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Determining the spectrum of photons emitted by the quark-gluon plasma nonperturbatively remains an

open computational challenge. In this paper, we calculate two moments of that spectrum at a tem-perature

T ≈ 254 MeV, employing lattice QCD with two flavors of OðaÞ-improved Wilson fermions, without

facing an inverse problem. Our central value for the difference of these two moments, which is sensitive to

photon energies ω≳ πT, is lower than, but compatible with that obtained by integrating the leading-order

weak-coupling photon spectrum. This study informs the “direct photon puzzle” in heavy-ion collision

phenomenology, where it has proved difficult to simultaneously explain the yield and azimuthal anisotropy

of photons not originating from final-state hadronic decays.
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I. INTRODUCTION

The radiation spontaneously emitted by a thermal

medium provides important insight into its composition

and dynamics. For instance, in astronomy, the spectral lines

of interstellar gas are the main source of information on its

constituents and overall motion [1]. In this paper, we are

concernedwith the photon emissivity of strongly interacting

matter above the (crossover) transition temperature Tc. At

asymptotically high temperatures, from a plasma of quasi-

freemoving quarks and gluons, a photon can only be emitted

if a quark enters a collision, making the photon emissivity

directly sensitive to interactions within the medium.

In relativistic heavy-ion collisions (HICs), the transverse-

momentum-dependent yield and azimuthal anisotropy of

direct photons
1
have been studied in several experiments

[2–11]. These observables are sensitive to photon produc-

tion throughout the spacetime history of thematter produced

in the collision, and predicting them requires a complex

modeling of the system’s expansion and cooling. It has been

difficult to explain the experimental measurements by the

(otherwise very successful) hydrodynamic description and a

model of the thermal photon emissivity [12] based on the

leading weak-coupling prediction for the high-temperature

phase. This open problemhas been dubbed the direct photon

puzzle [13–15].

The differential photon emissivity of a medium at perfect

thermal equilibrium is, to leading order in the fine-structure

constant α, proportional to a thermal spectral function

σemðωÞ, ω being the photon energy in the rest frame of the

fluid. In this paper, we compute two energy moments of

this spectral function at a temperature T ≈ 254 MeV, i.e.,

around 1.2Tc [16] from first principles using lattice QCD.

We compare our results with the moments obtained by

integrating the full leading-order weak-coupling spectral

function derived by Arnold, Moore, and Yaffe (AMY) from

kinetic theory [17]. Our work tests the adequacy of the

latter at temperatures typical of heavy-ion collisions.

Thereby, it contributes to our theoretical understanding

of thermal strong-interaction matter as well as to resolving

the direct photon puzzle [13] of HIC phenomenology.

In contrast to previous lattice QCD studies of the photon

emissivity [18–21], the present study does not involve

tackling a numerically ill-posed inverse problem. It sig-

nificantly improves upon our recent works [22,23] through

superior statistical precision on the current-current
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1
Direct photons are those that are not produced through the

decay of final-state hadrons, as, for instance, in π0 → γγ.
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correlation functions, thereby allowing us to more strin-

gently probe the emission of the phenomenologically most

relevant photons, ω≳ πT.

II. FRAMEWORK

The differential rate of photon emission per unit volume

plasma at temperature T ¼ 1=β can be expressed to leading
order in α as [24]

dΓ

dω
¼ α

π

2ωσemðωÞ
eβω − 1

: ð1Þ

The photon spectral function σemðωÞ is rich in information

about the thermal system. In particular, the electric con-

ductivity is given by σel ¼ 2πα limω→0σemðωÞ=ω. In the

Matsubara formalism of thermal field theory, in which the

(imaginary) time variable is compact, 0 ≤ x0 < β, we

define for each frequency ωn ¼ 2nπT, n∈Z, the correla-

tion function of the vector current jμðxÞ,

HEðωnÞ ¼
Z

d4xeωnðix0−x1Þ
�

j3ðxÞj†3ð0Þ
�

: ð2Þ

The quantity HEðωnÞ has a spectral representation at fixed,
lightlike virtuality [25],

HEðωnÞ ¼ −
ω2
n

π

Z

∞

0

dω

ω

σðωÞ
ω2 þ ω2

n

: ð3Þ

The difficulty of computingHEðωnÞ increases dramatically

with n due to the enhanced contribution at large spatial

separations x1, where the correlator suffers an exponential

deterioration of the signal-to-noise ratio. The first moment

HEðω1Þ was determined with an uncertainty of 1% in

Ref. [23]. Of particular interest is the difference of the

n ¼ 2 and n ¼ 1 moments, since it suppresses the con-

tribution of the very soft photons and is sensitive to the

kinematically interesting region ω≳ πT ≈ 1 GeV relevant

to the direct photon puzzle. Therefore, we focus on the

computation of the n ¼ 2 moment in the following.

We use simulations with Nf ¼ 2 flavors of dynamical

OðaÞ-improved Wilson quarks with the Wilson gauge

action (see the Appendix) and compute the correlator of

the isospin current
2
jμ ≔ ðūγμu − d̄γμdÞ=

ffiffiffi

2
p

. The specific

expression used in the lattice calculation is [23]

HEðωnÞ ¼ a4
X

x

ðeiωnx0 − eiωnx2Þe−Ωnx1
�

j3ðxÞj†3ð0Þ
�

¼ a

2

X

∞

x1¼−∞

hEðωn; x1Þ;

hEðωn; x1Þ ¼ 2½GT
nsðωn; x1Þ −GT

stðωn; x1Þ� coshðΩnx1Þ;
ð4Þ

where GT
ns and GT

st denote nonstatic and static transverse

screening correlators with momentum insertions along the

temporal and spatial directions, respectively. In the con-

tinuum, the static contribution vanishes, but on the lattice it

helps reduce discretization errors. Also, one may choose

Ωn ¼ ωnð1þOða2ÞÞ in order to suppress artifacts due to

the finite lattice spacing a [26].

A one-parameter family of kernel regularizations is given

by the choice

ΩnðkÞ ¼
k

a
sin

�

aωn

k

�

; k∈R: ð5Þ

In our final analysis, we include continuum extrapolations

for k ¼ 2, a choice motivated by the dispersion relation of a

free lattice scalar field, and k ¼ 3=2, which empirically

yields the flattest continuum extrapolation (see Fig. 4,

bottom panel). As a third variant for Ωn, we opt for a

smooth interpolation centered at x1 ¼ β between the values

ωn at short distances and
1

a
sinðaωnÞ at long distances. This

choice is guided by a study of cutoff effects in leading-

order lattice perturbation theory; see the Appendix.

Our lattice simulations are performed on three ensem-

bles, labeled X7, W7, and O7, with lattice spacings

a ¼ 0.033; 0.039; 0.049 fm, tuned to a common temper-

ature of T ≈ 254 MeV. We achieve very high statistics on

the relevant correlators: the propagators entering Eq. (4) are

computed using “Z2SEMWall” [27–29] stochastic momen-

tum [30] wall sources, within a truncated solver approach

[31]. That is, we perform many more low-precision solves

for translations in space across the lattice than high-

precision ones. The DFL+SAP+GCR algorithm of [32]

is used to solve the Dirac equation, whereby the cost of

generating the deflation subspace is amortized by the large

number of low-precision translations and stochastic “hits”

we perform. The combination of stochastic momentum

wall sources and the truncated solver method allows us to

achieve much higher statistical resolution than the exact

point sources previously employed in [23] with typically

lower overall cost. The only limitation is that the momenta

are fixed a priori.

We perform simultaneous, correlated continuum extrap-

olations for two out of the three datasets associated with a

particular choice of Ωn, enforcing a common continuum

limit between them. For each of the three pairs, we consider

four combinations depending on whether the coarsest

2
For jμ ≔

2

3
ūγμu −

1

3
d̄γμdþ � � �, we have σem ¼ σ. With jμ set

to the isospin current, neglecting SU(3)-flavor breaking effects in

the high-temperature phase, we have σem ≃ ð4
9
þ 1

9
þ 1

9
Þσ.
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lattice spacing ensemble labeled O7 is included or excluded

independently in each extrapolation (i.e., both extrapola-

tions include O7, only one includes O7, or both exclude it).

This results in 3 × 4 ¼ 12 fit models.

We average the results derived from these different

choices according to the Akaike information criterion [33]

and the model averaging method from Refs. [34,35]. The

weight assigned to each fit is

wi ¼ N exp

�

−
1

2
ðχ2i þ 2ki − 2niÞ

�

; ð6Þ

where ki is the number of fit parameters and ni is the

number of data points in the fit with minimized χ2i . The

normalization N is such that
P

i wi ¼ 1. The central value

and statistical uncertainty of an observable O are obtained

via a weighted average over all models,

Ō ¼
X

i

wiOi; ð7Þ

while the systematic error associated with the continuum

extrapolation is estimated as

ðδOÞ2sys ¼
X

i

wiðOi − ŌÞ2: ð8Þ

The statistical uncertainties of our (derived) observables

are estimated using the Γ method [36–38], as implemented

in the PYERRORS package [39].

III. RESULTS

The numerical challenge to determine the moments

HEðωnÞ stems from (a) the exponentially deteriorating

signal-to-noise ratio for the correlators at large distances

x1 and (b) the exponential enhancement of the tail by the

kernel. As a result, the uncertainty of the integrand grows

exponentially at large source-sink separations; see Fig. 1.

However, it is known that both correlators GT
i , i∈ fns; stg,

are given at long distance (and in infinite volume) by a sum

of exponentials with positive prefactors. Taking into

account the periodic boundary conditions in our simula-

tions, we employ the fit ansatz

GT
i ðωn; x1Þ ¼

X

2

l¼0

jAl
ij2 cosh½ðx1 − L=2Þml

iðωnÞ�: ð9Þ

The pairs ml
i; A

l
i represent the lth screening masses and

corresponding amplitudes in a given sector ωn. The impact

of including additional states in the fit ansatz (9) is

illustrated in Fig. 6 (in the Appendix), where results from

one-, two-, and three-state fits are compared.

The results for the ground states in the n ¼ 2 sector, after

taking the continuum limit, are

m0;fit
st ðω2Þ=T ¼ 14.73ð26Þ; ð10Þ

m0;fit
ns ðω2Þ=T ¼ 15.72ð31Þ: ð11Þ

The corresponding results for our finest ensemble are

displayed in Fig. 2.

Since there is a systematic error associated with the

choice of fit range and the number of states included, we

also follow an alternative procedure where we include a

prior in the fit. We obtain these priors by fitting the ratios of

correlators GT
i ðω2; x1Þ=GT

i ðω1; x1Þ to a single exponential.

The thus extracted mass gap is shown in Fig. 3. When

added to the screening mass associated with GT
i ðω1; x1Þ, it

provides a suitable prior for the screening mass in the ω2

sector. The continuum-extrapolated values of these priors

are

m0;ratio
st ðω2Þ=T ¼ 14.07ð18Þ; ð12Þ

m0;ratio
ns ðω2Þ=T ¼ 14.99ð21Þ: ð13Þ

At the finest lattice spacing, the results from this procedure

are illustrated in Fig. 2 with the green band.

The motivation for this alternative procedure is that the

local effective masses, defined generically by

cosh½ðx1 þ a=2 − L=2Þm½G�
eff ðx1Þ�

cosh½ðx1 − a=2 − L=2Þm½G�
eff ðx1Þ�

¼ Gðx1 þ a=2Þ
Gðx1 − a=2Þ ; ð14Þ

resemble each other in the n ¼ 2 and n ¼ 1 sector. In the

continuum and infinite-volume limit, the static screening

mass is determined by the relativistic dispersion relation,

m
0;disp
st ðω2Þ=T ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðm0
stðω0Þ=TÞ2 þ ð4πÞ2

q

¼ 13.96ð2Þ;

and this expectation is better fulfilled by the fits with priors.

However, the difference between the two sets of results

FIG. 1. Integrands − hEðω2; x1Þ with different kernel modifi-

cations based on the parameter k as well as −hEðω1; x1Þ on the

finest ensemble X7.
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ultimately reflects the systematic uncertainty of describing

the tail of the screening correlators. We expect these two

methods to offer complementary estimates that bracket the

true screening mass. We find the nonstatic screening mass

in sector ω2, m
0;w=prior
ns ðω2Þ=T ¼ 15.09ð20Þ to be in good

agreement with the Electrostatic QCD prediction of

m0
nsðω2Þ=T ¼ 15.0ð2Þ [40].
Using our fitted values ofml

i and A
l
i, we extend the lattice

data for the correlators GT
i ðω2; x1Þ beyond the reference

distance x1 ¼ β as a sum of exponentials, as illustrated in

the top panel of Fig. 4, in order to compute HEðω2Þ
according to Eq. (4). We perform separate model averages

(MAVs) for the analyses performed without and with a

prior, obtaining

½−HEðω2Þ=T2�MAV
w=prior ¼ 0.891ð24Þstatð54Þcontsys ½59�; ð15Þ

½−HEðω2Þ=T2�MAV
w=o prior ¼ 0.846ð27Þstatð40Þcontsys ½48�: ð16Þ

The results in (15) and (16) agree well with those obtained

from a simultaneous, uncorrelated continuum extrapolation

using a common intercept across a range of k values; see

Fig. 4, bottom panel. The systematic uncertainty is esti-

mated via Eq. (8) and reflects the variation among

continuum extrapolations obtained from different choices

of Ωn; see Eq. (5) and below.

As our final result, we quote the mean of Eqs. (15)

and (16),

−HEðω2Þ=T2 ¼ 0.869ð24Þstatð54Þcontsys ð44Þtailsys½74�tot; ð17Þ
FIG. 3. Effective masses [see Eq. (14)] for the ratios of the

n ¼ 2 to the n ¼ 1 Matsubara sector static (red bars) and

nonstatic (blue bars) screening correlators on W7.

FIG. 2. Top: effective mass [see Eq. (14)] and fit results for the

static correlators at spatial momenta ω0, ω1, and ω2 on the X7

ensemble. Bottom: effective mass and fit results for the nonstatic

screening correlator in the n ¼ 1 and n ¼ 2 Matsubara sector.

FIG. 4. Top: integrands −hEðΩnðkÞ; x1Þ=T3 for k∈ f1; 3
2
;∞g

along with the interpolation between the prescriptions k ¼ ∞ and

k ¼ 1 at x1T ¼ 1 and choosing d ≈ 0.15 fm in Eq. (A1). The

integrands are shown on the X7 ensemble together with the tail

modification. Bottom: simultaneous (uncorrelated) continuum

extrapolation with a shared intercept for −HEðω2Þ=T2 using

priors from the “ratio method.” The result ½−HEðω2Þ=T2�uncorrw=prior ¼
0.899ð51Þstat agrees well with our quoted MAV result, Eq. (15).
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where the systematic uncertainty related to the tail exten-

sion is taken as the full difference of 0.044(17) between the

two results (15) and (16), which is statistically significant.

Our result is compatible with the previous result from

[23] while having a smaller uncertainty. The vastly

improved statistical precision, up to a factor 6.5 in the

integrand at separations of x1 ≈ β (see Fig. 5 in the

Appendix), has enabled us to make a comprehensive study

of the systematic uncertainties due to the large-x1 contri-

bution. Finally, subtracting the precisely determined first

moment −HEðω1Þ=T2 ¼ 0.676ð7Þ, we obtain

−½HEðω2Þ −HEðω1Þ�=T2 ¼ 0.193ð74Þ: ð18Þ

The same quantity evaluated from the AMY spectral

function [17] lies in the interval [0.25, 0.30], depending

on the value of the strong coupling αs ∈ ½0.25; 0.31� used.
Thus, our result is on the low side of, but compatible with

the weak-coupling prediction. Previous lattice studies

[18–21] found photon emissivities in the quark-gluon

plasma consistent with the AMY prediction, but we

emphasize that ours is free of systematic uncertainties

associated with an inverse problem and provides evidence

at the 2.6σ level for a nonzero photon emissivity.

IV. CONCLUSION

By computing the second moment of the photon spec-

trum for quark-gluon plasma at a temperature around

254 MeV, we were able to probe the emissivity of hard

photons and compare it to weak-coupling predictions. Our

current result for jHEðω2Þ −HEðω1Þj is on the lower end of
the corresponding leading-order prediction [17]; note that

the next-to-leading-order correction is positive [41].

Furthermore, in our earlier study [42] we found that

jHEðω1Þj=T2 near the crossover is comparable to that in

the high-temperature phase, indicating sizable photon

emission in this temperature regime corresponding to late

times in heavy-ion collisions. These observations could

shed light on the direct photon puzzle, since the azimuthal

anisotropy of the photons rises if a larger fraction of the

produced photons originate from the later stages of the

collision [43]. It would thus be interesting to quantitatively

study the impact of our findings concerning the thermal

photon emissivity on the hydrodynamics-based predictions

for the photon yield and anisotropy in heavy-ion collisions

at RHIC and the LHC.

For generating the configurations and performing mea-

surements, we used the OPENQCD [44] as well as the QDP++

packages [45], respectively.
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APPENDIX: SIMULATION SETUP AND

ANALYSIS DETAILS

1. Simulation parameters and algorithmic aspects

Simulations were performed at a fixed temperature of

T ≈ 254 MeV and aspect ratio L=β ¼ 4, with L (β)

denoting the spatial (temporal) lattice extent. We use the

local discretization of the vector current, which has support

on a single lattice site. We renormalize the local vector

TABLE I. Overview of the Nf ¼ 2 ensembles used in this

study. The parameters given are the bare gauge coupling g0,
Wilson hopping parameter κ, lattice spacing a, temporal size β in

units of the lattice spacing a, number of configurations used Ncon,

and number of inversions Ninv.

Label 6=g2
0

κ a (fm) β=a Ncon
N

ω1
inv

107

N
ω2
inv

107

O7 5.5 0.13671 0.049 16 1400 2.15 8.60

W7 5.685727 0.136684 0.039 20 1600 1.54 4.61

X7 5.827160 0.136544 0.033 24 1500 1.73 5.18
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current by multiplying with ZVðg20Þ, with renormalization

constants taken from from Ref. [47]. The ensemble

parameters are summarized in Table I. The number of

Dirac operator inversions is computed as

Ninv ¼ Ntrans × Nhits × Ncon × Np × 4 × 3;

where Ntrans denotes the number of spatial translations

(which we set to L=a), Nhits are the number of stochastic

draws of the source, Np is the number of momentum

sources, the factor 4 is the number of spin indices, and 3 is

the number of spatial decay directions we use. Note that no

color dilution is applied. The impact on the integrand

hEðω2; x1Þ of the improved statistical precision on the

current-current correlators computed with wall sources

(ws) instead of point sources (ps) is illustrated in

Fig. 5.

2. Correlator fits: Varying the number of states

As a consistency check, we have fitted the static and

nonstatic correlators in sector ω2 with various numbers of

states included in the ansatz (9). The impact of these

variations on the lowest screening mass is illustrated in

Fig. 6 for ensemble O7. Compatible results are found,

provided the lower end xmin
1

of the fit range is chosen

sufficiently large.

FIG. 5. Comparison of the integrand −h
ps
E ðω2; x1Þ ðk ¼ ∞Þ

used in [23] with the integrand −hwsE ðω2; x1Þ used in this work, on
the coarsest ensemble O7. For instance, the error on

−hEðω2; x1 ¼ 15aÞ has been decreased by a factor of ≈6.5.

FIG. 6. Fit results along with the ratio prediction [finite lattice

spacing pendant of Eqs. (12) and (13)] for the ground-state static

(top) and nonstatic (bottom) screening masses in the second

Matsubara channel on O7. The fit range is set by choosing xmax
1

=a
as the first point where the correlator is consistent with zero,

while xmin
1

=a is varied systematically. One-, two-, and three-state

fits are shown; for the two-state case, simultaneous fits to static

and nonstatic amplitudes are also included. Grayed-out points

correspond to fits with p value > 0.95 or < 0.05.

FIG. 7. Top: leading-order lattice perturbation theory (LPT)

prediction for the standard subtracted correlator (using the local

discretization of the vector current) with the cosh kernel (dashed

lines) and with the modified (k ¼ 1) sine kernel (solid line) in the

free theory for the second Matsubara sector ω2. Bottom:

comparison of modifications with different k values for the

β=a ¼ 24 case.
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3. Lattice perturbation theory and choice of kernel

In order to guide the choice of the kernel, we analyze the

behavior of the integrand hEðω2; x1Þ in leading-order lattice
perturbation theory with the local discretization of the

current. Figure 7 (top panel) shows this quantity multiplied

by the standard kernel (dashed lines) and the k ¼ 1 kernel

(solid lines), respectively. The standard kernel leads to large

cutoff effects in the intermediate region x1T ∈ ½1
3
; 3
2
�, while

the modified kernel (k ¼ 1) reduces these substantially

at x1T > 3=4.
Notably, with the standard kernel, the continuum limit is

approached from above, whereas the modified kernel

(k ¼ 1) approaches it from below, which suggests a

potential benefit of interpolating between them. We employ

the smooth Heaviside function,

Θðx; xw; dÞ ¼
1

2

�

1þ tanh

�

x − xw

d

��

; ðA1Þ

to achieve a controlled transition between the two kernels:

unmodified at short distances x1 < xw and modified at long

distances x1 > xw. For d ≈ 0.15 fm, this results in a flat

continuum extrapolation; see Fig. 4 (bottom panel).

Additionally, the bottom panel of Fig. 7 compares different

kernel modifications for the β=a ¼ 24 case, corresponding

to our finest ensemble, X7. It is evident that the modifi-

cations with k ¼ 3

2
and k ¼ 2 also reduce cutoff effects,

although neither performs as well as the k ¼ 1 prescription.
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[22] C. Török, M. Cè, T. Harris, A. Krasniqi, H. B. Meyer, and S.

Ruhl, Proc. Sci., LATTICE2022 (2023) 193 [arXiv:2212.

05622].
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