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We perform a lattice calculation of the correlators of two chromoelectric fields in the adjoint representation
connected by adjoint Wilson lines at nonzero temperature. These correlators arise in the study of quarkonium
dynamics and of adjoint heavy quark diffusion in deconfined matter. We work in SU(3) gauge theory using
either gradient flow or multilevel algorithms for noise reduction, and discuss the renormalization of the
correlators on the lattice. We find that a Casimir factor rescaling relates the adjoint correlators corresponding
to the diffusion of an adjoint heavy quark and the octet-octet quarkonium transitions to the chromoelectric

correlator in the fundamental representation describing the diffusion of a heavy quark.
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I. INTRODUCTION

Quarkonia were originally proposed as a probe of the
hot matter produced in heavy ion collisions by Matsui and
Satz [1]. Since then, a large experimental program dedi-
cated to studying quarkonia production in heavy ion
experiments has emerged—see Refs. [2-5] for recent
reviews. However, interpreting the corresponding exper-
imental findings remains a challenge for the theory.
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There are three distinct energy scales relevant for
quarkonia: the heavy quark mass, the inverse of the size
of the system, and the binding energy. Because quarkonia
are nonrelativistic bound states, these scales are hierarchi-
cally ordered, which naturally calls for an effective field
theory treatment, with the ultimate effective field theory
being potential non-relativistic QCD (pNRQCD) [6]. In
pNRQCD, only light degrees of freedom with energy and
momentum smaller than the inverse of the size of the
system are dynamic. If quarkonium is a Coulombic, weakly
coupled bound state, which applies to the lowest botto-
monium and charmonium states, then pNRQCD may be
constructed by multipole expanding the gluon fiels in terms
of the relative distance of the heavy quark-antiquark pair. In
this situation, the nonperturbative quarkonium dynamics
are encoded at leading order in the correlation function of
two chromoelectric fields connected by a Wilson line in the
adjoint representation. In a thermal bath, if the temperature
is smaller than the inverse of the size of the system, the
thermal correlator of two chromoelectric fields connected
by a Wilson line in the adjoint representation encodes the
leading order thermal contributions to the quarkonium
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mass shift and width induced by the medium [7-10].
Furthermore, in the pNRQCD setting one can treat the
open quantum system dynamics of quarkonium formation
and dissociation in a hot medium via Lindblad equations
[11-13]. The transport coefficients entering these equations
can be calculated from correlators of chromoelectric fields
connected by Wilson lines in the adjoint representation. We
indicate them in short as adjoint chromoelectric correla-
tors. These correlators and the associated transport coef-
ficients provide the necessary QCD input for the study of
quarkonium dynamics in heavy-ion collisions.

Despite their importance for the study of the nonequili-
brium evolution of quarkonium in the quark-gluon plasma
[11,12,14-19], the adjoint chromoelectric correlators at
finite temperature have not been calculated on the lattice
so far. The goal of this study is to calculate, for the first
time, the adjoint chromoelectric correlators in lattice SU(3)
gauge theory (quenched QCD). This requires noise reduc-
tion techniques. We use gradient flow [20] and the
multilevel algorithm [21] for noise reduction. At zero
temperature, the adjoint correlators are also related to the
mass spectrum of gluelumps [22].

A somewhat similar correlator, the thermal chromo-
electric correlator with fundamental Wilson lines wrap-
ping around the periodic Euclidean time direction,
has already been studied in lattice QCD [23-28]. This
correlation function can be connected to the diffusion of a
heavy quark in a hot medium [29,30]. We shall discuss
the relation of these correlators to the adjoint chromo-
electric correlators calculated here. We also study a
related correlator, the chromoelectric correlator with an
adjoint Wilson line wrapping around the Euclidean time
direction. The rest of the paper is organized as follows:
The precise definitions of the various correlators and the
methods on noise reductions in the calculations of these
correlators are given in the next section. In Sec. III we
discuss the details of our lattice setup. Our main numeri-
cal results are given in Sec. IV. Finally, Sec. V contains
our conclusions.

II. LATTICE METHODOLOGY

A. Adjoint correlators on the lattice

Within pNRQCD, the propagation and the interaction of
quarkonium in a hot medium are described by transport
coefficients, which are encoded at leading order in the
adjoint correlators of two chromoelectric fields. The
correlators can be derived from QCD employing pNRQCD
and the open quantum system approach detailed in
Refs. [11,12,31]. In the following, we consider the adjoint
Euclidean correlators
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where T is the temperature, U¥(z,, 7,) denotes the adjoint
temporal Wilson line connecting the time slices 7; and 7,
at the same spatial coordinate, E; ,(0) = E; ,(x, 1) is the
chromoelectric field component at space-time coordinate
x=(x,1), E;,(tr) =E;,(x,t+7) is the chromoelectric
field component at the same spatial position but shifted
along the temporal axis by 7, and d,. are the symmetric
structure constants of SU(3).

The first index of the chromoelectric field component
refers to the spatial component, while the second is the
color index. The adjoint Polyakov loop I3 is defined as

Iy = TrU™i(1/T,0) = US(1/T.,0), (3)
where repeated color indices are summed over. When
evaluating the expectation values (...) we perform averag-
ing over all lattice sites, i.e., over all space-time coordinates
to increase the signal before averaging over the field
configurations. This is possible because of the translational
symmetry on the lattice with periodic boundary conditions.

The correlators describe transitions between quark-
antiquark pairs in different color configurations.
Specifically, Gg(z) describes singlet-octet transitions,
while G%'(z) describes octet-octet transitions. As noted
in Ref. [31], a third correlator exists for octet-singlet
transitions,

Due to the periodicity of Gg(z) in Euclidean time, it
holds that

GE(T) =

The diffusion of a single heavy quark is described by the
following correlation function [29,30]

Ge(1/)T — 7). (5)

3 (ReTr[U(1/T.7)E;(z)U(z,0)E;(0)])
=-3! 30 |

(6)

where the Polyakov loops /3, the Wilson lines U(z;,1,),
and the chromoelectric fields are in the fundamental
representation. The chromoelectric fields in the fundamen-
tal representation are defined as

Gfund

A
Ei:E‘ a

z,a? (7)
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with 4, the Gell-Mann matrices. We define the adjoint
counterpart of the correlator (6) as

LZ( adj(l/T T)fabc zc( )
7,0)faerEi £(0)), (8)

which describes the diffusion of a heavy adjoint source of
color. Here f ;. are the antisymmetric structure constants
of SU(3).

The adjoint Wilson line and the chromoelectric fields are
related to their fundamental counterparts by

Ua(E(ThTz) %TY[U(ThTz)/I U(ta, 71)Ap), )

Ei,a == Tr[laEi]. (10)

Using these relations and the Fierz identity, we obtain the
correlators in terms of fundamental links and chromo-
electric fields in the fundamental representation as

3
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where P(7) = U(z,0)U(1/T,7) is the temporal Wilson
line wrapping around the whole temporal lattice axis
starting at 7. The adjoint Polyakov loop can be expressed
in terms of the fundamental one as

ZSZ |l3|2_17 (14)

I, = TrU(1/T.,0), (15)

with

ZTrP

TXT

3ZTrU 1/T,0), (16)

and N, and N, the number of spatial and temporal lattice
sites, respectively. We denote the trace normalized versions
of the Polyakov loops as

I3, (17)

Is. (18)

Details on the Fierz relation and on the derivation of the
above relations can be found in Appendix A.

We use the clover and a 2-plaquette discretization
scheme to implement the field strength components F,,
at a certain space-time coordinate x on the lattice. The
clover discretization, which we label as CLO, is given by

azF/w = _é(Qm/ - Qbﬂ)’ (19)

Q - U/l v + U v,—u + U—y -V + U—vﬂ QUIH (20)
i.e., it consists of the sum over all four plaquettes U, over
both orientations starting and ending at x; a is the lattice
spacing. The chromoelectric field components are the
temporal components of the field strength tensor:

Ei — _Fi.4' (21)

The two-plaquette discretization, which we label 2PL,
consists of a partially summed discretization where the
field components contain only two plaquettes. For Gg(7),
we choose the plaquettes without overlapping with the
connecting Wilson lines. In terms of plaquettes, the 2PL
discretization is explicitly given by

i
Ei(7) = 1 (Uia +Us—i = Uy = U_iy), (22)
i
E0)=— (U4 +U_4;=U_4_;—U;_4). (23)

Note that both field descriptions are interchangeable for the
octet and symmetric correlator as long as the source is set
at 0 —a/2 and the sink at 7+ a/2. In Appendix C, we
compare both discretizations, and we find that the 2PL is
the one that gives better continuum extrapolations.
Additionally, we modify the definition of the chromo-
electric field to ensure that it is traceless on the lattice

Ei(x) ~ Ei(x) = 3 THE, o)) (24)

which corresponds to an @ improvement [32].
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The fundamental correlator introduced in Eq. (6) at
leading order (LO) in perturbation theory reads [30]

cos?(ztT) N 1
sin*(zzT) ~ 3sin®(zcT)
(25)

fund
Gg 2(T)|Lo = f(r) = 71'2T4{
9°Cr

where ¢ is the bare coupling. On the lattice, the LO term
f(z) takes the form

£ = 1 /n d*q cosh[gN,(3—7T)] 1
Dl =358 | (22) sinh(gN,/2)  sinh(g)
=2 - =212 ~4
(1+5)(@ -5 +%) (cro)
X ~4_(=2)2 (26)
<é2 + q —gﬂl ) ) (ZPL)
with
62
q —Zarcsin< > ), (27)

3
g = Zl: 2" sin” (%) . (28)

For the adjoint correlators introduced in Egs. (1), (2), (8),
at LO, we obtain that they are proportional to the funda-
mental correlator,

Geilo _onyo), (29)
Goct NZ —4
’fqz(él'“’ =25 1), (30)
GY" C
Ge o S rr), 61)

with N =3 for SU(3). To further reduce discretization
errors, we define an improved correlator that includes tree-
level improvement as

Gg (O’ TT) |Lo

Gmeasured , T). 32
GE(O, TT) }fé) E (TF T ) ( )

Gi®(zp,T) =

We use the tree-level correlators at zero flow time to
improve the correlators because the gradient flow effects
are below 1% within the considered flow time range [26];
hence, gradient flow effects are negligible at tree level.
Since at leading order Egs. (1), (2), and (8) are proportional
to f(z), we use it directly as normalization for the tree-level
improvement.

B. Noise reduction for the lattice calculations
of the adjoint chromoelectric correlators

The aim of this study is to perform lattice calculations of
the adjoint chromoelectric correlators in quenched QCD,
i.e., pure SU(3) gauge theory. The lattice calculations of
these correlators require some techniques to improve the
signal-to-noise ratio. We utilize the gradient flow method
[20,33,34] to measure the correlators along the flow time
axis. It is known that gradient flow improves the signal-to-
noise ratio and also renormalizes chromoelectric field
insertions [35]. The Yang-Mills gradient flow evolves
the gauge fields A, toward the minimum of the Yang-
Mills gauge action along an auxiliary dimension referred to
as flow time 7. The evolution is governed by the differ-
ential equation

0,,B,=B,=D,G

BﬂlrF:O =A (33)

1778 uo

G, =9,B,-9,B,+[B,.B,|, D,=0d,+[B,..]. (34)

These equations are an explicit representation of

2 5SYM[B]

6B, (tp,x)’ (35)

0., B,(tp, x) =

where Syy[B] represents the Yang-Mills action evaluated
with the flowed gauge fields B(zf).

In the context of pure-gauge lattice theory, these equa-
tions are adapted as

pr (X, ﬂ) - _gz{ax.ﬂSG(VTF)}VTF(x’ ﬂ)’ (36)

Ve (6 1)l 0 = Uy (%), (37)

where V. are the flowed link variables and U,(x) the
unflowed ones. S; (V) is some pure-gauge action evaluated
with the gauge field V.

The gradient flow evolves the unflowed gauge fields A,
into the flowed fields B,, which corresponds at leading
order to smeared fields with a Gaussian kernel of flow
radius /87, [20]. This smearing systematically cools off
the UV physics and automatically renormalizes the gauge-
invariant observables [36].

The flow radius /87 is the characteristic length scale
of the gradient flow, which must not interfere with the
physical length scale of interest, z, defined as the separation
between the inserted chromoelectric fields. To ensure that
the flow smooths the UV fluctuations sufficiently while
preserving the physics at the scale z, we consider the range

a <8t < g (38)

To obtain the renormalized continuum correlator, we first
take the continuum limit (¢ — 0) and subsequently
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extrapolate to zero flow time. This is discussed in detail in
the next section.

To double-check the systematics of the lattice calcula-
tions using the gradient flow we compare the continuum
correlators Gg(z) with those obtained from lattice calcu-
lations using the multilevel algorithm [21]. Unfortunately,
in this approach we do not have the nonperturbative
renormalization of the chromoelectric fields. Therefore,
we use tree-level tadpole renormalization for the chromo-
electric fields. The details of the calculations using the
multilevel algorithm can be found in Appendix B.

III. LATTICE SETUP

As mentioned in the previous section, we calculate the
adjoint chromoelectric correlators in SU(3) gauge theory.
We use the publicly available MILC code [37] to generate a
set of pure-gauge SU(3) configurations using the standard
Wilson gauge action [38]. At least 120 sweeps separate
successive configurations, with each sweep consisting
of 15-20 over-relaxation steps and 5-15 heat-bath steps.
We use the same configurations used in [27], where we
considered two temperatures: a low temperature, 1.57 ., and
a high temperature, 10*T,, with T, being the deconfine-
ment phase transition temperature. These temperatures are
achieved by relating them to the lattice coupling = 6/¢°,
which determines the lattice spacing a via the scale setting
[39]. This scale setting relates S to a gradient flow
parameter 7, via a renormalization-group-inspired fit form,
which is then further related to the temperature with
T.\/ty = 0.2489(14) [39]. We use lattices with varying
numbers of temporal sites, N, = 16, 20, 24, 28, and 34, and
with corresponding spatial extents of N, = 48, 48, 48, 56,
and 68 sites. Based on our previous study [25], we do not
expect a notable dependence on the spatial size of the
lattice. Table I gives the full list of lattice parameters.

We select S; as the Symanzik action to solve the
gradient flow equation because it shows a more stable
behavior [26,27].

To solve the differential equation numerically, we can
use either a fixed step size or an adaptive step-size solver

TABLE I. Simulation parameters for the gradient flow lattices.

T/Tc Nr Ns ﬁ Nconf
1.5 16 48 6.872 1000
20 48 7.044 2002
24 48 7.192 2060
28 56 7.321 1882
34 68 7.483 1170
10000 16 48 14.443 1000
20 48 14.635 1178
24 48 14.792 998
34 68 15.093 599

[40,41], where the step size is varied individually for each
gauge field. The adaptive step-size solver increases the step
sizes when the changes of the flowed fields are small and
decreases them when they are larger, which speeds up
gradient flow computations as it optimizes the required
number of steps. While for a given gauge configuration we
obtain data along the same discrete flow time axis with
fixed step sizes, we would have to interpolate the data
evaluated on the different lattice configurations to the same
flow time axis. It turns out that the step sizes with the
adaptive step-size solver hardly vary between different
configurations within a given ensemble. Therefore, we use
the same step sizes for every gauge configuration for a
given ensemble to avoid additional systematics originating
from the interpolation. To ensure that the chosen step size
covers all lattice configurations properly within a given
ensemble, we keep the step size slightly smaller than the
smallest step sizes from the trial run. Although this
procedure requires some additional computations to esti-
mate the proper step size, the added computational costs are
still negligible because computing the correlation functions
is still quite expensive.

5.01 G4 (7)|apr, T=15T, VBTr/T = 0.26
S f) i
4.54 !
? ‘ Jf***Jf ¢
1 g e o
4.01 | %
! ’gf* # X
3.51 *#*;
H 4 L
3.01 | IH in ;
251 \ H b |
20 N -
| % 16 t 20 1 28 t 34
B 1 T
015 020 025 030 035 040 045 0.0
114 G¥Y(7)|apL T= 104 7. V8Tr/T = 0.26
f(7) i
1.01 i
; x x xX x X xxXx* ¥
0.91 x  Xi X xx
X x|
x X 1 X
X x X }
0.8 X x * !
X x 1
0.71x |
0.61 N, =
05l + 16 {20 f 24 ¥ 34
| T

015 020 025 030 035 040 045 050

FIG. 1. G$%"' normalized with f () for different lattice sizes with
the ratio between the flow time radius and the time separation
fixed to /87;/7 = 0.26. The upper plot shows the low-
temperature case, and the lower one shows the high-temperature
case. The vertical line indicates the validity threshold according
to Eq. (38), where the points on the right-hand side are the
valid points.

074509-5



NORA BRAMBILLA et al.

PHYS. REV. D 112, 074509 (2025)

IV. NUMERICAL RESULTS ON THE ADJOINT
CHROMOELECTRIC CORREATORS

A. Symmetric correlators

In Fig. 1, we present the lattice data obtained using the
gradient flow for G9' for both temperatures studied for a
representative value of the flow time and normalized with
f(7)|,, given by Eq. (26). Note that we have fixed the ratio
\/87/7; thus the statistical errors have the same order of
magnitude for each ratio and decrease when increasing the
ratio. The values to the right of the vertical line indicate the
lower condition of Eq. (38) for N, = 16, since it is the most
restrictive condition.

To perform the continuum extrapolation, we first inter-
polate the data of each lattice size in 7 and then in 77 with
cubic splines. Since this correlator is symmetric by con-
struction around 77 = 0.5, we impose the condition that the
first derivative of the cubic spline is zero at z7° = 0.5. Since
we generated the configurations with the standard Wilson
gauge action, we perform a linear continuum extrapolation
in 1/N? = (aT)? at a fixed flow-time ratio. In Fig. 2, we
show an example of the linear extrapolation at different 77

T=15T,
V37r/7 =0.232/0.291
X o

GE'(7)]apL

4.01

3.51

3.04

251+ 0.280 0340 £ 0410 ¥ 0500 qn2
2
0 1/3421/28% 1/24? 1/20?
GE'(T)]opr, T=10"T,
L0071 f(7) VBTR/T = 0.232/0.291
X o

0.951
0.901
0.851
o
0.801
T =
0.75
°1 % 0280 ¥0.340 ¥ 0.410 ¥ 0.500 1/N2
0 1/342 1242 1/20% 1/16?

FIG. 2. Examples of the continuum extrapolations for the
normalized G¥" at two different fixed ratios /87 /7 for different
values of z7. The solid lines and crosses indicate the ratio
\/87r /7 = 0.232, while the dashed lines and circles indicate
\/8tr/7 =0.291. The upper plot shows the low-temperature
case, and the lower one shows the high-temperature case. The
dimmed points are the ones not included in the linear fit.

and /87, /7. We vary the number of included lattice sizes
in the continuum extrapolation to estimate the systematic
error. For T = 1.5T ., the inclusion of the N, = 16 lattice
requires an additional 1/N? = (aT)* term to keep
y*/d.o.f at around 1 or below, whereas for T = 10*T,,
the linear ansatz describes the data well. In Appendix C,
we present the values of x> and explain how the
systematics are estimated.

Next, we perform the zero-flow-time extrapolation by
assuming a linear ansatz in 7. The fundamental correlator
Gnd behaves linearly with 75 at next-to-leading order
(NLO) [42]. We do not have similar calculations for the
adjoint correlators in this study, but it is plausible to assume
a similar behavior in 7. Examples of the zero-flow-time
extrapolation at different 77" are shown in Fig. 3.

The final continuum and zero-flow-time extrapolated
results for G5t are shown together with G from [27] in
the top of Fig. 4. We observe how both correlators agree
within errors up to an overall constant. This constant is
the same as the one we obtained when doing the LO
calculation in Eq. (30), meaning that the ratio between
correlators that we found at LO also seems to hold in the
nonperturbative regime.

For G™, where the only difference is the multiplicative
constant, we used the linear ansatz in the continuum

5.251 Gy () ap, =1t T =
™ i ¥ 0.290 *0.400
£ 0.320 0500
4.751 +0.360
45071 F-----1htAH ”l WL 10
A 11111 TTTTTTTTTITTTrIT PP rrrreeree
4.251 L L
_____________ TTITTTPRTPrer
4001 II|||||||||||
===—— L] 1l ! TP
|
3.754 ==L U] HH:HH?"‘F‘P“F‘H‘%
___________ L Lo,
2 501 | I:|||||||1|'l‘l'l'l1'r
87/ 7?

0.00 0.02 0.04 0.06 0.08 0.10 0.12

1.02 T =
¥ 0.200 £ 0.400
1.00 ¥ 0.320 ¥ 0.500

0,081 ¥ 0.360

0.944 '
0.921
0.90
87 /72
088 0.00 0.02 0.04 0.06 0.08 0.10 = 0.12

FIG. 3. Examples of the zero-flow-time extrapolation for the
normalized G§' at different 77 values. Only the highlighted
points fulfill the condition given in Eq. (38). The upper plot
shows the low-temperature case, and the lower one the high-
temperature case.
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T G?“‘|104 T.

44 Ca/Cr - G 51,
""" Ca/Cr - Gy 1,

24

04 7T

0.25 0.30 0.35 0.40 0.45 0.50

FIG. 4. Final continuum results of the normalized G%" (top) and
G;ym (bottom) after the zero-flow-time extrapolation. The dashed
lines are the results of G*"¢ obtained in [27] multiplied by the
constants given in Eqgs. (30) and (31).

extrapolation even when including the N, = 16 lattice. The
final results are shown at the bottom of Fig. 4, and we
observe the same behavior as for G¥* but with the constant
given by Eq. (31). All three correlators have the same shape
at both temperatures, and the LO result gives the ratio
between them even nonperturbatively.

B. Nonsymmetric correlator

The correlator G is not symmetric by construction
because we only have a single Wilson line of length 7
between the fields. This Wilson line introduces a diver-
gence e, where 6m o 1/1/87r, which makes it impos-
sible to perform the zero-flow-time extrapolation without
removing the divergence explicitly. This problem is absent
for G since the divergence is ¢*/7, which cancels when
normalizing with the Polyakov loop /.

To renormalize Gy, we match our measured Polyakov
loop Lg(zx) with the values of the renormalized Polyakov
loops Lg from [43] using the relation

Ly = e/ Ly (), (39)

and we use Eq. (14) in [43] to obtain the Polyakov loop in
the adjoint representation. With this relation, we can extract

309 Gi(7)lopL § T'=15T. VBTr/T =0.26
f(7) NI
251 o R s N
X i X5 T
e * ¥ 16
P ? % bo20
o X | x b o
1548 3 X
! o 28
) | 0 34
101 i . i
= 3 X%
sl i x><§5(
| .
04 | <00 MK XS
i T
01 02 03 04 05 06 07 08 09
61 Gyl | T=10'T, V877 = 0.26
| 3
50 ! % N =
41 ; . ;
x ! % + 16
31 i *x ¥ 20
! !
1 X
21 : o3
i x
| ¢
11 } %
01 i X w
| XX K
i * 7T

01 02 03 04 05 06 07 08 09

FIG. 5. G normalized with f(7) for different lattice sizes with
the ratio between the flow time radius and the time separation
fixed to +/8zy/t =0.26. The upper plot shows the low-
temperature case, and the lower one shows the high-temperature
case. The vertical line indicates the validity threshold according to
Eq. (38), where the points on the right-hand side are the valid
points.

dm(zr) and use it to obtain the renormalized correlator

Gi(t,tp) = e‘s’”(TF)TGE(T, TF)

_ (LgL(EF)>TTGE(T, o). (40)

For the T = 10*T . case, we approximate Lg =~ 1, which is
valid at this high temperature.

In Fig. 5, we show the lattice data for G, for different
lattice spacings at representative values of the flow time at
both temperatures, normalized with f(z). For the flow time
we again use a fixed ratio /87 /7 = 0.26. The vertical line
represents the lower condition of Eq. (38), and the data on
the right side of the line fulfills this condition. We use the
data in the valid regime for the continuum and zero-flow-
time extrapolation, where we follow the same procedure as
with G¢*.

The continuum extrapolation at fixed 7 is shown in
Fig. 6. As explained previously, we vary the number
of included lattice sizes to estimate the systematic error.
In this case, including a 1/N? term does not improve
the y>/d.o.f. even when using the N, = 16 lattice in the
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FIG. 6. Examples of the continuum extrapolations for the
normalized G% at two different fixed ratios /87/7 for different
values of 7T. The solid lines and crosses indicate the ratio
v/ 87r/t = 0.232, while the dashed lines and circles indicate

\/87r/7 =10.291. The upper plot shows the low-temperature
case, and the lower one shows the high-temperature case.

analysis. The y?/d.o.f. values are not as good as for the
symmetric correlators, where they exceed 1 in some ranges.
Neglecting the N, = 24 lattice significantly improves the
continuum extrapolation for these problematic points.
However, the extrapolated results remain consistent within
the 1o band. The details of the continuum extrapolations
are given in Appendix C. The zero-flow-time extrapolation
is shown in Fig. 7. We observe a clear linear behavior in 7,
meaning that Eq. (40) effectively removes the divergence.

In Fig. 8, we show the gradient flow correlator GY; after
the continuum and zero-flow-time extrapolations. We
compare the gradient flow results to the corresponding
results computed with the multilevel algorithm after the
continuum extrapolation. The details of the multilevel
calculation are given in Appendix B. As mentioned before
the nonperturbative renormalization of the chromoelectric
field insertions on the lattice is not known when the
calculations are performed using the multilevel algorithm.
Therefore, the calculation of the adjoint chromoelectric
correlators using gradient flow and the multilevel algorithm
can only agree up to a constant. We see how the results
from the different methods seem to agree up to an overall

(7 l2pL T =
35 f(0) +0.350 ¥ 0.580
4 0.480 ¥ 0.655
301 TR M ¥ 0.530 ¥ 0.705

5 }':“‘W 87p/7°

0.00 0.02 0.04 0.06 0.08 0.10 0.12
6.01 G(r)larL T=0' T =

f(r) ¥ 0.350 f0.580
. ¥0.480 ¥ 0.655
il [ ST ¥ 0.530 ¥ 0.705
. M"""‘M«

L

Foommoen bbb
4.0{  hocees bk

g

¥ 87 /7>

0.00 0.02 0.04 0.06 0.08 0.10 0.12

FIG. 7. Examples of the zero-flow-time extrapolation for the
normalized G}, at different 77" values. Only the highlighted points
fulfill the condition given in Eq. (38). The upper plot shows
the low-temperature case, and the lower one shows the high-
temperature case.

G'(T) T=15T,
354 f(7)
x
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¥ 0.74 - Multilevel

25
20

15

10

5 X X

7T
0
0.3 0.4 0.5 0.6 0.7
G'y(7) T=10"T,
6.01 f()
x
x
5.5 XX —— Gradient flow
¥ 0.90 - Multilevel
5.0
4.0
x

3.5 *
3.0 T
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FIG. 8. Final results of the normalized G, with gradient flow
compared with the multilevel algorithm, both obtained with the 2-
plaquette discretization. The upper plot shows the low-temperature
case, and the lower one shows the high-temperature case.
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T=10*T,
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FIG. 9. Gradient flow correlator G (top) and GY% (bottom)
after the continuum and zero-flow-time extrapolation at 7 =
10*T, of the nonsymmetric correlator compared to the NLO
perturbative results. G is also compared with the multilevel
algorithm.

constant. Since this constant approaches one at high
temperatures, and the E fields in the multilevel calculation
are only tadpole improved, we suspect that the constant
originates from the (finite) renormalization of the chromo-
electric field in the multilevel algorithm.

C. Comparison with NLO results

The NLO expressions, supplemented with the g> con-
tribution, for the correlators Gg(r) and G%'(r) have been
recently obtained in [44]. In Fig. 9, we compare our results
of G and GY, for T = 10*T, with the perturbative resuls.
We do not show the comparison for G2, as it is similar
to that of G¢'. At NLO these two correlators differ by the
same multiplicative factor as at LO. Furthermore, Fig. 4
shows that the same multiplicative factor also works for the
nonperturbative correlators, within our error band.

The perturbative bands shown in Fig. 9 are obtained
by varying the MS renormalization scale in the range
[A/2,2A], where A = 4xT exp(—yg — 1/22) ~ 6.74T. For
G9', the lattice (gradient flow) and the NLO results agree
within the error bands. The comparison for GY% is shown
in the lower figure, where we display the lattice results
obtained from both the gradient flow calculation and the

multilevel calculation. The lattice results are close to the
perturbative band, and show similar trends of asymmetry:
in particular, the minimum of G} is shifted to 7" > 0.5. The
agreement with the NLO curves observed for both corre-
lators at T = 10*T .. confirms that we are in the perturbative
regime at these high temperatures.

V. CONCLUSIONS

In this paper, we have performed the first nonperturba-
tive calculation of chromoelectric field correlators related to
quarkonium transport in quenched QCD. We used gradient
flow for noise reduction and its renormalization property
for all correlators and multilevel for the nonsymmetric
correlator Gp.

For the symmetric correlators G and G™, we find that
nonperturbatively they have the same shape as the funda-
mental correlator G studied previously in [27]. The ratio
between the correlators fulfills the same relation as at LO,
which is helpful for the extraction of the momentum
diffusion coefficients ¥ coming from them, as they turn
out to be just a scaled version of the fundamental one:
Koct = (5/4)Kfund and Ksym = (CA/CF)Kfund-

For the nonsymmetric correlator Gy, we successfully
extracted the divergence from the Polyakov loop and
renormalized according to Eq. (40). We obtained similar
results for gradient flow and multilevel. Furthermore,
these results also agree with NLO perturbation theory at
T = 10*T,, confirming that Eq. (40) provides an effective
renormalization method.

The extraction of the diffusion coefficient for the
nonsymmetric correlator is more involved. On one hand,
we need the NLO perturbative result of the nonsymmetric
spectral function associated with that correlator. On the
other hand, the spectral function for a non symmetric
correlator needs a different kernel in the convolution
integral that represents the corresponding chromoelectric
correlator. Once we obtain the spectral function, we plan
to extract the corresponding diffusion coefficient of
quarkonium. We also intend to explore different means
of extracting the Wilson line divergence that do not
depend on the Polyakov loop. In this way, we can extend
the study to zero temperature, which is necessary for
exploring other applications of the adjoint correlators,
such as the extraction of gluelump masses or the calcu-
lation of the chromoelectric correlators entering quarko-
nium P-wave decays [45-47].
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APPENDIX A: DERIVING THE FUNDAMENTAL
REPRESENTATIONS OF THE ADJOINT
CORRELATORS

The Fierz completeness relation for Gell-Mann matrices
[51] reads

2
aff 176
ANy = 26456,5 — 56{1/)’5}/57

(A1)
where &,4 is the Kronecker delta and color indices are
summed over. The structure constants can be expressed in
terms of Gell-Mann matrices,

1.
fabc = Z lTr(ﬂa Mh’ /10])9 (AZ)
1
dupe = ZTr(Aa{Ab’ ’16})7 (A3)
with [.,.] the commutator and {.,.} the anticommutator

operator.

We start by introducing two identities for frequently used
contractions (see e.g., Ref. [52]). In the following, X and Y
are general two 3 x 3 matrices, and the Einstein sum
convention applies. The two identities read

Te[A, X|Tr[A, ¥] = Tr[XY] - %Tr[X]Tr[Y] (A4)

Te[A, XA, Y] = 2Te[X]Tr]Y] - %Tr[XY]. (AS)

Both identities can be derived by expanding the left-hand
side and inserting the Fierz relation iteratively.
We can now prove Eq. (11). For some adjoint Wilson

line U4, according to Eq. (9), and two fields O and O,
we obtain [22]

n 1 R

0,U0, = Tr[2,0] ETr[UT/Iu U, Tr[2, 0]
.2 R

= 2TH{OUOU'] - S Tr[O]TH[O)].

where we have used Eq. (A4), the cyclicity of the trace, that
the Gell-Mann matrices are traceless, and that U are SU(3)
matrices. Eq. (11) follows from identifying O = E;(z),
O = E;(0), U=1U(z,0), and U" = U(0,7). By taking
traceless fields, only the first term remains.

For the octet correlator in the left-hand side of Eq. (12),
we have an additional adjoint temporal Wilson line %,
and the general structure of the operator in the correlator
reads

di radi 2
Uedd O U, dge Oy

We go through the following steps to find the representation
in terms of fundamental Wilson lines. First, we establish
the contraction of the structure constant with the field
component

1
dabcoc = ZTr[ﬂa{ﬂb,ﬁc}]Tr[ﬂcO}

1 2

=3 Tr[A,4,0] + Tr[A,4,0] — gTr[Aalb]Tr[O] ,
and second, the contraction with an adjoint Wilson line
adj 1 + 1
Ueidy,.O. = ETr[U AU, ZTr[/Ia{/Ib,lL.}]Tr[iCO]
1 .
=5 (Tr[UueU/IbO] + Tr[UT2,UO)

- %Tr[me U/I,,]Tr[O]> .
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This leads to

Uil d . 0 U3 dyes O = Tr[UD]TEOUTOUY] + Tr[00 O UITr[UTUT) + Te[oUT U Tr[U

+ gTr[O]Tr[O].

f a4 . 2 R A
—-Tr[oU 0 U'] - §Tr[OUTOU] - 5Tr[OU"‘UT]Tr[UU]Tr[O] -

0] + Tr[0UUTr[UTUT O]

U
2 ~ ~ . a
5Tr[OUU]Tr[UT UT|Tr[0]

- gTr[o]Tr[UfJ]Tr[fJT Uto] - %Tr[o]Tr[fﬁ UNTr[u00] + iTr[O]Tr[UU]Tr[f]T Ut|Tr[0]

9

Equation (12) follows from identifying U = U(1/T,7), U = U(z,0), O = E(z), O = E(0), and Tr[0] = Tr[E] = 0.

For the symmetric adjoint correlator in the left-hand side
of Eq. (13), we go through similar steps as for the octet
correlator: first,

. 1 j
Ut fape O = =5 TH{U'2,UR,] S Trla Ay A Te 2, O]

_ _% (TI‘[UU.EU/IbO] — Tr[UT/IeUOibD,

and then

Uigjfabcocﬁztgfdefof
= Tr[oUUT|Tr[UT O] + Tr[0UU|Tr[UUE]
—Tr[OUTOUT] — Tr[0U O U|Tr[UTUT).

Equation (13) follows then from the same identifications as
before.

APPENDIX B: MULTILEVEL CALCULATION

Here, we give the details of the calculation of the
nonflowed correlators using the multilevel algorithm [21].
After thermalization, the lattice is split into N, sublattices
in the time direction. For the sublattice averaging, N,
sweeps of each sublattice were conducted, each sweep
consisting of one heatbath and three overrelaxation sweeps.
The sublattice averaged parts were then combined to give a
measurement of the correlator. N .,; gives the number of
such measurements used for the calculation of each
correlator. The various parameters for the different lattices
are shown in Table IL

The mass renormalization of the adjoint Wilson line in
the correlator is performed in the same way as in Eq. (40).
We also need to renormalize the electric field operators.
Unfortunately, there are no independent estimates of the
nonperturbative renormalization constant for the electric

field operators. We have used the tadpole renormalization,
where the tadpole factor Z.,q is calculated from the
plaquette operator. The renormalized multilevel correlator
is then

Ly(T) \*T
Gg(r,T;azl/N,T):zfad< 8 ))) Gp(r.T;a).

Lg(T;a
(BI)

The results for the correlator with the 2PL discretization
are shown in Fig. 10. The cutoff effect is small for z7" = 0.3,
and a reliable continuum extrapolation is possible from
these lattices. This continuum extrapolated result is shown
in Fig. 8. As mentioned there, an overall normalization
~0.74 and 0.9 are needed to have agreement between
the results from the multilevel and the flow calculations.
We expect this to be due to the use of the simple Z,, 4 factor
in Eq. (B1).

The clover discretized correlators are shown in Fig. 11.
The cutoff effect is substantial till much larger distances
7T 2 0.5. Due to the overlap of the Wilson line with
the leaves of the clover operator, the renormalization
property of this operator is expected to be more compli-
cated, and it is more difficult to obtain continuum results
from unsmeared operators.

TABLE II. Simulation details for the multilevel runs.

T/ Tc N‘r Ns Nsub Navg Nmeas

1.5 16 48 4 500 5850
20 64 5 500 4668
24 72 6 500 5624
28 64 7 500 5850

10000 16 48 4 200 11700
20 48 5 200 9100
24 48 4 250 12100
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FIG. 10. Results for the multilevel calculation of G%(z;a) at 1.5 T, (left) and at red 10*T, (right) with the 2PL discretization.
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FIG. 11. Results for the multilevel calculation of G (7;a) at 1.5 T, (left) and at 10*T .. (right) with the CLO discretization.

APPENDIX C: CONTINUUM EXTRAPOLATIONS
AND DISCRETIZATIONS

This appendix discusses different continuum extrapola-
tions, how we extracted the systematic error, and the
differences between using the CLO and 2PL discretization.
We mainly focus on four different methods: Using all
lattices in Table I with a linear ansatz, labeled as All;
excluding the N, = 16 lattice, labeled as No 16; excluding
both the N, = 16 and N, = 20 lattices, labeled as No 16
20; and using all lattices while adding a 1/N?* = (aT)*
term, labeled as All O(a*).

In Fig. 12, we show the continuum extrapolated G at
T = 1.5T, for different flow time values. As we increase
the flow time, the different methods converge on the region
where the condition Eq. (38) is fulfilled. The corresponding
values for the reduced y? values are shown in Fig. 13.
There, we can see that using the a* term is better when
including the N, = 16 lattice. The methods that are around
and below one are All O(a*) and No 16. We estimate the
systematic error by adding in quadrature the difference of
these two measurements to our error budget.

When going to 7 = 10*T, in Fig. 14 with the corre-
sponding values of y? in Fig. 15, we observe that the linear
ansatz with all the lattices already has a good fit and
including a a* term makes it worse. For this case, we
estimate the systematic error by comparing All and No 16.

Next, we perform the same analysis for the renormalized
nonsymmetric correlator G. In Fig. 16, we note that all the
methods give a similar result. Figure 17 shows the y°
values, where at the extremes of the validity range, we
reach values of 4. This increase with respect to G¥"* can be
due to having smaller error bars for G%;. We do not see any
improvement from adding the a* term, so we use again All
and No 16 to estimate the systematics.

Lastly, in Fig. 18 and Fig. 19 at T = 10*T, we obtain
even bigger values of y?. This increase seems to be due to
the N, =24 and N, =34 lattices not working well
together, and adding a a* term does not help with the
extrapolation. This can be solved by neglecting the
N, = 24 lattice, which gives us good y? values. Since
the extrapolated results agree within error bars with the
ones using all lattices, we continue using all lattices and do
not worry about this increase in the y?> value. We then
estimate the systematics with All and No 16.

Figure 20 shows the final results for G¥* and G}, after
the continuum and zero-flow-time extrapolations for both,
CLO and 2PL discretizations. We observe that G} is
slightly more dependent on the discretization and that
the differences between them in multilevel are bigger than
in gradient flow.
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074509-15



NORA BRAMBILLA et al.

PHYS. REV. D 112, 074509 (2025)

T=10"T.

V871p/T =0.216

— All

—— No 16
— Al O(a%)
No 24

T=10*T.

V8rp/T =0.242

T
01 02 03 04 05 06 07 08 09 01 02 03 04 05 06 07 08 09
V87p/T =0.268 V871p/T =0.294
—— Al — Al
—— No 16 —— No 16
! —— Al O(a?) —— AL O(aY)
i No 24 — No24
i
9 i T 7T
01 02 03 04 05 06 07 08 09 D01 02 03 04 05 06 07 08 09
FIG. 18. G with different continuum extrapolations for different flow times at T = 10*T.
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FIG. 19. y? over degrees of freedom of the continuum extrapolations corresponding to Fig. 18.
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FIG. 20. Comparison between the CLO and 2PL discretizations for G (top) and G%; (bottom) at 7 = 1.5T, (left) and T = 10*T,

(right). For the nonsymmetric correlator, we also compare between gradient flow (GF) and multilevel (ML).
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