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The chiral crossover of QCD at finite temperature and vanishing baryon density turns into a second-order

phase transition if lighter than physical quark masses are considered. If this transition occurs sufficiently

close to the physical point, its universal critical behavior would largely control the physics of the QCD

phase transition. We quantify the size of this region in QCD using the functional renormalization group.

This allows us to study both critical and noncritical effects on equal footing, facilitating a precise

determination of the scaling regime. We find that the physical point is far away from the critical region.

Importantly, we show that the physics of the chiral crossover is dominated by soft modes even far beyond

the critical region. While scaling functions determine all thermodynamic properties of the system in the

critical region, the order parameter potential is the relevant quantity away from it. We compute this potential

in QCD using the functional renormalization group and Dyson-Schwinger equations and provide a simple

parametrization for phenomenological applications.

DOI: 10.1103/PhysRevD.111.094010

I. INTRODUCTION

It has been argued that physical QCD at vanishing

chemical potential could be in the critical scaling region

of the chiral phase transition around the limit of massless

quarks [1–6]. These studies have to be contrasted with

analyses of QCD based on the functional renormalization

group (fRG) [7,8] that indicate a very small scaling region.

The answer to this question is of phenomenological

relevance as light low-momentum modes, so-called soft

modes, dominate the dynamical evolution of the system

created in a heavy-ion collision. If these modes exhibit

critical scaling even at high beam energies, their

contribution is well described by the respective universal

critical dynamics, e.g., Refs. [9–13].

In the critical region, physical quantities such as the order

parameter Δ are dominated by scaling behavior, e.g.,

ΔðHÞ ∼H
1

δ, where δ is a universal critical exponent and

H an external field; see, e.g., Ref. [14]. For the chiral phase

transition in QCD,H can be identified with the light current

quark mass. Crucially, this behavior persists over many

orders of magnitude inH. This poses the challenge both for

theory and experiment thatΔðHÞ has to be known with high
precision over awide range of quarkmasses in order tomake

conclusive statements about universality. Furthermore, uni-

versality can only be used in the regime with negligible

noncritical contributions. As demonstrated in Ref. [15],

conclusions about critical behavior drawn from a scaling

analysis may otherwise be incorrect. Therefore, it is clear

that an analysis of the chiral critical behavior with currently

available lattice data [1–6] requires great care.

In the present work, we report on a conclusive scaling

analysis with pion masses ranging over 5 orders of
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magnitude and as small as mπ ¼ 0.002 MeV. This allows

us to determine the size of the critical region of the chiral

phase transition in QCD around the chiral limit. A key

advantage of our renormalization group based analysis is

that fixed points are straightforwardly identified and the

corresponding critical exponents can systematically be

extracted with high precision within a given approximation

[16–19]. Furthermore, universal behavior only occurs in the

linear regime around these fixed points [20], which

uniquely defines the scaling region of the chiral phase

transition of QCD. This information is indispensable for a

reliable application of universality to QCD, and hence is as

relevant as the knowledge of universal properties.

The relevance of the magnetic equation of state ΔðHÞ
and, more generally, the order parameter potential persists

beyond the critical region. These quantities describe the

universal and nonuniversal behavior of the system and are

the crucial input for the phenomenological modeling of

heavy-ion collisions. They are in general determined by the

softest modes in the system. In the present work, we

provide the magnetic equation of state and the order

parameter potential using functional approaches to QCD,

i.e., the fRG approach and Dyson-Schwinger equations

(DSEs). We compute these quantities over many orders of

magnitude inH around and in particular below the physical

point. The reliability of our results is corroborated by the

excellent agreement of fRG and DSE results. We evaluate

where soft modes dominate hot QCD matter and argue that

their presence is the phenomenologically relevant property.

Chiral criticality is only a very small aspect of this property,

and we will demonstrate that it is irrelevant for QCD at the

physical point.

II. MAGNETIC EQUATION OF STATE AND THE

CRITICAL REGION

The magnetic equation of state governs the ðT;mqÞ
dependence of the chiral condensate

ΔqðmqÞ ¼ mq

∂ΩðmqÞ

∂mq

¼ mq

T

V

Z

x

hq̄ðxÞqðxÞi; ð1Þ

associatedwith the quark flavor q, where
R

x ¼
R

1=T
0

dτ
R

d3x

is the Euclidean spacetime integral and Ω is the grand

potential at finite temperature T over the spacetime vol-

ume V=T.
To investigate the chiral properties of QCD, only the

dependence on the light quark mass, ml, matters. We

therefore keep the strange quark mass fixed at its physical

value. The relevant magnetic equation of state is then

given by the light quark condensate ΔlðmlÞ.
Conventionally, the magnetic equation of state is defined

with the universal scaling function fGðzÞ through the

relation Δl=ml¼m
1=δ
l fGðzÞ. Here, z¼ðT−TcÞm

−1=βδ
l =Tc

is the scaling variable. The chiral properties of the magnetic

equation of state are encoded in the magnetic susceptibility,

χM ¼ −
∂Δ̄l

∂ml

; with Δ̄l ¼
Δl

ml

: ð2Þ

We define the pseudocritical temperature through the peak

location of χMðTÞ.
While the quark mass dependence of the pseudocritical

temperature carries information about scaling, investigating

the scaling behavior of the chiral condensate is much

cleaner since it is directly related to a universal scaling

function. For a detailed discussion of the pseuocritical

temperature, we refer to Appendixes B and D. Here, we

compute the light chiral condensate Δ̄lðmπÞ using the fRG

for a range of pion masses spanning 5 orders of magnitude,

mπ ∈ ½0.002; 200� MeV. This is shown in the left plot of

Fig. 1. The fRG setup for QCD is explained in detail in

Ref. [7]. To study criticality, we expand the magnetic

equation of state at Tc about mπ ¼ 0; see Appendix B.

The chiral condensate in the critical region is then described

by [14]

Δ̄
ðcritÞ
l ðmπÞ ¼ Bcm

2=δ
π ð1þ amm

2θH
π Þ: ð3Þ

We used that the relation between the current quark mass

and the pion mass is ml ∼m2
π , in accordance with the Gell-

Mann–Oakes–Renner relation. Here, we also included the

subleading corrections to scaling, which is described by the

universal exponent θH. We emphasize that an accurate

determination of the critical temperature Tc is crucial for

the validity of this expression [21]. This is detailed in

Appendixes B and D. If the system is in the critical region

for sufficiently small mπ ≤ mπ;crit, the exponents δ and θH
are universal, while the amplitudes Bc and am are not. In the

critical region, the chiral condensate is described accurately

by (3) with a fixed set of fit parameters for all mπ ≤ mπ;crit.

In fact, the size of the critical region can be defined

unambiguously through this criterion.

A crucial advantage of the present renormalization group

(RG) setup is the fact that we can directly exploit critical

scaling to accurately determine the critical exponents of the

chiral phase transition. The set of RG flow equations of

QCD in Ref. [7] can be reduced analytically to that of a 3D

Oð4Þ model in the scaling regime. We therefore find a

second-order transition for vanishing light quark masses.

Note that this is in line with predictions from low-energy

models; see, e.g., Refs. [15,22–26]. An analysis of the

stability matrix of these RG equations at the Wilson-Fisher

fixed point yields

β ¼ 0.405; δ ¼ 4.784; θH ¼ 0.272; ð4Þ

for the magnetic and subleading exponents within the

approximations used in this work. The computation of

these exponents is detailed in Appendix A. The small
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differences to the exact results are related to corrections of

higher orders in a derivative expansion of the mesonic RG

flows [18]. They have been neglected here, and their small

size supports the quantitative nature of the present analysis.

Within the critical region, Eq. (3) should accurately

describe our data with the exponents in (4) and fixed

coefficients Bc and am. In particular, at Tc, the critical

exponent δ is determined from

ln
Δ̄lðmπÞ

1þ amm
2θH
π

¼
1

δ
lnm2

π þ lnBc: ð5Þ

Note that the slope is independent of the leading amplitude

Bc. We emphasize that this uniquely defines the scaling

regime. Scale invariance at a critical point implies that

thermodynamic functions are homogeneous. Using the RG,

it can be shown that this arises in the regime where the RG

flow equations can be linearised around the fixed-point

solution. This procedure gives rise to all leading and

subleading critical exponents and a unique definition of

the critical region. By using only the scaling form without

regular corrections to analyze our data, we are precisely

probing the extent of this linearized regime. This is, by

definition, independent of the specific observable used, and

we choose the order parameter simply for convenience. We

refer to the Appendix for more details.

If only the leading scaling contributions are taken into

account, we can use our results for Δ̄lðmπÞ shown in the left
plot of Fig. 1 to extract the slope of (5). The resulting

effective exponent δðmπÞ is shown as the magenta line in

the right plot of Fig. 1. To guide the eye, the dashed line

shows the value of the actual critical exponent δ of our

system; see (4). In the critical region, δðmπÞ must be

independent of the mass and agree with this value. For the

leading scaling behavior, this requires mπ ≲ 0.01 MeV.

The leading scaling behavior can only be valid extremely

close to the critical point. Within any reasonable numerical

accuracy, subleading corrections can usually not be

neglected. To take these corrections into account, we need

to determine the subleading amplitude am. To estimate the

underlying uncertainty, we extract it from fitting our data of

Δ̄lðmπÞ with (3) and the exponents in (4) in the range

mπ ∈ ½0.01; mπ;max� for two upper values mπ;max ¼ 0.1 and

10 MeV. With the subleading exponent θH from (4), we can

then use the full equation (5) to extract δðmπÞ from our data.

This is shown by the blue band in the right plot of Fig. 1.

The boundaries of this band are obtained by using the

subleading amplitudes am extracted from the two different

fit ranges defined above. We define the critical region as the

range of pion masses where the resulting inverse slope

δðmπÞ agrees with the actual exponent and find

mπ;crit ≈ 2 − 5 MeV: ð6Þ

This result is rather insensitive to the precise value of am. In
Appendix C, we present an error-based analysis of the

critical region which yields a compatible result. In addition,

in Appendix C, we show that with a combined analysis

using critical and regular contributions the accurate extrac-

tion of the critical δ is only feasible for mπ ≲ 25 MeV.

Hence, for a main result of this work, we observe strictly

critical behavior only for extremely light pions. The

physical point of QCD is far away from Oð4Þ criticality.

This analysis also extends to the size of the critical region

in temperature direction, which we estimate with

T − Tc ≲ 1–7 MeV. We have deferred the respective

FIG. 1. Left panel: light chiral condensate as a function of the pion mass in comparison to fits based on (3). Right panel: effective

exponent δ as a function of the pion mass obtained from a scaling analysis of the fRG-QCD data in the left panel. The magenta line

denotes the result extracted with only the leading scaling contribution to the chiral condensate in (3), and the blue line includes the

subleading correction in the pion mass. The blue band shows the error obtained from the uncertainty in determining the subleading

scaling amplitude am. The dashed line indicates the critical exponent obtained from the fixed-point analysis of the fRG flows. For pion

masses within the critical region, the curves δðmπÞ must agree with this exponent; otherwise, scale invariance is broken.
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analysis to Appendix D as it is beyond the main scope of

the present work.

III. SOFT MODES

Our results clearly show that critical contributions are

negligible in QCD near the physical point at vanishing

chemical potential. Critical behavior is driven by nearly

massless critical modes. However, even without such

critical modes, the presence of other soft modes, such as

pseudo-Goldstone bosons, can significantly alter the

dynamical behavior of QCD; see, e.g., Refs. [12,13,27].

Below, we shall show that soft modes drive the physics of

the QCD phase transitions beyond the critical regime.

In the chiral limit, pions are exactly massless in the

broken phase, since they are the Goldstone bosons of chiral

symmetry breaking. In this case, the phase transition is of

second order, and the pions and the sigma mode are

massless at Tc. For nonvanishing light current quark

masses, the pions acquire an explicit mass m2
π ∼ml in

the broken phase. Still, for sufficiently small light quark

masses, they remain light in comparison to the other mass

scales in QCD. In fact, they are the lightest particles in the

low-energy spectrum of QCD [28]. This facilitates the

construction of systematic effective field theories such as

chiral perturbation theory [29].

Hence, at low energies, the structure of QCD is domi-

nated by these soft modes. It is accurately described by pion

exchange, and the resulting effective theory is organized

around the systematic expansion in powers of momenta p2,

which are, as a result of pion pole dominance, of the order

of m2
π . Such an expansion breaks down once p

2 or m2
π is of

the order of the next-lowest resonances, which are the

kaons and the σ mesons [30]. If this is the case, exchange

processes involving these particles become dominant.

Since 1=mπ describes the correlation length of pions, the

ratio mσ=K=mπ can be used as a measure of the softness of

the pions; if this ratio is greater than 1, chiral expansions are

justified.

These arguments are straightforward to verify in vacuum

and for quantities that can be computed in Euclidean

spacetime such as the equation of state in thermal equi-

librium. The situation is more subtle for real-time and

transport properties. In this case, the limits of vanishing

frequency and the vanishing spatial momentum do not

commute in a medium. A small-momentum expansion is

therefore not guaranteed to be well defined. Physically, this

phenomenon is due to Landau damping, which gives rise to

branch cuts whose location depends on the difference of

particle energies [31,32]. For small mass differences, these

cuts are present at small momenta. This not only means that

simple small-momentum expansions in general cannot

converge at finite T but also that heavy particles can

contribute to physical quantities through low-lying thresh-

olds for exchange processes with the heat bath. However,

for every particle going on shell in such processes, there is

always an off-shell contribution of at least one other

particle. This naturally suppresses these contributions from

heavy particles, as low-lying thresholds from heavy par-

ticles need to involve at least two heavy particles with a

small mass difference. Relative to equivalent processes

from light particles, the suppression is on the order of the

ratio of light over heavy particle masses. Thus, although the

systematic low-momentum expansion of chiral effective

field theory is not always well defined, low-energy proc-

esses in QCD both in Euclidean and Minkowski space are

still dominated by off-shell fluctuations of the lightest

modes in the spectrum.

Naturally, the most striking example is provided by the

critical region, which is exactly described by critical modes

only. More importantly, a soft mode expansion, i.e., an

expansion in terms of off-shell fluctuations of the lightest

effective degrees of freedom, is far more general and is a

powerful way to accurately describe the low-energy sector

of QCD even beyond the critical regime.

The fRG setup used in the present work is geared toward

describing the chiral phase structure of QCD, which is

dominated by the light quarks. Consequently, mσ can be

determined more accurately than mK in the present setup.

Hence, we use the ratiomσ=mπ as a measure for the validity

of soft mode expansions. The result is shown in Fig. 2 as a

function of T and the pion mass mπ , where the strange

current quark mass is kept at its physical value and only ml

is varied.

We see that mσ=mπ rapidly rises for temperatures below

Tpc. To find a reasonable criterion to define the range of

validity of soft mode expansions, we first consider the

expectations for mσ=mπ in the critical region H∈ ½0; Hcrit�,
where σ is also a soft mode. In this region, the ratio

of the masses is universal and can be extracted from the

numerical results in Ref. [33]. The largest value for this

ratio at z ≥ 0 is reached at T ¼ Tc, where one finds

FIG. 2. Ratio of the σ and π meson massesmσ=mπ as a function

of the temperature and the pion mass. The system has soft pion

modes where this ratio is larger than 1.
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ðmσ=mπÞðHÞjH≤Hcrit
≈ 2, independent of H. It tends toward

1 with increasing z, e.g., increasing T for fixed H. Thus, at

the pseudocritical temperature in the critical region, one has

1 <
mσ

mπ

ðTpcÞ

�

�

�

�

H≤Hcrit

≲ 2: ð7Þ

Since the critical region is certainly well described by a

soft-model expansion, we conclude that it should be valid

whenever mσ=mπ > 1 for T ≲ Tpc.

To further illustrate the relevance of soft modes, we show

the Euclidean propagator of different fields at minimal

4-momentum in a thermal bath, GΦðpminÞ, in Fig. 3.

GΦðpminÞ is an upper bound for the size of the propagator

for real, Euclidean momenta [34]. It therefore is a direct

measure for the size of the contribution of the respective

field to the off-shell fluctuations in the system. The blue

lines show the results in the chiral limit. We can clearly

distinguish three regimes. For T > Tc, hadronic contribu-

tions are irrelevant, and the dynamics of the system are

dominated by quarks and gluons. At Tc, pions and the σ

become massless as a consequence of Oð4Þ critical behav-
ior. Thus, the immediate vicinity of Tc is dominated by soft

critical modes. Gluons and quarks are (thermally) gapped

and hence play only a subleading role for T ≲ Tc. Below

Tc, the σ is gapped by the nonzero chiral condensate, and

we are left with the dynamics of massless pions as

Goldstone bosons. This shows how the systems transitions

from the critical regime to the regime accessible by chiral

perturbation theory.

The pink lines in Fig. 3 show the relevance of different

fields at the physical point. There are only small changes

for quarks and gluons compared to the chiral limit. This is

because the gluon contribution is dominated by the Yang-

Mills mass gap and the quark contribution by the chiral

condensate below Tpc. As expected, the contributions of

mesons are significantly suppressed for T ≲ Tpc. However,

the qualitative picture remains the same as in the chiral

limit: around the transitions, pions and σ are the dominant

soft modes, while pions dominate at lower T. Note that the
relevance of kaons is similar to σ at lower temperatures,

while around Tpc, σ mesons dominate over kaons as the

former become lighter in this region, while the latter do not.

The contributions of heavier hadrons will be suppressed

even further; see, e.g., Ref. [37]. Thus, also away from the

scaling regime, we can clearly identify dominant

soft modes.

IV. ORDER PARAMETER POTENTIAL

We have established that hadronic matter around the

physical point in QCD is largely controlled by soft modes

rather than universality. Thus, while it is certainly appealing

to rely on universality for phenomenological applications

due to its simplicity, it is unwarranted. Instead of universal

scaling functions, nonuniversal functions are required, and,

in general, their computation is much more difficult in

QCD. Of particularly broad interest is the order parameter

potential VχðT; Δ̄lÞ as it fully characterizes the static chiral

properties of QCD. It contains all thermodynamic infor-

mation as well as all correlations of the order parameter in

terms of its derivatives. The latter cannot be extracted from

the equation of state but are indispensable input for

dynamic modeling of heavy-ion collisions. For a first

application in this direction, see Ref. [38].

Hence, due to its phenomenological relevance, we close

this work by providing this potential.

It has been shown in Ref. [39] how to compute the order

parameter potential from the quark-mass dependence chiral

condensate. Here, we briefly recapitulate the important

steps: VχðΔ̄l; TÞ is the Legendre transformation of the

grand potential Ωðml; TÞ with respect to the light quark

mass ml,

VχðΔ̄l; TÞ ¼ sup
ml

½mlΔ̄l −ΩðT;mlÞ�; ð8Þ

with the chiral condensate Δ̄l defined in (1) and (2).

Equation (8) implies ∂Vχ=∂Δ̄l ¼ ml, and the Δ̄l-integral

of this relation provides us with Vχ ,

VχðΔ̄l; TÞ ¼

Z

Δ̄l

Δ̄l;χðTÞ
dΔ̄mlðΔ̄; TÞ: ð9Þ

The integral in (9) requires the knowledge of mlðΔ̄; TÞ,
which is obtained from Δ̄lðml; TÞ in (1) by inversion. In

turn, for Δ̄ < Δ̄l;χ we have

FIG. 3. Relevance of the contributions of quarks (dot-dashed),

gluons (dotted), and pions (solid) and the σ meson (dashed) at

finite T in the chiral limit (blue) and at the physical point (pink).

We estimate this relevance through the propagator GΦðpminÞ of
the field Φ ¼ ðπ; σ; q; AÞ, where pmin ¼ ð0; 0Þ (ðπT; 0Þ) is the

minimal Euclidean 4-momentum of a boson (fermion) in a

thermal bath.
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VχðΔ̄l; TÞ ¼ VχðΔ̄l;χ ; TÞ; ð10Þ

due to convexity of Vχ as a Legendre transform.

The numerical result for the effective potential from

fRG-QCD is displayed in Fig. 4. That from the DSE

computation is in quantitative agreement with the fRG

result, which follows already from the quantitative agree-

ment of the results for the renormalized condensate and its

susceptibility from both methods; see, e.g., Ref. [39].

V. CONCLUSIONS

We have shown that the chiral crossover of QCD with

physical quark masses is about 2 orders of magnitude in the

pion mass away from the critical region of the chiral phase

transition. We emphasize that a small scaling region

facilitates accurate extrapolations based on noncritical data

obtained, e.g., from heavy-ion experiments. However,

around and below the pseudocritical temperature, off-shell

fluctuations of soft modes still dominate relevant physical

aspects of the system. This is encoded in the order

parameter potential, which we computed here from func-

tional approaches to QCD. This is the basis for beyond

Ginzburg-Landau type analyses of the chiral crossover

regime in QCD and a crucially important input for transport

studies of the physics of heavy-ion collisions.
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APPENDIX A: SCALING SOLUTION

OF QCD FLOWS

Here, we describe how we compute the critical expo-

nents from the scaling solution of the fRG flow equations.

The general strategy is to find the Wilson-Fisher fixed point

associated to the second-order phase transition in the chiral

limit. Scale invariance at this fixed point implies that the

nonperturbative RG flow equations, which describe the

RG-scale dependence of the (dimensionless) effective

couplings, are zero. From this requirement, fixed point

values for all couplings of the theory can be determined. By

considering small deviations from these values, relevant

(infrared-repulsive) and irrelevant (infrared-attractive)

directions in the space of all running couplings can be

identified, and critical exponents can be extracted from

their scaling with the RG scale k.
The full set of equations is given in the appendices of

Ref. [7]. Various simplifications can be made for the scaling

analysis, as it has been shown in Refs. [7,37,41–43] that

gluons and most hadrons decouple from the system in the

infrared. To be specific, since we are considering a thermal

phase transition, all fermionic degrees of freedom decou-

ple, and QCD reduces to a three-dimensional system of

bosonic degrees of freedom. We emphasize that this not

only entails gluons but also bosonic resonances/bound

states that are relevant in the vicinity of the phase transition.

Formally, this is most easily seen in the Matsubara

formalism of finite temperature field theory, where bosonic

Euclidean frequencies are 2πnT=k and fermionic frequen-

cies are ð2nþ 1ÞπT=k with n∈Z. The scaling regime is

reached in the deep infrared for k → 0. Thus, at finite T, we
have T=k→ ∞. Fermions do not have a Matsubara zero

mode but instead acquire a thermal massmψ=k ∼ πT=k and

hence decouple in the scaling regime. Similarly, all finite

Matsubara modes of bosons decouple, and only the zero

mode with vanishing frequency survives. The resulting

system only depends on spatial momenta and is therefore

dimensionally reduced to d ¼ 3 dimensions. This is facili-

tated by the use of 3D spatial regulators here.

In addition, the gluons decouple in the infrared due to

their finite mass gap [7]. This leaves only mesons as

potential relevant degrees of freedom. In the light chiral

limit, all mesons involving strange quarks decouple as well,

as they do not become critical at physical strange quark

mass. This is hardwired in the present approximation,

where the dynamics of these mesons do not feed back

into the system of RG flows [7]. The only mesonic

FIG. 4. 3D plot of the order parameter potential of QCD as a

function of the light quark condensate and the temperature

obtained with the fRG.
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interactions that are taken into account self-consistently

stem from the scalar-pseudoscalar quark interaction chan-

nel, which gives rise to the pions and the σ meson, i.e.,

ðq̄qÞ2 þ ðq̄iγ5σqÞ
2; ðA1Þ

with the Pauli matrices σ in light-flavor space. The axial

anomaly enters through the explicit breaking of UAð1Þ of
this interaction channel. Thus, also the η0 meson is always

massive in our case and decouples in the critical region.

Lastly, we consider only cutoff scale k-dependent meson

wave functions instead of taking into account the full

momentum dependence.

In summary, our system of QCD flow equations exactly

reduces to that of the 3D Oð4Þ model in the local potential

approximation (LPA0) truncation described in the following:

the RG flow of the scale-dependent effective potentialUkðρÞ,
with ρ ¼ ϕ2=2 and the Oð4Þ vector field ϕ ¼ ðσ;πÞ, in its

scaling form is given by [44]

∂tukðρ̄Þ ¼ −dukðρ̄kÞ þ ðd − 2þ ηÞρ̄ku
0
kðρ̄kÞ

þ
1

2d−1πd=2dΓðd
2
Þ

�

1 −
η

dþ 2

�

×

�

N − 1

1þ u0kðρ̄kÞ
þ

1

1þ u0kðρ̄kÞ þ 2ρ̄u00kðρ̄kÞ

�

;

ðA2Þ

with ∂t ¼ k d
dk
, d ¼ 3 and N ¼ 4. We defined ukðρ̄kÞ ¼

k−dUðkd−2Z−1

π;kρ̄kÞ and the dimensionless, renormalized field

ρ̄k ¼ k2−dZπ;kρ, where Zπ;k is the wave function of the pion.

The anomalous dimension η is given by

η ¼ −
∂tZπ;k

Zπ;k

¼
ρ̄0;k½u

00ðρ̄0;kÞ�
2

2d−2πd=2Γðdþ2

2
Þ

1

½1þ 2ρ̄u00kðρ̄0;kÞ�
2
: ðA3Þ

In (A3), ρ̄0;k is the running minimum of the scale-dependent

effective potential, i.e., the solution of the cutoff-scale

dependent equation of motion

u0kðρ̄0;kÞ ¼ 0: ðA4Þ

The critical effective potential u� follows from scale invari-

ance at the fixed point,

∂tukðρ̄Þju¼u� ¼ 0: ðA5Þ

Equation (A2) is a partial differential equation which we

reduce to a coupled set ofordinary equations byexpanding the

potential about its minimum,

uðρ̄Þ ¼
X

Nu

n¼2

λn;k

n!
ðρ̄ − ρ̄0;kÞ

n: ðA6Þ

The ansatz (A6) is valid in the chiral limit. Away from it, we

need to take into account a linear symmetry breaking source

−cσσ, with cσ being directly related to the current quarkmass.

We emphasize, however, that the second-order transition in

our case occurs in the chiral limit. This follows from the fact

that we can exactly reduce our set of QCD flows to the 3D

Oð4Þ model in the scaling regime. The fixed point

equation (A5) then reduces to a set of fixed point equations

for the couplings λn;k and the minimum ρ̄0;k. We use Nu ¼ 5

throughout thiswork.Solving these equationsusingNewton’s

method yields the following fixed point values:

ρ̄�
0
¼ 0.07149; λ̄�

2
¼ 4.612; λ̄�

3
¼ 29.70;

λ̄�
4
¼ 86.34; λ̄�

5
¼ −1147: ðA7Þ

Weemphasize that the fixedpointvalues arenotuniversal.But

we can use them to extract the anomalous dimension by

plugging them into (A3) and find

η ¼ 0.0373: ðA8Þ

To extract further universal quantities, we perturb the cou-

plings g ¼ ðρ̄0;k; λ2;k; λ3;k; λ4;k; λ5;kÞ around their fixed point

values, g ¼ g
� þ δg, and consider the linearized flow for

small perturbations,

∂tδg ≈ B�δg; ðA9Þ

wherewe used ∂tg
� ¼ 0.B� is the stabilitymatrix of the set of

RG flows,

B�
ij ¼

∂ð∂tgiÞ

∂gj

�

�

�

�

g¼g
�

: ðA10Þ

Note that the flows ∂tgi contain the anomalous dimension

specified in (A8). The eigenvalues bi of the stability matrix

determine the scaling of the couplings in the vicinity of the

fixed point. The eigendirection δḡi corresponding to the

eigenvalue bi scales as

δḡi ¼ δḡi;Λ

�

ml

ms

;
T

Tc

; � � �

�

·

�

k

Λ

�

bi
; ðA11Þ

where Λ is some reference scale. One can see that all the

couplings are homogeneous functions of the RG-scale k. The
degree of homogeneity is given by the eigenvalues bi, which
are universal critical exponents. This implies scale invariance

and is the origin of the scaling hypothesis [20]. Note that the

coefficients in (A11) depend on external parameters, e.g., the

temperature, quarkmass, andsoon, and thus arenot universal.

Their magnitudes (relevant couplings, see below) determine

whether the linearization in (A9) is warranted, which in turn

decides the linearized regime in the vicinity of the fixed point,

that is, the size of the critical region. For bi < 0, the

corresponding eigendirection is infrared repulsive, while

the directions with bi > 0 are infrared attractive. This defines
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relevant and irrelevant directions in theRG flow, respectively.

The eigenvalues are in general complex, but we find three real

ones,

b1 ¼ −1.280; b2 ¼ 0.6745; b3 ¼ 2.722: ðA12Þ

Hence, we find one relevant direction. Note, however, that we

already used that this fixed point occurs in the chiral limit.

Thus, there are actually two relevant directions, with the

current quark mass being the second. To reach the second-

order transition, two parameters, the quarkmass and, e.g., the

temperature need to be fine tuned. The relevant eigenvalue

corresponds to the scaling of the screeningmass of the critical

mode and is therefore directly related to the correlation length

exponent,

ν ¼ −
1

b1
¼ 0.781: ðA13Þ

With tworelevantuniversal exponents,η andν, known,wecan

determine all other relevant critical exponents using scaling

relations. For thepresent purposes,weneedβ and δ,whichwe

get from

β ¼ ðd − 2þ ηÞ
ν

2
; δ ¼

dþ 2 − η

d − 2þ η
: ðA14Þ

The smallest irrelevant eigenvalue in (A12) gives the most

important subleading critical exponent,

ω ¼ b2 ¼ 0.6745: ðA15Þ

and the subleading exponent used in the next-to-leading order

scaling analysis in main text is defined by

θH ¼
νω

βδ
¼ 0.272: ðA16Þ

Using the relations in (A14) and (A16) with the universal

numbers in (A8), (A13), and (A15) yields the exponents used

in the main text in (4). With the second smallest irrelevant

exponent in (A12), we can also define the exponent required

for a next-to-next-to-leading order (NNLO) scaling analysis,

θ3 ¼
νb3

βδ
¼ 1.097: ðA17Þ

However, since θ3=θH ≈ 4, NNLOcorrections are negligible.

The values we find are in excellent agreement with the

most accurately determined exponents to date; see Ref. [18]

and references therein. We note that a systematic error

analysis requires knowledge of higher-order corrections of

the derivative expansion we used in meson sector of QCD.

This is beyond the scope of this work. However, the good

central values we find here are a testament to the rapid

convergence of our truncation scheme.

APPENDIX B: CRITICAL AND REGULAR

CONTRIBUTIONS TO THE EQUATION OF

STATE

In general, we can express the relation between the chiral

condensate and the magnetic equation of state as

ΔlðT;m
2
πÞ ¼ m

2=δ
π fGðzÞ þ fregðT;m

2
πÞ; ðB1Þ

where the first term is the singular contribution due to

critical scaling and the second term is the regular contri-

bution. While the critical contribution is a function of the

scaling variable z, the regular part is an analytic function of

both T and m2
π independently. Note that we used that the

external field is given by H ∼ml ∼m2
π. Expressing the

critical part in terms of the leading and subleading scaling

contributions leads to (3) if the regular part is neglected. We

emphasize that universality can only occur if the latter is

true. Since the regular part is analytic, it can be approxi-

mated as

fregðT;m
2
πÞ ¼ brðTÞm

2
π þOðm

4
πÞ: ðB2Þ

We can also use (B1) to extract the contribution of the

regular part to the pseudocritical temperature. To this end,

we use that we define Tpc through the peak position of the

temperature derivative of (B1),

∂ΔlðT;m
2
πÞ

∂T
¼ m

2=δ
π f0GðzÞ

m
−2=βδ
π

Tc

þ
∂fregðT;m

2
πÞ

∂T
: ðB3Þ

Without regular corrections, this leads to a pseudocritical

scaling variable zpc with f0GðzpcÞ ¼ 0. A consistent defi-

nition of Tpc including regular corrections is then given by

f0GðzpcÞ þ Tc

∂fregðTpc; m
2
πÞ

∂T
m

2=βδ−2=δ
π ¼ 0: ðB4Þ

We see that the corrections from the regular contributions

enter with an additional factorm
2=βδ−2=δ
π , and we find for the

scaling of the pseuocritical temperature

Tpcðm
2
πÞ ¼ Tc þ cm

2=βδ
π þ drðm

2
πÞm

2=βδ−2=δ
π ; ðB5Þ

where drðm
2
πÞ is an analytic function related to freg. The

form of the scaling contribution follows from the fact that in

the critical region all universal quantities can be expressed

as functions of a single scaling variable z. Similar to (B2),

expanding this function leads to

Tpcðm
2
πÞ ¼ Tc þ cm

2=βδ
π þ crm

2þ2=βδ−2=δ
π þOðm4

πÞ: ðB6Þ

This agrees with Eq. (8) in Ref. [1], and we can use this

form for improving the fits for Tpc. Note that there is no

correction to Tpc from the subleading exponent θH. This
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can be seen as follows. The chiral phase transition has two

relevant parameters at criticality, which is reflected in the

fact that we need to tune both the pion mass and the

temperature in order to get to the second-order transition.

The relevant parameters correspond to infrared-repulsive

directions in the RG flow. The first two subleading

(irrelevant) exponents correspond to the directions with

the weakest infrared-attraction, i.e., the two smallest

positive eigenvalues of the stability matrix of the set of

RG flows, cf. Eq. (A12). Taking only the relevant and these

first two irrelevant directions into account, the free energy f
at criticality depends on three parameters uT , uH, u2, and u3
and behaves under rescaling with a factor s as

fðuT ;uH;u2;u3Þ¼ s−dfðuTs
1

ν;uHs
βδ

ν ;u2s
−ω;u3s

−b3Þ; ðB7Þ

where we used the notation of Appendix A. The parameters

uT , uH, u2, and u3 are linear combinations of effective

couplings of the theory. The powers of s on the right-hand

side are negative eigenvalues of the stability matrix, which

we expressed in terms of known critical exponents. We can

choose s to absorb one of the arguments. For the magnetic

equation we absorb uH, i.e., s ¼ u
−

ν
βδ

H . Then, the free energy

scaling function becomes a function of only three argu-

ments, fHðz; w; w3Þ, with

z ¼ uTu
−

1

βδ

H ; w ¼ u2u
θH
H ; w3 ¼ u3u

θ3
H : ðB8Þ

The parameters uT and uH receive their leading contribu-

tions from the reduced temperature t and m2
π . w and w3 are

subleading scaling variables which depend on the irrelevant

parameter u2 and u3 and the exponents θH and θ3 defined in

Appendix A. Since θH; θ3 > 0, the scaling variables w and

w3 vanish for m2
π → 0, and the magnetic scaling function

only depends on the leading scaling variable z. Note that

the dependence of w and w3 on t is subleading [20], so we

neglect these contributions to the magnetic scaling of Tpc in

the main text.

From the scaling form of the free energy, one can derive

the magnetic scaling of the order parameter used in the

main text. Including NNLO scaling effects, it reads

Δ̄lðm
2
πÞ ¼ m

2=δ
π fGðz; w; w3Þ: ðB9Þ

We emphasize that the global form of the leading-order

scaling function fGðzÞ is well known; see, e.g., Ref. [45]
and references therein. Thus, at t ¼ 0, only the leading

scaling behavior Δ̄lðm
2
πÞ ∼m

2=δ
π is encoded in fGðzÞ.

However, for a sensible scaling analysis in an extended

region of pion masses at Tc, subleading scaling corrections

need to be taken into account. By expanding (B9) to

leading order in the subleading scaling variables and setting

t ¼ 0, we find

Δ̄lðm
2
πÞ ¼ Bcm

2=δ
π ð1þ amm

2θH
π þ bmm

2θ3
π Þ þOðw2; w2

3
Þ;

ðB10Þ

where the coefficients Bc, am, and bm are related to

fGðz; w; w3Þ and its derivatives at t ¼ 0. As shown in

Appendix A, θ3 is much larger than θH, so the NNLO

scaling correction ∼m
2θ3
π is negligible. We verified explic-

itly that the determination of the size of the critical region

presented in the main text is completely unaffected by this

correction. We can therefore drop it and arrive at the scaling

form given in Eq. (5) in the main text.

APPENDIX C: CRITICAL VS NONCRITICAL

BEHAVIOR

For a precise determination of the critical region, we use

that in the critical region for any mπ ∈ ½mπ;min; mπ;max� with
mπ;min < mπ;max ≤ mπ;crit Eq. (3) should accurately

describe our data with the exponents in Eq. (4) and fixed

coefficients Bc and am. In contrast, outside of the critical

region, a noncritical fit should describe our data more

accurately. Typically, critical and noncritical contributions

are taken into account in a single fit. In this case, the

nonanalytic behavior related to the phase transition should

be stored completely in the critical part of the fit, involving

in particular non-natural powers of mπ. All the regular

contributions should be analytic and thus are polynomial in

mπ . To be able to separate critical from noncritical behavior

in a clean way, we do not follow this strategy here. Instead,

we use a fit that can only be valid outside the critical region.

To this end, we use, as shown in Appendix E, that the order

parameter potential VðΔlÞ is well described by a low-order

polynomial away from the critical point,

VðΔlÞ ¼ λ2Δ
2

l þ λ4Δ
4

l þ λ6Δ
6

l − jΔl: ðC1Þ

The linear source term induces chiral symmetry breaking

and is hence related to the pion mass, j ¼ cm2
π , with a

dimensionful constant c [7,39]. The resulting equation of

motion, V 0ðΔlÞ ¼ 0, thus fixes the relation between the

pion mass and the chiral condensate,

m2
π ∼ 2λ2Δl þ 4λ4Δ

3

l þ 6λ6Δ
5

l : ðC2Þ

Taking the leading contributions of this relation into

account leads us to the following ansatz for the noncritical

order parameter,

Δ
ðregÞ
l ðmπÞ ¼ b1

5

m
2=5
π þ b3

5

m
6=5
π þ b1m

2
π: ðC3Þ

We emphasize that this ansatz can only be valid outside the

critical region for mπ > mπ;crit. Despite the similarities of

some of the exponents in (C3) to the critical ones in (4),

e.g., δ ≈ 5 and θH ≈ 0.3, the branch cuts of Δ
ðregÞ
l ðmπÞ at
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mπ ¼ 0 are unrelated to the chiral phase transition since the

origin lies outside of the range of validity of this function.

In fact, it is the similarity of the exponents that makes the

analysis of the critical region rather intricate: without a

large amount of high-precision data across a wide range of

orders of magnitude, no conclusions about criticality can

be drawn.

In the critical region, the mass dependence of the order

parameter is better described by a scaling fit based on (3)

with the exponents in (4), while outside the critical region, a

regular fit based on (C3) should yield higher precision. We

use both scaling and regular fits for ΔlðmπÞ. We employ

two scaling fits in order to evaluate the relevance

of the subleading scaling term: one fit only includes the

leading term, and the second one also includes the sub-

leading term in (3), similar as in the right panel of Fig. 1.

The light quark chiral condensate ΔlðmπÞ in the range of

mπ ∈ ½0.01; 0.1� MeV is used for the leading-order scaling

fit, and those of mπ ∈ ½0.01; mπ;max� for two upper values

mπ;max ¼ 0.1 and 10 MeV are used for the fit that also

includes the subleading correction. The regular fits is done

with the noncritical ansatz (C3) by using ΔlðmπÞ in the

range of mπ ∈ ½100; 200� MeV. The resulting errors of the

fits across the whole range of data are shown in Fig. 5. We

find that the error of the regular fit is smaller than that of the

leading-order scaling fit and that also including the sub-

leading scaling for quark masses larger than mπ ≈ 6 MeV

and mπ ≈ 25 MeV respectively.

We also emphasize that the quality of separate critical

and regular fits as shown in Fig. 5 is only an indication for

where scaling or nonscaling clearly dominates. However,

there is a region where a combined fit including both

scaling and regular contributions is required to most

accurately describe the data. Together with our results of

the main text, this region is approximately between 5 and

25 MeV. We confirmed this explicitly by a combined fit of

the form

Δ̄lðmπÞ ¼ Δ̄
ðcritÞ
l ðmπÞ þ r1m

2
π þ r2m

4
π; ðC4Þ

where Δ̄
ðcritÞ
l is given by (3) and the regular contribution in

this case is modeled by a polynomial in the light quark

mass (B2). We performed this fit on data in the range

mπ ∈ ½0.05; mπ;max� MeV. Indeed, for r1 ¼ r2 ¼ 0, the fit

yields a critical exponent δ in agreement with the one in (4)

for mπ;max ≲ 5 MeV. Inclusion of the regular contributions

extends this range to mπ;max ≈ 25 MeV. The precision of

the data and the exponents is crucial here, as already an

error of a few percent on δ will preclude conclusive

statements about scaling; cf. Figs. 1 and 5. Conversely,

it is not possible to accurately extract δ from data with

mπ;max ≳ 25 MeV with (C4).

In cases where very small pion masses are not available/

accessible, a common strategy is to perform fits of the

form (C4) on data in mass ranges around the physical point.

Our analysis shows that low-order polynomials for the

regular part as in (C4) do not capture the mass dependence

of the chiral condensate around the physical point accu-

rately enough to allow for a meaningful extraction of δ. The

reason is that critical contributions are negligible close to

the physical point so that the regular contributions cannot

be described accurately by a low-order polynomial;

cf. Eq. (C3). Thus, combined fits like (C4) are not suitable

for the extraction of universal quantities for data in ranges

around mπ ∈ ½mπ;min; 140� MeV for any mπ;min.

Importantly, as soon as nonuniversal regular contribu-

tions are necessary to describe the data, the system itself is

outside the universal scaling region. As shown in the main

text, this occurs for mπ ≳ 2–5 MeV. Our result in Fig. 5 is

fully consistent with this finding. Furthermore, for

mπ ≳ 25 MeV, no information on scaling is required to

accurately describe the data within the accuracy of our

results. Importantly, this entails that, even with the present

high-precision data, no information about scaling can be

extracted from data in this regime.

APPENDIX D: CRITICAL TEMPERATURE

In the critical region, the pseudocritical temperature Tpc

should behave as

TpcðmπÞ ≈ Tc þ cm
p
π ; ðD1Þ

where Tc is the critical temperature in the chiral limit,

ml ¼ 0, and in the exponent p is given by p ¼ 2=βδ;
cf. Eq. (B6). The mean-field values for these exponents

are βMF ¼ 1=2 and δMF ¼ 3, and their exact values for the

three-dimensional (3D) Oð4Þ universality class are

β ¼ 0.387, δ ¼ 4.792, and θH ¼ 0.307, with the latter

being the subleading magnetic scaling exponent; see

Ref. [18] and references therein. Interestingly, in the 3D

Oð4Þ critical region, Tpc would scale almost linearly with

mπ since p ¼ 1.079.
FIG. 5. Comparison of errors arising from the scaling and

regular fits for the light chiral condensate.
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In Fig. 6, we show our results for TpcðmπÞ. Both methods

show excellent agreement. The fRG setup is explained in

detail in Ref. [7], and details on the DSE computation

can be found in Ref. [39]; see also Ref. [46] for a further

very recent DSE study. By fitting these results according

to (D1) across the whole range of available masses,

one finds Tc;fRG ¼ 142.568 MeV, Tc;DSE ¼ 141.3 MeV,

cfRG ¼ 0.08924, cDSE ¼ 0.09581, pfRG ¼ 1.024, and

pDSE ¼ 0.9606. We note that the DSE setups used to date

do not account for self-interactions of the critical mode

which are, however, ultimately required to provide quanti-

tative estimates of the size of the scaling region. A

discussion of first important steps into this direction in

DSE studies can be found below. In any case, without any

further external input, we therefore expect mean-field

behavior in the critical region with the DSE, i.e.,

pMF ¼ 4=3. This is an important observation regarding

scaling analyses in general since it makes clear that the

superficial agreement of results from different methods

including the individual fit values for c and p and the

effectively linear scaling of TpcðmπÞ across many scales

even beyond the physical point does not reveal critical

behavior at all. This finding supports the results of the

main text.

In Fig. 6, we have used the pseudocritical temperature

Tpc of the chiral crossover at finite quark mass to extract the

critical temperature Tc in the chiral limit by utilizing (D1).

The resulting numerical precision of Tc, however, is not

adequate to determine the critical behavior of the phase

transition, e.g., the critical exponents and the size of critical

region. This is clearly demonstrated in Fig. 7, where

∂ ln Δ̄l=∂ lnm
2
π is shown as a function of the pion mass

for several values of temperature in the proximity of the

critical temperature. Obviously, if the temperature is

T ¼ Tc, the ratio should approach to 1=δ, as the red solid

line shows. Once the temperature is away from the critical

value, it deviates from the red curve quickly in the regime

of smallmπ . The larger jT − Tcj is, the bigger themπ where

the deviation takes place is. Consequently, one can use this

property to determine the critical temperature to a very high

precision, Tc ¼ 142.5841442 MeV, that is 10 significant

numbers.

The present high-precision data also allow us to estimate

the size of the critical region in the temperature direction.

A full analysis will be presented elsewhere. To this end,

we study the dependence of the chiral condensate on

the reduced temperature close to the chiral limit at

mπ ¼ 0.002 MeV. To estimate the size of the critical

region in temperature direction, we perform a leading-

order scaling analysis using

ΔlðtÞ ≈ Atβ; with β ≈ 0.405; t ¼
T − Tc

Tc

: ðD2Þ

This form can be derived from the thermal scaling of the

scaling function in (B7). The exponent is determined in

Appendix A. In Fig. 8, we show ln Δ̄l as a function of the

reduced temperature in comparison to β lnð−tÞ þ lnA.
Strictly speaking, the scaling terminates at about

lnð−tÞ ≈ −5, but a sizable overlap still is visible up to

lnð−tÞ ≈ −3. This translates into a scaling region in the

broken phase with

Tc − T ≲ 1 − 7 MeV; for Tc − T > 0: ðD3Þ

This is significantly smaller than the respective estimates

from lattice QCD in Ref. [4] and the very recent DSE study

in Ref. [46]. The lattice study in Ref. [6] finds a scaling

region compatible with ours, but owing to a nonzero lattice

spacing and the use of staggered fermions, an unphysical

3D −Oð2Þ scaling is observed. We note that the leading

FIG. 6. Pseudocritical temperature Tpc as a function of the pion

mass obtained from functional QCD studies: this work (fRG) and

[39] (DSE). Here, H ¼ ml=ms with the strange current quark

mass ms fixed at its physical value.

FIG. 7. Determination of the critical temperature Tc in the

chiral limit through the behavior of ∂ ln Δ̄l=∂ lnm
2
π as a function

of mπ at several values of temperature in the vicinity of Tc.
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scaling behavior has also been used in these works. The

effect of subleading corrections will be studied in a forth-

coming work.

In this context, we emphasize once more that our present

scaling analysis in functional QCD and the preceding one

in Ref. [8] comes with two indispensable properties that are

ultimately required to make conclusive predictions on the

scaling and the size of the scaling regime:

(1) Scaling is generated dynamically.

(2) Scaling properties of QCD are obtained for all

masses with sufficiently high precision.

While (1) is also present in lattice studies, the combination

of (1) and (2) can presently only be achieved within lattice

simulations for large pion masses that are far outside the

range of pion masses where we observe the dominance of

critical scaling. Moreover, even with the present high-

precision data, it is impossible to extract scaling properties

for pion masses mπ ≳ 25 MeV; while they have to be

present as subleading corrections, their suppression is

too large.

Other functional QCD studies often lack (1). This

statement extends to the dynamics of the soft modes and

their backreaction on the dynamics of the other fields. As

mentioned in the main text, this holds true for all DSE

studies to date, as self-interactions of critical modes have

been neglected. However, first important steps in this

direction have been taken in Refs. [46–48], where the

feedback of critical and Goldstone modes is taken into

account in the quark-gluon sector. For a detailed discussion

of the required missing steps to fulfill (1) using DSEs, we

defer the reader to Ref. [39].

APPENDIX E: FIT OF THE ORDER

PARAMETER POTENTIAL

The current fRG study gives us direct access to the order

parameter potential, whose scaling form in the chiral limit

determines all critical properties. Note that this information

is only indirectly obtained within lattice simulations, where

one has to rely on the computation of correlation functions.

They are defined as mq; μB; ::.-derivatives of the order

parameter potential which comes along with a loss of

accuracy and global information. We find that the dimen-

sionless potential as a function of the light quark con-

densate in the broken phase can very accurately be

parametrized as

V̄χðΔ̃lÞ ¼
λ4

8
ðΔ̃2

l − Δ̃
2

l;χÞ
2 þ

λ6

24
ðΔ̃2

l − Δ̃
2

l;χÞ
3; ðE1Þ

with the dimensionless light quark condensate Δ̃l ¼

Δ̄l=Δ̄l;χðT ¼ 0Þ, in the chiral limit Δ̃l;χ ¼ Δ̄l;χ=

Δ̄l;χðT ¼ 0Þ, where λ4 ≥ 0 and λ6 ≥ 0 are assumed.

Here, Δ̄l;χðT ¼ 0Þ ¼ 2.7 × 10−3 GeV3, and the potential

in (E1) is obtained from the dimensionful one by dividing

a factor Δl;χðT ¼ 0Þ ¼ 5.83 × 10−8 GeV4. Note that (E1)

is not convex. Convexity of the full potential as in Fig. 4

can be implemented by multiplication with a theta func-

tion, V̄χðΔ̃lÞθðΔ̃l − Δ̃l;χÞ.
The squared curvature mass at the minimum reads

m2

Δl
¼ ∂

2

Δ̃l
V̄χðΔ̃l ¼ Δ̃l;χÞ ¼ λ4Δ̃

2

l;χ : ðE2Þ

In the symmetric phase, the potential is well approximated by

V̄χðΔ̃lÞ ¼
m2

Δl

2
Δ̃

2

l þ
λ4

8
Δ̃

4

l þ
λ6

24
Δ̃

6

l : ðE3Þ

Theseparametrizations arevalid in the chiral limit. Finite light

quarkmasses are included by adding a linear term−mlΔ̄l. At

the physical point, the current quark mass isml ¼ 5 MeV in

our case.

We use polynomials to fit the temperature dependence of

coefficients in (E1) and (E3) in the broken and symmetric

phase, respectively. The temperature-dependent mass reads

m2

Δl
ðtÞ

�

�

�

−t∈ f0;1g
¼

X

nmax

n¼0

anð−tÞ
n;

m2

Δl
ðtÞ

�

�

�

t∈ f0;0.39g
¼

X

nmax

n¼0

a0nt
n; ðE4aÞ

The mass is expanded in the reduced temperature t ¼
ðT − TcÞ=Tc with t > 0 in the symmetric phase and t < 0

in the broken phase. The fourth-order coefficients in the

broken and symmetric phases are given by

FIG. 8. The logarithm of the light chiral condensate lnΔl as a

function of the logarithm of (minus) the reduced temperature

t ¼ ðT − TcÞ=Tc; see also (D2).
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λ4ðtÞ
�

�

�

−t∈ f0;1g
¼

X

nmax

n¼0

bnð−tÞ
n;

λ4ðtÞ
�

�

�

t∈ f0;0.39g
¼

X

nmax

n¼0

b0nt
n: ðE4bÞ

Finally, the sixth-order coefficients in the broken and

symmetric phases read

λ6ðtÞ
�

�

�

−t∈ f0;1g
¼

X

nmax

n¼0

cnð−tÞ
n;

λ6ðtÞ
�

�

�

t∈ f0;0.39g
¼

X

nmax

n¼0

c0nt
n: ðE4cÞ

The numerical results are plotted in Fig. 9. They are used to

determine the values of coefficients of the polynomials

in (E4), and the relevant results are collected in Table I. This

can be used as input for phenomenological applications.

We emphasize again that our finding that the order

parameter potential away from criticality is well described

by a sixth-order polynomial corroborates our choice for the

fit to the noncritical order parameter in Appendix C. We

note that the fit polynomials in (E1) and (E3) cannot

describe the scaling regime, as the critical potential is a

nonanalytic function. The jump of the parameters in

Appendix C at the phase transition originates in the

separate fits in the broken and symmetric regime and is

also indicative of the (exceedingly small) scaling regime

surrounding it. Certainly, their phenomenological use is

facilitated by smooth global fits. Respective polynomial fits

and more elaborate ones, that also capture the small scaling

regime, will be presented elsewhere.
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