of the

fireball the collective velocity is small [see Eq. (30)] which

results in a lower collective velocity of the �s compared with
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FIG. 15. Kinetic freeze-out temperature Tkin as a function of

collective radial velocity 〈βT 〉 from blast-wave fits to midrapid-

ity proton, � spectra at
√

sNN = 3 GeV (colored markers), and

π±, K±, p( p̄) spectra from
√

sNN = 7.7 to 200 GeV (dark and light

gray dots) [70]. The different points correspond to different cen-

tralities, peripheral to central from left to right. The dark gray dots

correspond to the most central bin 0%–5% for
√

sNN = 7.7 to 200

GeV, while the light gray dots correspond to other centralites. Col-

ored bands represent the blast-wave fit results over the full pT range

from PHQMD SM simulations at
√

sNN = 3 GeV.

protons. The blast-wave fit results over the full pT range from

PHQMD SM simulations are shown in the same figure as the

colored bands. When performing the blast-wave fits to the

PHQMD p and � pT spectra, an additional 5% uncertainty

(fudge factor) was added to the statistical errors. This adjust-

ment was applied to achieve a reasonable χ2/ndf and to match

with the level of uncertainty of the experimental data [11,13].

PHQMD describes the trends observed in the data well, and

the deviation seen in peripheral collisions for protons has been

discussed in the previous section.

Due to detector acceptance limitations, experimental data

cannot cover the entire low- and high-pT regions. Therefore,

we also performed blast-wave fits to the PHQMD spectra

within the measured pT ranges and compared the results to

those obtained over the full pT range, as shown in Fig. 16.

For protons, in central and midcentral collisions, the extracted

temperature and collective velocity are consistent within un-

certainties between the two fit ranges. This suggests that the

freeze-out conditions are similar across the entire pT spec-

trum. In contrast, in peripheral collisions, the fit within the

measured pT range yields a lower temperature and higher col-

lective velocity compared with the full pT fit. This difference

may be attributed to biases arising from limited low-pT cov-

erage and could suggest distinct freeze-out dynamics between

low- and high-pT regions in peripheral collisions. For � hy-

perons, the results are consistent across all centrality classes

and between the two fit ranges, suggesting uniform freeze-out

conditions within the pT coverage for these particles.

We also compare the freeze-out parameters to those ob-

tained by fits to π±, K±, and p( p̄) at
√

sNN = 7.7 − 200 [70].

Focusing on the most central collisions, from
√

sNN=200 GeV

to 7.7 GeV, the temperature increases, while the collective

velocity decreases. However, the freeze-out parameters at

FIG. 16. Blast-wave fit results for the kinetic freeze-out tem-

perature Tkin and average transverse collective velocity 〈βT 〉 from

PHQMD SM simulations of Au + Au collisions at
√

sNN = 3 GeV

at midrapidity, |y| < 0.1, shown separately for protons (top) and

� hyperons (bottom). Different centrality classes are indicated by

different colors. Ellipses indicate 1σ , 2σ , and 3σ confidence con-

tours from the fits. Two pT fit ranges are compared: pT > 0 GeV/c

(contours indicated using solid lines) and data measured pT ranges

(contours indicated using shaded regions).

√
sNN = 3 GeV do not follow the same trend. This implies

a change in medium properties or expansion dynamics from√
sNN = 3.0 to 7.7 GeV. Future data from STAR beam energy

scan-II can help elucidate the nature of the evolution of the

freeze-out properties. Figure 17 shows 〈pT 〉 of p, d , 3He, 4He,

�, 3
�H, 4

�H as a function of the particle mass for 0%–10% cen-

tral collisions at midrapidity. One can see that 〈pT 〉 of protons

and light nuclei increases approximately linearly with mass.

Although calculations with H and SM EoS describe the 〈pT 〉
of protons, they overestimate the 〈pT 〉 of all the light nuclei.

As Fig. 6 shows, this is due to the underprediction of the yield

of low pT clusters and the disagreement of the extrapolation of

the experimental data to pT → 0 with respect to the PHQMD

calculations. The level of discrepancy increases with the mass;

the H and SM EoS overestimates the 〈pT 〉 of 4He by 500 MeV.

On the contrary, calculations with S EoS give a rather fair

description of the light nuclei 〈pT 〉.
For � and hypernuclei (as mentioned in the last section),

� 〈pT 〉 is lower compared with that of protons, despite having

a larger mass. We observe that hypernuclei 〈pT 〉 also tend to

be lower than those of the nuclei with the same mass number,

although the large uncertainties prevent us from drawing a

strong conclusion. Nonetheless, we note that the PHQMD
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FIG. 17. The mean transverse momentum spectra of proton, �,

light nuclei, and hypernuclei at midrapiditiy as a function of mass in

0%–10% Au + Au collisions at
√

sNN = 3 GeV. The measured data

points from STAR [11,13,15] are shown as black and open markers,

and the calculations from PHQMD using soft, hard, and soft with

momentum dependence EoS are shown as colored bands.

calculations indicate that the hypernuclei 〈pT 〉 are smaller

than the nonstrange nuclei 〈pT 〉 when they have the same

mass number, regardless of the EoS which is used. This is

presumably a consequence of the lower collective velocities

of � as compared with nucleons, which has been discussed

above. Similar to what is observed for nuclei, calculations

with H and SM tend to overestimate the hypernuclei data,

while calculations with the S EoS provide a good description.

B. Directed flow

Figure 18 shows the PHQMD results for the directed flow

v1 of protons, deuterons, tritons, 3He, and 4He as a function

of rapidity integrated in the chosen pT ranges for
√

sNN = 3

GeV Au + Au collisions in the centrality range 10%–40%.

The calculations are compared with the STAR data. One can

see that for all clusters as well as for protons, the v1 is neg-

ative. The soft EoS underestimates the data. The difference

between the hard and the soft momentum-dependent EoS is

smaller; however, it is worth mentioning that the SM EoS

leads to slightly smaller v1 compared with H and gives a worse

description of the data. The bottom-right panel of Fig. 18

displays v1(y) for the SM EoS for clusters of different sizes

in comparison with the experimental results. There is a clear

mass ordering of v1(y): The heavier the mass of a nucleus,

the stronger is the rapidity dependence of v1, which is indeed

seen in the experimental data. It is worth mentioning that at the

somewhat lower energy of
√

sNN = 2.4 GeV we observe the

opposite trend: there, the PHQMD results for SM are closest

to the data but also slightly underpredict the experimental v1

values [28].

FIG. 18. The directed flow v1 of proton, deuteron, triton, 3He,

and 4He as a function of rapidity in 10%–40% midcentral Au + Au

collisions at
√

sNN = 3 GeV. The STAR data [14] are shown as

colored markers while PHQMD calculations are shown as colored

lines or bands.

FIG. 19. The directed flow v1 of proton, deuteron, triton, 3He,

and 4He as a function of pT in different rapidity intervals in

10%–40% midcentral Au + Au collisions at
√

sNN = 3 GeV. The

STAR data [12] are shown as black markers while PHQMD calcula-

tions are shown as colored bands.
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FIG. 20. The directed flow v1 of proton and � as a function of ra-

pidity in 10%–40% midcentral
√

sNN = 3 GeV Au + Au collisions.

The STAR data [12] are shown as black markers while PHQMD

calculations are shown as colored bands.

In Fig. 19, we present the PHQMD results for protons,

deuterons, tritons, 3He, and 4He as a function of pT in differ-

ent rapidity intervals for
√

sNN = 3 GeV in 10%–40% central

Au + Au collisions, in comparison to the STAR data. One can

see that v1(pT ) depends strongly on the EoS for protons and

clusters alike. However, the behavior is not trivial - for pro-

tons, at low pT , v1 calculated with a hard EoS, is significantly

more negative than that calculated with an SM EoS, while at

larger pT , the SM EoS gives comparable and even larger v1

values than the H EoS. This tendency is also seen for clusters.

Similar to what is observed for the rapidity dependence, the

SM EoS leads to slightly smaller v1 as compared with H and

gives a less good description of the data, in contrast with the

PHQMD results at
√

sNN = 2.4 GeV [28].

Figure 19, bottom-right panel, shows that the values of

v1/A for all light nuclei, including protons, approximately

follows an A scaling for −0.3 < y < 0. This is also seen

in PHQMD calculations. For all cluster sizes, the theoreti-

cal v1(y) and v1(pT ) calculations with the H EoS provide

the best description of the data. SM slightly underpredicts

the data, while the S EoS substantially deviates from the

experimental data.

In Fig. 20, we present the PHQMD results for v1(y) for

protons (left) and � (right) in comparison with the STAR data

[14] for
√

sNN = 3 GeV 10%–40% central Au + Au collisions

and for the pT interval 0.4 < pT < 2.0 GeV/c for a hard,

soft, and momentum-dependent EoS. v1(y) of protons and

�s is negative. It is remarkable that the data for both � and

proton are similar despite the quite different radial expansion

velocities of the blast wave fit.

We also note that although v1 of protons in H and SM

calculations are similar, it differs quite significantly for �.

In PHQMD, the results differ because the protons close to

the transverse surface of the fireball obtain more directed

flow than those close to the center of the fireball [71]. Since

�s have a higher chance to be produced in the center of

the fireball than close to the surface, their flow (as well as

that of K+, the produced associated meson) is smaller. This

may indicate that the parametrization of the SM EoS may

be too simplistic in being not stiff enough at high densi-

ties, or that the �N scattering is underestimated, although in

PHQMD, the experimentally measured (free) �N cross sec-

tion is implemented. A detailed investigation of the directed

flow of all strange hadrons may elucidate this interesting issue.

We observe that calculations with the S EoS, similar to the

FIG. 21. The elliptic flow v2 of protons, deuterons, tritons, 3He,

and 4He as a function of rapidity 10%–40%
√

sNN = 3 GeV Au + Au

collisions. The STAR data [14] are shown as colored markers while

PHQMD calculations are shown as colored lines or bands.

comparisons of the 〈pT 〉, do not provide a good description of

the data. They underestimate the v1 for both � and proton in

all measured rapidity ranges. However, although calculations

with SM, which provides a good description of 〈pT 〉, describe

the v1 of p fairly well, they overestimate the v1 of �. The flow

is also influenced by the choice of the � potential [72], which

we assume here to be identical to the potential of nucleons.

C. Elliptic flow

Now we step to a comparison of the PHQMD results for

the elliptic flow for Au + Au collisions at
√

sNN = 3 GeV

with the STAR data [12]. In Fig. 21, we show the elliptic

flow (v2) of protons, deuterons, tritons, 3He, and 4He as a

function of the rapidity y and integrated in the chosen pT

ranges for the three EoS. For protons, v2 is slightly negative in

the considered pT interval. One can see that the v2 of protons

is quite well described by the SM EoS. The H EoS predicts

almost zero v2, while the S EoS predicts a positive v2, which

is opposite to the data. For deuterons, tritons, 3He, and 4He,

the soft EoS yields a positive v2(y), in contradistinction to the

negative v2 of the experimental data. For all clusters, SM and

H EoS give rather similar results. Both show a more negative

v2 than the data in the whole rapidity range in contrast with

the PHQMD calculations at
√

sNN = 2.4 GeV [31], where the

v2 for SM and H is less negative than the data, however, in a

slightly different pT and centrality interval. It is remarkable

that the sign of v2 depends on the cluster size. For protons, v2

is always negative; for d , t , and 3He it changes from positive
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FIG. 22. The elliptic flow v2 of protons, deuterons, tritons, 3He,

and 4He in the rapidity regions (−0.1, 0) and (−0.4, −0.3) as a

function of pT in 10%–40%
√

sNN = 3 GeV Au + Au collisions.

The STAR data [14] are shown as black markers while PHQMD

calculations are shown as colored bands.

values at y = −0.5 to negative values close to midrapidity,

whereas for heavier fragments v2 is always positive. PHQMD

calculations with H and SM reproduce the trend of v2 as a

function of the rapidity.

In the bottom-right plot of Fig. 21, we compile v2(y) of

the experimental results and the theoretical predictions with

the SM EoS for protons, deuterons, tritons, 3He, and 4He. The

rapidity distributions of v2 for different clusters exhibit a clear

mass ordering, similar to v1. This is qualitatively reproduced

by the PHQMD calculations using the H or SM EoS. At

midrapidity, −0.1 < y < 0, the value of v2 is negative and

nearly identical for p, d , and 3He. A soft EoS give, as said,

positive v2 values for all clusters in −0.5 < y < 0, opposite

to the data. The transverse momentum dependence of v2 is

presented in Fig. 22 for protons, deuterons, tritons, and 3He as

a function of pT for the rapidity intervals −0.1 < y < 0 (left

column) and −0.4 < y < −0.3 (right column) for 10%–40%

midcentral Au + Au collisions at
√

sNN = 3 GeV. First of all

we observe in the calculations a strong pT dependence of

v2(pT ) and a strong dependence on the EoS for all clusters

and in both rapidity intervals. For both rapidity intervals, the

soft EoS gives mostly a positive v2 for all clusters, whereas

the data show mostly a negative v2. Although the calculations

using the H and SM EoS are quite different for the proton

v2(pT ), for deuterons, tritons, and 3He the two EoS give al-

most the same result at forward as well as at midrapidity. Both

give, however, a less positive or more negative v2 compared

with the experimental data.

For protons at midrapidity, the SM EoS gives the largest

negative v2(pT ), followed by the hard EoS, similar to what

has been observed in v2(y). Calculations with SM give a result

close to the experiment data up to pT = 1.4 GeV/c, but above

1.4 GeV/c, the calculations continue to decrease while the

data increase. For all clusters, H and SM calculations predict

a similar v2(pT ). The v2 calculated by PHQMD follows qual-

itatively the experimental data but give a larger negative v2.

For the backward rapidity interval (−0.4 < y < −0.3;

Fig. 22, right column), the difference between theory and

experiment is more pronounced. The proton data show a

v2(pT ), which is slightly less negative than that in the rapid-

ity interval −0.1 < y < 0, whereas the PHQMD calculations

yield a more negative v2, similar to that observed at midrapid-

ity. The cluster data display a qualitative different behavior:

The PHQMD results are quite similar to those obtained at

midrapidity, whereas the deuteron data show a v2(pT ), which

is compatible with zero, and larger clusters show a positive

v2(pT ). Thus, the experimental v2 of clusters changes sign

when going from
√

sNN = 2.4 to
√

sNN = 3 GeV [28]. This

indicates that in this rapidity interval clusters are more than

an ensemble of randomly picked nucleons. The PHQMD cal-

culations yield, as for
√

sNN = 2.4 GeV, for pT > 1 GeV a

negative v2(pT ). This discrepancy between theory and exper-

iment points toward a cluster production process, which is not

yet correctly modeled in PHQMD and which will be explored

in an upcoming publication.

Figure 23 shows the compilation of elliptic flow, scaled

by the mass number v2/A, for protons, deuterons, tritons,

and 3He in different rapidity intervals for the SM EoS at√
sNN = 3 GeV in comparison with the data. Data show that,

although the v2 of the light clusters approximately follows a

mass number scaling at midrapidity, in data as well as in the

calculations, the protons do not. At
√

sNN = 2.4 [1], a scaling

of v2/A(p2/A) for protons and clusters has been observed.

This scaling is predicted if one assumes that A nucleons com-

bine randomly to form a cluster of size A. The violation of

this scaling indicates that at
√

sNN = 3 GeV clusters are not

randomly combined nucleons but that another cluster forma-

tion mechanism exists, which is only approximately captured

in the PHQMD approach

However, in the data the v2(pT ) of protons is less than

v2/A(p2/A) of clusters; for the PHQMD calculations, it is

opposite. For the data, the fact that v2/A(p2/A) scales for

clusters but is different from v2/A(p2/A) for protons continues

to larger negative rapidities, whereas the PHQMD results of

v2/A(p2/A) for protons approaches with increasing negative

rapidity that of the clusters.

As already seen in the last figure, the PHQMD calcu-

lations reproduce the experimental v2(pT ) of protons up to
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FIG. 23. The mass number scaled elliptic flow v2/A of protons,

deuterons, tritons, and 3He as a function of pT /A in different rapidity

intervals in 10%–40% midcentral Au + Au collisions at
√

sNN =
3 GeV. The STAR data [14] are shown as colored markers while

PHQMD SM EoS calculations are shown as colored bands.

pT ≈ 1.4 GeV/c but continue to decrease with increasing pT ,

whereas in experiment v2(pT ) of protons bends over.

In Fig. 24 we present the PHQMD results for v2(y) of pro-

tons and � in comparison to the STAR data [14] for
√

sNN = 3

GeV in 10%–40% central Au + Au collisions and for the pT

interval 0.4 < pT < 2.0 GeV/c for calculations with the H,

S, and SM EoS. We see, first of all, that in experiment v2

for � and p agree within error bars in the whole rapidity

range. This is not the case for the PHQMD calculations. We

observe that a soft EoS substantially overestimates the v2(y)

for both, � and proton, in this pT interval. The SM EoS

gives a good description of the data. For H EoS, the proton

v2(y) is overestimated, particularly at midrapidity, while for

� a H EoS can describe the data for y � −0.6, although this

may be partly due to the uncertainty of the data. In PHQMD

calculations, the proton v2 is less negative than that of � at

FIG. 24. The elliptic flow v2 of proton and � as a function of

rapidity in 10%–40%
√

sNN = 3 GeV Au + Au collisions. The STAR

data [12] are shown as closed (proton) and open (�) markers, while

PHQMD calculations are shown as solid (proton) and dashed (�)

lines.

midrapidity for all EoS, but the situation appears reversed near

target rapidity. We note, however, that in the target rapidity

domain, proton emission from spectator remnants may occur

on a timescale larger than the time for which we pursue the

calculation.

VII. SUMMARY

In this study, we have compared the results of PHQMD cal-

culations with the most extensive dataset (of 3 GeV Au + Au

collisions) from the Beam Energy Scan Program phase II

of the STAR C ollaboration, which is presently and in the

near future available in the energy range of the future FAIR

accelerator. The goal was to see how transport calculations

for hadrons and, more importantly, for clusters compare with

these high-statistics data. For this purpose, we studied mul-

tiplicities, pT spectra, rapidity distributions as well as the

in-plane (v1) and elliptic (v2) flow for baryons and clusters

and applied three different equations of state, a static hard and

soft EoS, and a momentum-dependent soft EoS.

We see, first of all, that at these energies different hadronic

EoS give quite different results for v1 and v2 but influence as

well the pT distributions of elementary baryons and clusters.

Most of the
√

sNN = 3 GeV Au + Au data are best de-

scribed by calculations using a soft momentum-dependent

EoS (SM), which takes into account the measured momentum

dependence of the optical potential.

The SM calculations are in good agreement with the

experimental pT distributions of protons, �s, clusters, and

hyperclusters over five orders of magnitude and reproduce the

cluster yield at midrapidity with 30% accuracy for deuterons

and up to a factor of 2 for 4He. Also, the rapidity distribution

of hypernuclei 3
�H and 4

�H are nicely reproduced. Although

we know from data that the potential between nucleons is

momentum dependent, we find that a static hard EoS shows

a similar trend as a momentum-dependent soft EoS. High-

quality upcoming data will hopefully help to disentangle both

for a better understanding of EoS.

The flow of hadrons and clusters shows some surprising

results. The experimental in-plane and directed flow of p and

� agrees within error bars, whereas their radial flow differs.

In PHQMD the difference in the radial flow is due to the fact

that the production of strange hadrons happens more probable

close to the center of the reaction. In PHQMD calculations,

this also provokes a difference in the in-plane flow.

The PHQMD calculations also show that, at this energy,

the in-plane flow v1 depends on the nuclear equation of state,

and it is reassuring that different extrapolations of the opti-

cal potential from the measured beam energy region to the

energies required for studying
√

sNN = 3 GeV reactions do

not influence the result for v1. PHQMD calculations show the

same scaling and the same functional form of v1/A(pT /A) as

seen in the data, but the numerical value of v1/A(pT /A) is

slightly smaller.

For the elliptic flow, the data at
√

sNN = 3 GeV do not

show anymore the scaling in v2/A(pT /A) observed at
√

sNN =
2.4 GeV. This is a strong hint that, at this energy, the clusters

are no longer formed by a random selection of nucleons but

that their production is a selective process. The scaling is
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FIG. 25. The transverse-momentum spectra of proton, deuteron, triton, 3He and 4He for different rapidities and centralities in Au + Au

collisions at
√

sNN = 3 GeV. The proton spectra have been corrected for the feed-down from � decays. The measured data points from STAR

[11] are shown as colored markers, and the calculations from PHQMD using soft EoS, hard EoS, and soft EoS with momentum dependence

are shown as dotted, dashed, and solid lines, respectively. The data points and model calculations are scaled by factors of 1/10 from mid- to

forward rapidities as indicated in the legend.
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FIG. 26. The transverse-momentum spectra of � for different rapidities and centralities in Au + Au collisions at
√

sNN = 3 GeV. The

spectra have been corrected for the feed-down from �− and �0 decays. The measured data points from STAR [13] are shown as colored

markers, and the calculations from PHQMD using soft EoS, hard EoS, and soft EoS with momentum dependence are shown as dotted, dashed,

and solid lines, respectively. The data points and model calculations are scaled by factors of 1/3 from mid- to forward rapidities as indicated in

the legend.

still present for clusters, but the protons deviate. The same

is observed for PHQMD calculations. For y � 0.2 the data for

v2/A(pT /A) approaches zero for clusters, whereas PHQMD

calculations still show a finite negative v2. The understanding

of this observation will be the subject of a future investigation.

One also has to take into account that different extrapolations

of the optical potential to the energies of interest here influ-

ence v2 in a non-negligible way.

The general qualitative and, in many kinematical regions,

quantitative agreement between data and PHQMD calcula-

tions, even for the very sensitive flow observables, confirms

the maturity of the transport approaches and that the under-

lying physical processes are to a large extent understood.

The above-mentioned discrepancies show as well where more

intensive studies are necessary to improve these approaches,

as far as cluster and strangeness production is concerned.

DATA AVAILABILITY

The data that support the findings of this article are not

publicly available. The data are available from the authors

upon reasonable request.

APPENDIX: TRANSVERSE MOMENTUM SPECTRA

This appendix presents a detailed comparison of the mea-

sured transverse-momentum spectra of various particles with

PHQMD model calculations employing different EoS for

different rapidities and centralities in Au+Au collisions at√
sNN = 3 GeV. Figure 25 shows the pT spectra of proton,

deuteron, triton, 3He, and 4He. The corresponding pT spectra

of � hyperons are shown in Fig. 26.
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