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The equation of state of deconfined strongly interacting matter at high densities remains an open

question, with effects from quark pairing in the preferred color-flavor-locked (CFL) ground state possibly

playing an important role. Recent studies suggest that at least large pairing gaps in the CFL phase are

incompatible with current astrophysical observations of neutron stars. At the same time, it has recently been

shown that in two-flavor quark matter, subleading corrections from pairing effects can be much larger than

would be naïvely expected, even for comparatively small gaps. In the present Letter, we compute next-to-

leading-order corrections to the pressure of quark matter in the CFL phase arising from the gap and the

strong coupling constant, incorporating neutron-star equilibrium conditions and current state-of-the-art

perturbative QCD results. We find that the corrections are again quite sizable, and they allow us to constrain

the CFL gap in the quark energy spectrum to ΔCFL ≲ 140 MeV at a baryon chemical potential

μB ¼ 2.6 GeV, even when allowing for a wide range of possible behaviors for the dependence of the

gap on the chemical potential.
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Introduction—The equation of state (EOS) of strong-

interaction matter at low temperatures and high densities

remains an open question in high-energy and nuclear

physics. First-principles lattice calculations of quantum

chromodynamics (QCD) fail in this regime due to the sign

problem [1–5]. Nevertheless, recent observations of binary

neutron-star (NS) merger events [6–9], as well as other

astrophysical measurements of NSs [10–21], have revital-

ized interest in the thermodynamics of dense QCDmatter at

low temperatures.

In particular, there has been a renewed focus on the

deconfined phase of QCD in recent years. This has been

driven by a push to complete the full next-to-next-to-next-to-

leading-order computation of the EOS using effective-field-

theory (EFT) techniques [22–26] and renewed interest in the

role of these perturbative results in the context of NS EOS

inference [27–31] and the application of lattice QCD

results in QCD-like theories [32–34] to NS EOS inference

[35–37]. A key unknown that has recently been increasingly

investigated in dense QCD matter is the role of the non-

perturbative quark pairing in the ground state [38–44].

The condensation of diquarks via attractive gluon

exchange in cold quark matter has long been expected

[45–51]. At large baryon chemical potential μB, where the

three lightest quark flavors are active and flavor breaking is

suppressed, the dominant pairing channel is color-flavor

locking (CFL). The corresponding diquark condensate

takes the form

hψ i
aCγ5ψ

j
bi ∼ ΔCFLϵabAϵ

ijA; ð1Þ

where a, b are color and i, j flavor indices [47,49,52,53].
The summation over the index A “locks” color and flavor

indices in a specific pattern and implies that the CFL

condensate breaks chiral symmetry. General considerations

and model calculations indicate that this channel dominates

over the less symmetric two-color-superconducting (2SC)

channel, in which only two quark flavors participate, see

Refs. [54–57] for reviews and Ref. [58] for recent develop-

ments. At leading order (LO) in the strong coupling and

OðΔ2

CFLÞ, the CFL condensate shifts the pressure above the

unpaired pressure of normal quark matter (NQM) by the

condensation energy

ppaired ¼
μ2BΔ

2

CFL

3π2
; ð2Þ

where the gap ΔCFL carries a nonanalytic dependence on

the strong coupling αs.
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As recently noted by Kurkela et al., assuming a constant

gap, the LO pressure shift can already lead to tension with

current astrophysical observations if the gap is too large

[43]. However, NLO corrections in αs may be sizable [42],

and the gap’s scaling with μB significantly affects derived

quantities like the speed of sound. Incorporating these

corrections is thus essential to obtain realistic gap constraints.

In this Letter, we present NLO results for the pressure in

the CFL phase in both the strong coupling and the strange

quark mass ms, the latter of which must be included

because it competes with the gap. To make contact with

applications within the context of NS EOS inference, we

study a system in equilibrium under the strong, weak, and

electromagnetic forces (dubbed “NS conditions” below).

Combining these results with the current state-of-the-art

NQM perturbative-QCD (pQCD) ones with nonzero

strange quark mass [59,60], we obtain a precise, first-

principles description of cold and dense quark matter that

allows us to constrain the size of the pairing gap even when

allowing for a wide range of possible behaviors for the

dependence of the gap on the chemical potential.

Pressure of CFL quark matter—We employ our frame-

work from Ref. [42] to systematically compute the coef-

ficients of an expansion of the pressure p at zero

temperature and large chemical potentials. Defining

m̄s ≡ms=ðμB=3Þ, Δ̄CFL ≡ ΔCFL=ðμB=3Þ for the small

quantities in our approximation, we may write the pressure

in the form

p ¼ pfree

h

γ0ðαs; m̄2
s Þ þ γ1ðαs; m̄2

s ÞΔ̄2

CFL þ…

i

; ð3Þ

where pfree ≡ μ4B=ð108π2Þ is the free pressure of three

massless quark flavors with equal chemical potentials. The

γ0 term gives the NQM result; we aim to compute

corrections to γ1 in the small quantities αs and m̄2
s . Note

that m̄s ≪ 1 is a valid approximation at high densities

where QCD is weakly coupled [60].

Let us first discuss the chemical potentials involved. The

CFL condensate involves all nine quark flavors and colors

in a particular pattern. Six quarks have a unique pairing

partner and the remaining three pair mutually. Since the

strange-quark mass breaks flavor symmetry explicitly, we

introduce different chemical potentials for each color and

flavor. Following Ref. [53], for CFL matter that is both

charge and color neutral, the chemical-potential matrix

reads

μ̂f;c ¼ μB=3 − μeQf;c þ μ3T
3

f;c þ μ8T
8

f;c; ð4Þ

with flavor and color indices f and c. The first term arises

from baryon number conservation, Q ¼ diagð2=3;−1=3;
−1=3Þ ⊗ 1c is the electric charge matrix, and T3 ¼ 1f ⊗

diagð1=2;−1=2; 0Þ and T8 ¼ 1f ⊗ diagð1=3; 1=3;−2=3Þ
correspond to the generators of the SU(3) gauge group

that characterize possible color-neutral pairings of the

quarks. The latter three conserved quantities have associ-

ated chemical potentials μe, μ3, and μ8, respectively. The

quarks that are allowed to pair form common Fermi

momenta to minimize the free energy, if the gap is not

too small compared to the strange quark mass. At LO, the

gap must satisfy Δ̄CFL > m̄2
s=4 [53]. Hence, for a finite

strange quark mass ms, there are four different common

Fermi momenta, three for the uniquely paired quarks and

one for the remaining three quarks pairing mutually.

The chemical-potential matrix makes loop calculations

quite complicated. However, under NS conditions, an

important simplification arises. Since for vanishing strange

quark mass ms → 0, three-flavor quark matter with equal

chemical potentials already satisfies the NS conditions, we

see that for small m̄s, μ̄e ≡ μe=ðμB=3Þ, μ̄3 ≡ μ3=ðμB=3Þ,
and μ̄8 ≡ μ8=ðμB=3Þ are all parametrically small. As shown

in Ref. [53], μ̄e ∼ μ̄3 ∼ μ̄8 ∼ m̄2
s . Thus, we can consistently

expand also in these additional chemical potentials. We

show explicitly in Appendix A that in color-neutral CFL

matter μ̄e ¼ 0, which follows from a simple argument about

the number densities of quarks [61,62].

Our approach to compute corrections to the coefficient γ1
begins with the effective action for QCD in the CFL phase

Seff ≡

Z

x

�

ψ̄
�

i=D − iμ̂f;cγ0 − M̂f;c

�

ψ þ 1

4
Fa
μνF

a
μν

þm2
Δ

2 þ 1

2
ðψTCγ5Δϵ

f
aϵ

c
aψÞ þ H:c:

�

: ð5Þ

Here, color and flavor indices on the quark fields ψ are

suppressed, Δ represents the diquark field with a mass

parameter m, M̂f;c ≡ diagð0; 0; msÞ ⊗ 1c is the quark mass

matrix, and ϵfa and ϵca are totally antisymmetric matrices in

flavor and color space, respectively, with a∈ f1; 2; 3g
locking color and flavor indices. The effective action (5)

is motivated by the same logic as in Ref. [42]. It follows

from considering an infinitesimal renormalization-group

step from the bare QCD Lagrangian, followed by an (exact)

Hubbard-Stratonovich transformation trading the four-fer-

mion interaction for a diquark-fermion-fermion interaction.

An infinite number of other terms are induced by this, but

only those in Eq. (5) are necessary to the order we are

working. For our computation, Δ is taken as a constant

background field. Its explicit dependence on μB will be

fixed by minimizing the effective action and solving for a

particular mass m for the diquark field.

The propagators from Seff involve all combinations of ψ ,

ψT and their Dirac adjoints and are furthermore non-

diagonal in color and flavor space due to the chemical

potential matrix μ̂f;c in Eq. (4). To compute γ1 to the order

of interest, we must compute the quantum effective action

Γ, which is the Legendre transform of the logarithm of the

partition function, to two-loop level. The pressure in Eq. (3)
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then follows from an evaluation of Γ at its ground state

Δ ¼ ΔCFL, remembering that we can expand in the small

quantities m̄s and Δ̄CFL.

Details of the computation at one-loop order with a finite

strange-quark mass are given in Appendix B. For the two-

loop corrections, there is no mixing between the m̄s and

Δ̄CFL since such terms are higher order. Hence, the

corrections can be computed separately. Mass-dependent

corrections follow the expansion scheme of Ref. [60],

including now the chemical-potential matrix μ̂f;c. For the

gap corrections, each propagator is split as

Pψ ¼ P0
ψ þ ðPψ − P0

ψÞ≡ P0
ψ þ PΔ

ψ ; ð6Þ

where P0
ψ ¼ Pψ jΔ¼0, and we consider diagrams expanded

up to one term in the gapped propagators PΔ
ψ , as in

Ref. [42],

ð7Þ

Thick lines denote full propagators, while thin lines

correspond to P0
ψ and thin lines labeled with Δ are

associated with gapped corrections. Since μ̄e, μ̄3, and μ̄8
are small, this diagram can be computed with techniques

from Ref. [42]; we provide some details in Appendixes C

and D.

After computing the diagrams shown in Eq. (7), we find

up to second order in Δ̄CFL,

p

pfree

¼ 1þ 2

9
ðμ̄2e þ μ̄2

8
− μ̄3μ̄8Þ þ

1

6
ðμ̄2

3
− 2μ̄3μ̄eÞ

− m̄2
s þ

m̄2
s

9
ð2μ̄8 − μ̄eÞ þ

7m̄4
s

72
−
m̄4

s

2
ln

�

m̄s

2

�

−
2αs

π
−
2αsm̄

2
s

3π

�

5þ 6 ln

�

Λ

2ðμB=3Þ

	�

þ 4Δ̄2

CFL −
4

3
m̄2

s Δ̄
2

CFL þ 40.9αsΔ̄
2

CFL: ð8Þ

Here, Λ denotes the renormalization scale in the modified

minimal subtraction scheme. Note that, in principle, two

terms are missing: one proportional to αsμ̄8 and another

μ̄8Δ̄
2

CFL, which, however, do not appreciably impact our

results (see below). From the gap-dependent terms we

extract the expansion coefficient γ1 in Eq. (3),

γ1ðαs; m̄2
s Þ ¼ 4 − 4m̄2

s=3þ 40.9αs: ð9Þ

This is one of our main results. We would like to add that

Goldstone modes associated with the symmetry breaking

pattern of the CFL phase [57] do not contribute to γ1 at

OðαsÞ but only effectively enter at higher orders, e.g., via

two-gluon exchange subgraphs between quarks.

Specializing to NS conditions, we add the pressure of a

noninteracting electron gas pe ¼ μ4e=ð12π2Þ and impose

neutrality under the electromagnetic and strong forces, viz.

∂p=∂μe ¼ ∂p=∂μ3 ¼ ∂p=∂μ8 ¼ 0, to fix the relevant

chemical potentials. These conditions imply μ̄e ¼ μ̄3 ¼ 0

and μ̄8 ¼ −m̄2
s=2 [53], showing that the remaining chemi-

cal potentials are parametrically small. Substituting this

into Eq. (8), we obtain the pressure of quark matter under

NS conditions

pNS
CFL ¼ pNS

NQM þ pfree

�

γ1ðαs; m2
s ÞΔ̄2

CFL −
m̄4

s

4

	

; ð10Þ

with pNS
NQM the pressure of NQM under NS conditions to

two-loop level [63]

pNS
NQM ¼ pfree

�

1 − m̄2
s þ

7 − 12 ln ðm̄s=2Þ
24

m̄4
s

−
2αs

π
−
2αsm̄

2
s

3π

�

5þ 6 ln

�

Λ

2ðμB=3Þ

	��

: ð11Þ

Here, the constant independent of m̄s and αs reproduces the

condensation energy in Eq. (2). From this, we directly

deduce a criterion for whether the CFL phase is favored

over NQM. Comparing the pressure of NQM in NS

conditions with the pressure of CFL matter in Eq. (10),

we see the CFL phase is favored if

Δ̄CFL >
m̄2

s

4

�

1 − 5.11αs þ
m̄2

s

6

	

; ð12Þ

where the sum of the subleading corrections is negative

where the result is converged. Hence, Eqs. (10) and (12)

show that the NLO corrections further increase the pressure

in the CFL phase, and lower the minimal gap required for

stability at nonvanishing m̄s.

From the EOS, we can also gain insight into the competi-

tion between 2SC and CFL at high densities. Indeed, by

computing the coefficient γ1 for the 2SC phase with three

masslessflavorsalongthe linesofRef. [42]andcomparingthe

result, γ2SC
1

ðαsÞ ¼ 4=3þ 9.17αs, to our main result for CFL

matter above, we conclude that the NLO corrections render

the CFL ground state even more stable than expected from a

mean-field analysis [53]. In other words, for the 2SC ground

state to be realized, the corresponding gap must be signifi-

cantly greater than the CFL gap to compensate γ2SC
1

. To be

specific, forms ¼ 0, we find the 2SC phase to be dominant if

Δ2SC=ΔCFL >
ffiffiffi

3
p

þ 2.90αs. This may suggest that CFL-

type pairing remains favored even down to the nucleonic

regime.

Constraining the CFL gap and applications—We now

use our expression for pNS
CFL to place updated bounds on the
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color-superconducting gap. As our corrections shift the

pressure to higher values, the new bounds will be tighter

than those of Ref. [43]. For this, we replace pNS
NQM derived

above with the state-of-the-art pQCD pressure at order

Oðα5=2s Þ [60], assuming small coupling and quark mass

[64]. Explicitly, we add to our above results a term ofOðα2sÞ
independent of m̄2

s [65,66], which effectively includes LO

Goldstone effects. We further assume a power-law scaling

of the gap,

ΔCFL ¼ Δ
�
CFL

�

μB

μ�B

�

σ

; ð13Þ

with constant exponent σ, and gap size Δ
�
CFL at reference

chemical potential μ�B. This has been shown to be a good

approximation for the gap as derived using both weak-

coupling techniques and the functional renormalization

group (fRG) [40,42]—though the constants differ.

Typical values are σ ≈ −0.23 in the weak-coupling case

[48] and σ ≈ 0.45 from fRG [67].

An upper bound on the gap at high densities given

information about the EOS at low densities can be under-

stood as follows [27,28,43]: Consider an EOS passing

through two points ðμL; nL; pLÞ and ðμH; nH; pHÞ with

chemical potential μL < μH. Since the speed of sound is

related to the baryon density nB by c2s ¼
ðnB=μÞ=ð∂nB=∂μBÞ and satisfies 0 ≤ c2s ≤ 1, one finds a

maximal pressure difference along the EOS from μL to μH:

pH − pL ≤
nH

2

�

μH −
μ2L

μH

�

: ð14Þ

As the NS-matter EOS is known at low chemical potentials,

e.g., from chiral EFT [68–73] and astrophysical data, one

can place an upper bound on the pressure and hence the gap

at large chemical potentials.

Using these considerations, we derive an analytic bound

on the gap at LO:

Δ
2

CFLðμHÞ ≤
3π2

2

μHn
NS
NQMðμHÞ − 2pNS

NQMðμHÞ
μ2L − σμ2H

; ð15Þ

assuming pL ≪ pNS
NQMðμHÞ and μ2L ≪ μ2H to simplify the

expression. We hence see that the μB dependence of the gap

significantly affects the constraint. The constraint becomes

weaker (stronger) for positive (negative) values of σ. In

particular, for σ ≥ μ2L=μ
2

H, no bound is obtained at all. Note

that our result in Eq. (15) represents a generalization of the

bound found in Ref. [43], where the gap was assumed

constant.

We turn to a Bayesian determination of Δ
�
CFL values

consistent with current astrophysical observations and our

NLO EOS. For the pQCD input, we take a log-uniform

prior on the renormalization scale Λ=ð2μB=3Þ∈ ½1=2; 2�

appearing in the NQM pressure, and fix μ�B ¼ 2.6 GeV as

the reference scale. We also draw σ ∈ ½−0.5; 0.5� uniformly,

spanning both the weak-coupling and fRG values and take

a uniform prior on Δ�
CFL ∈ ½0; 1� GeV. For each draw of the

high-density pQCD information, we marginalize over

chiral EFT and astrophysical information at lower densities

by marginalizing over the astrophysical posterior from

Ref. [28]. This posterior incorporates chiral EFT below

1.1 nuclear saturation density n0 ≈ 0.16 baryons=fm3 [69],

and various astrophysical information. We use mass

measurements of PSR J0348þ 0432 [10] and PSR

J1624–2230 [12]; simultaneous mass and radius posteri-

ors of PSR J0740þ 6620 from the NICER Collaboration

[18], the tidal deformability information from GW170817

[8]; and the assumption that a black hole was formed in

GW170817, due to the observation of an electromagnetic

counterpart [74–79]. Within this marginalization, we

additionally exclude combinations of low- and high-

density EOSs that cannot be connected by a causal,

stable, and thermodynamically consistent EOS extension

without exceeding a given maximum speed of sound

squared c2s;ext [28].

This marginalization involves two free parameters: the

low-density matching point nL, and c2s;ext. In Ref. [43],

where such an analysis has been performed without OðαsÞ
corrections to γ1 and the chemical-potential dependence of

the gap, a maximally “conservative” ensemble was defined:

taking nL ¼ n2.1M⊙
, the density reached in a 2.1-solar-mass

NS, and c2s;ext ¼ 1. Here, we consider this ensemble as well

as a “symmetric” ensemble. For the latter we take

nL ¼ nTOV, the maximum density reached in a stable NS,

and c2s;ext ¼ 2=3. We take c2s;ext so that c2s in the interpolated

region can be above or below the conformal value of 1=3
with equal probability for a uniform prior. In Fig. 1, these

are shown with 68% and 95% credibility contours: orange

for conservative, green for symmetric. We use the running

FIG. 1. Two-dimensional prior (gray) and posterior distribu-

tions (orange, green) for the magnitude of the CFL gap Δ�
CFL and

the scaling parameter σ. The orange posterior corresponds to the

conservative ensemble, while the green corresponds to the

symmetric one (see main text).
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values of αs and ms at next-to-next-to-next-to-leading

order, and fix the scales by setting αsð2 GeVÞ ¼ 0.2994

[80] and msð2 GeVÞ ¼ 93.8 MeV [20]. As predicted

analytically, the constraint on Δ
�
CFL becomes weaker with

increasing σ, though less so for the symmetric ensemble

than the conservative one. Compared to the LO results,

NLO corrections tighten the 95% upper bound by about a

factor of 2. After marginalizing over all the other param-

eters, we find Δ
�
CFL ≲ 140 MeV at 95% credibility for the

symmetric ensemble.

To test the robustness of our results against omitted

terms in Eq. (8), we varied the coefficients of the

Oðαsm̄2
s Þ and Oðm̄2

s Δ̄
2

CFLÞ terms by a factor of 2,

accounting for both the neglected terms and the mixed

renormalization scheme. This variation induced a shift of

less than 0.5% in the upper gap bound, confirming their

negligible impact.

Selecting this 95% credible bound on the gap, in Fig. 2

we show the normalized pressure as a function of μB and

the speed of sound as a function of the baryon density nB,
for the weak-coupling scaling σ ¼ −0.23. The NLO

corrections significantly enhance both quantities beyond

the LO correction from the gap. The normalized pressure

and c2s both still approach their free values at large μB and

nB from below but can differ sizably in the NLO case, even

at densities where the renormalization-scale variation errors

are small. Notably, the NLO speed of sound begins to

exceed the conformal value even above nB ¼ 200n0, and is
only well converged down to about 50n0, in contrast to the

NQM results [30]. Though our figures are for a very large

value of the gap consistent with current astrophysical data,

these results suggest that the weak-coupling expansion is

under poor control once corrections from the gap and

coupling are taken into account.

Conclusion and outlook—In this Letter, we have pre-

sented an NLO expansion of the pressure of dense CFL

matter at zero temperature. In particular, we have calculated

NLO corrections in the CFL gap ΔCFL, the strong coupling

αs, and the strange quark mass m2
s both in the general case,

and under NS conditions, i.e., equilibrium under the strong,

weak, and electromagnetic forces. We have shown that

these NLO corrections provide further stability to CFL

pairing as compared to 2SC pairing of three-flavor quark

matter at high densities. By folding in information from

current astrophysical observations of NSs and their merg-

ers, we have placed an upper bound on the gap of

ΔCFLðμB ¼ 2.6 GeVÞ ≲ 140 MeV at pQCD densities

using our new results and while allowing for a wide

range of possible behaviors of the superconducting gap

as a function of μB. This constitutes a strong constraint

on nonperturbative and model-based estimates of the

gap. Moreover, since our NLO corrections are very

sizable, our results suggest that the weak-coupling

expansion of the pressure may converge more poorly

at high densities in the physical pairing channel than

previously suggested for the normal phase. Clearly,

further calculations in the paired phase of high-density

quark matter are necessary to resolve this apparent

discrepancy and provide a converged EOS over a wide

density range.
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FIG. 2. Left: normalized pressure as a function of baryon chemical potential. Right: speed of sound as a function of baryon density in

units of nuclear saturation density. The dotted lines in both panels denote the baryon chemical potential at μ�B ¼ 2.6 GeV. The

uncertainty bands stem from the usual renormalization-scale variation (see main text).
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End Matter

Appendix A: Color neutrality implies charge

neutrality—In this appendix, we demonstrate that color-

neutral CFL matter is intrinsically electrically neutral,

even in the absence of electrons, i.e., μ̄e ¼ 0 [56,62].

Because of the specific pairing patterns among quarks of

different colors and flavors in CFL matter, certain density

relations hold [61]: nrd ¼ ngu, nrs ¼ nbu, ngs ¼ nbd, and

nru ¼ ngd ¼ nbs. A sum over color indices for up quarks

gives nu¼nruþnguþnbu¼nruþnrdþnrs¼nr, where we

have used the identities from above. Analogously, we

find nd ¼ ng and ns ¼ nb. Color neutrality requires

nr ¼ ng ¼ nb, which together implies nu ¼ nd ¼ ns.

Given the electric charges of the quarks, this ensures that

their contributions cancel exactly, making the system

electrically neutral. Therefore, no electrons are needed,

and the electron chemical potential vanishes: μ̄e ¼ 0.

Appendix B: Finite strange-quark mass—Here, we

detail the evaluation of the strange-quark mass correction

∼m̄2
sΔ̄

2

CFL to the pressure.

We start from the quark contribution to the effective

action in the color-superconducting phase for finite quark

masses at one-loop order. The corresponding expression

can be deduced from Eq. (5.18) in Ref. [56] by restricting

ourselves to the CFL condensate and setting the

masses of the up and down quarks to zero. To order m̄2
s ,

we then find that the strange-quark mass correction to the

effective action to LO in the diquark field Δ is given by

Γ
1−loop

m2
s

V4

¼ −m2
sΔ

2
6 lnΔ2 þ 9 − 8 ln 2

6π2
þOðΔ3Þ; ðB1Þ

where V4 is the spacetime volume. The minimization of the

effective action with respect to the diquark field as

performed in Ref. [42] eventually yields the term

∼m̄2
s Δ̄

2

CFL in our expression for the pressure in Eq. (8).

Appendix C: Feynman rules—For the computation of

the effective action in the presence of a CFL gap in the

quark propagators, it is convenient to define Feynman

rules as usually done in perturbative computations in

QCD. Since terms of the form ∼αsm̄
2
s Δ̄

2

CFL are beyond

the order considered in the present Letter, as they are a

product of three small quantities, it suffices to restrict

ourselves to the chiral limit here; i.e., we set all quark

masses to zero. In addition, we can also set all quark

chemical potentials to be equal. The calculation of

corrections associated with a nonzero strange-quark mass

at Oðα0sm̄2
s Δ̄

2

CFLÞ is discussed in Appendix B.

In the chiral limit and for equal quark chemical poten-

tials, the quark propagator matrix assumes the form

Pψ ≡

 

hψTð−PÞψðQÞi hψ̄ðPÞψðQÞi
hψTð−PÞψ̄Tð−QÞi hψ̄ðPÞψ̄Tð−QÞi

!

¼
�

Vψ Xψ

Yψ Wψ

�

ð2πÞ4δð4ÞðP −QÞ; ðC1Þ

where the off-diagonal entries of the quark propagator

matrix are given by

Xψ¼ðY�
ψ ÞT¼−

�

=PþþΔ
2
=P−

P2
−

�

Gþ
ψΔδ

ijδab

þ
��

=PþþΔ
2
=P−

P2
−

�

Gþ
ψΔ−

�

=Pþþ4Δ2
=P−

P2
−

�

GCFL;þ
ψΔ

	

δiaδ
j
b

3
:

ðC2Þ
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Here, i, j are flavor indices whereas a, b are color indices.

For convenience, we introduced the momentum

P� ≡ ðP0 � iμ; P⃗ÞT , where μ ¼ μB=3 is the quark chemical

potential. Note that the quark propagators depend on the

diquark field Δ.

Because of the presence of a gap in the excitation

spectrum of the quarks, the quark propagator matrix also

comes with nonzero diagonal elements,

Vψ ¼ −W�
ψ ¼ Δ

�

ðPþ · P− þ Δ
2ÞGþ

ψΔG
−
ψϵabAϵ

ijA

−

h

ðPþ · P− þ Δ
2ÞGþ

ψΔ

− ðPþ · P− þ 4Δ2ÞGCFL;þ
ψΔ

i

G−
ψ

2

3
δiaδ

j
b

�

γ5C: ðC3Þ

For the sake of readability, we have introduced the

following quantities:

G�
ψ ≡

1

P2

�
; ðC4Þ

G�
ψ ;Δ ≡

P2
∓

P2

�P
2
∓ þ 2Δ2P� · P∓ þ Δ

4
; ðC5Þ

GCFL;�
ψ ;Δ ≡

P2
∓

P2

�P
2
∓ þ 8Δ2P� · P∓ þ 16Δ4

: ðC6Þ

Since the gap entering the gluon propagator leads to

contributions to the effective action that are of higher order

than considered in the present work [42], we use the bare

gluon propagator in Feynman gauge

ðP0

AÞabμν ¼ 1

P2
δabδμνð2πÞ4δð4ÞðP −QÞ; ðC7Þ

in our computations. Finally, the quark-gluon vertex is

parametrized as

ðΓð3ÞÞabc;μ ¼
�

0 −ḡðTa
bcÞTγTμ

ḡTa
bcγμ 0

�

: ðC8Þ

Appendix D: Two-loop contribution—Within this

expansion scheme, the integral expression of the two-

loop diagrams in Eq. (7) is given by

Γ
2−loop
quark

V4

¼ 1

2

Z

P;Q

½P0

A�aa
0

μν ðP −QÞTr
n

ðΓð3ÞÞa0
bb0;ν½PΔ

ψ �ijb0cðPÞðΓð3ÞÞa
cc0;μ½P0

ψ �jic0bðQÞ
o

: ðD1Þ

These terms are explicitly ofOðΔ2Þ.As a consequenceof our
approximation, contributions originating from the diagonal

propagator elementsVψ andWψ in Eq. (C1) vanish up to this

order since Vψ jΔ¼0 ¼ 0 ¼ Wψ jΔ¼0. However, we note that

terms of the form P0

AΓ
ð3ÞVψΓ

ð3ÞWψ are also of OðΔ2Þ.

Evaluating the traces, we can bring the above integral into

a similar formas inRef. [42]. For the two-loop correction,we

eventually find

Γ
2−loop
quark

V4

¼ 128παsΔ
2μ2
�

−2.44þ 0.0078 ln

�

Δ
2

μ2

�	

: ðD2Þ
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