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The recent increase in computational resources and data availability has led to a significant rise in the use
of machine learning (ML) techniques for data analysis in physics. However, the application of ML methods
to solve differential equations capable of describing even complex physical systems is not yet fully
widespread in theoretical high-energy physics. Hamiltonian neural networks (HNNs) are tools that
minimize a loss function defined to solve Hamilton equations of motion. In this work, we implement
several HNNs trained to solve, with high accuracy, the Hamilton equations for a massless probe moving
inside a smooth and horizonless geometry known as a D1-D5 circular fuzzball. We study both planar
(equatorial) and nonplanar geodesics in different regimes according to the impact parameter, some of which
are unstable. Our findings suggest that HNNs could eventually replace standard numerical integrators, as
they are equally accurate but more reliable in critical situations.
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I. INTRODUCTION

Physics-informed neural networks (PINNSs) are a widely
used tool in today’s machine learning (ML) landscape.
They consist of neural networks (NNs) that, during the
training phase, learn to solve the differential equations
governing the physical laws of a system in a model-
independent way. When these differential equations cor-
respond to Hamilton equations of motion, we refer to them
as Hamiltonian neural networks (HNNs). The HNN para-
digm was introduced in [1], and in the present work we
closely follow the strategy proposed in [2]. The key
advantages of HNNs over standard numerical integrators
can be summarized as follows:

(1) The predicted solution is analytical in time and not

limited to a discrete set of time steps.
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(2) Conservation laws, symmetries, constraints, and prior
knowledge of the system can be easily incorporated at
the level of the architecture and of the loss function to
improve the predictability of the HNN.

(3) The minimization process of the loss function occurs
under the constraint that the solution must satisfy the
system of equations at all times simultaneously and
independently, thus avoiding any iterative mechanism.

The last point is crucial for systems whose (effective)
potential exhibits unstable critical points, for which small
changes of the initial conditions lead to completely differ-
ent behaviors of the solutions, similar to what happens in
chaotic dynamical systems. As is well known, any numeri-
cal integrator operating iteratively, building the solution
based on the result of the previous time step, accumulates
errors and inevitably loses accuracy over long timescales in
such situations. HNNs have the potential to overcome
this issue.

While HNNs have been applied in various physical
contexts,' their diffusion in high-energy physics remains
limited. In this paper, we apply this technique for the first
time in the field of string theory, where ML has only begun

'Due to the rapidly increasing number of ML applications, the
literature on this topic is vast, and providing a comprehensive
review is beyond the scope of this article. An incomplete
selection of applications includes [3—17].
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to gain attraction in recent years [18-36]. Specifically, we
focus on using HNNs to determine the noncritical and
unstable critical geodesics of a massless particle moving in
a D1-D5 circular fuzzball geometry by solving the asso-
ciated equations of motion. The scattering properties, scalar
perturbations, and tidal deformations of this physical
system have already been extensively studied in [37-39].
It serves as a well-suited test case, given that the exact
trajectory, to which we will refer as the ground truth, can be
explicitly computed. Thus, the results presented in this
paper do not add new physical insights into the system
under study; rather, the work is methodological in nature
and aims to assess the feasibility and performance of HNNs
compared to standard numerical methods in a controlled
setting. Our investigation, as clearly demonstrated by the
numerical results, shows that the HNN performs compa-
rably to numerical integrators for noncritical trajectories
and surpasses them for unstable critical trajectories, pre-
dicting accurate solutions even over long timescales.

This result suggests that HNNs, and PINNs in general,
may offer a robust and reliable solution for numerically
determining unstable solutions, not only in string theory,
but in all systems where the underlying physics gives rise to
complex dynamics. This one, together with other features
discussed later on, is one of the reasons that favor these
machine-learning-based algorithms over standard integra-
tors, even when their performances appear comparable.
Moreover, the promising outcomes of this paper pave the
way for a systematic study of more intricate geometries,
where the absence of a ground truth or the lack of physical
information necessitates reliable and flexible tools for
analysis. HNNs and PINNs are ideal candidates in this
regard. As an immediate follow-up, an interesting direction
is the study of the so-called D1-D5-P (three-charge) fuzz-
ball, where, due to its intrinsic complexity, an analysis in
terms of either geodesic motion or wave propagation has
never been completed in full generality. Such a study would
also enable a subsequent analysis of the quasinormal modes
(QNMs) spectrum [40-42], which constitutes one of our
long-term objectives.

This paper is organized as follows: In Sec. II, we
introduce the HNN-based strategy for solving a generic
set of Hamiltonian equations. In Sec. III, we review the
theoretical background of the DI1-D5 fuzzball and its
geodesics. In Sec. IV, we present numerical results for
planar geodesics, while results for the nonplanar ones are
discussed in Sec. V. Additionally, this work is accompanied
by several Appendixes providing supplemental material to
the main text.

II. HAMILTONIAN NEURAL NETWORKS

In this section, we provide an introduction to HNNs by
summarizing the basic concepts. We refer mostly to
Refs. [1,2], from which we have taken inspiration for this
work.

A. Hamiltonian mechanics

The phase space in which the Hamiltonian formalism
takes place is defined by the generalized space coordi-
nates q = (¢',...,¢") and by the generalized conjugate
momenta p = (py, ..., p,), where n > 1 denotes the num-
ber of degrees of freedom. Starting from an initial state at
time 7, the evolution of the mechanical system to a final
state at #; is described by

(q1.p1) = (0. Po) + /tl S(q.p)dr, (2.1)
where
sta.p) = (o) 22)

is the time derivatives vector. The core of Hamiltonian
mechanics is the definition of a scalar function H(q, p)
called a Hamiltonian. This function is defined in such a way
that the Hamilton equations are satisfied™:

oM

oH
q e r—

-t . 2.
P 3 (2.3)

This allows us to define the symplectic gradient from

Eq. (2.2) as
oH JoH
s (24,2 24
g Jq
and therefore, thanks to Eq. (2.1), we can evaluate the
evolution of the system. Furthermore, since along the
vector Sy, the Hamiltonian is conserved, we can define
the conserved quantity E = H(q, p). In the following, we
will occasionally use the definition of the vector z € R*" as

z=(q.p)". (2:5)

B. HNNs

Now, we present the strategy based on Hamiltonian
neural networks (HNNs) to solve Eq. (2.3) for a generic
system. In this work, we will then specialize to the case of
the D1-D5 fuzzball geometry, whose details are provided in
Sec. III. In order to start appreciating the differences
between machine learning and standard numerical integra-
tors, let us recall the widely used first-order semi-implicit
Euler method to evaluate a trajectory in the time range
[0, T]. This method respects the symplectic structure of the
Hamiltonian system. In particular, it automatically con-
serves a quantity which is the original Hamiltonian shifted

The notation % denotes the time derivative.
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FIG. 1. Representation of the algorithmic flow for a Hamil-
tonian neural network (HNN, on top) and for the first-order semi-
implicit Euler method (£, on bottom). Blue arrows refer to the
inputs at each step, while the red ones refer to the outputs. As can
be seen, the former produces an output individually for each time
without using the information at the previous step, while the latter
works iteratively, accumulating errors.

by a term proportional to the discretization time step. In
fact, the algorithm requires splitting the time interval into
N + 1 points equally spaced with time step At such that
T = NAt. The solution is then computed in correspon-
dence with the discrete times 1= jAt, with j =0, ..., N,
by updating the generalized coordinates and the corre-
sponding momenta® at time step j + 1 from those at time

step J:

Gi(ti1) = qi(t)) + A,%}Z};f)(f}'))

IH(q(;11). (1))
9qy .

9

Pi(tin) = Pil(t;) — At (2.6)

By employing this iterative method, it is inevitable to
accumulate errors through all the input time series, usually
causing the prediction of trajectories, especially at large
times, to be affected by large discretization errors. In
practice, for particularly complex systems, accurate sol-
utions are found only in the limit of A7 +— 0 (i.e., N — o),
where the method is expected to preserve the real
Hamiltonian. On the contrary, a HNN provides an analyti-
cal solution independently for any input time. This meth-
odological difference is schematically sketched in Fig. 1.

Recalling the definition of Eq. (2.5), we can write the
HNN solution as”

i(t.w) = 7o + f(1)O(t. W), (2.7)

The notation % denotes a quantity obtained with a numerical
integrator.

The notation X denotes a quantity predicted by a neural
network.

Xf() + q1(0) = q1(t)

X f(8) + an(0) = gn(t)

xf(8) +p1(0) = p1()

X f(£) +pn(0) = Du(t)

FIG. 2. The neural network architecture consists of one input
node for the time #, an arbitrary number of hidden layers, and an
output layer with a number of nodes (colored light blue) equal to
the number of nontrivial Hamilton equations that constitute the
system. The network outputs are multiplied by f(#) =1—e™"
and added to the initial conditions. Notice that f(0) = 0 is such
that the initial conditions are exactly satisfied by the predicted
solution.

where

(2.8)

is the output of the NN whose architecture is designed to be
a R R?" map, with the time ¢ being the input, and
z, € R?" is the vector of the initial conditions’ at # = 0. The
functions 0, and O, , with k = 1, ..., n, represent single
output nodes assuming values in R. The single variables in
Eq. (2.7) are therefore obtained according to

(1, W) = 1 (0) + f(1) Oy, (1. W),

pi(t,w) = pi(0) + f(1)0,, (1, W). (2.9)

See also Fig. 2 to visualize the network diagram. The
symbol w represents the collection of the network weights.
We will specify the network architecture in the results
section, since it is not necessary for the purpose of
explaining the method. Let us only clarify that the choice
of the network architecture has to be such that the
expression Z(z,w) is analytical and differentiable with
respect to the time for any set of weights w. We explicitly
write in this section the symbol w for the sake of clarity, but
we will omit it further on in the text, leaving it understood
that whenever a variable is marked by the symbol; it will
be dependent on the architecture and weights. The function
f (1), which does not contain trainable parameters, is chosen
in such a way that it satisfies f(0) = 0, and it is introduced

5In the case in which some momenta are conserved, due to the
fact that the corresponding coordinates are cyclic, then we will
not specify the nodes associated with them. This is exactly what
we mean by “nontrivial Hamilton equations” in the caption of
Fig. 2.
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to automatically enforce the initial conditions.® In this
work, we make the same choice as in Ref. [2] [where the
impact of different choices of f(7) is also illustrated] and
define the bounded function

fly=1=e" (2.10)

no( & oH
Lgyn(W) = {— I4 K‘Ik -
g k=1 sz:; * Pk
where
5 df (1)
iy, =~ar 04, (15, W) + f(1))
£

Similarly, one can obtain the definitions for ﬁk| ) and

~

% . in Eq. (2.11) by replacing g; with p; and vice versa.
J

The factors y,, and y,, can be chosen to weight a variable

more or less, relative to the others. Throughout most of the

work, we will simply use y, =7y, = 1.

Equation (2.12) makes manifest the dependence of
L4y, (W) on the network weights and on the way f(z)
enters the loss function. The subscript “dyn” refers to the
fact that, for a set of weights such that Ly, (W) = 0, the
network predictions of Eq. (2.9) would exactly satisfy
the dynamics expressed by the Hamilton equations (2.3) at
the discrete times 7;. The possibility to actually meet the
condition Lgy,(W) =0 is supported by the so-called
universal approximation theorem [43,44], which states that
a large enough neural network will be able to approximate
any continuous function with arbitrary accuracy. In prac-
tice, this possibility is spoiled by the fact that a neural
network has a finite number of neurons and then, as is
customary in the machine learning field, we can at most
search for the set of weights that make the loss function as
small as possible—i.e., we want to solve the equation

aLdyn (W)
——==0 2.13

o (2.13)
and find an approximation to the solution. We will call
training the process of minimization of the loss function,
but it has to be emphasized that, unlike common regression

®We remark that this might also be achieved by explicitly
including the conditions at the level of the loss function. The
advantage of the definitions in Eq. (2.9) is to automatically
restrict the space of possible solutions by accelerating and
stabilizing the minimization of the loss function.

We now explain in detail how the solutions to Eq. (2.3),
parametrized by (2.9), can be obtained through the min-
imization of a specifically designed loss function. Let us
consider again the time interval [0, 7] sampled with N + 1
points at constant time step A7 and indicate by ¢; = jAf the
time after j steps. We define the loss function

e (gl ]
L , 2.11
I owdem| (o), o
do, (t. oH|
404t w)| oM OH (2.12)
i |, OPkly;  OPkli(t;w)

|
problems, the training is not data-driven but rather equa-
tion-driven. This means that the only information that will
allow the NN to fulfill the desired task is codified in the
Hamilton equations, which are analytically known after
defining the Hamiltonian, and no assumption on the true
trajectory is required. From this perspective, the HNNs
alone offer a model-independent solution to the problem,
and additional information—e.g., the knowledge of the
solution at given times due to experiments or different
methods—can be easily incorporated in the training proc-
ess to improve the accuracy of the predicted solution.
Let us stress that the formulas given in Eq. (2.9) are
continuous and differentiable in the variable ¢; then, after
the training, they represent an analytical solution to the
Hamilton equations, providing a significant advantage over
numerical integrators, where the solution is only known at
predefined discrete time points. However, a natural concern
is the reliability of the prediction for times different from
the 7; entering Lgy,. In addition to regression tasks, HNNs
can suffer from overfitting by providing an accurate
solution for 7= t;, but one considerably different from
the ground truth for 7 in between ¢; and 7, ;. A demon-
strative example of the problem is shown in Fig. 3. This
problem is expected to be particularly severe as At
increases (N — 0), since the solution is less constrained
in between two consecutive points, and it vanishes in the
limit Az - 0 (N — o0). One possibility to overcome
the problem is to sample the interval [0, 7] differently at
the beginning of each epoch, for instance, by adding
Gaussian noise to a given initial set of times 7;, or to
choose a large N value and check a posteriori that the loss
function, computed for a set of times different from ¢;,
keeps at the same level as the one minimized during the
training. In this work, we have followed the latter strategy.
Of course, there is no chance that the prediction could be
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—— true solution

overfitted prediction

L L L L L L L L
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

FIG.3. Demonstrative example of overfitting for a HNN. In this
case, the dynamical loss is minimized only for r =0 and r = 3
(red points), in correspondence with which the predicted solution
is accurate, while it rapidly deviates from the true one otherwise.

accurate for ¢ outside the interval [0, 7], since the network
has not been instructed on the dynamics in that regime.

Another great advantage of the procedure outlined above
is the possibility to extend the definition of the loss function
by including terms accounting for the conservation of
physical quantities. Particularly important is the term
imposing the energy conservation, already introduced in
Ref. [2], that can be defined as

N

Lanrsy (W) = > [H(3(17,W)) = Eol.

J=0

(2.14)

where Ej, = H(z,) is the value of the energy to be
conserved along the trajectory. We then define the total
loss function that has to be minimized as a convex linear
combination of Ly, and Lepergys

L(’L W) = (1 - ’I)Ldyn(w) + lLenergy(w)’ (2'15)
where we have introduced the trade-off parameter 4 € [0, 1].
The practical advantage of introducing the energy con-
servation term in the loss function is making the con-
vergence toward the correct solution faster and the training
procedure more stable. Moreover, setting 4 > 0 serves also
as a regulator to select a unique solution in those situations
where Lgy, might admit multiple ones. We will show, in
fact, that setting 4 > 0 dramatically affects the performance
of the neural network in some cases. Similarly, one can
introduce other terms enforcing the predicted trajectories to
conserve physical quantities.

However, the loss function of Eq. (2.15) is not particu-
larly helpful in comparing the performances of the neural
network at varying 4, since A itself, especially when close to
0 or 1, alters the order of magnitude of L(4, w) at a given w.
During the training, we therefore also monitor individually

Lgys(W) and Ly (W) in order to have a measure of the
goodness of the solution independently from A.

Further regularization terms limiting the space of the
solutions according to additional knowledge about the
system can be introduced as well to improve the accuracy
of the network. We will come back to it later in the results
section, since this is case dependent.

We conclude this section by observing that we have
specialized Eq. (2.11) for the case of the Hamilton
equations, but in general one can write a proper loss
function to search for the solution of any system of ordinary
differential equations. For instance, the geometry descri-
bed in the next section also enjoys the separability of the
motion, and it allows the derivation of a different, but
physically equivalent, set of equations of motion. We will
consider this alternative point of view in Appendix E, with
the aim of highlighting differences between the usage of
HNNs. The scope of applicability of PINNs is therefore
extremely wide, and such technology is a valuable tool that
can complement standard numerical integrators and, at
times, replace them.

In the next section, we will introduce the physical system
whose equations of motion are the ones we want to solve by
implementing a HNN.

III. D1-DS FUZZBALL GEOMETRY

The physical configuration we consider in this work is
the motion of a scalar massless neutral particle inside the
geometry of a D1-D5 circular fuzzball. This section is
divided into the following subsections: in Sec. III A, we
furnish a presentation of the background in which the
fuzzball comes out, with the aim of understanding its nature
and why it is playing an interesting role in string theory; in
Sec. IIIB, we recall the basics for determining the
Hamiltonian of a particle that is moving inside a generic
spacetime; in Sec. III C, we focus on the aforementioned
case of D1-D5 fuzzball geometry, writing the Hamiltonian
of the particle and presenting some relevant properties of
such geometry; and in Secs. III D and I E, we distinguish
the two cases of interest: planar and nonplanar motion.
Details concerning the formulas that will be shown can be
found in the Appendixes.

A. Presentation of the D1-D5 fuzzball

As already said, in this paper we study the geodesic
motion (i.e., the free-fall trajectory) of a massless particle
moving inside a specific geometry derived from a low-
energy limit of string theory, exploring it as another
potential application of the powerful and versatile tech-
niques of ML in this field. To grasp the physical context, we
give a brief review of the concept of black holes (BHs) and
its relevance in modern theoretical physics. These gravi-
tational objects, first discovered within the context of
general relativity, exhibit several peculiar properties.
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They are surrounded by a surface called the event horizon,
beyond which nothing, not even light, can escape—hence,
the term “black” in their name. Furthermore, at the core of
the BH lies a singularity, known as a curvature singularity,
where spacetime is no longer well defined. The cause is the
fact that general relativity becomes unreliable at scales of
the energy of the singularity, and quantum effects should be
properly taken into account.

As a matter of fact, BHs are an interesting puzzle for
theoretical physicists, and this is due to their simple nature:
they are described by a handful of parameters—namely,
their mass, charge, and angular momentum—while being
the result of the gravitational collapse of very complex
physical systems, such as stars. Moreover, no matter the
complexity of the quantum state that crosses the event
horizon, this only results in a change of those parameters.
This is typically referred to as the information-loss paradox
[45] and reveals a curious—albeit not yet understood—
relationship between general relativity and quantum
mechanics. Remaining still at the classical level, it was
shown that BHs are akin to thermodynamical systems:
they obey laws similar to those of thermodynamics [46]
and possess an associated entropy-like quantity in the
form of the event horizon’s area. It is well understood that
entropy has a microscopic interpretation in terms of the
number of microstates, a description that is woefully
absent in general relativity, since here it is usually said that
“black holes have no hair” (meaning, as said before, that
they are described only by mass, charge, and angular
momentum).

As it is, both the existence of a singularity and that of the
event horizon call for a theory of quantum gravity and a
better understanding of the classical BHs. In the context of
string theory, a proposal can be formulated (the “fuzzball
proposal” [47-49]), according to which BHs should be
thought of as superpositions of quantum states, some of
which admit a classical description as smooth and horizon-
less gravity solutions with the same mass, charge, and
angular momentum as the BH. In addition, these micro-
states can emit radiation, preserving quantum information
and hence solving the information-loss paradox.

There are many ways to construct these smooth, horizon-
less geometries, and one of these is to consider particular
objects naturally arising in string theory, the D p-branes.
Without entering into too much detail, (super) string theory
can be defined in a mathematically consistent way only in
9 + 1 spacetime dimensions; D p-branes extend both along
the time direction of spacetime and along p spatial dimen-
sions. They carry mass and charge, and consequently are
subjected to the action of forces. One can combine a number
of different branes in order to form a stable gravitational
object, with a given mass and charge. For the scope of this
work, we are interested in the gravitational object—and its
associated spacetime metric—which is obtained by combin-
ing D1 and D5 branes, and which has a circular profile.

B. Formalism

Given a spacetime of dimension d, it is well known that
the scalar product between any two of its vectors is codified
by a symmetric d X d matrix, which is the metric g, . In this
way, the squared length of the line element is given by

(3.1)

where x* are the spacetime coordinates (4 =0, ...,d — 1).
The free fall of a neutral particle inside a certain spacetime
with metric g,, happens along the geodesics, which are
solutions of differential equations known as geodesic
equations. On the other hand, it is also known that the
trajectories in the physical space are such that the action is
minimized, which can be done by solving the FEuler-
Lagrange equations

ds? = gﬂydx”dx”,

dolL oL
dsoi — ox*’ 3:2)
where s is the affine parameter of the geodesic of the
particle and £ is its Lagrangian. From all of this, we
understand that the geodesic equations are equivalent to the
Euler-Lagrange ones, and it can be shown that it is possible
if the Lagrangian has the following form:

B dx#

== (3.3)

1
L=5guii,

In order to pass to the Hamiltonian viewpoint, we have to
compute the canonical conjugate momenta

oL

P u - w, (34)

and the Hamiltonian A is obtained through a Legendre
transformation of the Lagrangian

H = P,x*(P)— L(x,%(P)) = %g/‘”PﬂPl,. (3.5)

Notice that what we have called here x and P correspond
to q and p of Sec. IT A, but this is the typical notation in
the gravity context. In addition, we consider as time
the affine parameter s in place of the coordinate time ¢
used in Sec. II B. This implies no conceptual and practical
differences in the ML strategy proposed. The mass shell
condition for a particle of mass py reads [37,50]
H= —% 3. Since we are interested in massless geodesics,
we obtain the following important condition: H = 0.
Finally, we recall that, if the metric components—and
thus, the Lagrangian—do not depend on a specific coor-
dinate x* (which is said to be cyclic), then the correspond-
ing momentum P, is conserved, as can be read from the
Euler-Lagrange equations (3.2).
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C. Geometry

Now, we pass to examine the geometry of the DI1-D5
circular fuzzball and the properties of the motion of a
massless particle inside this. The spacetime metric gen-
erated by this object is

ds? = H™'[=(dr 4+ w,dp)* + (dz + w,dy)?]

+ H |(p* + a’cos’0) 4’ + d6?
! 2+ aj%

+ p*cos’Ody? + (p* + a})sinzedqﬁz}

H 1/2 H 1/2
+ (H—;) dzi, + (ﬁj) dz3 4 (3.6)
where
L2
H = \/HHs, H=14+—-—3——,
1 +,02—|—a]2000529
a;LLssin%0 a;L,Lscos?0
w0y = L1 w, =112 (3.7)

_p2+a}2cc0526” _pz—i—a]zccosze'
Here, ay is the radius of the circular profile, and L and Ls
are the charges of, respectively, the D1 and D5 branes.”
These are the parameters of the geometry that we are
considering, and it is also rotating. It has to be said that the
complete solution describing the fuzzball does not contain
only the metric (3.6), but also other fields, which are not
relevant for the dynamics of the neutral probe we are
considering, and for this reason we have not written them.
This spacetime is ten-dimensional,® but four out of the ten
coordinates, z; with I =1,...,4, parametrize compact
directions, and for this reason we can safely set their
corresponding momenta P, equal to 0 and neglect these
coordinates. The coordinates (p, 6, ¢, ) are called oblate
spheroidal coordinates, and they are related to the standard
Cartesian ones (x;,x,, X3, x4) through the relations

x; = y/p* + a;sinfcos ¢,
_ /.2 2 o :
Xy = 4/p —|—afs1n951n(/),

X3 = pcosfcosy,

(3.8)

X4 = pcosfsiny.

"Notice that L, and Ls have the dimension of a length, while in
measure units with ¢ = G = 4/1160 = 1, the charge has the dimen-
sion of a squared length. Consequently, the real charge is related
to L; via multiplication by a dimensional parameter.

8ForLl =Ls=0(.e.,H =Hs=1and w;, = w, =0) and
under a suitable coordinate change, the metric (3.6) describes flat
spacetime.

Notice that the metric components do not depend on #, ¢,
w and z; consequently, the associated momenta P, = —E,
Py=J4 P,=1J,, and P, are conserved. Following
Egs. (3.3)-(3.5), we can arrive at the expression of the
Hamiltonian of a particle moving inside this geometry,
which is

1
2(p* + ajcos’0)H
N (Jya;—P.L\Ls)*> J2  Jj
2 sin’@

H:

{Pg (p* +a3) + P

p cos’6
Jya;—EL Ls)?
Vst EULE (e gy a1+ 1)
f

+ (E? - Pg)a}sinze] : (3.9)

From this, we can compute the derivatives, as required
by Hamilton equations, that should then be used inside the
loss function as explained in the previous Sec. II. We will
not report these derivatives for the most general case, since
they are not important for our study; we write in
Appendix A the derivatives that are related to the planar
and specific nonplanar motions, as we will soon explain.

Before proceeding with this, we have to pay attention to
a particular feature of this geometry, and that will constitute
another aspect to probe the goodness of the HNN—i.e., the
separability of the dynamics along the radial p and the
angular 0 directions. Indeed, from the previous expression
of the Hamiltonian, since it has to be O for the massless
particle, we can neglect the overall factor and, by examin-
ing the terms within the square brackets, we notice that, by
introducing the Carter constant K* [51], we can distinguish
the motion along the direction parametrized by p from the
one along the direction parametrized by 6. In particular,

L3+ L2
P%—QR(p>—(E2—P§><1+; 25)
peta;

(Jpas —EL\Ls)* (J,a;—P.L\Ls)* K’

(p* +az)? P’ +ap) PP ta;
(3.10)
and
J2 J3
2 _ — x2 v ¢ 2 2\ 42 oin
Po=04(0) = _cos29_sin29_(E — P2)a sin”0
(3.11)

Thanks to this, it is possible to integrate these two
equations, getting expressions in terms of elliptic integrals.
We are not going to do this in the most general case, since
we are interested in the planar and a specific nonplanar
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motions. In the former situation, we report also the
procedure that shows how to integrate these equations,
getting the ground truth that will constitute the reference
point with respect to which we compare the results coming
from the HNN and the standard numerical integrator.

A common peculiarity of BHs, D-branes, and other
compact gravitating objects is the presence of “photon
spheres” or light rings (light halos for rotating objects),
which are stable or unstable bound orbits of particles
separating the asymptotically flat region from the horizon
(or the inner region for fuzzballs) [52—54]. In the following,
we will denote them as critical geodesics. The simulta-
neous vanishing of the radial momentum P3(p) = Qx(p)
and its derivative

Oulperde) = Qplperd) =0 (3.12)
individuate the critical radius p. and the corresponding
critical angular momentum J,.. The radial effective poten-
tial —Qx(p) depends also on all the other parameters of the
geometry—hence, fixing all of them, we get a particular
shape, corresponding to which p,. can correspond either to a
maximum or to a minimum. In the former case, the critical
geodesic is unstable; in the latter, it is stable. It is worth
noticing that this identification is possible only if the
geometry is separable. Determining the critical geodesics
for nonseparable geometries is something not clear, and
HNNs could help in this direction.

We pass now to examine the planar and nonplanar cases
separately, determining also the critical geodesics.

D. Planar case

Due to the axial (non—fully spherical) symmetry, the
geodesics are nonplanar in general. Some simplifications
arise for geodesics when the motion exists in a fixed plane.
In order to find this, we should solve the Euler-Lagrange
equation for the @ coordinate (which is a second-order
differential equation), imposing as initial conditions
0(sy) = 6y (the value of the angle corresponding to which
we have the plane) and (s,) = 0, where s is the value of
the affine parameter at the beginning of the motion. In this
way, we obtain a Cauchy problem, and if the only solution
is O(s) = 6,, then the motion takes place only along the
plane corresponding to 8 = 6.

|

For the geometry we are studying, this happens if
6y = 0,7/2, which corresponds to the two equatorial
planes.9 Since 6 is constant, Py = 0. Furthermore, in order
to avoid divergences in Eq. (3.11) for 6 = /2, we are
forced to take Jl,, = 0; conversely, J¢ =0 for 8 =0.
Furthermore, we also set P, =0, which simplifies the
treatment without altering the final results. In the following,
we will consider only the case with 6, = z/2. The
Hamiltonian (3.9) becomes

1
= 20*H(0 = 7/2)
(Jga; — EL,Ls)*

+- - E*(p* 4+ a3 + L} + L}
,02+a]2c (ﬂ f 1 5)

[PIZ, (p* + aj%) + Jé

+ EZa;} . (3.13)

Its derivatives are reported in Appendix A.

For what concerns the separability, Eq. (3.11) with
Py=0,0=n/2,J,=0, P, =0 can be solved for the
Carter constant

K* = Jj + Ea3, (3.14)

which, when plugged into the radial equation (3.10), gives

2 2 20

P2:E2<1+L%+L§) (Jgay—EL\Ls)* Jj+ajE

g p*+a; (p* +a3)? p*+a;
(3.15)

We introduce now the impact parameter b:
J
¢

b=—. 3.16

In this way, these equations can be expressed in terms of
such parameters. Using the expressions of the momenta P;
in terms of the derivatives of the coordinates, x?, from
Eq. (3.4) and inverting all these relations, we can find an
equation for the derivative of p and ¢ with respect to the
coordinate time ¢. At the end, we get

’

(3.17)

() p | P+a)) \/L%(Lﬁ +p%) + (LY + p? = b?) + d(L} + L%+ p?) — 2a;bL, Ls
e i (LT + p*) (L2 + p*) + a(L} + L: + p?) — asbL, Ls

dp() ¢ bp® +asLLs
de i (LT+p)(LE+p) + (LT + L2+ p*) —aybL\Ls

’Actually, these are specific cases of a more general class of geodesics, denoted as shear-free [38].
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P
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—Qr(p)

—1.0

FIG. 4. D1-D5 circular fuzzball radial effective potential in the
equatorial plane 6 = z/2 for Ly = Ls = 1 and a; = 0.1. Top
panel: at b, = b.; = 5.1, the stable photon sphere corresponds to
pPe = pca = 0. Bottom panel: at b, = b., = 1.9, the unstable

photon sphere corresponds to p, = p., = V0.8 = 0.8944.

Details can be found in Appendix B. In the first equation
of (3.17), the negative sign refers to the phase in which the
particle is moving closer to the central object, while the
positive sign refers to the opposite situation. We can find
the critical geodesics by imposing the vanishing of
Eq. (3.15) and its radial derivative. Introducing the impact
parameter b, we have two equations in the variables p, b,
and we can solve them in terms of the parameters L, Ls,
and ay. Keeping in mind that p and b are non-negative, we
obtain the final results

Pe1 = Ov
a?(L? + L%) + L?L2
by, = f( 1 5) 1 5, (3.18)
2leL1L5
and
Pep = \/LILS —as(Ly + Ls),
bc,Z = L1 + L5 - af. (319)

Figure 4 shows the plot of the effective radial potential
—P2 = —Qg(p) for these two cases by setting L; = Ls = 1
and a; = 0.1. As can be seen, p..; describes a stable photon
sphere (top panel), while p., describes an unstable one
(bottom panel). By plugging € = z/2 and p =0 into
Eq. (3.8), we obtain

X| = ascos g,
Xy = le sin ¢, (320)

)C3:.X4:0.

Hence, when p = 0, we get on the plane (x;, x,) a circle
of radius ay, and it is the stable geodesic.lo In the following
sections of the paper, we will indicate (x;, x,) as the usual
(x,y) and only focus on the orbit with radius p. =

V/LiLs —as(Ly + Ls) and an impact parameter equal to
b, = L + Ls — ay. From the above discussion, it is clear
that, when b < b, the particle, coming from infinity,
arrives at the compact object, and then it bounces, while
for b > b,, the particle reaches a minimum value of the
radius, and then it moves away again. The former case will
be denoted as subcritical, while the latter is overcritical.
Another way of formulating this distinction from the first
equation of (3.17) is the following:

(1) When b < b,, the radicand does not admit real zeros
in p. It implies that dp/d¢ never vanishes, meaning
that the distance always decreases (with minus sign)
or always increases (with plus sign). If the particle
comes from infinity, then it reaches p = 0, and then
it bounces.

(2) When b = b, the radicand has two real and positive
zeros that are coincident, and they correspond to p.,.

(3) When b > b, the radicand has two distinct real and
positive zeros; hence, we have two critical radii, p_
and p,, with p_ < p,. If the particle comes from
infinity, it first reaches p,, and after this, it goes
away again.

It has to be noticed that, in this case, we can rewrite the
equatorial geodesics in terms of elliptic integrals, which is
done from Eq. (3.17). This constitutes the ground truth in
the comparison of the results of the HNN and the numerical
integrators. Details of the determination of the ground truth
can be found in Appendix C. In the following sections, in
the planar case, we will set L; = L5 without loss of
generality, simplifying a lot of the involved equations.

E. Nonplanar case

Now, we want to analyze the motion that takes place not
only on the equatorial plane. In particular, we set

(3.21)

and we fix y = 0. It corresponds to a family of three-
dimensional geodesics that take place in the Cartesian
space through the relations outlined in Eq. (3.8)—i.e.,

"In the § = 0 plane described by the coordinates (xs,xy)
(since x; = x, = 0), the fuzzball instead corresponds to a point
located at x3 = x4 = 0.
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x = /p* +ajsinfcos ¢,
_ 2 26 :
y=/p~ +apsinfsing,

7 =pcos0,

(3.22)

where we have denoted x5 as z. The general Hamiltonian
(3.9) now reads

1
H= P(p* +a7) + Pj
2(p* + aj%cosze)H { o+ ap) 0
Jé _(J¢af—EL1L5)2
sin%6 PP+ ajzc

—EXp* +aj; + L]+ L5 - a}sinzﬁ)} . (3.23)

The derivatives with respect to the variables that define the
Hamilton equations are reported in Appendix A.

We discuss now the determination of the critical geo-
desics—i.e., the only case we study with the HNN, since it
is the most physically relevant one for observational
reasons. The momenta (3.10) and (3.11) now become

e +L% +L3\ | (Jgar—ELLs)* K
P Py (pz T az.)z P+ ad
f f f
(3.24)
and
I
) p 2.2 2
PQ_K —M—E afsm 9, (325)

respectively. For P, 6 # 0, the angular dynamics is
nontrivial. Let us rewrite (3.24) as follows:

(p2+a2)2P2
Ezf—p =R(p) =p* +Ap* + B,
A =2a; +Li+L;-b,
B=a}(*=b*+a;+L7+L3), (3.26)
where
LLs Jy K
=b, — , by =—, b=—. 3.27
£=1b, 0 0= g (327

The critical conditions are R(p.) = R'(p.) =0, and
these correspond to two equations in terms of the variables
Pes Cor and b.. We can solve them in terms of £, and b,
which become functions of p.—i.e.,

(P2 +ap)?

2
ay

&=

El

b =2pz +2a; + L + L3. (3.28)

In order to fix p., we must work on the condition Pg > 0.
Details of all steps that have to be done in order to arrive at
the determination of p,. and the examination of the cor-
responding critical geodesics are reported in Appendix D.
Indeed, as shown there, these critical geodesics generically
wrap around spheroidal zones. There is only one case in
which the critical geodesics wrap around an oblate sphe-
roid, and we will study only this last scenario. The critical
radius has the following expression:

pc:,/LlLS—aj%, 0<af§\/L1L5.

These geodesics are counterrotating with respect to the
fuzzball—i.e., they rotate in the opposite sense with respect
to the central object. From Eq. (3.29), we can obtain the
expressions of ¢, and b, which are

(3.29)

L.L
gc__ = bcﬁ,c:Ov
ar
b, =L, +Ls. (3.30)

The reason why we have the negative sign of Eq. (3.28) for
{. is explained in Appendix D.

IV. RESULTS FOR PLANAR GEODESICS

In this section, we present in detail the implementation of
the HNNSs, the strategies, and the numerical results for the
planar geodesics in the 8 = z/2 plane and in the three
scenarios illustrated in Sec. III D: overcritical (b > b,.),
critical (b = b,.), and subcritical (b < b,.). The Hamilton
equations that describe the geodesics are given by the
following system of coupled differential equations:

oM
T
__H
rT "
oM
_ o 4.1
b= 5 (@.1)

The derivatives on the right-hand side are explicitly written
in Appendix A. The integration of the equations obtained
from the separability of the motion [Eq. (3.17)], which are
different but physically equivalent, will be presented in
Appendix E.

For all three cases, we fix the geometry parameters to
ag = 0.1,L, =Ls=L =1, and E = 1. With this choice,
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the critical values of the impact parameter (3.19) and of the
critical radius are

pe=V0.8=08944.  (42)
In the remainder of this section, we outline the general
strategy, while the case-dependent details and the associ-
ated results will be presented separately in the following
three subsections.

The neural networks are explicitly designed to map
the input time s to the three-dimensional output [O,(s),
Op,(s), Oy(s)], from which the solutions are built accord-

ing to

A(s) = po+ f(5)0,(s).
ﬁ;(s) = P/).O +f(s)OPﬂ(s)v

B(s) = do + F(5)04(s). (4.3)

Let us stress that the role of the time 7 in Sec. IT A is now
played by the affine parameter s, and this does not entail
any difference, either in the strategy or in the implementa-
tion of the neural networks. Indeed, Sec. II A can be reread
replacing ¢ with s.

Our implementation of the neural networks'! relies on
the libraries Keras [56] and TensorFlow [57]. The trainings are
performed by employing the Adam optimizer of Ref. [58].
In all cases, the weights are initialized by drawing random
numbers from a normal distribution with center 0 and
width 0.05.

The loss function we minimize is the combination given
in Eq. (2.15), and during the training we monitor indi-
vidually also Lgy, and Leyeey, Which are defined in
Egs. (2.11) and (2.14), respectively. Unless otherwise
specified, we set y, = rp, =Yy = 1 inside the loss func-
tion (2.11). As usually happens when training a neural
network, the loss function fluctuates continuously over the
epochs. Therefore, we save the updated weights at the end
of each epoch and, at the end of the training, we consider
the set of weights corresponding to the lowest value
reached by the loss function as the optimal set for the
trajectory prediction.

If not otherwise specified, the learning rate 7 is defined
as a function of the number of the epoch according to the
scheduler function:

ni—ny
epoch) = 5, + ‘ ’
’7( p ) ﬂf 1 + exp[—(f]c —_ epOCh)/G"]

(4.4)

with 7, =8x 107, n, =»;/10, n.=10°, and o, =

20 x 103. It can be easily seen that Eq. (4.4) is a decreasing

A demonstrative notebook is provided in Ref. [55]. The
complete code is available upon request.

function such that n ~#; for epoch < 7. and n ~n; for
epoch — oo. Setting a decreasing learning rate during the
training is a standard technique to improve the convergence
toward the minimum of the loss function, and the choice of
the aforementioned parameters has been made after a
careful investigation.

In addition, for each case we perform several trainings by
changing 4 and the neural network architecture, and we
judge the best choice according to the lowest loss function.
We will show an example of this study for the overcritical
case, and for the other cases (including the nonplanar
motion in Sec. V), we will only quote the configuration that
according to our analysis is the one that leads to the best
performance.

As explained in Sec. III D from Eq. (3.8), the solution
in the x-y Cartesian plane (recall that now 0 = z/2) is

given by
x=./p* +a.)2ccos¢,
y=\/p* +ajsing.

For the three cases, we set the initial value of the radius
po to 10. The initial values of the variables P, and ¢
depend instead on the choice of the value of the impact
parameter b. On the Cartesian plane, the impact parameter
b is identified with y,, and therefore the initial value of the
angular variable is given by inverting the second equation
of (4.5)—i.e.,

(4.5)

b

\/P T+ af

The value of P, can be obtained by solving #(0) = 0
in Eq. (3.13).

In each case, we set the interval of discrete times in
correspondence of which the loss function (2.15) has to be
minimized by splitting the interval 7 ., = [0, T] into N
equally spaced points. We keep this set fixed during the entire
training process. We then construct a second interval of
discrete times, denoted by 7 ,,, by adding five additional
equally spaced points between two consecutive times in
T ain and excluding the times in 7 ,;,. The interval 7, thus
contains 5 x (N — 1) points which are not used during the
training. For all the trainings performed in this work, we have
explicitly checked that, at the end of the training, the loss
function evaluated for the set 7, is compatible with that
actually minimized within 5%. This is a numerical check that
overfitting of the solution has not occurred. Finally, we show
in the plots the results predicted for the joint interval
7 tain U T ya, which contains N +5x (N —1) points
in total.

In order to assess the performance of the neural net-
works, we compare our results with those obtained by other

¢y = arcsin (4.6)
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numerical integrators. In particular, we consider the first-
order semi-implicit Euler integrator (2.6) that, as is well
known, preserves the symplectic structure of Hamiltonian
systems by conserving the energy up to a shift term
proportional to the discretization step, and the more
advanced Runge-Kutta method of order 5(4), RK45 in
short, though it is not symplectic. To implement the latter,
we use the SciPy package solve ivp. The package (see
the documentation in Ref. [59]) conveniently allows us to
set the precision of the solution y(7) in terms of absolute
and relative tolerances, determined by the parameters a,
and r,, respectively, by keeping the local error estimates
smaller than ay,; + r|y(¢)|. We have set in all cases the
relative and absolute tolerances to the minimum possible
values, 1o, = 1071 and a,, = 10713, respectively.

We evaluate the numerical solution obtained from RK4 5
in correspondence with the interval 7 i, U 7 o as well.
The numerical solution provided by the Euler method is
instead strongly dependent on the discretization step As,
which regulates the update of the solution in Eq. (2.6). We
consider two time steps: As = 7/N, which corresponds to
the same step as 7 yun, and As = T/(100N), which is
instead 100 times finer. In the discussion of the results, we
will refer to these different Euler solutions with 1 x N and
100 x N points, respectively.

As explained in Appendix C, we can compute ¢ exactly
as a function of p, and then, by plugging these values into
Eq. (4.5), we get the exact trajectory in the Cartesian plane.
We call this trajectory the “ground truth,” as is customary in
machine learning studies. The comparison with the ground
truth only allows for a qualitative check of the correctness
of the predicted geodesics. In order to have a quantitative
measure of the error committed by the neural network and
the numerical integrators, we can compare the exact
function ¢(j) with $(p), and $(p) with ¢(p). The same
comparison can be carried out also for P,, whose true value
can be found as function of p by solving H(s) = 0, as is
explicitly done in Egs. (C5)—(C7).

We pass now to examine separately the three regimes.

A. Overcritical case

In this subsection, we discuss the results for the
overcritical case and set » = 1.91. The initial conditions
are therefore given by

Bo = 0.1922,
H(0) =0,
P,o=—0.9917. (4.7)

To find the optimal setup, we have repeated the training
several times by varying the trade-off parameter 1 and the
number of neurons N,.,rons While keeping fixed the number
of hidden layers at 2 and the activation function o(x) as the
hyperbolic tangent,

10°
102k
1072
g 57 -5 L B
Ty A, Nneurons % 10 A, Nneurons
~ 107* F— 0.990, 32 3 —— 0.990, 32
—— 0.999, 32 —— 0.999, 32
—— 0.900, 32 10-8 | — 0.900, 32
1075 F — o.700, 32 —— 0.700, 32
—— 0.500, 32 —— 0.500, 32
i 1 1 i 1 1
10! 10° 10° 10! 10° 10°
epochs epochs
10[] r 1073 -
1072 1075}
.
= %
N~ 107 F A, Naerons = 10~7H X, Naeurons |+
—— 0.990, 64 —— 0.990, 64
| —— 0.990, 48 —— 0.990, 48
1078 F— 0.990, 32 10~9 F — 0.990, 32
—— 0.990, 16 —— 0.990, 16
! 1 1 : 1 1
10! 103 10° 10! 103 10°
epochs epochs
FIG. 5. Tuning of the parameters for the overcritical case with

b =1.91. In all the tests, the neural network has two hidden
layers, and tanh(x) is the activation function. Top panels: Lgy,
(left) and Lepegy (right) at a fixed number of 32 neurons while
changing A from 0.5 to 0.99. Bottom panels: the same as the top
panel, but with fixed 4 =0.99 while varying the number of
neurons from 16 to 64. The four plots show that the best
performance, in terms of minimization of the loss function, is
given by the choice 4 = 0.99 and N o;0ns = 32, corresponding to
the red color.

o(x) = tanh(x). (4.8)
For A, we have considered the values 0.5, 0.7, 0.9, 0.99, and
0.999, while for N cu0ns» We have considered the values 16,
32, 48, and 64. The interval of time 7 ., is given by
splitting the interval [0, 24] into N =400 points. The
neural network is trained with 600 x 10 epochs for each
combination of parameters. The loss functions Lgy, and
Lenergy are displayed in Fig. 5, where the top panel shows
the dependence on A at fixed N gyons = 32, while the
bottom panel shows the dependence on N, qns at fixed
A =0.99. The study shows a strong dependence upon both
Aand N .yrons- In particular, at fixed N peyrons = 32, the loss
functions get stuck in a plateau for 4 < 0.9, highlighting
that indeed, the addition of the conservation term Lepergy
favors a faster and better minimization of the total loss
function. We have observed no significant improvement by
passing from two to three hidden layers.

The study shows that the best performance is achieved
by the combination 4 = 0.99 and N y0ns = 32. We have
then trained the neural network with this combination up to
3 x 10° epochs, and we have used it to predict the geodesic.
The corresponding loss functions are shown in Fig. 6.

Figure 7 shows the function H(s) for the predicted
geodesic (labeled by “HNN” and represented by the solid
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1 -9 L
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10° 10t 102 103 104 10° 108

epochs
FIG. 6. Loss functions for the overcritical case with b = 1.91.

The training has been performed with 4 = 0.99, N cyons = 32,
two hidden layers, and tanh(x) as the activation function.

red line), for the Runge-Kutta method (purple dashed line),
and for the Euler method with N (blue) and 100 x N
(green) points. The plot shows that the HNN conserves the
energy very well on average, with fluctuations between
—2x 107 and 2 x 1073, The Euler methods both with N
and with 100 x N points exhibit a larger violation of the
energy that increases with the time s. The RK45 integrator
is remarkably good, with violations from H(0) =0 of
order 107°.

Before showing the results for p(s), P,(s), and ¢(s), let
us discuss their expectations based on the physical argu-
ments of Sec. III D. At the beginning of the motion, the
particle approaches the fuzzball (we refer to this phase as
“incoming motion”), and consequently p decreases until it
reaches the minimum value p, = 1.000138, which is the
largest root of the radicand in Eq. (3.17). Afterward, the
particle moves away from the fuzzball (we refer to this
phase as “outgoing motion”), and p starts increasing again.
We denote by s the time at which the variable p attains its
minimum p,. Due to the symmetry of the system under
p +— —p, the function p(s) must be symmetric with respect
to 5. On the other hand, P, starts from the negative value
P, 0, given in Eq. (4.7), and it increases over time until it
reaches zero at s, eventually approaching a plateau at
infinite time. Similarly, ¢ starts from the initial value ¢,

x10~°

- H(0) —=— RK45

—2F Euler 1 x N pts

Euler 100 x N pts
1

0 5 10 15 20
S

FIG. 7. Energy conservation over time in the overcritical case
with b = 1.91 and N = 400 for different methods. The conserved
value of the energy H(0) =0 is represented by the dotted
black line.

—— HNN
=== RK45

Euler 1 x N pts
Euler 100 x N pts

¢(s)/2m

0.5F

S

FIG. 8. From top to bottom: p(s), P,(s), and ¢(s)/2x for
different methods in the overcritical case with b = 1.91 and
N = 400. The vertical dotted line in the three panels represents
§, =12.521—i.e., the time at which the minimum of p is
reached, and with respect to which the motion is symmetric.
The motions to the left and to the right of §, are incoming and
outgoing, respectively. The horizontal dotted line in the top panel
represents p, = 1.000138.

written in Eq. (4.7), then increases and asymptotically
reaches a plateau at infinite time.

This qualitative description of the motion is numerically
confirmed by the functions p(s), P,(s), and ¢(s)/27
that are shown in Fig. 8 for different methods. The three
dynamical variables behave qualitatively as expected, and
there is no qualitative difference between the predictions of
the HNN, RK45, and the Euler method with 100 x N
points, while Euler with N points visibly deviates from the
others. From the numerical solution of the HNN, we find
that the minimum value of p is p, = 1.000153, 0.002%
away from p,, at time §, = 12.521.

In order to have a quantitative measure of the quality of
the solutions predicted by the HNN, we consider the
quantities

(4.9)
and

(4.10)
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—— HNN Euler 100 x N pts
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FIG. 9. Error on the function ¢(p) for different methods, and
for the incoming motion (top panel) and the outgoing motion
(bottom panel) in the overcritical case with » = 1.91. The vertical
dotted line represents p, = 1.000138.

Equivalent quantities can be considered also for the
solutions obtained from numerical integrators. As antici-
pated before, the functions P,(p) and ¢(p) can be com-
puted exactly, and therefore Eqs. (4.9) and (4.10) are good
indicators to quantify the error made by a given method.
For this reason, we will refer to these quantities as “errors”
henceforth. The functions ¢(p) and P,(p) are obtained as
explained in Appendix C.

The errors of the HNN and the numerical integrators
are shown in Figs. 9 and 10 for the variables ¢ and P,,
respectively. Both the figures show the error in the
incoming motion (top panel) and outgoing motion (bottom

—— HNN Euler 100 x N pts
=== RK45 Euler 1 x N pts
0004 I‘incoming motion
0.002 |
=
< 0.000
= :
—0.002 |
0.005 F {outgoing motion |
=
< 0.000
=
—0.005
1 2 3 4 6 7 8 9

FIG. 10. Error on the variable P,(p) for different methods and
for the incoming motion (top panel) and the outgoing motion
(bottom panel) in the overcritical case with b = 1.91. The vertical
dotted line represents p, = 1.000138.

Euler 1 x N pts = ground truth
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—-—==- RK45
10F
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6.
SN s
-
2r T
b =191,
Ofrreeeeeemrrrrmnnceci@es foveniiiiiii L

FIG. 11. Geodesics in the Cartesian plane obtained from
different methods in the overcritical case with b = 1.91 and
N = 400. The ground truth is represented by the solid black line,
while the small circle at the center (0,0) has radius a; and
represents the fuzzball. The black arrow indicates the incoming
direction of the particle.

panel). As can be seen, the error of the HNN on the variable
¢ oscillates uniformly around O with an order of magnitude
of 107, and with a spike occurring for p close to p,. An
analogous picture is found for the variable P,, but with an
order of magnitude of 1073, The small scale of the errors
[compare with P,(p) and ¢(p) in Figs. 35 and 36 in
Appendix C] is a reassuring evidence that the Hamilton
equations have been solved by the HNN with a high
accuracy. The Euler method, both with N and with 100 x N
points, has larger errors than HNN. RK45 is instead the
most precise, with errors that fluctuate on the scales 10~
and 107'° for ¢ and P,, respectively.

We eventually project the motion obtained for these
different methods to the Cartesian plane by using Eq. (4.5),
and we compare it to the ground truth. The geodesics in the
Cartesian plane are shown in Fig. 11. The HNN and RK45
have no visible differences with respect to the ground truth,
showing that they are both efficient integrators of the
Hamilton equation of motion. Concerning the Euler
method, for the same number of points as those used to
train the neural network, the trajectory shows a clear
deviation from the ground truth over long timescales,
and a reliable result is obtained only by considering a
number of points (time step) larger (smaller) by a factor
of 100.

We conclude this subsection by employing the HNN to
compute the geodesics for impact parameters b = 1.95,
2.0, and 2.2. These three cases have been obtained by
considering the same setup as b = 1.91 discussed above—
ie., A =0.99, Npeurons = 32, N = 400, 7 yin = [0, 24], and
3 x 10° epochs. For all three cases, we have computed the
errors and checked that the quality of the solution is at the
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FIG. 12. Geodesics in the Cartesian plane predicted by the
HNN for different values of the impact parameter b.

same level as the case with b = 1.91. In Fig. 12, we show
the final geodesics predicted by the HNN in the Cartesian
plane. As can be seen from the plot, the scattering angle at
which the particle moves away from the fuzzball increases
as the impact parameter increases, and this is expected by
theory (in fact, as the impact parameter increases, the
particle is less affected by the gravitational field of the
fuzzball, and therefore its trajectory is less bent). We leave
to a future work the intriguing possibility to treat the impact
parameter b not as a fixed algorithmic parameter but as an
additional variable to feed to the neural network in input
together with the time.

B. Critical case

In this subsection, we present the critical case obtained
by setting b = b, = 1.9. The initial conditions now read

¢0 = 01912,
H(0) =0,
P,o =—0.9919. (4.11)

For this case, we have considered the time interval
7 ain = |0, 80] sampled with N = 800 points. The reason
behind such a long time interval is to probe the stability of
the trajectory on the critical radius circumference over long
timescales. We have repeated the tuning procedure dis-
cussed in the overcritical case and found that the optimal
setup is given by 4 = 0.99 and N ,¢yrons = 48. The number
of hidden layers is two, and the activation function is given
by Eq. (4.8). The neural network is trained with 3 x 10°
epochs, and the corresponding loss functions Lgy, and
Lepergy are shown in Fig. 13.

100

103}

%
S 1076
10-9 F Lenergy
Ldyn
10° 10! 10? 103 10* 10° 106
epochs
FIG. 13. Loss functions for the critical case with b = b, = 1.9.

The training has been performed with 4 = 0.99, N .yrons = 48,
two hidden layers, and tanh(x) as the activation function.

In Fig. 14, we show the function H(s) for the different
methods. The energy is very well conserved on average by
the HNN, with oscillations of order 10~ for s smaller than
~14 and of order 10~° for larger times. The Euler method
with N and with 100 x N points does not conserve the
energy from the very beginning. Particular attention should
be paid to RK45, which conserves the energy on a scale of
10~'3. This information seems to indicate the RK4 5 method
as the best for trajectory prediction. However, as we will see
shortly, exact energy conservation by a nonsymplectic
method does not automatically imply an exact solution
of the equations of motion.

Concerning the physics of the motion, in this case we
only have an incoming phase in which the radial coordinate
p(s) decreases from p, to reach asymptotically the value
p. = 0.8944. Correspondingly, the radial momentum P, (s)
increases from the negative value P, given in Eq. (4.11)
up to freezing at 0. The function ¢(s) is instead expected to
show linear growth as the particle stabilizes, rotating on the
critical geodesic.

Figure 15 shows the functions p(s), P,(s), and ¢(s)/2x
for HNN and the numerical integrators. As can be seen, the
HNN is the only method that correctly reproduces the
expected dynamics of the motion. The Euler method with
both N and 100 x N points starts failing around s ~ 15 and
exhibits badly oscillating behavior. The RK45 method,

x107°
1F
=
x
-1l H(0) == RK45
Euler 1 x N pts = HNN
9 Euler 100 x N pts
0 10 20 30 40 50 60 70 80

S

FIG. 14. Energy conservation over time in the critical case with
b =b,=19and N = 800 for different methods. The conserved
value of the energy H(0) =0 is represented by the dotted
black line.
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FIG. 15. From top to bottom: p(s), P,(s), and ¢(s)/2x for
different methods in the critical case with b = b, = 1.9 and
N = 800. The horizontal black dotted line in the top panel
represents the critical radius p,. = 0.8944, on which the trajectory
must settle. The trajectory predicted by the HNN is the only one
among the different methods to correctly reproduce this feature.

despite exactly conserving energy, fails for s > 44. In
particular, p(s) for both Euler and RK45 approaches 0,
which corresponds to a situation in which the particle
trajectory has collapsed onto the sphere of radius a, and it
is physically impossible for this impact parameter. The
variable ¢(s) predicted by the HNN exhibits the correct
linear growth for times larger than s ~ 22, which we can
consider as the time at which the trajectory stabilizes on the
critical circumference. The angle ¢ (s) is plotted normalized
by 2z in order to give an idea of the number of windings of
the trajectory around the fuzzball. From time s = 22 to time
s = 80, the trajectory completes approximately ten full
windings and remains stable throughout.

Since numerical integrators clearly fail, it does not make
sense to compare the error of the HNN with the error of the
integrators. Rather, to assess the stability of the solution
predicted by the neural network, we show in Fig. 16 the
quantities A(s) —p. and ﬁ;(s) for large times. Both
quantities oscillate around O on a remarkably small scale.
A small deviation from 0 is observed for s ~ 76. We will
investigate the cause of this effect in the future, but it is
possible that it could be reduced simply by increasing the
number of epochs. As can be seen in Fig. 13, in fact, the
loss functions have not yet reached their minimum.

0.0008

0.0006

s) = pe

0.0004

Al

0.0002

0.0000

0.0005

0.0000

= _0.0005
(o

~0.0010

—0.0015

FIG. 16. Stability of the trajectory predicted by the HNN over a
long timescale. The vertical dotted line is drawn at s ~ 22, the
time at which the trajectory approximately reaches the critical
circumference. Top panel: difference between p(s) and

p. = 0.8944. Bottom panel: predicted f’;(s)

At this point, we emphasize that although the RK45
method is very accurate and the Euler method is symplec-
tic, the HNN is the only approach that correctly integrates
the equations of motion, outperforming both methods in
terms of efficiency and accuracy. The HNN'’s ability to
predict a stable trajectory over long timescales is due to the
introduction of the energy conservation term, which penal-
izes solutions that violate this constraint. The ability to
enforce constraints within the machine learning framework
proves to be an extremely beneficial factor in this case,
enabling accurate results where standard methods fail.

We then project the motion to the Cartesian plane by
means of Eq. (4.5), and the result is shown in Fig. 17,
together with the ground truth. As can be appreciated, the

geodesic predicted by the HNN remains stable along the
circumference of radius ,/p7 + a7, while all the other

methods predict a geodesic that collapses onto the fuzzball.

C. Subcritical case

In this subsection, we present the results for the last
regime—i.e., the subcritical one—and we study the sit-
uation with b = 1.89. The initial conditions are

Bo = 0.1901,
H(0) =0,
P,y = —0.9921. (4.12)

This case is particularly challenging from the HNN
perspective, as the underlying physics involves an impact
of the particle against the fuzzball; hence, the radius p
decreases from p, down to zero [this can be also deduced
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Euler 1 x N pts
Euler 100 x N pts
=== RK45

—— ground truth
—— HNN

FIG. 17. Geodesics in the Cartesian plane obtained from
different methods in the critical case with b = b, = 1.9 and
N = 800. The ground truth is represented by the solid black line,
while the small circle at the center (0,0) has radius a; and
represents the fuzzball. The black arrow indicates the incoming
direction of the particle.

from the first equation of (3.17), since the radicand never
vanishes]. As a result, the conjugate momentum P,
increases in absolute value until it reaches the value

P,=P,(p=0) =—80.1249, (4.13)

where we have used P,(p) in Eq. (C7). The problem arises
from the fact that the decrease from P, to P, is very rapid
in a small interval of values of p that are close to 0, and this
is shown in the right panel of Fig. 36. The same behavior is
observed in the time domain, as can be seen beforehand in
the central panel of Fig. 21. From this perspective, the
differential equation governing the dynamics of P, is a stiff
equation and, as is well known, stiff equations can be a
challenge to numerical methods, HNN included. Indeed,
we did not manage to obtain accurate solutions by using
the same strategy adopted in the past two subsections.
Therefore, in the following, we propose two alternative
approaches to overcome this difficulty and get a reliable
prediction for the geodesic.

1. Approach 1: Splitting the time interval

In the first approach, we split the time interval over which
we want to compute the solution in such a way as to separate
the stiff regime of P, from one in which its decrease is
smoother. This can be easily achieved by dividing the total
time interval into consecutive subintervals, and we will refer
to this as the “time-splitting approach”. For each subinterval,
a neural network is trained from scratch using as initial
conditions the values of the predicted variables at the final
time of the previous interval. We consider the following

three time intervals: 71 = [0, 14], for which the initial

train

107
10—4 L
2
S
1077+ )
Tirain = [0,14]
10-10k Lenergy
— Layn
10° 10! 10? 10% 10* 10° 106 107
epochs
101 =
10—2 L
2
5
S 10
2
oot = [14,14.8]
1078 F Lenergy
—— Layn
10° 10* 10% 10° 10* 10° 106
epochs
10%
101 L
107

Loss

10720 70— [14.8,15.22)

train

sk Lenersy
— Lgyn
100 10" 10? 10% 10* 10° 106
epochs
FIG. 18. Loss functions for the subcritical case with b = 1.89.

From top to bottom, the losses refer to the training intervals
T wain = [0, 14], [14, 14.8], and [14.8, 15.22].

conditions are given in Eq. (4.12); T2 — [14,14.8], for

train
which the initial conditions are py = 0.6552, P,, =
—0.8982, and ¢by = 5.8452; and finally 7)) =1[14.8,15.22],
for which the initial conditions are p, = 0.3014,
P, = =7.0688, and ¢, = 7.2790. All three intervals are
divided into 800 points for a total number of N = 2400
points. Notice that, at a practical level, the time interval to

feed to the neural network always starts at time O—i.e., 7%

train
and Tt(:a)m actually are [0, 0.8] and [0, 0.42]. Setting as initial
conditions the values predicted at the end of the previous
interval is what guarantees that the predictions on the
subintervals glued together eventually correspond to the
solution in the overall interval: 7 ., = [0, 15.22].

Figure 18 shows the loss functions for the three time
intervals. The numbers of epochs, respectively, are 8 x 109,
4 x 10°, and 4 x 10°. The neural networks in all three cases
consist of three hidden layers with 64 neurons each. 1 =
0.99 again, and the activation function is always tanh(x).

The final time s = 15.22 has been chosen such that p
reaches and slightly exceeds the value 0. We call 5 the time
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FIG. 19. From top to bottom, the interpolations of p(s),
¢(s)/2x, and P,(s) — P, at the time 5. The plot refers to the
HNN with the time-splitting approach, for which § = 15.2032
(vertical dashed line). In the top and bottom panels, we highlight
the value O with a horizontal dotted line.

at which p(5) =0. The motion in the interval [0, 5]
corresponds to the incoming phase, in which the particle
approaches the fuzzball up to the bounce from it; and,
thanks to the symmetry p > —p of the system, the outgoing
phase can be found by reflecting the incoming motion with
respect to s.

Figure 19 shows the procedure we have employed to
determine 5 in the case of HNN. In the top panel, we
determine 5 by calculating the time at which the curve p(s)
intersects the line p = 0 (assuming a linear ansatz due to
the small range of times we are focusing on). The resulting
time is s = 15.2032, and it is marked by the red vertical
dashed line. The fact that the mathematical solution to the
system predicts p < 0 for s > 5 is irrelevant to the physics,

0.002 |
0.001 |
—
= 0.000
x
“ooot © H(O) - = RK45
Euler 1 x N pts = HNN
—0.002 | i Euler 100 x N pts
i L r d . : :
0 2 4 6 f) 10 12 14

S

FIG. 20. Energy conservation for the subcritical case with b =
1.89 for the different methods, and by following the time-splitting
approach. The conserved value of the energy H(0) =0 is
represented by the dotted black line.

—— HNN
=== RK45

Euler 1 x N pts
Euler 100 x N pts

10.0

75F

25F

—20 F

= —a0f

—60 F

—80F
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FIG. 21. From top to bottom: p(s), P,(s), and ¢(s)/2x for the
different methods in the subcritical case with b = 1.89 and N =
2400 obtained with the time-splitting approach. The vertical
dotted line in the three panels represents s for the HNN. In the
middle panel, we also show a zoomed-in view of the
region s € [15.185, 5].

since the geodesics in the Cartesian plane [see Eq. (4.5)]
depends on p*. We then interpolate ¢(s)/2x and P,(s) at
the time 5 (middle and bottom panels) and discard all the
points for which s > 5. The procedure is repeated inde-
pendently also for the numerical integrators.

The conservation of the energy is shown in Fig. 20 for
different methods. The HNN conserves very well the
energy over time, and an increase of the oscillations up
to £0.001 is observed as s — 5. The Euler method has
larger deviations for both N and 100 x N points, while the
RK45 method conserves the energy much better compared
to the others.

The dynamical variables p(s), P,(s), and ¢(s)/2z
obtained from the different methods are shown in
Fig. 21. No visible differences are observed among them.

To quantify the goodness of the solutions, we still rely on
the errors as defined in Egs. (4.9) and (4.10), where now for
the exact P,(p) we use Eq. (C7). The errors are plotted in
Fig. 22 for the different methods in the incoming motion
(the outgoing motion would be identical, since we obtain it
from reflection of the incoming motion). The errors made
by the HNN tend to increase for both the variables as
p — 0, but they remain very small compared to the scale of
the variables in question, showing that the HNN is able to
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FIG. 22. Errors on the variables ¢(p) and P,(p) in the
subcritical case with b = 1.89, obtained from the time-splitting
approach.

solve the system with high accuracy. The Euler method
with both N and 100 x N points shows larger deviations,
while RK45 is very accurate.

Figure 23 shows the complete (incoming and outgoing
phases) geodesics in the Cartesian plane obtained from the
different methods. HNN, Euler with 100 x N points, and
RK45 are qualitatively overlapping with the ground truth,
while Euler with N points (blue line) deviates significantly
from it during the outgoing phase.

2. Approach 2: Preconditioning of the HNN output

The second approach we propose consists in providing
an offset to the network’s output associated with the

Euler 1 x N pts
Euler 100 x N pts
=== RK45

—— ground truth
—— HNN

FIG. 23. Geodesics in the Cartesian plane obtained from
different methods in the subcritical case with b = 1.89 and by
applying the time-splitting approach. The ground truth is repre-
sented by the solid black line, while the small circle at the center
(0,0) has radius ay, and it represents the fuzzball. The black arrow
indicates the incoming direction of the particle.

problematic variable—in this case, P,—relieving the net-
work from having to learn a particularly stiff behavior. In
order to better understand this concept, let us consider the
following redefinition:

Py(s.W) = Pyo+ £(5)[Op, (s. W) + h(s)].  (4.14)
where we have introduced the function A(s), representing
the new offset with respect to which the output Op has to
be trained to solve the Hamilton equation for P,(s). The
function A(s) is chosen arbitrarily and does not depend on
the network weights. The idea is to incorporate into A(s)
the complexity of the solution P ,(s) in such a way that the
residual function O P, (s, w), which has to be learned by the
HNN, is close to zero or has a much smoother behavior. Let
us emphasize that minimizing the loss function leads to
finding the solution for P, (s) regardless of the definition of
h(s). If h(s) is completely different from the expected
solution, the offset will be automatically corrected by the
output Op (s,w). From this perspective, the strategy
remains model independent. We will refer to this approach
as “preconditioning” of the HNN output.

In order to capture the rapid decrease of P,(s) near s, we
have considered the following Breit-Wigner-type paramet-
rization for A(s):

o (P_p - P p.O)F2
24 (s—39)?

h(s) (4.15)

With the aim of minimizing the amount of prior
information, we have considered the accurate prediction
ﬁ;(s) obtained from the time-splitting procedure of the
previous subsection, then § = 15.2032 and fitted the
quantity I/D;(s) — P, in the time range s € [14,5] with
the fit ansatz (4.15), getting I' = 0.1213. In the fitting
procedure, we have neglected the effect of the function
f(s), since we are interested in parametrizing the solution at
s > 1, for which f(s) ~ 1. The result of the fit is drawn in
blue in Fig. 24. As can be seen, the so-defined /() function

—20 F

—
w

= 40
—60 | 5> ‘
— Bp(s) = Fo
— hs)
-80F i i i i i H
14.0 14.2 14.4 14.6 14.8 15.0 15.2

S

FIG. 24. Result of the fit (blue line) compared to the fitted
quantity (red line). In this case, P,(s) is the prediction of the
HNN obtained from the time-splitting approach in Sec. IV C 1.
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FIG. 25. Loss functions for the subcritical case with » = 1.89
by using the preconditioning approach.

provides an excellent parametrization for ﬁ;(s) — P, (in
red) for times close to 5. Let us say that in general, one can
rely on other sources of information, if available, such as
the result of the numerical integrators, or one can design
Ansdtze by leveraging theoretical knowledge of the system.

With this setup, we have trained a neural network made
of three hidden layers and 64 neurons for each for 30 x 10°
epochs. #;, appearing in Eq. (4.4), is set to 4 x 107*. The
time interval is 7, = [0, 15.22], and it is divided into
N = 800 points. In addition, we have set y P, = 0.01 [recall

the definition of the dynamics loss function in Eq. (2.11)] in
order to give more importance to the dynamical equations
for p(s) and ¢(s), since the one for P,(s) is basically
already solved.

The loss functions are shown in Fig. 25 and are at a
similar level to those corresponding to the third interval in
the time-splitting approach, which are displayed in the
bottom panel of Fig. 18.

The results from the numerical integrators are taken from
the previous subsection, and we will not comment on them
here again. For the HNN predictions, we have repeated the
interpolation procedure illustrated in Fig. 19 to determine §
(which still remains at the value 15.2032), and conse-
quently, to discard the points for which s > 5. This
procedure is also needed to obtain the outgoing trajectory
by reflection of the incoming one.
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< 0.000 A

..... (0)
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Euler 100 x N pts
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FIG. 26. Energy conservation for the subcritical case with b =
1.89 for the different methods and by following the precondition-
ing approach. The conserved value of the energy H(0) = 0 is
represented by the dotted black line.

As shown in Fig. 26, the energy is well conserved on
average and, compared to the time-splitting method (see
Fig. 20), the deviations from H(0) = O are slightly larger
and reach 0.005 in absolute value for s — 5. It should be
noted that both Ly, and Le,.e, have not yet reached a
plateau, meaning that the accuracy of the solution, and then
the conservation of the energy, can be further improved by
training the network for more epochs.

The predicted variables p(s), P,(s), and ¢(s)/2z are
shown in Fig. 27 from top to bottom. Analogously to what
is observed in the time-splitting approach (Fig. 21), there is
no visually appreciable difference between the different
methods.

In order to make a quantitative statement, we plot the
errors 6¢)(p) and 6P,(p) in the top and bottom panels of
Fig. 28, respectively. For ¢(p), we observe errors that are
about 100 times larger than than those shown in the top
panel of Fig. 22, while for P, we see that the error increases
by about a factor of 5. The worse performance compared to
before can be improved by increasing the number of
epochs, but we emphasize that the error scale remains
very small.

Finally, in Fig. 29, we show the predicted geodesic in the
Cartesian plane compared to the other methods and to the

—— HNN
=== RK45
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FIG. 27. From top to bottom: p(s), P,(s), and ¢(s)/2x for the
different methods in the subcritical case with b = 1.89 and N =
2400 obtained with the preconditioning approach. The vertical
dotted line in the three panels represents s for the HNN. In the
middle panel, we also show a zoomed-in view of the
region s €[15.185,5].
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FIG. 28. Errors on the variables ¢(p) and P,(p) in the

subcritical case with b = 1.89 obtained from the preconditioning
approach.

Euler 1 x N pts
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=== RK45
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FIG. 29. Geodesics in the Cartesian plane obtained from
different methods in the subcritical case with b = 1.89 and by
applying the preconditioning approach. The ground truth is
represented by the solid black line, while the small circle at
the center (0,0) has radius a ¢ and represents the fuzzball. The
black arrow indicates the incoming direction of the particle.

ground truth. As we can see, the solution predicted by the
HNN is still very accurate and in agreement with the
ground truth. The strategy proposed here effectively allows
incorporating information about the solutions during the
training phase while preserving model independence and
facilitating the minimization process of the loss function.
We leave the exploration of further approaches for future
work. With this, we conclude the results concerning the
planar geodesics.

V. RESULTS FOR NONPLANAR GEODESICS

In this section, we present the results for the nonplanar
case which is discussed in Sec. III E and whose dynamics is

determined by the following five (J, is not considered,
since it is constant) Hamilton equations:

0 . 0 9

g o
oP, op aJ,

. OH . oH

6="" Py =", 5.1
oP,’ 0 00 (5-1)

The derivatives on the right-hand side are explicitly
written in Appendix A 2, and one can immediately appre-
ciate the extreme complexity of such a set of equations.
Indeed, the nonplanar case presents a much greater chal-
lenge compared to the planar one, due to the higher number
of coupled dynamical variables and the increased complex-
ity of the dynamics.

As already hinted in Sec. III E, our analysis of nonplanar
geodesics has been limited to the critical ones, as they are
crucial from both an observational and a theoretical
perspective. Their determination relies on the separability
of motion. However, when separability does not hold,
determining critical geodesics becomes challenging, and
we leave a detailed investigation of this case to future work.

The geometry parameters that we fix in this analysis are
Ly =05,Ls=1,a; =0.2, E = 1 (from Appendix D, it is
clear that L; and L5 cannot be equal). With this choice, the
critical parameters ¢, b., and p. assume the values

o ==25, (5.2)
b. =15, (5.3)
= /046 = 0.6782, (5.4)

while b, . = 0 (see Appendix D).

In order to accommodate the Hamilton equations (5.1),
we need a neural network with five output nodes, from
which the solutions are assembled according to

P(s) = po + f(5)0,(s).
P,(s) = Py + f(5)0p,(5),
D(s) = do + f(5)0y(s),
Py(s) = Py + £(5)0p, (s).
O(s) = 0o + f(5) (). (5.5)
We have chosen the following initial conditions:
po =3, 6y =0.9, ¢o = 1. (5.6)

The value Py is obtained from Eq. (3.25); in particular,
we have (recall that E = 1)
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2

g = P}, = b2 — a}sin 0, (5.7)
from which
Pyo = 1.4918. (5.8)

The positive sign of the solution determines the initial
direction of the trajectory. Finally, P,, is obtained by
requiring that the Hamiltonian in Eq. (3.23) vanish at s = 0.
Using Egs. (5.2), (5.6), and (5.8), we gain

P

o= —0.9447. (5.9)

P

Again, we will compare the prediction of the HNN with
the RK4 5 method and with the symplectic first-order Euler
method. However, in this case, we are unable to derive a
ground truth for the geodesic in the Cartesian space, and
therefore we cannot quantify the errors introduced by the
different integration methods. To assess the quality of a
solution, we can only rely on the expected theoretical
behavior of the variables.

Since we have chosen the parameters to select the critical
trajectory, p(s) is expected to decrease from p, until it
reaches and settles at the value p.. Consequently, P,(s) is
expected to increase from the negative P, to 0 and remain
at that value. Concerning 6(s) and ¢(s), we expect that,
when the particle enters the critical regime with p(s) ~ p,
and it wraps around the oblate spheroid [Eq. (DS8)], they
show linear growth in time. Consequently, Py(s) in the
critical regime should have an oscillating trend with
constant period.

For completeness, we project the oblate spheroid in
Eq. (D8) onto the three planes x-y (6 = n/2), x-z (¢ = 0),
and y-z (¢p = n/2). To do this, we rely on Eq. (3.22), which
maps the spherical coordinates p, 8, and ¢ to the Cartesian
ones x, y, and z. It turns out that the profile of the geodesic
in the plane x-y is given by the circumference
(5.10)

X +y*=pi+a;  x-y plane,

and, in the other two planes, by the following two ellipses:

52 2
m‘f‘?: 1 X-Z plane, (511)
2 2
y z
m + po 1 y-z plane. (5.12)

This concludes our a priori knowledge of the geodesic,
based on physical principles.

We now discuss the training phase of the neural network.
We have thoroughly investigated various parameter choices
and architectures. Below, we present the strategy that,
according to our analysis, has proven to be the most

efficient. As the training time interval, we have set the
range 7 i, = [0,60], equally sampled with N = 2400
points. Also in this case, after the training, we have
validated the loss function on the interval 7, to check
that no overfitting has occurred.

The first difference with respect to the planar case is the
choice of the neural network architecture. As anticipated,
the variable Py(s) is expected to have a periodic trend, in
contrast to the monotonic trend of the others. For this
reason, we have found it convenient to consider a two-
block architecture with a common input node given by
the time. The first block consists of two hidden layers
with 64 neurons in each and the output Op,. For this first
block, we have used a sinusoidal activation function since,
as remarked in Ref. [2], using trigonometric functions is
particularly convenient when the output is expected to have
a periodic behavior. The second block consists of two
hidden layers with 128 neurons in each, a hyperbolic-
tangent activation function, and the remaining four outputs
O/,, OP,;’ O(/,, and 09.

The second difference is the addition of a penalty term to
the loss function (2.15). This contribution is introduced to
penalize the solutions such that P,(s) > 0 and takes the
form

o~

Lpenalty (W> = Z [maX<Pp(S’ W)’ 0)]2’

SES,

(5.13)

where S, = {8, 20,30, 40, 50, 60}. The total loss function
actually minimized is therefore

L(/L W) = (1 - ’1>Ldyn(w) + /ILenergy(W> + Lpenalty(w)'
(5.14)

The penalty term is activated only for i’:(s,w) > 0,
while it does not contribute to the loss function when,

correctly, ﬁ;(s w) < 0. We have observed that without this
additional term, the HNN tends to predict unstable trajec-
tories. Let us stress that we are using information from the
physics that can be deduced without any prior knowledge
of the actual solution. This is a clear example of how
various types of information about the solutions can be
fruitfully incorporated into the loss function to restrict the
solution space and improve the network’s predictability.
The training is performed by using the Adam optimizer,
and we monitor individually both Lgy,, and Lepergy-
Concerning the remaining algorithmic parameters, the
ones entering 5(epoch) in Eq. (4.4) are n; = 8 x 1078,
ny =n:/50, n. = 500 x 10%, and o, = 100 x 10°. In this
case, it turns out that the small value 4 = 0.1 gives better
performances compared to 4 = 0.99 used in all the cases of
the planar study. We interpret this result in light of the fact
that the dynamics are much more complex, and therefore
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FIG. 30. Loss functions for the nonplanar case.

should be prioritized over energy conservation during the
minimization process.

Having fixed the setup, we have trained the neural
network with 10 x 10° epochs, and the loss functions
are shown in Fig. 30. The plot shows a good performance,
which is comparable to those obtained in the planar case.

In Fig. 31, we show the energy H(s) for the different
methods. The HNN conserves the energy on average with
small fluctuations between —0.0001 and +0.0001. The
Euler methods start failing in conserving the energy already
at small times. The RK45 method appears to conserve
energy with great accuracy, but, as we have already seen in
the planar critical case in Sec. IV B, this does not
necessarily mean that its numerical solution is the correct
one.

We realize this by looking at the predicted p(s), ﬁ;(s)

d(s)/2x, Py(s), and O(s)/x, which are shown, from top to
bottom in the given order, in Fig. 32. As can be seen, the
different methods yield very different solutions, and the one
predicted by the HNN is the only one which is fully in
agreement with the theoretical expectations discussed
above. The critical regime for which p(s) ~ p,. is reached
around s = 6, and it is maintained stable for all subsequent
times. The prediction of Py(s) as an oscillating function is
remarkably good, and such a result is due to the use of a
trigonometric activation function in the architecture block
responsible for the output associated with P4. The Euler
method, both with N and with 100 x N points, fails to

0.0002 F]
0.0001 |
5
= 0.0000
—0.0001 ceen 2(0) —— RK45
Euler 1 x N pts = HNN
Euler 100 x N pts
—0.0002 £ i ) L : :
0 10 20 30 40 50 60
s
FIG. 31. Energy conservation over the time for the nonplanar

case. The conserved value of the energy 7 (0) = 0 is represented
by the dotted black line.

—— HNN
=== RK45

Euler 1 x N pts
Euler 100 x N pts
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FIG. 32.  From top to bottom: p(s), P,(s), ¢(s)/2x, Py(s), and
O(s)/x for the different methods in the nonplanar case. The
horizontal black dotted line in the top panel represents the critical
radius p, = 0.6782, on which the trajectory must settle. The
trajectory predicted by the HNN is the only one among the
different methods to correctly reproduce this feature.

remain in the critical regime and even predicts p(s) ~ 0,
which corresponds to a particle which has collapsed onto
the fuzzball. The RK45 method is in agreement with the
HNN up to s~ 28, and after this, p(s) starts increasing,
while the angular variables flatten, showing a particle
that moves away from the critical trajectory as if it were
in a situation analogous to the overcritical case presented
in Sec. IVA.
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FIG. 33. Geodesics in the nonplanar case for different methods,

projected onto the x-y, x-z, and y-z Cartesian planes, respectively,
from top to bottom. The solid black line represents the fuzzball
surface. The dashed light-gray lines represent the circumference
and ellipses defined in Egs. (5.10)—(5.12). The black arrow
indicates the incoming direction of the particle.

We now convert the spherical coordinates to the
Cartesian ones by using Eq. (3.22). In Fig. 33, we show
the trajectories from the different methods on the x-y, x-z,
and y-z planes, from top to bottom, respectively. We also
display the curves (colored in gray) given in Eqgs. (5.10)—
(5.12), which represent the profile of the oblate spheroid.
We can appreciate how the geodesic predicted by the HNN,
once entered in the critical regime, exactly describes the

—— HNN
Euler 1 x N pts

Euler 100 x N pts
=== RK45

FIG. 34. Geodesics in the 3D Cartesian space for different
methods in the nonplanar geometry.

profile given by the aforementioned curves in the three
Cartesian planes. With this observation, we can conclude
that the HNN is the only method that, in this challenging
situation due to the instability of the critical solution, solves
the Hamilton equations with high accuracy and allows
for a solid and stable numerical study of the critical
nonplanar geodesic of a massless particle immersed in
the D1-DS5 circular fuzzball. This is the main result of this
paper and paves the way for future studies on more
complex geometries.

We conclude this section by showing the geodesics in the
3D Cartesian space in Fig. 34. While it does not add
anything new to the previous discussion, it still looks
beautiful and, frankly, quite promising.

VI. CONCLUSIONS AND OUTLOOKS

Inspired by Ref. [2], we studied the massless and neutral
geodesics in a peculiar, smooth, and horizonless fuzzball
geometry as an innovative application of Hamiltonian
neural networks (HNNs). For this physical system, exten-
sively studied in Refs. [37-39], it is possible to obtain an
explicit ground truth, which has allowed for a comparative
study of the performance of HNNs and other numerical
integrators, specifically the first-order semi-implicit Euler
method and the RK45 method. The former is symplectic,
while the latter is not but allows for setting bounds on
the relative and absolute errors on the solution. We have
analyzed subcritical, critical, and overcritical planar geo-
desics, as well as nonplanar critical geodesics. The critical
ones that are nontrivial are unstable, making it challenging
to obtain accurate results using standard numerical inte-
grators, as they are known to accumulate errors over time.

Our analysis has shown that, despite the indisputable
complexity of the equations learned, which can be appre-
ciated in Appendix A, HNNs were able to accurately
reproduce the geodesics across all the mentioned cases,
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even over large timescales, whereas the considered numeri-
cal integrators failed, as expected, when computing unsta-
ble trajectories. This result highlights another significant
aspect that emerged from our analysis: the performance of
HNNSs, due to the fact that the solution is obtained by
simultaneously and independently considering all time
steps, does not depend on the intrinsic stability or insta-
bility of the dynamics described by the Hamilton equations,
and it remains at the same level for the different cases. In
contrast, the performance of numerical integrators is highly
case dependent. In order to complete the comparison, we
emphasize that HNNs are model independent and produce
an analytic time-dependent output, whereas numerical
integrators predict the solution at a finite and discrete set
of time steps. Additionally, HNNs allow for easy incor-
poration of constraints, symmetries and data-driven infor-
mation to enhance the solution’s predictability as is done,
for example, in the nonplanar case. The set of theorems and
statements collectively known as the universal approxima-
tion theorem [43,44] further guarantees that neural net-
works, as function approximators, are always improvable in
terms of accuracy. All these advantages make HNNs not
only an alternative, but a preferable tool in terms of
flexibility and robustness compared to standard numerical
integrators. This remains true even in cases where the RK45
method appears to produce more precise results. In fact, as
observed in the critical cases, the nonsymplectic nature of
RK45 can lead to solutions that exactly conserve energy but
are nonetheless incorrect. On the other hand, a symplectic
method like the Euler approach often requires an infini-
tesimally small time step—and consequently, an immense
number of iterations—to produce accurate solutions.

The results and evidence gathered in this paper are
clearly generalizable to other physical systems, since the
concept of stability and instability extends far beyond the
case of a particle moving in a fuzzball geometry. Our work
thus contributes to the already flourishing field of ML and
PINN applications across various domains of physics and
science more broadly.

However, in our view, a major downside of ML remains
the fact that implementing a neural network and tuning its
parameters to find the optimal setup is a significantly more
laborious and time-consuming process compared to apply-
ing standard methods, which are often readily available as
default packages in common programming languages.
Nevertheless, this issue can be mitigated by the numerous
libraries and dedicated tools that have made neural network
implementation accessible and straightforward, even on
standard desktop notebooks.

For the authors, this work represents the initial step in a
long-term project, aimed at systematically studying geom-
etries emerging in string theory through HNNs and PINNs.
For instance, as a future outlook, a detailed study of
geodesic motion in the so-called D1-D5-P (three-charge)
fuzzball would be highly interesting. This is a nontrivial

generalization of the present D1-D5 (two-charge) fuzzball
with an additional Kaluza-Klein (KK) charge. The main
complication arises from the fact that, in general, this
geometry does not allow for a separation of radial and
angular dynamics via the introduction of a Carter-like
constant; separation is possible only on the equatorial
planes [60]. After the detailed experience with the sepa-
rable two-charge case, we plan to apply the HNN to this
more complex physical system, which, due to its consid-
erable intricacy, has never been studied in terms of either
geodesic motion or wave propagation.

In this case, there is no ground truth for comparison, and
a challenging aspect we intend to address is finding a way
to assess the quality of the prediction. This issue, as
discussed above, also applies to numerical integrators.
For HNNs, we can first rely on the loss function itself,
which provides a quantitative measure of how well the
predicted solution satisfies the equations of motion.
Second, multiple optimal network setups may exist, and
studying the stability of the predicted solution under
variations in algorithmic parameters—such as the number
of time steps, the length of the time interval, the choice of
activation functions, and the network architecture—serves
as both a qualitative and quantitative indicator of accuracy.
We plan to further explore and refine this type of analysis in
our next work.

Finally, studying the geodesic motion in this new
scenario will help to identify the photon spheres, which
serve as a polar star in analyzing the quasinormal mode
(QNM) spectrum [40-42], an investigation entrusted to a
future stage of the project.
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APPENDIX A: HAMILTON EQUATIONS

In this appendix, we report the derivatives of the
Hamiltonian in the planar and nonplanar cases that are
used inside the loss functions. Due to the huge length of
these relations, symbolic writing will be used, and that will
be specified.
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1. Planar case

From the Hamiltonian (3.13), the derivatives to be considered are

_OH EM-H\(-4Hs50,((a} + p*)ay, = poy) + @jHs ,(af +p?) + HiH, ,(a} +p*)?)]
rop 4HPHY (@2 + p2)?
N —E*(HswyH, ,(a} + p*) + HsHiHs ,(=(aj + p*)?))
A2 32 (2 212
1 s (af +p7)
n EJy(H,(2Hs((a} + p* )y, = 2pw,) — w4Hs (a7 + p*)) — Hso,H, (a7 + p?))
2HPHY? (a5 + p?)?
n J5(—=(HsHy ,(a7 4 p*)) = H{(Hs ,(a; + p*) + 4Hsp))

3/2 443/2
AHPHY (a2 + p?)?
N Pi(Hs(=x)H, (a7 + p*) — H (¢Hs ,(aF + p*) + 4Hs(x,(aF + p*) = px))) (A1)
4H?/2H2/2)(3 ’
P =op, ~ VH sy
. OH
—J, =— =0, A3
¢ 045 ( )
. oH Ew, +J
¢ e (A4)

Coly  VHVH5(a+pY)

where we have adopted the following conventions:

(1) > =x*(p,0) = p* + ajcos® 0.

(2) All the quantities that depend on 6 (such as H,, Hs, y, w,) are evaluated at 6 = 7 /2.

(3) f.=0f/ox for any quantity f, except for y, = dy/dp. These derivatives are evaluated in 6 = /2 as well.
Notice that Eq. (A3) is due to the fact that ¢ is cyclic, and consequently the corresponding conjugate momentum is
conserved. The functions H; and Hs have already been defined in Eq. (3.7).

2. Nonplanar case

From the Hamiltonian (3.23), the derivatives to be considered are

oM ER(H\(HYS ~ DH,,(~(@ + p2)) — 4Hswy((a + pP)oy, — pog) + 0 Hs, (ah + )

-P

" op AHPHY? (3= 1)(d} + p?)?
N E*(HsH}(cj — 1)Hs ,(=(a} + p*)?) + HsayH, ,(a; + p?)) | Po(=Hs(Hy, +4H,y,) — HixHs,)
4H3/2H3/2 2 _ 2 2\2 4H3/2H3/2 3
1 THS (e — 1)(az +p?) sy
N Py(Hs(—x)Hy (a7 + p*) = Hy(xHs ,(a} + p*) + 4Hs(x, (a7 + p*) = px)))
4H?/2H2/2)(3

N EJy(HswyH,\ ,(a; + p*) + H\(wyHs (a7 + p*) = 2Hs((a} + p*)wy,, = 2pwy)))
2HPHY?(c} - 1)(a} + )’
+ Ji(HSHl,/)(aJZ‘ +p2) +H, (HS,/)(aJZ‘ +p2) + 4H5p))
4H3/2H3/2 2 _1)(a2 212
| THS (e = 1)(az +p°)

, (A5)
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oH  P,(a}+p?)

,_ " _ , A6
P=op, ~ JH (A6)
. oH
= oH  csc?(0)(Ewy + J ) (A8)
~aJ,  VH{VHs(a}+p?)
M P,
A - A9
0Py, /HHsy* (49)
_p, O _ _Ez(Hl(Hﬁszﬂl,e(a% +p?) + 4Hs0y(cowy — 59wy0) + spwiHs o) + HiHssyHs g(a7 + p*))
"o 4P HP 53 (@ + )
B EZ(HssgwéHw) 3 EJy(H\(Hs(4cowy — 25949) + Sow4Hs o) + HssowyH, o)
S ) SHTH S )
I Pj(—Hs(yH, g+ 4H o) — H xHs ) _ P%(a? +p*)(Hs(yH, o+ 4H ) + H xHs )
4H3/2H3/2 3 4H3/2H3/2 3
1 s ¥ 1 s ¥
JZ(H(sgHs o+ 4Hscy) + HssgH
B 3(H\ (soHs g 5Co) ssoH 1 9) (A10)

372 1,372
4H,*HY sp(a; +p?)

where the conventions are the same as for the planar case, with the only difference being that now the quantities are no
longer evaluated anymore in € = /2, but they are functions of @. Furthermore, we have introduced the symbols
cp = cos b, sy =sind.

APPENDIX B: SEPARABILITY

In this appendix, we report the details that allow us to determine the Eq. (3.17) of the separable case. We start by
computing the conjugate momenta using Eq. (3.4), knowing the Lagrangian in the more general case (meaning keeping in
count also the coordinates z;, with I = 1, ..., 4, that have been neglected throughout all the work). We get the following
results:

it oyd
o0 _

? + Y H(p? + a%cos*6 )
_ LTV P = % A )p, Py=H(p* + a}cosze)é,

P, = :
t H 14 p2_|_aj2C

-E, P,

2

2
wy _ A o, AW
P, = iy [H(,o2 +a})51n29——;]¢ =Jy» P, :—I_;/Z'-i- (HP2C0529+_;>‘// =Jy

H, 1/2 H; 1/2
P = | — ¢ . P =\ 7 ; ) Bl
1,2 (H5> 212 3.4 H, 234 ( )

where the only nonconserved momenta are P, and Py. By inverting the previous relations, we obtain

. wy(Jy + Ewy) B w,(J, - P.o,) . p*+ a7
t=HE - 2 2\ein2g’ i=HP - 22 ’ P= 2 2 o2 P
H(p* + a})sin®0 Hp?*cos*0 H(p* + ajcos*0)
_ 1 P ¢: J¢+E(l)¢ Il_/:.]V/—PZO(),/,
H(p? + ajcos?0) o H(p* + aj)sin’0’ Hp?cos*6
H\1/2 H O\ 1/2
Z10 = <5> Py, 34 = <1> P34 (B2)
H, 5
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FIG. 35.

Exact functions ¢(p)/2x for the planar geometry. Left panel: overcritical case with b = 1.91. The vertical dashed line

represents p, = 1.000138, which is the largest root of the radicand in Eq. (3.17). Central panel: critical case with b = b, = 1.9. The
vertical dashed line is the critical radius p. = 0.8944, obtained from Eq. (3.19). Right panel: subcritical case with b = 1.89. The vertical
dashed line is drawn for p = 0, below which the motion has no physical sense.

In order to find Eq. (3.17), we have to divide p by
and ¢ by £, where wy and H are given in Eq. (3.7), J, = bE
[from Eq. (3.16)], and Pg is written in Eq. (3.15). By
performing all these substitutions, the Eq. (3.17) is
obtained.

APPENDIX C: DERIVATION OF THE GROUND
TRUTH FOR THE PLANAR CASE

As hinted in Sec. III D, the planar case can be studied by
exactly integrating the equatorial geodesics. The starting
point is Eq. (3.17), from which we get

LLsa; + bp”
( 1Lsdy P) (Cl)

b(p) — o =

which holds for all three of the regimes listed in Sec. III D
(subcritical, critical, and overcritical). By numerically
solving this integral, we can find the angle ¢ as a function
of p and, by using Eq. (4.5), we can build the trajectory that
we promote to ground truth in the comparison with the
results obtained from the NN and the other numerical
integrators. We have used extended-precision arithmetic to
compute exactly the integral up to 32 digits. In the main
text, we have set the geometry parameters to ay = 0.1,
Li=Ls=L=1, and E=1. The functions ¢(p), ob-
tained by integrating Eq. (C1), are shown in Fig. 35 for
b = 1.91 (overcritical regime), b = b, = 1.9 (critical re-

+ /p dp/
no(p? +a})\/p’4 +p’2(a§. _p?

+ Li + L3) = 2bLyLsay + (L} + L3)aj + LiL3

|

completeness. Indeed, when b > b. the shape of the
potential —Qp is similar to the one in the bottom panel
of Fig. 4, but shifted upwards and then intersecting the p
axis twice. This implies that the radicand inside the integral
(C1), proportional to Q%, admits two distinct zeros. In
terms of the variable y, defined in such a way that
p= af\/_ , the integral becomes

:i//’z/ai dy (L1L5 +leby)
2aj Jy/a;

A+ =y )=y

¢ = o

. .\ . C2
gime), and b = 1.89 (subcritical regime). (€2)
In the overcritical regime, the function ¢(p) can be
written in a closed way, which we now show for  where y. = p2/aj. In particular,
|
b2 —a%—L%-L% + \/(af+b—L1 —L5)(—af—|—b—|—L1 —L5)<—df+b—L1 +L5)(le+b+L1 +L5> (CS)

Y+ =

At the end of the day, Eq. (C2) can be written as

2
2af
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FIG. 36. Exact functions P, (p) for the planar geometry. Left panel: overcritical case with b = 1.91. The vertical dashed line represents
p, = 1.000138, which is the largest root of the radicand in Eq. (3.17). Central panel: critical case with b = b. = 1.9. The vertical
dashed line is the critical radius p. = 0.8944, obtained from Eq. (3.19). Right panel: subcritical case with b = 1.89. The horizontal

dashed line represents P, = P,(0) =

—80.1249, computed from Eq. (C7). The small frame is a zoomed-in view of the region

p€10,0.02] and shows that P,(p) has a vanishing derivative for p = 0.

1 a . (p-
¢—¢0:p P [L1L5<H<——‘2;sm <—>
-ar P- P2
(o ()] 5%)) - o0
0 -

where I1(n, ¢|m) is the incomplete elliptic integral of the
third kind, and F(¢|m) is the incomplete elliptic integral of
the first kind.

The exact function P,(p) is easily obtained by solving
the constraint H(p) = 0, with H being the Hamiltonian
given in Eq. (3.13) at a fixed choice of the parameters. For
their values reported at the beginning of this section, we
find

6380 — 16381p% + 10000p*
b=191P,(p) =+ , (C5
2 \/ 1 + 20002 + 10000* (C3)
20(—4 + 5p%)
b=190P,(p)=-"—— L7, C6
,(P) 15 100 (Co)
6420 — 15621p> + 10000p*
b=189P,(p) = — 8 - (C7)
1 +200p? + 10000p

In the first equation, the minus sign holds for the incoming
phase, while the plus sign is valid for the outgoing phase.
The three functions are plotted in Fig. 36.

2 a
/)— Po
a i (p
—;sin”' | —
pr’ < p )

2 2
2)-r(s ()1
p p)lpt
Vi as p-\|r3
—¥> (- (D) 2))]: e
px px po/ | P2

APPENDIX D: EXAMINATION OF THE
GEOMETRY OF NONPLANAR
CRITICAL GEODESICS

In this appendix, we investigate in more detail what has
been said in Sec. IIIE for the nature of the nonplanar
critical geodesics, showing that in general, they wrap
around a spheroidal zone.

We solved the critical conditions R(p.) = R'(p.) = 0in
terms of . and b,., getting Eq. (3.28). In order to find the
critical radius p., we must work on the condition Pf) > 0.
This can written as

2
¢ . . b b”
ﬂz—siﬁég—smzezo, with ﬁ:a_’ ﬂ¢:a—/.
! f

(D1)

If we introduce sin” @ = § (1 — X), where X = cos(26), the
solutions of the associated equation are

Xo=1-f+ [ 48, (D2)
It is very easy to show that the discriminant f* — 44 is

always positive in the critical regime (3.28). From the
definition of X, we can write down the following chain of
inequalities:
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-1<X_<X, <1 (D3)

The condition X_ > —1 is always false, while X, <1 is
always verified, so that the first nontrivial condition is
X, > —1, which yields

2 2 4 2 2 2 2
PP =2— /B =45 <0 < \/b* —4bjas > b* - 2a;.
(D4)
Since we want to study the critical geodesics, we should

evaluate this relation in the critical regime (3.28). In doing
|

afgc:p%+a§':>0§pc

so, we have to distinguish two cases depending on the sign
of the right-hand side. It turns out that if b7 < 2a7, then
from Eq. (3.28), 2p2+ L} + L2 <0, and it is never
satisfied, so the only case to consider is when b2 > Zajzc.
This brings us to the following condition:

B2 B3+ dk (DS)
When we substitute the expressions in Eq. (3.28), we have
to distinguish two cases according to the sign of {., with the
aim of solving with respect to p,.:

agl. = —(p +a7) = {

The former case corresponds to a corotating geodesic,
and the latter to a counterrotating geodesic.

The inequality (D1) has as its solution X_ <X < X,.
Since X_ < —1 is always valid, the first inequality is
always satisfied. Hence, it is left to solve cos(26) < X,
whose solution is (keeping in mind that 6 € [0, z])

gbound < 0 <r-—- eboundv

arccos(X )

with Hbound = 3

(D7)

Since ¢ varies from O to 2z, the geodesic describes a

spheroidal zone. In order to understand what it is, we recall

that the change of coordinates in Eq. (3.22) is a para-

metrization of an ellipsoid, at p fixed, whose Cartesian
equation is

2 y? 2

+ +—==

pPta; pPta; p?

1. (D8)

By indicating in this context a*> = p* + a3, ¢* = p* + a7,
d*> = p?, then, if two of these quantities are equal, the
ellipsoid is said to be a spheroid (or ellipsoid of revolution),
and since a = ¢ > d, then it is an oblate spheroid. As 6
varies inside Eq. (D7), the surface is the one bounded by
two planes that are parallel to the x-y plane and intersect
the oblate spheroid at 6 = 6y,,,,q and € = 7 — Gynq- This
region is called the spheroid zone.

In the text, we considered the case with X, =1,
corresponding to Gy,.,q = 0, and hence @ varies within its
interval of definition, &[0, z]. For this reason, such
trajectory wraps around the complete oblate spheroid in
Eq. (D8) with p = p... Furthermore, the condition X, =1
brings to fy . =0 <> by . = 0, and so from the definition

0<p.<+/as(L; +Ls) = L,Ls,

<\/|L Ls|—LiLs fora, > 215
Sy/daglly — Ls| —LyLs I0rdp 2 ———
! P=Ly - Ls]
VLiLs—as(Ly+Ls) <p. <\/LiLs+a;(Li + Ls), 0<ay< LL,]TLLSS (D6)
a, > bk
f 7 Li+Ls*
I
(3.28), we gain{, = — L;—fS This explains the first condition

of Eq. (3.30), and hence, the fact that this geodesic is
counterrotating. The critical radius can be found from X, =
1 expressed in terms of p,. and then solving it with respect to
P or also from the first equation of (3.28) by substituting ¢
with (L, Ls/ay)? and solving with respect to p, (which is, by
definition, non-negative). At the end, we get

Pe = 1/L1L5 - Cl%, 0< le < \/LlLs, (Dg)

which is exactly (3.29). Notice that this condition has to

satisfy Eq. (D6). It turns out that v/L1L5 > L3 for every
L,,Ls > 0, and it can be shown that if a 5 satisfies the first or
second condition of (D6), then the corresponding critical

radius p,. falls within the associated interval.

APPENDIX E: RESULTS OF THE NN
EXPLOITING SEPARABILITY OF THE MOTION

In this appendix, we show the results obtained using the
NN by integrating the equations coming from separability
—i.e., Eq. (3.17). This exercise goes beyond the scope of
this paper, and therefore, we will keep the discussion of the
results short. We suggest to read first Sec. IV, where we
have introduced most of the ingredients that will be reused
in this appendix. We do not present a comparison with other
integration methods, nor the errors committed by the NN,
but we compare the predicted geodesic in the Cartesian
plane with the ground truth, and we highlight the main
differences with the results and the strategies presented in
the main text.

In this case, we cannot speak about a Hamiltonian neural
network, since the equations to solve are not the Hamilton
equations, and the energy conservation cannot be imposed
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FIG. 37. Dynamical loss functions corresponding to the equations of motion obtained by exploiting the separability of the geometry.
From left to right: overcritical case with b = 1.91, critical case with b = b, = 1.9, and subcritical case with b = 1.89. In all the cases,

the number of points is N = 800.

at the level of the loss function. Still, the strategy presented
in Sec. II applies to any set of differential equations,
regardless of whether they are Hamilton or different ones.
We will label the results predicted by the neural network
with “NN.”

In this case, the NN maps the input time'? 7 to an output
layer with two nodes, which are denoted by 0, and O.
The solution to the system is constructed as

p(t.w) = po + f(1) O, (1, W), (E1)

P(1. W) = o + (1) Oy (2. W). (E2)

The weights w of the NN are found by minimizing only
the loss function Lgy,, SinCe Leyergy in this case is not
defined. Therefore, there is no need to tune the parameter A.

We fix the parameters of the geometry to those already
used in Sec. IV, and we treat the three regimes: overcritical
with b = 1.91, critical with b = b, = 1.9, and subcritical
with b = 1.89. py and ¢, remain the same, specified in
Sec. IV for the three situations. For all the cases, we have
employed a neural network consisting of two hidden layers
with 64 neurons each. The training is performed over
3 x 10° epochs by varying the learning rate, as done in
Sec. IV; furthermore, the training interval is 7 ;, (different
for each b), and the absence of overfitting is explicitly
checked by validating the loss function on 7, at the end of
the training.

We move now to present the results individually for the
three cases.

1. Overcritical case

We set b = 1.91 and train the neural network over the
interval 7 i, = [0, 15.3157] divided into N = 800 points.
The loss function is shown in the left panel of Fig. 37.

“Notice that now the equations of motion describe the
dynamics in terms of the coordinate time t. Nonetheless, the
trajectories in the Cartesian plane have to be the same as those
that would be obtained by solving the Hamilton equations with
respect to the affine parameter s. Of course, the distribution of the
points along the geodesics is different, but the final result is the
same if we take the number of such points much larger than 1 (as
we have always done).

The reason behind such a particular choice for the upper
bound is that the particle motion has an incoming and an
outgoing phase. The former is given by considering the
negative sign in Eq. (3.17) and corresponds to a decrease
from py to the minimum value p, = 1.000138, where
dp/di| p—p, = 0. The latter is given by taking the positive
sign, and it corresponds to an increase from p, to co. We
obtain the outgoing solution just from the reflection of the
incoming one, since the system is symmetric under
p = —p. In order to do so, we need the time 7, such that
p(t,) =p,, and we obtain the value 7, = 15.3157 from
the RK45 method. Notice that for # > 7, the radicand in
Eq. (3.17) becomes negative; we are therefore forced to
stop computing the prediction at this time. In the Hamilton
case presented in Sec. IVA, we do not need to choose
carefully 7 i, Since the information about the incoming
and outgoing motion is automatically incorporated into the
Hamilton equations.

The predicted p(f) and ¢(¢)/2x are shown in the left
panel of Fig. 38 for both the incoming and outgoing phases.
The value ¢, is highlighted by a vertical black line, and we
find 4(7,) = 1.00020, which is at 0.006% away from p, .
The behavior in the coordinate time ¢ of the two variables is
completely analogous to that with respect to the affine
parameter s obtained in Fig. 8.

The geodesic in the Cartesian plane is obtained by using
Eq. (4.5) and is compared to the ground truth in the left
panel of Fig. 39. The predicted trajectory reproduces
perfectly the ground truth.

2. Critical case

In order to obtain the critical regime, we set
b = b, = 1.9. In this case, the coordinate p of the particle
has to decrease from p, to reach the critical radius
pe. = 0.8944, and then it has to remain on this value.
Since there is no growing, we only consider the equation
with the negative sign. In this case, the radicand in
Eq. (3.17) has only one root, at p., and then it can be
written as (p?> — p2)2. Therefore, it presents no problems,
and the solution can be computed at arbitrarily large times.
We have trained the neural network in the interval
7 wain = [0, 140], and the loss function is shown in the
central panel of Fig. 37.

026018-31



ANDREA CIPRIANI et al. PHYS. REV. D 112, 026018 (2025)

—— NN —— NN

p(t)

 08F
&

S
S o06F

o(t)/2m

04

02F

0.0 Bt

FIG. 38. Predicted p(t) (top panels) and ¢(r)/2x (bottom panels) corresponding to the equations of motion obtained by exploiting the
separability of the geometry. Left panel: overcritical case with b = 1.91. The vertical dashed line corresponds to #, = 15.3157. The
functions for ¢ > ¢, (outgoing motion) are obtained from the reflection of the incoming phase. The horizontal dashed line in the top
panel represents p, = 1.000138. Central panel: critical case with b = b. = 1.9. The horizontal dashed line in the top panel represents
p. = 0.8944. Right panel: subcritical case with b = 1.89. The vertical dashed line corresponds to the collision time 7 = 36.5417.
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FIG. 39. Comparison between the geodesic predicted by the NN and the ground truth in the Cartesian plane. From left to right:
overcritical case with b = 1.91, critical case with b = b, = 1.9, and subcritical case with b = 1.89. The small black circle has radius

ay = 0.1, and it represents the fuzzball.

The predicted functions p(7) and ¢(t) are shown in the
central panel of Fig. 38. The value p,. is represented by the
black line in the top panel and, as we can see, p(f) remains
stable on it. Like the Hamilton case, the NN is confirmed to
be able to provide stable and accurate predictions for
trajectories over a long timescale even without the need
to impose the conservation of the energy.

The resulting geodesic in the Cartesian plane is shown in
the central panel of Fig. 39, and it accurately reproduces the
ground truth.

3. Subcritical case

In order to obtain the subcritical regime, we set b = 1.89,
and we train the neural network in the interval 7 ., =
[0,37] divided into N = 800 points. The loss function is
shown in the right panel of Fig. 37.

In Sec. IV C, we pointed out the difficulty in solving the
Hamilton equations due to the steep decrease of P,(s)

approaching the time s, and we proposed two different
strategies. In this case, there is no dynamical equation for
P, thanks to the separability, and such difficulty does not
arise. In addition, the radicand in Eq. (3.17) is always
positive definite.

The particle trajectory still describes an incoming and
outgoing motion, and the transition is determined by the
minimum value p = 0 that occurs at a given time 7. We
follow the same strategy as Sec. IV C 1 of determining 7 by
the interpolation of p(f) with O (recall Fig. 19), and we
obtain the outgoing phase by reflection of the incoming
one. The functions p(7) and ¢(¢)/2z are shown in the right-
panel of Fig. 38, and from the aforementioned procedure,
we find 7 = 36.5417, which is marked by the vertical
black line.

Finally, the full geodesic projected onto the Cartesian
plane is shown in the right panel of Fig. 39, and it is in
perfect agreement with the ground truth.
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