
Ripples of the QCD critical point

Wei-jie Fu ,
1
Xiaofeng Luo ,

2
Jan M. Pawlowski,

3,4
Fabian Rennecke,

5,6
and Shi Yin

1,*

1
School of Physics, Dalian University of Technology, Dalian 116024, People’s Republic of China

2
Key Laboratory of Quark & Lepton Physics (MOE) and Institute of Particle Physics,

Central China Normal University, Wuhan 430079, People’s Republic of China
3
Institut für Theoretische Physik, Universität Heidelberg,

Philosophenweg 16, 69120 Heidelberg, Germany
4
ExtreMe Matter Institute EMMI, GSI, Planckstraße 1, D-64291 Darmstadt, Germany

5
Institut für Theoretische Physik, Justus-Liebig-Universität Gießen, 35392 Gießen, Germany
6
Helmholtz Research Academy Hesse for FAIR, Campus Gießen, 35392 Gießen, Germany

(Received 30 September 2023; accepted 21 January 2025; published 10 February 2025)

We investigate the impact of a critical end point (CEP) on the experimentally accessible baryon-number

fluctuations of different orders. By now, its potential location has been constrained fairly accurately within

first principles functional QCD, together with the location of the chiral crossover line and further

thermodynamic observables. This information is incorporated in an advanced QCD-assisted low-energy

effective theory which is used for the computation of baryon-number fluctuations at the chemical freeze-

out. This computation also takes care of global baryon-number conservation at larger density, where the

system changes from grand-canonical to canonical statistics. We observe a prominent peak structure, whose

amplitude depends on the location of the CEP, while its position is more sensitive to the location of the

freeze-out curve. Our results provide guidance for future low-energy heavy-ion experiments.
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Introduction. At low densities QCD undergoes a thermal

crossover from a deconfined, chirally symmetric high

temperature phase to the hadronic phase with confinement

and dynamical chiral symmetry breaking at low temper-

atures. This transition is by now well understood both

experimentally and theoretically. In turn, at high densities

this simple crossover behavior either ends in a critical end

point (CEP) or in a different phase, e.g., with spatial

modulations [1–4]. Since it is characterized by the onset of

qualitatively different behavior, we refer to the region

where this happens as onset regime. Locating this regime

and studying its properties via its imprints at chemical

freeze-out provides the most efficient way to unveil the

mysteries of the QCD phase diagram at finite temperature

and high baryon densities [5,6].

This onset regime at high densities casts an observable

shadow at lower densities: In the critical regime close to a

CEP, fluctuations of conserved charges show a sizable non-

monotonic behavior due to universal scaling, see e.g. [7–13].

It has been shown in [14], that a sizable nonmonotonic

behavior is even seen far outside the critical regime

dominated by universal scaling. Its origin in this noncritical

regime is the successive sharpening of the chiral crossover.

Importantly, the details of this sharpening encode the

location of the onset regime as ripples in water encode

that of the stone causing them. Hence, an in-detail analysis

of both experimental measurements and theoretical com-

putations of the observables even far away from this regime

can be used to predict or reconstruct its location. This is

facilitated due to the emergence of soft (light) modes with a

significantly increased correlation length even outside the

critical regime [15].

Remarkably, a nonmonotonic variation in the kurtosis of

net-proton number distributions has recently been observed

by the STAR Collaboration with 3.1σ significance in the first

phase of the Beam Energy Scan program at the Relativistic

Heavy Ion Collider (RHIC) [10]. The kurtosis of proton

distributions at the collision energy
ffiffiffiffiffiffiffiffi

sNN
p ¼ 3 GeV in the

fixed-target experiment is consistent with the hadronic

results [16,17], suggesting that a potential CEP is located

in a region related to a collision energy above 3 GeV.

This is compatible with converged estimates from first-

principles functional QCD studies with the functional

renormalization group (fRG) and Dyson-Schwinger equa-

tions: the location of the onset regime is constrained by

600 MeV≲ μBCEP
≲ 650 MeV, see [2,18–20], and there-

fore in range of fixed-target experiments.
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A combined in-detail analysis of experimental data and

theoretical results opens a path towards pinning down the

location and properties of the onset regime. This requires

the systematic theoretical study of the physics specific to

heavy-ion collisions at lower beam energies as well as their

imprints in the experimental data. For that purpose we

construct an advanced low-energy effective theory (LEFT)

based on state-of-the-art functional QCD results. In this

LEFT, the onset is signaled by a CEP. This setup allows us

to unravel experimental imprints of a CEP within baryon-

number fluctuations at freeze-out. We find a prominent

peak structure, whose amplitude depends on the location of

the CEP, while its position is more sensitive to the location

of the freeze-out curve. In summary, the present approach

provides, for the first time, quantitative access to the CEP

and its properties.

Functional QCD at finite temperature and density. The

phase structure of QCD can be resolved with functional

QCD approaches through the nonperturbative computation

of QCD correlation functions. These correlation functions

allow for the determination of observables such as critical

temperatures, condensates and conserved charge distribu-

tions. Importantly, computations at finite density are not

obstructed by the sign problem as for lattice QCD, and are

only limited by the computational resources required for

computations in reliable approximations. By now func-

tional QCD can access the regime with μB=T ≲ 4 with

quantitative precision, and allows for qualitative estimates

in the regime μB=T ≳ 4. For recent reviews see [21–23].

These functional QCD studies have passed through strict

benchmark tests in the regime of μB=T ≲ 2–3, where the

respective results on the phase structure and on fluctuations

can be compared with results from lattice QCD simula-

tions, see e.g. [24–30] and the recent review [31]. Hence,

they represent themselves a self-consistent analytic con-

tinuation from QCD with μB=T ≲ 3. Accordingly, results

from functional QCD at μB=T ≳ 3 are not only fully

compatible with constraints from analytic extrapolations

based on lattice data, see e.g. [31–34], their reliability

qualitatively surpasses that of analytic extrapolations as

they are based on solving dynamical equations in QCD.

The present fRG approach with a QCD-assisted LEFT

relies on results and technical advances in the description of

first-principles QCD at finite temperature and density with

the fRG put forward in [2], based on [35–42] in the vacuum

and at finite temperature. The construction of a quantita-

tively reliable LEFT is facilitated by the fact that the glue

dynamics decouple very efficiently due to the gluonic mass

gap of QCD at energy scales of about 1 GeV [2,22,23]. This

entails that low-energy QCD is well described by the

respective emergent LEFT: QCD without gluonic fluctua-

tions but in a gluonic background. Moreover, quantitative

precision is then obtained by using the fRG to match

the RG flows of QCD to those of the LEFT. This setup

has been named QCD-assisted LEFT, and a first study

including a detailed discussion of the setup has been

presented in [14].

In the present work we aim for quantitative precision and

reliable predictions at high densities. This is achieved by

directly evolving the RG flow of quark-meson scattering

processes obtained in first-principles QCD in [2] in our

LEFT. These processes encode the correlations between

quarks and gluons in the channel that carries the dynamics

of the chiral condensate. This allows us to accurately

capture the CEP as it arises in QCD at large μB, while

being in excellent agreement with lattice data at small μB.

The CEP in the present QCD-assisted LEFT is located at

ðTCEP; μBCEP
Þ ¼ ð98; 643Þ MeV; ð1Þ

consistent with the constraint

600 MeV≲ μBCEP ≲ 650 MeV; ð2Þ

in full functional QCD [2,18–20]. Equation (2) is the state-

of-the-art uncertainty estimate for the location of CEP from

functional QCD. Variations of the CEP location within this

regime are possible and we shall use them later for an

investigation of the experimental imprints and properties of

the regime around the CEP. The details of our setup can be

found in the supplement.

Baryon number fluctuations at freeze-out. In the present

work we use vanishing chemical potentials for the electric

charge and strangeness, as the effects of the corresponding

charge conservation are subleading for baryon-number

fluctuations [43–45]. We thus compute the grand potential

Ω½T; μB� and extract from it the pressure,

p ¼ −Ω½T; μB�; ð3Þ

and the generalized susceptibilities,

χBn ¼ ∂
n

∂ðμB=TÞn
p

T4
: ð4Þ

The χBn are directly related to the cumulants of the net-

baryon-number distribution, whose proxy, the net-proton

distribution, can be measured in the experiments [46]. The

cumulants of the lowest four orders, the mean value M, the

variance σ, the skewness S and the kurtosis κ, are given by

M

VT3
¼ χB

1
;

σ2

VT3
¼ χB

2
; S ¼ χB

3

χB
2
σ
; κ ¼ χB

4

χB
2
σ2

;

ð5Þ

where we have already divided out the volume dependence.

The latter is naturally absent in the ratio between two

susceptibilities of different orders,
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RB
nm ¼ χBn

χBm
: ð6Þ

These ratios have been computed in equilibrium and at

vanishing density in lattice QCD, e.g. [29,47–49] and with

functional methods both at vanishing and finite density,

e.g. [14,50–54].

In particular in the regime of low collision energy, high-

order baryon-number fluctuations are significantly sup-

pressed by global baryon-number conservation, [55–57].

In order to accurately describe the relevant features of the

medium created in heavy-ion collisions, this is taken into

account here by considering canonical corrections to grand

canonical susceptibilities. To this end, we adopt the sub-

ensemble acceptance method (SAM) as proposed in [56].

In SAM the ratio between the subensemble volume, V1,

measured in the acceptance window and that of the whole

system, V, is given by α ¼ V1=V. In the thermodynamic

limit, where both sizes of total- and subsystems are signi-

ficantly larger than the correlation length ξ, the measured

cumulants in the subsystem approach the grand canonical

values discussed above when α → 0. When the effect of

global baryon-number conservation begins to play a role,

the parameter α develops a nonzero value and canonical

corrections apply.

We fix α with the most sensitive and well-observed ratio

of low-order fluctuations. This is R32, for which the

experimental data show a significant flattening for
ffiffiffiffiffiffiffiffi

sNN
p

≲

11.5 GeV which is not seen in R32 computed within the

grand canonical ensemble. We attribute a sizable part of it

to the increasing importance of canonical statistics and use

the discrepancy to fix α. Notably, there are further effects

such as the detector acceptance [9] and volume fluctua-

tions [58]. They are considered to be subleading in the

present work. The difference between the net-proton

and net-baryon fluctuations is discussed in detail in the

Supplemental Material [59], where one can find that

this difference can also be partially accounted for by our

choice of α.

In Fig. 1 we depict our theoretical results and the

experimental measurements for R32. Our results are shown

both without and with canonical corrections. Evidently, for
ffiffiffiffiffiffiffiffi

sNN
p

≳ 11.5 GeV, the effects of global baryon-number

conservation are negligible and we use α ¼ 0 in this range.

For
ffiffiffiffiffiffiffiffi

sNN
p

≲ 11.5 GeV the importance of global baryon-

number conservation increases. The qualitative behavior is

well captured with a linear dependence of the parameter α

on
ffiffiffiffiffiffiffiffi

sNN
p

, to wit,

αðs̄Þ ¼ að1 −
ffiffiffi

s̄
p

Þθð1 − s̄Þ; ð7aÞ

with the Heaviside θ function and the parameters

a ¼ 0.33;
ffiffiffi

s̄
p

¼
ffiffiffiffiffiffiffiffi

sNN
p

11.9 GeV
: ð7bÞ

The parameters are obtained by matching our results

with the experimental data at three different energies. We

find α ¼ 0 at
ffiffiffiffiffiffiffiffi

sNN
p ¼ 11.5 GeV, α ¼ 0.14 at

ffiffiffiffiffiffiffiffi

sNN
p ¼

7.7 GeV, and α ¼ 0.24 at
ffiffiffiffiffiffiffiffi

sNN
p ¼ 3 GeV. Fitting these

points yields the parameters in (7). More details are

provided in the Supplemental Material [59].

Finally, we use three different freeze-out curves intro-

duced in our previous work [14]: The first one is obtained

through a parametrization of the freeze-out data from [60];

the others are based on the data from the STAR experiment

[61] and are denoted by STAR Fit I and STAR Fit II. In

STAR Fit I, all the freeze-out data from STAR are used

in the fit. In STAR Fit II some collision energy data are

dropped, considered to be flawed from general consider-

ations. For more details on the fitting procedure see [14].

Results for baryon number fluctuations. With our setup in

place, we can investigate further fluctuation observables. In

Fig. 2 we show the ratios of baryon-number fluctuations

RB
21
, RB

32
, RB

42
, RB

51
, RB

62
with canonical corrections as func-

tions of the collision energy for the three different freeze-

out curves mentioned above. Our results are compared with

experimental measurements by the STAR Collaboration,

including the ratio between the variance and mean value

R
p
21
, skewness R

p
32
, kurtosis R

p
42

of net-proton distributions

for central (0%–5%) Auþ Au collisions [10], fifth- and

sixth-order net-proton fluctuations R
p
51
, R

p
62

with centrality

0%–40% [62], proton cumulants in fixed-target collisions

at
ffiffiffiffiffiffiffiffi

sNN
p ¼ 3 GeV [16].

In general, Fig. 2 shows that our results are in very good

agreement with the experimental data, keeping in mind

the caveats of directly comparing conserved charge and

net-proton fluctuations [9,64,65]. For R21 we see a small

FIG. 1. Ratio R32 of baryon-number fluctuations defined in (6)

for the grand-canonical ensemble (GCE) and with canonical

corrections at small beam energies due to global baryon-number

conservation (CE). The latter are taken into account with

SAM [56] and fixed using STAR data from Refs. [10,11,16].

Three different freeze-out curves are used [14].
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deviation at the highest collision energy
ffiffiffiffiffiffiffiffi

sNN
p ¼ 200 GeV.

This can be attributed to a slight mismatch in the freeze-out

chemical potentials at this beam energy, namely, μBCF ≃

22 MeV in theory and μBCF ≃ 27 MeV in experiment [61].

R
p
42
is perhaps the most prominent experimental observable

used in the search for the CEP in the QCD phase diagram.

The significant nonmonotonic behavior for 7.7 GeV ≤
ffiffiffiffiffiffiffiffi

sNN
p

≤ 200 GeV observed by STAR [10] is also seen

in our results. For the hyperorder fluctuations RB
51

and RB
62

we find that the fRG results are qualitatively consistent with

experimental data with
ffiffiffiffiffiffiffiffi

sNN
p

≳ 7.7 GeV, where both RB
51

and RB
62

develop negative values with decreasing collision

energy. In comparison to the grand canonical results

presented in the Supplemental Material [59], one finds

that the magnitudes of high-order fluctuations, especially

the hyperorder ones, are suppressed considerably in the

regime of low collision energy. Note that both values of RB
62

and RB
51
at

ffiffiffiffiffiffiffiffi

sNN
p ¼ 3 GeV are negative, which seems to be

inconsistent with experimental data. However, their data is

taken at 0%–40% centrality [62], while our theoretical

description is not geared towards off-central collisions.

A common feature of all observables shown in Fig. 2 is a

pronounced peak structure between 3 and 7.7 GeV. These

peaks appear to be quite sensitive to the choice of freeze-out

curve. Additional experimental data in this region would

therefore greatly constrain the location of the freeze-out

curve at small beam energies. Still, this peak is present for

all freeze-out curves and, as shown in the Supplemental

Material [59], persists under a variation of the location of

the CEP.

The connection between the cumulants in the phase

diagram and the freeze-out can be read off from Fig. 3,

where we show the phase diagram of the QCD-assisted

LEFT together with a heat map of RB
42

(top panel) and RB
62

(bottom panel) in the plane. One can clearly see that the

nonmonotonic beam-energy dependence of these ratios

and the peak structure both arise from the freeze-out line

crossing through positive and negative regions for the

ratios. These regions are concentrated in a narrow region

around the chiral crossover and more pronounced they

become, the sharper the crossover is. For example, the

nonmonotonic behavior and the peak structure of RB
42

for
ffiffiffiffiffiffiffiffi

sNN
p

≲ 7.7 GeV can be explained by the freeze-out curve

moving away from the transition line, thus it deviates from

the negative region and crosses over the lower positive

region. The freeze-out baryon chemical potentials of the

peak are around 536, 541 and 486 MeV for the freeze-out

curves Andronic et al., STAR Fit I and STAR Fit II,

respectively. Hence, they are at significantly smaller

chemical potentials than the location of the CEP at

μBCEP
¼ 643 MeV. However, the crossover is already quite

FIG. 2. Baryon-number fluctuations of different orders as

functions of the collision energy, calculated in the QCD-assisted

LEFT with the fRG on three different freeze-out curves [14],

where the effects of global baryon-number conservation are

taken into account in the range of
ffiffiffiffiffiffiffiffi

sNN
p

≲ 11.5 GeV through

SAM [56], see text for more details. Experimental data measured

by STAR are also presented for comparison [10,11,16,62,63].

FIG. 3. Heat map of RB
42

(top) and RB
62

(bottom) in a grand

canonical ensemble in the phase diagram obtained in the

QCD-assisted LEFT within the fRG with a CEP located at

ðTCEP; μBCEP
Þ ¼ ð98; 643Þ MeV, where three different freeze-out

curves are depicted [14]. The gray area depicts the region where

the computation of RB
42

or RB
62

is inaccessible within the present

numerical setup.
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sharp at these chemical potentials, which leads to large

amplitudes of the ratios and hence pronounced peaks.

These findings beg the question as to what determines

the height and position of the peak. This can be analyzed

by varying the location of the CEP in the QCD-assisted

LEFT within the uncertainty band in full functional

QCD in (2). We use setups with CEPs at ðTCEP; μBCEP
Þ ¼

ð108; 604Þ MeV and at (94,704) MeV, and investigate

the imprints of this variation on the susceptibilities. The

underlying procedure is detailed in the Supplemental

Material [59]. We find that the position of the peak, i.e.,

the beam energy
ffiffiffiffiffiffiffiffi

sNN
p

at the peak in RB
42
, is rather insensi-

tive to the location of the CEP, and only depends on the

freeze-out curve, see the top panel of Fig. 4. In order to

reduce the uncertainty of the freeze-out curve, in the bottom

panel of Fig. 4 we depict the height of the peak as a function

of μBCEP
− μBpeak, where μBpeak is the chemical potential

related to
ffiffiffiffiffiffiffiffi

sNN
p

of the peak. The results of three different

freeze-out curves almost fall into one single curve. Most

importantly, the closer the CEP is to the peak, the higher it is.

For μBCEP
− μBpeak ≲ 100 MeV, the peak height increases

significantly. In short, the information on the location of the

CEP is predominantly encoded in the peak height.

Conclusions and summary. In the present work we have

presented a satisfactory description of the experimentally

measured baryon-number fluctuations. In particular, we

predict a characteristic peak structure between beam

energies of 3 and 7.7 GeV. The peak can be traced back

to a sharpening of the chiral crossover with increasing

chemical potential, which is a solid prediction of functional

methods [2,18–20].

Our main finding is that the height of this peak is

sensitive to the location of the CEP, while its location

depends on the details of the freeze-out. The latter occurs in

a regime where the RB
nm considered here show no sign of

critical scaling. Hence the freeze-out happens outside the

universal scaling regime of the CEP in terms of these

observables. This has the important implication that our

predictions are not affected by nonequilibrium effects that

arise from critical slowing down [66,67]. However, since

the height of the peak in the kurtosis carries sensitive

information on the location of the CEP, the ripples of the

CEP can be used to infer its location without the need to

rely on critical scaling.

Note that the present setup can also accommodate more

general scenarios for the onset regime in future investiga-

tions. In these scenarios the crossover may end in a spatially

modulated regime and not a CEP, e.g. a moat regime [2–4] or

even an inhomogeneous phase [1,68], whose detection asks

for even more experimental precision data.

A more quantitative in-detail analysis with the present

combined experimental-theoretical approach will allow us

to answer both, the question of the precise location of the

onset regime and its properties. The success of the endeavor

of unraveling the QCD phase structure at high baryon

densities requires experimental precision data in this

regime, which highlights the importance and discovery

potential of future heavy-ion experiments.
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FIG. 4. Top: dependence of the position of the peak in RB
42

on

the location of the CEP and the freeze-out curve [14]. Bottom:

height of the peak in RB
42

as a function of the difference between

the μBCEP
and μBpeak, where the latter corresponds to μB related to

the
ffiffiffiffiffiffiffiffi

sNN
p

of the peak in RB
42
.
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