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The magnetic moments, magnetic form factors, and transition magnetic form factors of doubly charmed
baryons are studied within heavy baryon chiral perturbation theory. We regulate the loop integrals using the
finite-range regularization. The contributions of vector mesons are taken into account to investigate the
dependence of form factors on the transferred momentum. The finite volume and lattice spacing effects are
considered to analyze the lattice QCD simulations which can be understood well in our framework.
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I. INTRODUCTION

The physics of heavy flavor hadrons has been developing
with great experimental progress and exhibited special
characters due to the large masses of heavy quarks. The
doubly charmed baryons have been searched for by various
experimental collaborations [1-12]. The SELEX Collabo-
ration reported results for 2/, in 2002 [13], and the LHCb
Collaboration reported evidence for 2/ in 2017 [14].

The structure of these heavy flavor hadrons is important
for us to understand the nonperturbative behavior of QCD.
In addition to the mass spectra and strong decays, the
electromagnetic form factors are indispensable tools for
exploring the property of doubly charmed baryons [15-22].
The magnetic moments of doubly charmed baryons were
studied by utilizing the quark model since the 1970s [23],
and it has been further investigated with different quark
models [24—41], MIT bag model [42-45], Skyrmion model
[46], light-cone QCD sum rule [47], and so on [48-52].

The transition magnetic form factors connect both
ground and excited doubly charmed baryons and play
important roles in the radiative decays and other properties.
The radiative decays of doubly charmed baryons have been
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studied in the MIT bag model [44,53,54], the quark model
[32], light-cone QCD sum rule [55-58], and so on [48—
50,59-63]. The magnetic moments and the transition
magnetic moments were discussed within the heavy baryon
chiral perturbation theory (HBChPT) [64-66].

Significant advancements have been taken with the
lattice QCD over the past decade, and some lattice QCD
collaborations have simulated the electromagnetic factors
of doubly charmed baryons [67-71]. In addition, the
magnetic moments and form factors have been further
investigated in the extended on-mass-shell scheme by
analyzing lattice QCD results [72,73], and the similar
analysis for the transition ones would also be very helpful.

In this work, we use the unified framework to study both
the magnetic form factors G,;(g?) and transition magnetic
form factors G, (g?) as well as their relevant moments. We
study the above quantities from lattice QCD with HBChPT,
and finite-volume (FV) effect and lattice spacing correction
are specially included and carefully examined. We consider
the one-loop contributions and discuss the effects of excited
doubly charmed baryons on the magnetic moments of
ground ones. Vector mesons are also involved for non-
zero ¢°.

Besides the dimensional regularization, we also employ
an alternative finite-range regularization (FRR) to calculate
those loop integrals which occur in the HBChPT [74,75].
Since the numerical results of these two regularization
methods differ very much [74,75], it is important to check
whether they are both consistent with the current lattice
QCD data. Moreover, the latter regularization is more
convenient to study the effect of finite volume.

Published by the American Physical Society
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There are three parts in the transition magnetic form
factors Gy (q?), and the G5 relevant terms were ignored
when the photon is on shell for the radiative decays of
singly heavy baryons and doubly charmed baryons [64,76].
As in the N — A transition process, the G; terms would
also contribute to the Gy, (0) [77-81]. We will study these
terms and investigate their roles in the doubly charmed
baryon system.

This paper is organized as follows. In Sec. II, we present
the contributing effective Lagrangians at O(p?). In Sec. III,
the magnetic moments and form factors are studied within
HBChHPT. The finite-range regularization is used to deal
with the loop integrals. The finite-volume and lattice
spacing effects are considered. The contributions of vector
mesons are introduced to form factors G, (¢?). In Sec. 1V,
we extrapolate the G (g?) up to O(p?) in a similar way
with the help of the lattice results. A short summary follows
in Sec. V.

II. EFFECTIVE LAGRANGIANS

We present the relevant chiral Lagrangians in HBChPT
following Refs. [64,65,82]. The spin—% doubly charmed
baryon fields are collected in [83,84]

=
B ccu

— | =+

Y=\ EL | = | ccd |, (1)
+
Q. ccs

the spin-3 doubly charmed baryon fields are denoted by the
Rarita-Schwinger fields as [85]

BTN\ 2 ccu\ P
P = | EiF = | ccd |, (2)
Qi ccs

and the pseudoscalar meson fields are introduced as

”0+%7] \/57[4- \/§K+
p=| V2 2"+ V2KO [ (3)
— 0 2
V2K V2K vl

We choose the nonlinear realization of the chiral symmetry,

U=u*=exp(ig/fy), (4)

and f, denote the decay constant of pseudoscalar meson,
and f, =924 and fx = 113 MeV are used in this work.
The chiral axial vector field is defined as [82]

1

u, zii[zﬂ(a”—irﬂ)u—u(a—il”)uT], (5)

where r, = [, = —eQA,, and Q = diag (2/3,-1/3,-1/3)
for the pure meson Lagrangians while Q = diag (2, 1, 1) for
baryon fields.

In HBChPT, the charmed baryon fields ¥ can be
decomposed into the large component H and the small
one L,

1-7

L1y L=em "Ly (o)

H = imgv-x \{I’
¢ 2

where v, = (1, 6) is the velocity of the baryon. The
momentum is decomposed as p* = mgv* 4 k*, and thus
k* is a small quantity. The HBChPT Lagrangians are
obtained from the relativistic Lagrangians after the above
separation. In this work, the contribution from small
components is beyond the accuracy we consider currently.
We use B and T to denote the large components of spin—%
and spin—% doubly charmed baryons. The difference of the
mass is denoted & = my —mp which appears in the
propagators.

The relativistic Lagrangian at O(p?) contributing to the
magnetic moments of doubly charmed baryons at the tree
level reads

@ _ N g o D
Crmn = gy Yo ¥+ g, Yo YT (T)

where a, , are the low-energy constants, and the traceless
operator IA*";D = F, —3Tr(F,,). The chirally covariant
QED field strength tensor F, = u'F&u + uFL,u’, where
FR =o,r,—0,r,—ilr,,r,] and Fi =09,,-0,,—
ill,.1,]. After the nonrelativistic reduction, the HBChPT

Lagrangian is
@ _ . T st qf —i oW
E}/BB —almB[sﬂ,S ]F;;B—I—asz[S”,S ]BTI'(F;D),
(8)

and the O(p?) tree-level terms which contribute to the spin-
% to spin—% transition magnetic moment are

‘C;(/?T =a3 i T'F},S'B +a, i T#S*BTr(F},) + H.c.
9)
The O(p?) pure meson Lagrangian is
2
Ly = %Tr[VﬂU(V”Uﬂ, (10)

with V,U = 0,U — ir, U + iUl,.
The Lagrangian which describes the interaction of vector
mesons and photons is given by [73,86]
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1 Fy
L, =————YTr[v, Ftv, 11
= 5 me TV F ) (1

where Fy is the decay constant of V — ee™ and V,, =
d,V,—9,V, with

V,= p- —%po —I—%a) K9 | . (12)
K+ I'{*O ¢

The O(p') Lagrangian describing the interaction
between two baryons and a pseudoscalar meson reads

L4 = 2By + 20 g, ey
JC (o W), (13
5 u, u, P )

The corresponding nonrelativistic form is written as

L4 = GaBS"w,B + Gy 17w, T, + %< (T4, B + Bu, T").

int

(14)

To investigate the impact of vector mesons on the
magnetic form factors and transition form factors, we refer
to Ref. [73] for the following Lagrangians within the
HBChHPT framework:

igy

Lypp = —%B[S”,SU]VWR (15)
iV3dy -
Lypr = — l\/n_a v ™v,s'B. (16)
B

Utilizing the heavy quark symmetry, the spin-% and spin-
% states can be unified in a superfield [87,88],

1
yt =TV — \@(W + v*)ysB. (17)

With the Lagrangian xy*uysy, describing the interaction
between two baryons and a pseudoscalar meson [76], one
can obtain the relations for the pseudoscalar couplings in
Eq. (14):

g8 =30 Jc =230 (18)

Similarly, the vector couplings satisfy the following rela-
tion from the Lagrangian f’;—gl/}” Vot

dy = gy. (19)

-
.
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FIG. 1. Feynman diagrams contributing to the magnetic mo-
ment up to O(p?) level. The single (double) solid lines refer to the
spin-% (spin—%) baryons, and dashed and wavy lines represent the
mesons and photons.

III. MAGNETIC MOMENTS AND FORM FACTORS

A. Magnetic moments

In HBChPT, the matrix elements of the electromagnetic
vector current for spin—% heavy baryon is defined as

(PP ¥ (p)) = ea(p')O,(p', p)u(p).  (20)

After obtaining the nonrelativistic limit Lagrangians, the
tensor O, can be expressed as

Gu(g?). (21)

S..S,9"
01" p) = ,Gelq?) + T

The magnetic moment and magnetic radii can thus be
extracted,

dGy(q°)
"G it oy

e 2_6

Gu(0),  (ri)

KB = —2mB

There are three Feynman diagrams contributing to the
magnetic moments up to order O(p?) in Fig. 1. We also
investigated the impact of spin—% doubly charmed baryons
as the intermediate states through the diagram Fig. 1(c).
The relevant Lagrangians are listed in Sec. II. The tree-level
diagram comes from the Lagrangian in Eq. (7) which has
two couplings a;, a,. The loop diagrams contain the
meson-meson-photon vertices described by Eq. (10) and
baryon-baryon-meson vertices with three couplings §,, gz,
and §- as in Eq. (14). Within the heavy quark limit as
detailed in Sec. II, the three coupling constants §,, g, and
Jc exhibit well-defined proportionality relations, gz = 3§,
and e = 2v/3G,. We adopt the value §, = —0.4 obtained
with the heavy antiquark diquark symmetry as reported in
Refs. [72,73,89]." When the charm quarks are treated as
noninteracting spectators in the quark model, the derived
coupling relations show agreement with those predicted by
the heavy quark limit.

The tree-level expression of the magnetic moment is
summarized in Table I and the loop correction is

"The §, in Refs. [72,73] differs from ours by a factor 2, which
arises from a different definition of the u, in Eq. (5).
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TABLE I. The doubly charmed baryons magnetic moments at
the tree level.

u Tree-level expression
Bt T ——(Ya; + 2a,)
s 7 (—gar +2a)
Q. m; (—ga1 +2ay)

el PP 200w — Jo + (=2m? + 20°)L,
2f3 8 ’

(23)

where the {(#?) is listed in Table II. The loop integrals like n}"
are defined in the Appendix. When substituting the forms of
loop integrals using dimensional regularization into Eq. (23),
one can obtain the same results as in Ref. [65].

In the discussion below, the momentum-space cutoff is
employed to remove the spurious high-energy physics. The
contribution of high energies is encoded in the low-energy
constants of the local chiral Lagrangian. We use the simple
covariant dipole form factor to regulate the contribution

integrals [75,90],
_A2 2
- . 24
<12 - A2+ ie> (24)

For example, the integral Jy(w) involving one meson and
one baryon is regularized as

Jo(w)

_./ d'l 1
' @)t (P=mPtie) (v I+ w+ie)

_AZ 2
—A2+i€)

-1, 1 IR
P _ _ . (25)
16r Pt+m? =V +m?* \I' + A

/ d*l 1
— i
Qr)* (P —m? +ie)(v- 1+ o+ ie) \

TABLE II. The coefficients of the loop correction in Eq. (23).

¢4 ¢&A) £=C) ¢(KO)
B 1 1 - % -3
Bl -1 0 3 0
Q. 0 -1 0 %

When @ — 0, the above loop integral is written as

—A3

Jol@ = 0) = 16z(A +m)?’

(26)

which can be expanded in powers of 1/A,

A

——+ +(’)( h. (27)

This result is consistent with the one in d-dimensional
regularization,

Jo(w = 0) =4wL(2) + z

8’ (28)

with the well-known ultraviolet divergence L(4) =
Al(;;) - —1[In(47) + 1 +T7(1)]} and the renormalization
scale 1. In thlS special case, there is no chiral log terms.

If taking a little complicated case Jy(w — —m) as an
example,

(m*m = 2mA — zA%)A
1672 (A2 — m?)
mA(2A2 — m )10g(A+VA )
87‘[2( A2 _ m2)3

Jo(w —» —m) =

+

. (29)

where the nonanalytic log term is retained in the finite-
range regularization. Furthermore, we can check that
Jo(w — —m) can give the exact same mlogm? terms as
the one in dimensional regularization when A is large
enough:

FRR —A m
Dol = =m) = e " g

2
log <4Z12/e> + O(A™),

2
DR m m

B. The finite-volume effect

In order to study the lattice QCD simulations, we need to
consider the finite-volume effects. To introduce the finite-
volume effects, the allowed three-dimensional momentum
in the loop integrals is discretized,

- 27r .
l5 = n=(ngnyn,), (31)

where n,, ny, and n, take natural numbers [91].

If the spatial lattice extent L is large enough, we can use
approximate spherical symmetry and consider only the
degenerate states [92]. Then the degeneracy of these states
can be calculated by Cj(n), where n = n?+ n?+ n.

114038-4
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Now using these definitions above, we rewrite the con-
tinuous integral in momentum space by

/ &1 — (%)3203(;1). (32)

neN

The loop integrals will be actually convergent when
Rpax > 19.

C. The lattice spacing effect

We also examine the lattice spacing effect in this work.
Following Refs. [93-95], we construct the concise Wilson
matrix which is proportional to the lattice spacing a,

1
Py = Ea(uchuT + uc u), (33)

where ¢, denotes the Sheikholeslami-Wohlert coefficient
cs,). The lattice
QCD simulation used below gives Y4 = 1715 [69]. The
O(a) contributions can be canceled by incorporating the
clover term into the lattice action [93,96].

We can construct the Lagrangian contributing to mag-
netic moments with the p, operator,

d
matrix Wthh reads ¢, = diag(cy,,. c§,.

£ = bymyiB[s", SVIF,
Bls¥, s
[S¥,
+ bymyiB|[S*,
+ bsmpiB[S*

BTr(p,py)

{E5.p4}BTr(p.)
WP+P+B

P+ VP+B

P+/’+F+DB- (34)

+ bympi
+ b3mB B

]
5]
5]
5]

The spacing effects are equal for pz+ and pg:,
gcgwasz(lzbl 4 24b, + 4by + 4b, + 4bs)

= gczwaszb, (35)

where b is the undetermined combined parameter.

D. Numerical results for magnetic moments

The magnetic moments are given at large pion masses in
the lattice QCD simulations as shown in Fig. 2 [68,69]. To
relate the kaon and pion masses, the following yPT relation
is utilized [72,90,97]:

1 1
2 2 2 2
my =—m: + (m,(——m”) : (36)
2 2 phys

We use the lattice QCD masses in Refs. [68,69] for other
hadrons.

T T 0.46 T T
— finite vol.
0.45F 1 O -- infinite vol. 7]
E RN ZoaoF --- finite vol. + O(a?) ]
I =
10,40 4 © 0.40F E
0.38 E
0.35 019 Ol-l 0l2 01_1
phys. <, = -2 phys. - . B
m2/GeV? m2/GeV?

FIG. 2. Magnetic moments of Z/,. and /. as a function of m,

in units of yy. The lattice results are taken from Refs. [68,69] in
2 4 1 flavor QCD, shown as the blue points. The green dashed
and blue solid curves label our infinite and finite results, and the
red dotted curves correspond to the scenario where both discrete
momenta and O(a®) are considered. The blue shaded regions
illustrate the allowed probable range in our framework when we
just fit the lattice results of m, = 0.296, 0.411, 0.570 GeV.

We study these lattice QCD data and examine the finite
volume and lattice spacing effects. We choose the cutoff
with 0.7 GeV. Three scenarios of fits are given in Fig. 2, and
the corresponding parameters are provided in Table III.
From the left part of Fig. 2, one notices that the magnetic
moment of =, near the physical pion mass seems to
deviate a little from the dashed line without the finite-
volume effect, which is why the y? is big in the first line in
Table III. After considering the finite-volume effect, the e
decreases by about 15%. The finite-volume effect is
important for interpreting the lattice QCD data.

The y? is further reduced when the lattice spacing effect
is also taken into account from Table III, but this effect
is small. The parameter for the lattice spacing effect is
fitted as

b =—-0.07 +0.23. (37)

Its error is larger than the central value, which means the
current accuracy in the lattice QCD simulations cannot
effectively constrain the lattice spacing effect yet. The
dotted and solid lines are also very close in Fig. 2.
Therefore, in the following analysis the lattice spacing
effect can be safely neglected.

For a more intuitive representation of the various loop-
diagram contributions from different spin baryons, we
illustrate the sizes of these contributions in Fig. 3. The
loop-diagram contributions from spin-% and spin—% doubly
charmed baryons exhibit different signs, which is because

TABLE III. The final fitting coupling constants in three cases.
b —ta; +4a, e
FRR 1.61.00 5.02
FRR + FV =z 1.621902 4.30
FRR + FV + O(a?) —0.07 1903 1.83 68 4.20
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004 -- infinite vol3]  0.004
— \ . —
2 002 M. — finitevold ] &
2 S £ 0.002
Z - z
= 0.00H . %
i - infinite vol. ] & 0.000
—0.02 . §
— finite VOI.%
1 1 1 1 1 —0.00¢ 1 1 1 1 n
phys.01 02 03 04 05 phys. 0-L 02 03 04 05
’ m2/GeV?

2 1CeV2
m;/GeV

FIG. 3. Comparison between the loop contributions to the
magnetic moments with the intermediate baryons as the 1/2 and
3/2 doubly charmed baryons.

the coefficients of them have opposite signs as in Table II.
For the same reason, their magnitudes have an approximate
ratio of 3:1 [98]. The graph shows that the main finite-
volume correction lies in the chiral limit [99].

The dashed and solid lines exhibit an obvious deviation
at small pion masses for the magnetic moment of E/. in
Figs. 2 and 3, particularly when m2 < 0.1 GeV?. If we drop

the contribution from the loop momentum =0 in the
finite volume, the solid line would approach to the dashed
line. The intermediate meson in Fig. 1 is pion for yz- while
it is kaon for pq+ , which leads to no such phenomenon in
the right part because the heavy mass of kaon suppresses
the contribution in the finite volume.

The errors of lattice QCD data near the physical pion mass
are relatively large, and the results at the largest pion mass
may exceed the applicable range of ChPT extrapolation.
Therefore, we refit the lattice data only with m, = 0.296,
0.411, 0.570 GeV to check whether our results are stable or
not. The blue shaded regions in Fig. 2 represent this new fit
with —fa; 4 4a; = 1.604, and b = 0. As we can see, the
results do not change much.

The magnetic moments were studied with the dimen-
sional regularization in Ref. [72], where the four pzz at
large pion masses on the lattice were fitted without the
contributions of the excited doubly charmed baryons in
Fig. 1(c) and that gave y> = 9.77. We find that y> would
become 98.37 after adding Fig. 1(c) with the dimensional
regularization. However, for the same four data, the )(2 is
only 0.72 (1.30) without (with) Fig. 1(c) if using the finite-
range regularization.

In Ref. [68], pz++/uy = 0.089(45) is also provided at
m, = 0.156 GeV. With the finite volume effect, we can
then get a; = —1.26,¢,7 and a, = 0.30,4(, after adding
this new datum.

In an effective field theory for low-energy QCD, the
magnetic moment can be systematically expanded in
powers of m2, which can be roughly expressed as

pp = co+cim? + +I0 4. (38)

When regulating the loop integrals using the momentum-
space cutoff, the loop integrals generate the obvious cutoff

1.64 T T T m6.5
/
.12 4]
162F X I
o~ 1 /
S ® —cap +4day ’ 155
h /
+ 1.60F n ﬂx
kel /7
S 150
: N >
| N
1.58 ~ ,/
\\\~-"’./ 4.5
1.56 , \ , )
0.5 0.7 0.0 T 0
A/GeV

FIG. 4. The red dots represent the variation trend of tree-level
coupling constants with cutoff, and the green dots are the
magnitude of the corresponding y> values. We connect data
points with continuous lines for clarity.

dependence. Taking J(0) in Eq. (27) as an example, the
Taylor expansion yields

A m 3m? m3

o T o 4
167 82 16A T agnz T O (39)

However, the A variations of the loop diagrams can be
absorbed by the redefinitions of the c¢; terms from the tree
diagrams in principle.

We refit the above magnetic moments from lattice QCD
with different cutoffs. The variation of the coupling — % a; +
4a, is shown in Fig. 4. For sufficiently high cutoffs, the fitted
coupling displays an approximately linear trend.

To investigate how the fitting quality varies with the
cutoff A, we plot the y? values as green dots in Fig. 4. For
A < 1.0 GeV, the y? is around 5 and the change is less than
1, which states the physical observables are insensitive to
the choice of the cutoff in this region. However, for
A > 1.0 GeV, the y? increases significantly, indicating
that the convergence of perturbation expansion becomes
worse. Since our analysis is limited to one-loop order,
incorporating higher-order loops may reduce the cutoff
dependence. The optimal fit is achieved at A = 0.7 GeV,
and thus we adopt this value for our calculations.

Next, we would like to estimate the effect of mass
difference ¢ on the magnetic moment of spin—% charmed
baryon. In the above calculation, we fix the mass dif-
ference § = 0.068 GeV, which is determined by the lattice
QCD data of doubly charmed baryon masses with
m, = 0.156 GeV, as the masses of spin—% doubly charmed
baryons have not been provided at large pion masses in
lattice QCD. Note that the mass difference between %* A

and %* nucleon is 0.27-0.33 GeV for pion mass less than
0.6 GeV [100], and it changes by about 20%. For the
doubly charmed baryon, it contains less light quarks and
thus the mass difference may vary less with different pion
mass. Accordingly, in the following Fig. 5, we vary the
value of 6 as 20% respective to the central value 6 =
0.068 GeV and present the magnetic moment p=< at
m, = 0.411 GeV. The slight change in the blue dashed

114038-6
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0.450r T T
X |
AORRURTURTRUSURURURY SUEUURUREUURURIU VTR
[% 0.425F : .
EN S B ‘;
= 0.400F ! .
= i ! ]
e Joomeee e ]
X i ]
0.375 , i 1 .
0.06 0.068 0.08
0/GeV
FIG. 5. The dependence of the magnetic moment /45(‘1 atm, =

0.411 GeV on 6, as indicated by the blue dashed line. The blue
shaded region represents the error range of the lattice QCD data.

line indicates that the effect of mass difference is

very small.

E. Magnetic form factors

To study the magnetic form factors, we need to consider
the vector meson contribution as shown in Fig. 6 [73]. The
Lagrangians involved are listed in Sec. II. The results can
be expressed as

B CygFy qz

Gy (a®) = gy - (40)
Vv

Because of the significant breaking of SU(3) symmetry for

the vector mesons, two couplings, g‘E, and g? are intro-
duced. The coefficients Cy p are listed in Table II of Ref. [73].
The above equation shows that the vector mesons do not
contribute to Gy, as g> — 0, and that is why we do not
mention them for the magnetic moments. The dependence of
Gy can also be empirically parametrized as dipole form
factor Gy, (Q%) =Gy, (0)/(1+Q%/0.71 GeV?)? [101-106].

In order to introduce the dependence of vector meson
masses on m,, we use [107]

m3 = m2 = m§ + 2A,,mz + lo(2mk + m%),

mé = m} + 4, m% = 2A,,m% + o(2m% + m2),  (41)

where my ~ 0.712 GeV, 4,, % 0.489, and 1 ~ 0.126. There
are also different pion mass dependences for them [108,109],
but this discrepancy does not impact our ultimate conclusion.

:

4

FIG. 6. The vector meson dominance diagram for the magnetic
form factors of the doubly charmed baryons.

T T T

sk .

:

.6 ey ~ 1
&=, — 0.156 GeV § T
b — 0.296 GeV

© 0411 GeV
2 =+ 0.570 GeV ]

0.702 GeV
1 1 1 1

03 04 G ETTTOTTTT0 T 03T 04
Q?/GeV?

0.0 0.1 0.2
Q%/GeV?

FIG. 7. Comparison between the magnetic form factors from
the lattice QCD data and our results. The lattice QCD data are
taken from Refs. [68,69]. The contributions of spin-% baryons and
the vector meson dominance model in the finite volume are
considered.

We obtain the tree-level couplings by fitting the lattice
QCD results from Tsukuba actions, where the pion mass is
156 MeV [68], as shown by the red points in Fig. 7. Both of
the contributions from vector mesons and discrete-momen-
tum effects are considered. The final results are g‘E, =
7.955 04 and gy = 22.84 ¢ go.

These parameters are used to calculate the trend as Q?
increases for the other pion masses in Fig. 7. The different
pion masses exhibit almost identical dependence on Q for
QF., as the masses of ¢ and s quarks do not change
obviously in the lattice configurations for different pion
masses. For E/_, the left part clearly shows that the slope
decreases with the increasing pion mass.

After obtaining the ¢5 and tree-level couplings in
Table III, we can calculate the mean square radius (r3,)
in the infinite volume at the physical pion mass. The values
are 0.30 fm? for Z7, and 0.15 fm? for Q.. They are about
1/3 of the (r3;)  uceon» SiMilar to those with the extended on-
mass-shell scheme in Ref. [73].

IV. THE TRANSITION MAGNETIC
FORM FACTORS

The matrix elements of electromagnetic current between
spin—% and spin—% baryons are defined as [68,110]

7 (p)|. ¥ (p)) = \@eﬁ"(p/)opﬂ(ﬁ,p)u(p)- (42)

In the framework of HBChPT, the tensor Opﬂ can be
parametrized in three Lorentz invariant terms:

O,.(p'.p) =2G (4,5, — q-S9,,)

2mT
+ sz(%vﬂ —q-v9,,)q"S
2
Gy —— —q? - S. 43
+G; p——— (949, — T 9pu)a (43)

Here u”(p) is a spin vector in the Rarita-Schwinger formal-
ism satisfying v,u”(p) = O and y,u”(p) = 0 [85,111-114].
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TABLE IV. The coefficients of the tree and loop correction to
Gy from Egs. (45) and (47).

: ! ! : B YB
(a) (b) © BEF —-1a;-2a,
E+ lag - 2a4
FIG. 8. Feynman diagrams for the transition magnetic mo- ¢ 6
QF Lag. -2
ments. ce 693 — 24
(r) ) (K) (K) (K) p(K) () o(n)
The transition magnetic form factor G, (¢?) is expressed B e auc e e ﬂ B Buc B Sie & gBC Ehe
as Bl -2 2 -2 2 -2 2 -2 2 11 11
E., 2 20 0 % -2 0 0 { -1 0 0
Q. 0 o0 2 -2 0 0 2 -2 0 0 L -1
2 mp (mg + mg)(3my + mp) — ¢* « 3 3 3
Gui(q°) = G
3(my + mp) my
G(3.c)
2 2 2 M1
+ Gy(m7 —myg) +2¢°Gs . (44)

A. Expressions in the physical world

There are three Feynman diagrams that contribute to
Gy up to O(p?), which are depicted in Fig. 8. The tree-
level diagram comes from the Lagrangian in Eq. (9), while
the baryon-meson vertex of the loop diagrams comes from
the interaction Lagrangian in Eq. (14). The tree diagram
only contributes to G and can be expressed as

(2,tree) 3 (my + mg)(Bmy + mg) — ¢*
G = - . 45
Ml J/B\/; 3myp(my + my) (45)

The loop contributions are
RIS
G = Gy + Gy, (46)
where

3.b
Giri”

- \ﬁmB[(mT + mp)(3my + mp) — ¢%]
2 6my(mg + my)

) 9adc\ / m 1
X AC 4 42 > +ny)
,Zﬂ‘%< 4f;
) 9adc
( AC 4f2 > o + ng)

+ \/5( 7= mg)mp Z
\F My’ (gAC gAgC) (2011 4 30 + nl), (47)

i=n,K
4f2

and

= \/§mB[(mT + m3)(3mT + mB) — qZ]
2 6mr(mp + mr)

i) 94
« Z (al(_?)c ff26>( I 2nH)

3 (m% —m%)m ) J8G
+\/:7T Bt Z < BC ‘ffzc (n¥" + n})
i=n.K i
3m
vy fimad (agcgjff) (2nll 3] £ n}). (48)

(i)

We summarize the coefficients yg, o AC aBiC, ﬂgwc, ﬂg)c, CX)C,

and ¢!\, in Table IV. The forms of n!, nll, all, ll, nll, Il

and ni! are also obtained by solving the Lorentzian
invariant structures in the Appendix, which have been
evaluated in the rest frame of the spin-% baryon [77,80].

The method of deriving loop integrals is universally
applicable, and it has been described in detail in the
Appendix of Ref. [115]. The results conform to the
following relationship:

2(nf + nf") +2(n 4+ nff)g - v+ 2n" + 3nY + nl)g?
= —2n, (49)

and this ensures that the numerical matrix elements of
electromagnetic current still have the tensor O, structure
which can be obtained with the symmetry analysis.
Similarly, we consider the vector meson contribution as
shown in Fig. 9 [56,57,73]. The specific Lagrangians of the
interaction are provided in Egs. (11) and (16). It only

contributes through G, as

E‘L‘C Q(‘[
G(vec.) _ 5\/ dv / FV C]2
M HN2my ¢ —m3

% (mg + mp)(3my + mp) — ¢
my(mg + mr)

. (50)

where the &y, values are listed in Table V.
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;

e

FIG. 9. The vector meson dominance diagram for the transition
magnetic form factors.

B. Numerical results

The lattice QCD simulations provided the multipole
form factors of doubly charmed baryons at m, =
0.156 GeV and the transfer momentum square Q% =
—q> ~0.18 GeV? with the spatial lattice extent L =
2.9 fm in Refs. [70,71], and we present them in Fig. 10.
We explicitly consider the mass splitting, é =~ 68 MeV,
between spin-; and spin-3 doubly charmed baryons from
the lattice QCD results.

For the vector meson contributions, we utilize heavy
quark symmetry to relate the 7BV and BBV couplings as
mentioned in the Appendix, and thus d‘E,"" = g‘E/"’ =
7.95.50; and dyp = gy = 22.84,440. Our numerical
results are presented in Fig. 10 with A = 0.7 GeV. The
blue lines represent the fit that includes the contributions of
vector mesons for the finite-volume version, and the fitted
parameters are listed in Table VI. We also plot the allowed
regions of this fit as the blue shades. It clearly shows that
the HBChPT with FRR can describe the lattice QCD
results well.

We fix a; and a4 as in Table VI, replace the sum of the
discrete momenta with the integral of the continuous
momenta for the loop diagrams, and obtain the green
dotted lines corresponding to the results in the infinite
volume. The large difference between the blue solid lines
and the green dotted lines indicates that the finite-volume
effect is obvious at the current stage.

To show the effect of the vector mesons, we turn them off
by setting dyy = 0 and obtain the black dashed lines with a;
in Table VI. They deviate about 2¢ from the lattice QCD
center data, which states that the vector mesons are
important for the transition form factors even at small
Q% = —¢*> ~0.18 GeV?. Even if we refit the lattice QCD
data by adjusting a; without the vector mesons, the best fit
as shown by the red dash-dotted lines exhibits a little

TABLE V. The coefficients &y, of vector meson contribution in
Eq. (50).

B Ef QL
p V2 _\V2 0
2 2
1) V2 V2 0
6 6
¢ 0 0 _f

1.0 1.0
—04f -
o5k 5 Y FIITITITIITIN P i
- I
—0.6 4 1
z 1 0sf -
T PP N (]
—0.8fF 407 < 0.7} -
—09pF T 2Bl [ B2 ] [ i oy
L 0.6 L 0.6 L
0.156 0.156 0.156
mg/GeV mq/GeV my/GeV

FIG. 10. The magnetic multipole transition form factors G, of
doubly charmed baryons at m, = 0.156 GeV and Q* = —¢* ~
0.18 GeV? with the spatial lattice extent L = 2.9 fm. With the
corrections of vector mesons, the solid blue lines represent the
results in the finite volume while the green dotted lines label our
infinite-volume results. The black dashed lines label our finite-
volume results for dy, = 0, that is, the vector meson contributions
are turned off. The red dash-dotted lines represent the new fits by
adjusting a; with dy, = 0. The blue shaded regions illustrate the
allowed ranges based on the fit within our framework. The lattice
QCD data are taken from Ref. [70].

tension with the lattice QCD datum in the middle part
of Fig. 10.

We separate the Gy, into four parts: the tree-level term
and the loop terms proportional to G, G,, and Gs. The tree
diagram only itself will lead to zero for G, and G5. Taking
the Q.. case at g> = —0.18 GeV? and m, = 156 MeV as
an example,

G = 0.756 + [0.019 4 0.001 — 0.002] = 0.774.  (51)

It is clear that the tree diagram dominates in our framework,
and the loops give about 15% corrections.
The G5 related term above is tiny and will be strictly O at
2 .
g =0:

G (g2 = 0) = 0.843 + [0.065 — 0.062 + 0] = 0.846.

(52)
TABLE VI. The fitted couplings.
as ay
1.8310.16 —0.114001
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FIG. 11.  Our predictions for the transition magnetic form factors

Gy as Q7 increases with m, = 0.156 GeV and L = 2.9 fm.

The third lines in Egs. (47) and (48) correspond to the G3
term and cancel themselves out as ¢> — 0 due to the
constraints from heavy quark symmetry on the couplings
Ja» 9, and g- which appear in the loop diagrams. However,
with a slight breaking of heavy quark symmetry, for
example, g, — Ja, gg = 0.95Gp, and G — §c, one has

q2G3(‘12)|q2—>0 # 0, (53)

and

G (g2 = 0) = 0.843 + [0.061 — 0.015 — 0.043] = 0.846.
(54)

If the static G5 terms can be extracted accurately on the
lattice, the breaking of the heavy quark symmetry would be
understood better.

Finally, we predict the trend of G, in Fig. 11 at
m, = 0.156 GeV and L =2.9 fm for the range Q° =
0-0.8 GeV? with the fitting couplings in Table VI. From

the figure, the G%ﬁ exhibits the opposite trend compared to
the others. The main reason is that the contributions from
the vector mesons have different signs for these transition
form factors, which can be easily estimated from Table V.
We hope they can be examined in the future.

V. SUMMARY

In this work, we employ HBChPT to study the magnetic
form factors and transition magnetic form factors of the
doubly charmed baryons up to O(p?). The loop integrals
are dealt with the finite-range regularization. We found that
finite volume effects are important for interpreting the
lattice QCD data, while the lattice spacing effect is not
obvious compared to the current accuracy of simulation.
We can simultaneously explain three different groups of the
lattice QCD data very well as shown in Figs. 2, 7, and 10.

1

We consider both spin-} and spin-3 doubly charmed

baryons as the intermediate states in the loop diagrams.

For the magnetic moments, the spin—% loop contribu-
tions are relatively bigger and have different signs from
the spin-j ones.

The finite-volume effects improve the consistency of our
results with lattice QCD data, particularly in the small pion-
mass region. This improvement arises from the contribution

of the zero-momentum mode (7 = 6) in finite volumes. In
contrast, the finite-volume corrections for the Q. baryon
are less pronounced, as the loops involve kaons which are
less sensitive to these effects. For the magnetic form
factors, the contributions from vector mesons are intro-
duced to examine the ¢> dependence of G,. These
corrections become increasingly important as g grows.

We have also studied the transition form factors G
for the processes E/fy — Eift, Ely - Eif, and
Qly — QiF. The finite-volume effects are also significant
for the transition magnetic form factors when fitting to the
lattice QCD results. The vector mesons play a crucial role
in the transition form factors, even at small momentum
transfer, Q%> = —¢> ~0.18 GeV?. We carefully examine
the loop contributions associated with the G, G,, and G;
terms, and the G5 terms becomes bigger if the heavy quark
symmetry is not strictly kept. Furthermore, we provide
predictions for the transition form factors as a function
of Q2.

We have systematically studied the electromagnetic prop-
erties of the doubly charmed baryons within HBChPT, which
can also help us understand the nonperturbative strong
interactions. We expect our study can be further confirmed
in the future lattice QCD calculations or experiments.
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APPENDIX: LOOP INTEGRALS

We collect some common loop functions as follows
[82,115,116]:

&l |
A=i : Al
l/(zn)412—m2+ie (A1)
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[ dh !
lo(a") = ’/(2;:)4 (2 —m? +ie)[(l + q)* — m? + ie]”
(A2)
[ dY 1
"°<“’):’/<2ﬂ>4<12-m2+ie><v-Z+w+ie>’ (A

. / &l [ L Ll Lol
"] Ca (P —mie)[(I+q) —m® +ie)(v- |+ o+ ie)
= [LO(w)’La’La/ﬁLuaﬂ]’ (A4)

where

L, = nq, + nhu,,
Lup = 05+ 1y + 10,5+ 1 vy + 0,
Lyap = 1"q,9095 + 15" (0,9a0p + 4,4p00 + 4aqpv,)
+ 159y 9ap + 4p90a + 9aIup)
4 nzll(quavﬂ + GV Vs + g0, V,)
+ 18 (GupVa + Guap + Gopts) + 1 0,040
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