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The magnetic moments, magnetic form factors, and transition magnetic form factors of doubly charmed
baryons are studied within heavy baryon chiral perturbation theory. We regulate the loop integrals using the
finite-range regularization. The contributions of vector mesons are taken into account to investigate the
dependence of form factors on the transferred momentum. The finite volume and lattice spacing effects are
considered to analyze the lattice QCD simulations which can be understood well in our framework.
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I. INTRODUCTION

The physics of heavy flavor hadrons has been developing
with great experimental progress and exhibited special
characters due to the large masses of heavy quarks. The
doubly charmed baryons have been searched for by various
experimental collaborations [1–12]. The SELEX Collabo-
ration reported results for Ξþ

cc in 2002 [13], and the LHCb
Collaboration reported evidence for Ξþþ

cc in 2017 [14].
The structure of these heavy flavor hadrons is important

for us to understand the nonperturbative behavior of QCD.
In addition to the mass spectra and strong decays, the
electromagnetic form factors are indispensable tools for
exploring the property of doubly charmed baryons [15–22].
The magnetic moments of doubly charmed baryons were
studied by utilizing the quark model since the 1970s [23],
and it has been further investigated with different quark
models [24–41], MIT bag model [42–45], Skyrmion model
[46], light-cone QCD sum rule [47], and so on [48–52].
The transition magnetic form factors connect both

ground and excited doubly charmed baryons and play
important roles in the radiative decays and other properties.
The radiative decays of doubly charmed baryons have been

studied in the MIT bag model [44,53,54], the quark model
[32], light-cone QCD sum rule [55–58], and so on [48–
50,59–63]. The magnetic moments and the transition
magnetic moments were discussed within the heavy baryon
chiral perturbation theory (HBChPT) [64–66].
Significant advancements have been taken with the

lattice QCD over the past decade, and some lattice QCD
collaborations have simulated the electromagnetic factors
of doubly charmed baryons [67–71]. In addition, the
magnetic moments and form factors have been further
investigated in the extended on-mass-shell scheme by
analyzing lattice QCD results [72,73], and the similar
analysis for the transition ones would also be very helpful.
In this work, we use the unified framework to study both

the magnetic form factors GMðq2Þ and transition magnetic
form factorsGM1ðq2Þ as well as their relevant moments. We
study the above quantities from lattice QCD with HBChPT,
and finite-volume (FV) effect and lattice spacing correction
are specially included and carefully examined. We consider
the one-loop contributions and discuss the effects of excited
doubly charmed baryons on the magnetic moments of
ground ones. Vector mesons are also involved for non-
zero q2.
Besides the dimensional regularization, we also employ

an alternative finite-range regularization (FRR) to calculate
those loop integrals which occur in the HBChPT [74,75].
Since the numerical results of these two regularization
methods differ very much [74,75], it is important to check
whether they are both consistent with the current lattice
QCD data. Moreover, the latter regularization is more
convenient to study the effect of finite volume.
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There are three parts in the transition magnetic form
factors GM1ðq2Þ, and the G3 relevant terms were ignored
when the photon is on shell for the radiative decays of
singly heavy baryons and doubly charmed baryons [64,76].
As in the N → Δ transition process, the G3 terms would
also contribute to the GM1ð0Þ [77–81]. We will study these
terms and investigate their roles in the doubly charmed
baryon system.
This paper is organized as follows. In Sec. II, we present

the contributing effective Lagrangians atOðp2Þ. In Sec. III,
the magnetic moments and form factors are studied within
HBChPT. The finite-range regularization is used to deal
with the loop integrals. The finite-volume and lattice
spacing effects are considered. The contributions of vector
mesons are introduced to form factors GMðq2Þ. In Sec. IV,
we extrapolate the GM1ðq2Þ up to Oðp3Þ in a similar way
with the help of the lattice results. A short summary follows
in Sec. V.

II. EFFECTIVE LAGRANGIANS

We present the relevant chiral Lagrangians in HBChPT
following Refs. [64,65,82]. The spin-1

2
doubly charmed

baryon fields are collected in [83,84]

Ψ ¼

0
B@

Ξþþ
cc

Ξþ
cc

Ωþ
cc

1
CA ⇒

0
B@

ccu

ccd

ccs

1
CA; ð1Þ

the spin-3
2
doubly charmed baryon fields are denoted by the

Rarita-Schwinger fields as [85]

Ψ�ρ ¼

0
B@

Ξ�þþ
cc

Ξ�þ
cc

Ω�þ
cc

1
CA

ρ

⇒

0
B@

ccu

ccd

ccs

1
CA

ρ

; ð2Þ

and the pseudoscalar meson fields are introduced as

ϕ ¼

0
BBB@

π0 þ 1ffiffi
3

p η
ffiffiffi
2

p
πþ

ffiffiffi
2

p
Kþ

ffiffiffi
2

p
π− −π0 þ 1ffiffi

3
p η

ffiffiffi
2

p
K0

ffiffiffi
2

p
K−

ffiffiffi
2

p
K̄0 − 2ffiffi

3
p η

1
CCCA: ð3Þ

We choose the nonlinear realization of the chiral symmetry,

U ¼ u2 ¼ expðiϕ=fϕÞ; ð4Þ

and fϕ denote the decay constant of pseudoscalar meson,
and fπ ¼ 92.4 and fK ¼ 113 MeV are used in this work.
The chiral axial vector field is defined as [82]

uμ ¼
1

2
i½u†ð∂μ − irμÞu − uð∂ − ilμÞu†�; ð5Þ

where rμ ¼ lμ ¼ −eQAμ, andQ ¼ diag ð2=3;−1=3;−1=3Þ
for the pure meson Lagrangians whileQ ¼ diag (2, 1, 1) for
baryon fields.
In HBChPT, the charmed baryon fields Ψ can be

decomposed into the large component H and the small
one L,

H ¼ eimBv·x
1þ =v
2

Ψ; L ¼ eimBv·x
1 − =v
2

Ψ; ð6Þ

where vμ ¼ ð1; 0⃗Þ is the velocity of the baryon. The
momentum is decomposed as pμ ¼ mBvμ þ kμ, and thus
kμ is a small quantity. The HBChPT Lagrangians are
obtained from the relativistic Lagrangians after the above
separation. In this work, the contribution from small
components is beyond the accuracy we consider currently.
We use B and T to denote the large components of spin-1

2

and spin-3
2
doubly charmed baryons. The difference of the

mass is denoted δ ¼ mT −mB which appears in the
propagators.
The relativistic Lagrangian at Oðp2Þ contributing to the

magnetic moments of doubly charmed baryons at the tree
level reads

Lð2Þ
γBB ¼ a1

8mB
Ψ̄σμνF̂þ

μνΨþ a2
8mB

Ψ̄σμνΨTrðFþ
μνÞ; ð7Þ

where a1;2 are the low-energy constants, and the traceless
operator F̂þ

μν ¼ Fþ
μν − 1

3
TrðFþ

μνÞ. The chirally covariant
QED field strength tensor Fþ

μν ¼ u†FR
μνuþ uFL

μνu†, where
FR
μν ¼ ∂μrν − ∂νrμ − i½rμ; rν� and FL

μν ¼ ∂μlν − ∂νlμ −
i½lμ; lν�. After the nonrelativistic reduction, the HBChPT
Lagrangian is

Lð2Þ
γBB ¼ a1

−i
4mB

B̄½Sμ; Sν�F̂þ
μνBþ a2

−i
4mB

B̄½Sμ; Sν�BTrðFþ
μνÞ;

ð8Þ

and theOðp2Þ tree-level terms which contribute to the spin-
1
2
to spin-3

2
transition magnetic moment are

Lð2Þ
γBT ¼ a3

−i
2mB

T̄μF̂þ
μνSνBþ a4

−i
2mB

T̄μSνBTrðFþ
μνÞ þ H:c:

ð9Þ

The Oðp2Þ pure meson Lagrangian is

Lð2Þ
γMM ¼ f20

4
Tr½∇μUð∇μUÞ†�; ð10Þ

with ∇μU ¼ ∂μU − irμU þ iUlμ.
The Lagrangian which describes the interaction of vector

mesons and photons is given by [73,86]
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Lγ ¼ −
1

2
ffiffiffi
2

p FV

mV
Tr½VμνFþμν�; ð11Þ

where FV is the decay constant of V → eþe− and Vμν ¼
∂μVν − ∂νVμ with

Vμ ¼

0
BBB@

1ffiffi
2

p ρ0 þ 1ffiffi
2

p ω ρþ K�þ

ρ− − 1ffiffi
2

p ρ0 þ 1ffiffi
2

p ω K�0

K�− K̄�0 ϕ

1
CCCA

μ

: ð12Þ

The Oðp1Þ Lagrangian describing the interaction
between two baryons and a pseudoscalar meson reads

Lð1Þ
int ¼

g̃A
2
Ψ̄=uγ5Ψþ g̃B

2
Ψ̄�μgμν=uγ5Ψ�ν

þ g̃C
2
½Ψ̄�μuμΨþ Ψ̄uμΨ�μ�: ð13Þ

The corresponding nonrelativistic form is written as

Lð1Þ
int ¼ g̃AB̄SμuμBþ g̃BT̄ρSμuμTρ þ

g̃C
2
½T̄μuμBþ B̄uμTμ�:

ð14Þ

To investigate the impact of vector mesons on the
magnetic form factors and transition form factors, we refer
to Ref. [73] for the following Lagrangians within the
HBChPT framework:

LVBB ¼ −
igV
2mB

B̄½Sμ; Sν�VνμB; ð15Þ

LVBT ¼ −
i

ffiffiffi
3

p
dV

2mB
T̄μVμνSνB: ð16Þ

Utilizing the heavy quark symmetry, the spin-1
2
and spin-

3
2
states can be unified in a superfield [87,88],

ψμ ¼ Tμ −
ffiffiffi
1

3

r
ðγμ þ vμÞγ5B: ð17Þ

With the Lagrangian κψ̄μ=uγ5ψμ describing the interaction
between two baryons and a pseudoscalar meson [76], one
can obtain the relations for the pseudoscalar couplings in
Eq. (14):

g̃B ¼ 3g̃A; g̃C ¼ 2
ffiffiffi
3

p
g̃A: ð18Þ

Similarly, the vector couplings satisfy the following rela-
tion from the Lagrangian iκV

mB
ψ̄μVμνψ

ν:

dV ¼ gV: ð19Þ

III. MAGNETIC MOMENTS AND FORM FACTORS

A. Magnetic moments

In HBChPT, the matrix elements of the electromagnetic
vector current for spin-1

2
heavy baryon is defined as

hΨðp0ÞjJμjΨðpÞi ¼ eūðp0ÞOμðp0; pÞuðpÞ: ð20Þ

After obtaining the nonrelativistic limit Lagrangians, the
tensor Oμ can be expressed as

Oμðp0; pÞ ¼ vμGEðq2Þ þ
½Sμ; Sν�qν

mB
GMðq2Þ: ð21Þ

The magnetic moment and magnetic radii can thus be
extracted,

μB ¼ e
2mB

GMð0Þ; hr2Mi ¼
6

GMð0Þ
dGMðq2Þ

dq2

����
q2¼0

: ð22Þ

There are three Feynman diagrams contributing to the
magnetic moments up to order Oðp3Þ in Fig. 1. We also
investigated the impact of spin-3

2
doubly charmed baryons

as the intermediate states through the diagram Fig. 1(c).
The relevant Lagrangians are listed in Sec. II. The tree-level
diagram comes from the Lagrangian in Eq. (7) which has
two couplings a1, a2. The loop diagrams contain the
meson-meson-photon vertices described by Eq. (10) and
baryon-baryon-meson vertices with three couplings g̃A, g̃B,
and g̃C as in Eq. (14). Within the heavy quark limit as
detailed in Sec. II, the three coupling constants g̃A, g̃B, and
g̃C exhibit well-defined proportionality relations, g̃B ¼ 3g̃A
and g̃C ¼ 2

ffiffiffi
3

p
g̃A. We adopt the value g̃A ¼ −0.4 obtained

with the heavy antiquark diquark symmetry as reported in
Refs. [72,73,89].1 When the charm quarks are treated as
noninteracting spectators in the quark model, the derived
coupling relations show agreement with those predicted by
the heavy quark limit.
The tree-level expression of the magnetic moment is

summarized in Table I and the loop correction is

(a) (b) (c)

FIG. 1. Feynman diagrams contributing to the magnetic mo-
ment up toOðp3Þ level. The single (double) solid lines refer to the
spin-1

2
(spin-3

2
) baryons, and dashed and wavy lines represent the

mesons and photons.

1The g̃A in Refs. [72,73] differs from ours by a factor 2, which
arises from a different definition of the uμ in Eq. (5).
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μð2;loopÞB ¼
X
ϕ;i

eζðϕ;iÞg̃2i
2f2ϕ

nIII3 jq2→0

¼
X
ϕ;i

eζðϕ;iÞg̃2i
2f2ϕ

−2I0ω − J0 þ ð−2m2 þ 2ω2ÞL0

8
;

ð23Þ

where the ζðϕ;iÞ is listed inTable II. The loop integrals like nIII3
are defined in the Appendix. When substituting the forms of
loop integrals using dimensional regularization into Eq. (23),
one can obtain the same results as in Ref. [65].
In the discussion below, the momentum-space cutoff is

employed to remove the spurious high-energy physics. The
contribution of high energies is encoded in the low-energy
constants of the local chiral Lagrangian. We use the simple
covariant dipole form factor to regulate the contribution
integrals [75,90],

�
−Λ2

l2 − Λ2 þ iϵ

�
2

: ð24Þ

For example, the integral J0ðωÞ involving one meson and
one baryon is regularized as

J0ðωÞ

¼ i
Z

d4l
ð2πÞ4

1

ðl2 −m2 þ iϵÞðv · lþωþ iϵÞ

→ i
Z

d4l
ð2πÞ4

1

ðl2 −m2 þ iϵÞðv · lþωþ iϵÞ
�

−Λ2

l2 −Λ2 þ iϵ

�
2

¼ −1
16π3

Z
d3l⃗

1

l⃗2 þm2 −ω
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l⃗2 þm2

p
�

Λ2

l⃗2 þΛ2

�
2

: ð25Þ

When ω → 0, the above loop integral is written as

J0ðω → 0Þ ¼ −Λ3

16πðΛþmÞ2 ; ð26Þ

which can be expanded in powers of 1=Λ,

J0ðω → 0Þ ¼ −
Λ
16π

þ m
8π

þOðΛ−1Þ: ð27Þ

This result is consistent with the one in d-dimensional
regularization,

J0ðω → 0Þ ¼ 4ωLðλÞ þ m
8π

; ð28Þ

with the well-known ultraviolet divergence LðλÞ ¼
λð4−dÞ
16π2

f 1
d−4 −

1
2
½lnð4πÞ þ 1þ Γ0ð1Þ�g and the renormalization

scale λ. In this special case, there is no chiral log terms.
If taking a little complicated case J0ðω → −mÞ as an
example,

J0ðω → −mÞ ¼ ðm2π − 2mΛ − πΛ2ÞΛ
16π2ðΛ2 −m2Þ

þ
mΛð2Λ2 −m2Þ log

�
Λþ

ffiffiffiffiffiffiffiffiffiffiffi
Λ2−m2

p
m

�

8π2ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ2 −m2

p
Þ3

; ð29Þ

where the nonanalytic log term is retained in the finite-
range regularization. Furthermore, we can check that
J0ðω → −mÞ can give the exact same m logm2 terms as
the one in dimensional regularization when Λ is large
enough:

J0ðω → −mÞ !FRR −Λ
16π

−
m
8π2

log

�
m2

4Λ2=e

�
þOðΛ−1Þ;

!DR 4ωLðλÞ − m
8π2

log

�
m2

λ2e

�
: ð30Þ

B. The finite-volume effect

In order to study the lattice QCD simulations, we need to
consider the finite-volume effects. To introduce the finite-
volume effects, the allowed three-dimensional momentum
in the loop integrals is discretized,

⃗ln⃗ ¼
2π

L
n⃗; n⃗ ¼ ðnx; ny; nzÞ; ð31Þ

where nx, ny, and nz take natural numbers [91].
If the spatial lattice extent L is large enough, we can use

approximate spherical symmetry and consider only the
degenerate states [92]. Then the degeneracy of these states
can be calculated by C3ðnÞ, where n ¼ n2x þ n2y þ n2z .

TABLE I. The doubly charmed baryons magnetic moments at
the tree level.

μ Tree-level expression

Ξþþ
cc

e
mΞþþ

cc

ð1
3
a1 þ 2a2Þ

Ξþ
cc

e
mΞþcc

ð− 1
6
a1 þ 2a2Þ

Ωþ
cc

e
mΩþcc

ð− 1
6
a1 þ 2a2Þ

TABLE II. The coefficients of the loop correction in Eq. (23).

ζðπ;AÞ ζðK;AÞ ζðπ;CÞ ζðK;CÞ

Ξþþ
cc 1 1 − 1

3
− 1

3

Ξþ
cc −1 0 1

3
0

Ωþ
cc 0 −1 0 1

3
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Now using these definitions above, we rewrite the con-
tinuous integral in momentum space by

Z
d3 ⃗l →

�
2π

L

�
3X
n∈N

C3ðnÞ: ð32Þ

The loop integrals will be actually convergent when
nmax > 75.

C. The lattice spacing effect

We also examine the lattice spacing effect in this work.
Following Refs. [93–95], we construct the concise Wilson
matrix which is proportional to the lattice spacing a,

ρþ ¼ 1

2
aðu†cqu† þ ucquÞ; ð33Þ

where cq denotes the Sheikholeslami-Wohlert coefficient
matrix which reads cq ¼ diagðcusw; cdsw; csswÞ. The lattice

QCD simulation used below gives cu=d;ssw ¼ 1.715 [69]. The
OðaÞ contributions can be canceled by incorporating the
clover term into the lattice action [93,96].
We can construct the Lagrangian contributing to mag-

netic moments with the ρþ operator,

LOða2Þ
int ¼ b1mBiB̄½Sμ; Sν�F̂þ

μνBTrðρþρþÞ
þ b2mBiB̄½Sμ; Sν�fF̂þ

μν; ρþgBTrðρþÞ
þ b3mBiB̄½Sμ; Sν�F̂þ

μνρþρþB

þ b4mBiB̄½Sμ; Sν�ρþF̂þ
μνρþB

þ b5mBiB̄½Sμ; Sν�ρþρþF̂þ
μνB: ð34Þ

The spacing effects are equal for μΞþ
cc
and μΩþ

cc
,

e
6
c2swa2mBð12b1 þ 24b2 þ 4b3 þ 4b4 þ 4b5Þ

¼ e
6
c2swa2mBb; ð35Þ

where b is the undetermined combined parameter.

D. Numerical results for magnetic moments

The magnetic moments are given at large pion masses in
the lattice QCD simulations as shown in Fig. 2 [68,69]. To
relate the kaon and pion masses, the following χPT relation
is utilized [72,90,97]:

m2
K ¼ 1

2
m2

π þ
�
m2

K −
1

2
m2

π

�
phys

: ð36Þ

We use the lattice QCD masses in Refs. [68,69] for other
hadrons.

We study these lattice QCD data and examine the finite
volume and lattice spacing effects. We choose the cutoff
with 0.7 GeV. Three scenarios of fits are given in Fig. 2, and
the corresponding parameters are provided in Table III.
From the left part of Fig. 2, one notices that the magnetic
moment of Ξþ

cc near the physical pion mass seems to
deviate a little from the dashed line without the finite-
volume effect, which is why the χ2 is big in the first line in
Table III. After considering the finite-volume effect, the χ2

decreases by about 15%. The finite-volume effect is
important for interpreting the lattice QCD data.
The χ2 is further reduced when the lattice spacing effect

is also taken into account from Table III, but this effect
is small. The parameter for the lattice spacing effect is
fitted as

b ¼ −0.07� 0.23: ð37Þ

Its error is larger than the central value, which means the
current accuracy in the lattice QCD simulations cannot
effectively constrain the lattice spacing effect yet. The
dotted and solid lines are also very close in Fig. 2.
Therefore, in the following analysis the lattice spacing
effect can be safely neglected.
For a more intuitive representation of the various loop-

diagram contributions from different spin baryons, we
illustrate the sizes of these contributions in Fig. 3. The
loop-diagram contributions from spin-3

2
and spin-1

2
doubly

charmed baryons exhibit different signs, which is because

FIG. 2. Magnetic moments of Ξþ
cc and Ωþ

cc as a function of mπ

in units of μN . The lattice results are taken from Refs. [68,69] in
2þ 1 flavor QCD, shown as the blue points. The green dashed
and blue solid curves label our infinite and finite results, and the
red dotted curves correspond to the scenario where both discrete
momenta and Oða2Þ are considered. The blue shaded regions
illustrate the allowed probable range in our framework when we
just fit the lattice results of mπ ¼ 0.296, 0.411, 0.570 GeV.

TABLE III. The final fitting coupling constants in three cases.

b − 1
3
a1 þ 4a2 χ2

FRR � � � 1.61�0.02 5.02
FRRþ FV � � � 1.62�0.02 4.30
FRR + FV + Oða2Þ −0.07�0.23 1.83�0.68 4.20
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the coefficients of them have opposite signs as in Table II.
For the same reason, their magnitudes have an approximate
ratio of 3∶1 [98]. The graph shows that the main finite-
volume correction lies in the chiral limit [99].
The dashed and solid lines exhibit an obvious deviation

at small pion masses for the magnetic moment of Ξþ
cc in

Figs. 2 and 3, particularly whenm2
π < 0.1 GeV2. If we drop

the contribution from the loop momentum ⃗l ¼ 0⃗ in the
finite volume, the solid line would approach to the dashed
line. The intermediate meson in Fig. 1 is pion for μΞþ

cc
while

it is kaon for μΩþ
cc
, which leads to no such phenomenon in

the right part because the heavy mass of kaon suppresses
the contribution in the finite volume.
The errors of lattice QCD data near the physical pionmass

are relatively large, and the results at the largest pion mass
may exceed the applicable range of ChPT extrapolation.
Therefore, we refit the lattice data only with mπ ¼ 0.296,
0.411, 0.570 GeV to check whether our results are stable or
not. The blue shaded regions in Fig. 2 represent this new fit
with− 1

3
a1 þ 4a2 ¼ 1.60�0.02 and b ¼ 0. As we can see, the

results do not change much.
The magnetic moments were studied with the dimen-

sional regularization in Ref. [72], where the four μΞþ
cc
at

large pion masses on the lattice were fitted without the
contributions of the excited doubly charmed baryons in
Fig. 1(c) and that gave χ2 ¼ 9.77. We find that χ2 would
become 98.37 after adding Fig. 1(c) with the dimensional
regularization. However, for the same four data, the χ2 is
only 0.72 (1.30) without (with) Fig. 1(c) if using the finite-
range regularization.
In Ref. [68], μΞþþ

cc
=μN ¼ 0.089ð45Þ is also provided at

mπ ¼ 0.156 GeV. With the finite volume effect, we can
then get a1 ¼ −1.26�0.17 and a2 ¼ 0.30�0.01 after adding
this new datum.
In an effective field theory for low-energy QCD, the

magnetic moment can be systematically expanded in
powers of m2

π, which can be roughly expressed as

μB ¼ c0 þ c1m2
π þþIðloopÞmπ þ � � � : ð38Þ

When regulating the loop integrals using the momentum-
space cutoff, the loop integrals generate the obvious cutoff

dependence. Taking Jð0Þ in Eq. (27) as an example, the
Taylor expansion yields

−
Λ
16π

þ m
8π

−
3m2

16πΛ
þ m3

4πΛ2
þOðm4Þ: ð39Þ

However, the Λ variations of the loop diagrams can be
absorbed by the redefinitions of the ci terms from the tree
diagrams in principle.
We refit the above magnetic moments from lattice QCD

with different cutoffs. The variation of the coupling − 1
3
a1 þ

4a2 is shown in Fig. 4. For sufficiently high cutoffs, the fitted
coupling displays an approximately linear trend.
To investigate how the fitting quality varies with the

cutoff Λ, we plot the χ2 values as green dots in Fig. 4. For
Λ < 1.0 GeV, the χ2 is around 5 and the change is less than
1, which states the physical observables are insensitive to
the choice of the cutoff in this region. However, for
Λ > 1.0 GeV, the χ2 increases significantly, indicating
that the convergence of perturbation expansion becomes
worse. Since our analysis is limited to one-loop order,
incorporating higher-order loops may reduce the cutoff
dependence. The optimal fit is achieved at Λ ¼ 0.7 GeV,
and thus we adopt this value for our calculations.
Next, we would like to estimate the effect of mass

difference δ on the magnetic moment of spin-1
2
charmed

baryon. In the above calculation, we fix the mass dif-
ference δ ¼ 0.068 GeV, which is determined by the lattice
QCD data of doubly charmed baryon masses with
mπ ¼ 0.156 GeV, as the masses of spin-3

2
doubly charmed

baryons have not been provided at large pion masses in
lattice QCD. Note that the mass difference between 3

2
þ Δ

and 1
2
þ nucleon is 0.27–0.33 GeV for pion mass less than

0.6 GeV [100], and it changes by about 20%. For the
doubly charmed baryon, it contains less light quarks and
thus the mass difference may vary less with different pion
mass. Accordingly, in the following Fig. 5, we vary the
value of δ as 20% respective to the central value δ ¼
0.068 GeV and present the magnetic moment μΞ

þ
cc at

mπ ¼ 0.411 GeV. The slight change in the blue dashed

FIG. 3. Comparison between the loop contributions to the
magnetic moments with the intermediate baryons as the 1=2 and
3=2 doubly charmed baryons. FIG. 4. The red dots represent the variation trend of tree-level

coupling constants with cutoff, and the green dots are the
magnitude of the corresponding χ2 values. We connect data
points with continuous lines for clarity.
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line indicates that the effect of mass difference is
very small.

E. Magnetic form factors

To study the magnetic form factors, we need to consider
the vector meson contribution as shown in Fig. 6 [73]. The
Lagrangians involved are listed in Sec. II. The results can
be expressed as

GB
Mðq2Þ ¼ gBV

CVBFV

mV

q2

q2 −m2
V
: ð40Þ

Because of the significant breaking of SU(3) symmetry for
the vector mesons, two couplings, gΞcc

V and gΩcc
V , are intro-

duced. The coefficientsCVB are listed in Table II of Ref. [73].
The above equation shows that the vector mesons do not
contribute to GM as q2 → 0, and that is why we do not
mention them for themagnetic moments. The dependence of
GM can also be empirically parametrized as dipole form
factor GMðQ2Þ¼GMð0Þ=ð1þQ2=0.71GeV2Þ2 [101–106].
In order to introduce the dependence of vector meson

masses on mπ, we use [107]

m2
ρ ¼ m2

ω ¼ m2
0 þ 2λmm2

π þ λ0ð2m2
K þm2

πÞ;
m2

ϕ ¼ m2
0 þ 4λmm2

K − 2λmm2
π þ λ0ð2m2

K þm2
πÞ; ð41Þ

wherem0 ≈ 0.712 GeV, λm ≈ 0.489, and λ0 ≈ 0.126. There
are also different pionmass dependences for them [108,109],
but this discrepancy does not impact our ultimate conclusion.

We obtain the tree-level couplings by fitting the lattice
QCD results from Tsukuba actions, where the pion mass is
156 MeV [68], as shown by the red points in Fig. 7. Both of
the contributions from vector mesons and discrete-momen-
tum effects are considered. The final results are gΞcc

V ¼
7.95�2.04 and gΩcc

V ¼ 22.84�6.09.
These parameters are used to calculate the trend as Q2

increases for the other pion masses in Fig. 7. The different
pion masses exhibit almost identical dependence on Q2 for
Ωþ

cc, as the masses of c and s quarks do not change
obviously in the lattice configurations for different pion
masses. For Ξþ

cc, the left part clearly shows that the slope
decreases with the increasing pion mass.
After obtaining the gBV and tree-level couplings in

Table III, we can calculate the mean square radius hr2Mi
in the infinite volume at the physical pion mass. The values
are 0.30 fm2 for Ξþ

cc and 0.15 fm2 for Ωþ
cc. They are about

1=3 of the hr2Minucleon, similar to those with the extended on-
mass-shell scheme in Ref. [73].

IV. THE TRANSITION MAGNETIC
FORM FACTORS

The matrix elements of electromagnetic current between
spin-1

2
and spin-3

2
baryons are defined as [68,110]

hΨ�ρðp0ÞjJμjΨðpÞi ¼
ffiffiffi
2

3

r
eūρðp0ÞOρμðp0; pÞuðpÞ: ð42Þ

In the framework of HBChPT, the tensor Oρμ can be
parametrized in three Lorentz invariant terms:

Oρμðp0; pÞ ¼ 2G1ðqρSμ − q · SgρμÞ

þG2

2mT

mB þmT
ðqρvμ − q · vgρμÞq · S

þG3

2

mB þmT
ðqμqρ − q2gρμÞq · S: ð43Þ

Here uρðpÞ is a spin vector in the Rarita-Schwinger formal-
ism satisfying vρuρðpÞ ¼ 0 and γρuρðpÞ ¼ 0 [85,111–114].

FIG. 5. The dependence of the magnetic moment μΞ
þ
cc at mπ ¼

0.411 GeV on δ, as indicated by the blue dashed line. The blue
shaded region represents the error range of the lattice QCD data.

FIG. 6. The vector meson dominance diagram for the magnetic
form factors of the doubly charmed baryons.

FIG. 7. Comparison between the magnetic form factors from
the lattice QCD data and our results. The lattice QCD data are
taken from Refs. [68,69]. The contributions of spin-3

2
baryons and

the vector meson dominance model in the finite volume are
considered.
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The transition magnetic form factor GM1ðq2Þ is expressed
as

GM1ðq2Þ ¼
mB

3ðmT þmBÞ
�
G1

ðmT þmBÞð3mT þmBÞ − q2

mT

þG2ðm2
T −m2

BÞ þ 2q2G3

	
: ð44Þ

A. Expressions in the physical world

There are three Feynman diagrams that contribute to
GM1 up to Oðp3Þ, which are depicted in Fig. 8. The tree-
level diagram comes from the Lagrangian in Eq. (9), while
the baryon-meson vertex of the loop diagrams comes from
the interaction Lagrangian in Eq. (14). The tree diagram
only contributes to G1 and can be expressed as

Gð2;treeÞ
M1 ¼ γB

ffiffiffi
3

2

r
ðmT þmBÞð3mT þmBÞ − q2

3mTðmB þmTÞ
: ð45Þ

The loop contributions are

Gð3;loopÞ
M1 ¼ Gð3;bÞ

M1 þ Gð3;cÞ
M1 ; ð46Þ

where

Gð3;bÞ
M1

¼
ffiffiffi
3

2

r
mB½ðmT þmBÞð3mT þmBÞ − q2�

6mTðmB þmTÞ

×
X
i¼π;K

�
αðiÞAC

g̃Ag̃C
4f2i

�
ðnIII3 þ nII1 Þ

þ
ffiffiffi
3

2

r
ðm2

T −m2
BÞmB

6mT

X
i¼π;K

�
βðiÞAC

g̃Ag̃C
4f2i

�
ðnIII2 þ nII4 Þ

þ
ffiffiffi
3

2

r
mBq2

3

X
i¼π;K

�
ζðiÞAC

g̃Ag̃C
4f2i

�
ð2nIII1 þ 3nII2 þ nI1Þ; ð47Þ

and

Gð3;cÞ
M1

¼
ffiffiffi
3

2

r
mB½ðmT þmBÞð3mT þmBÞ− q2�

6mTðmB þmTÞ

×
X
i¼π;K

�
αðiÞBC

g̃Bg̃C
4f2i

�
ðnIII3 − 2nII1 Þ

þ
ffiffiffi
3

2

r
ðm2

T −m2
BÞmB

6mT

X
i¼π;K

�
βðiÞBC

g̃Bg̃C
4f2i

�
ðnIII2 þ nII4 Þ

þ
ffiffiffi
3

2

r
mBq2

3

X
i¼π;K

�
ζðiÞBC

g̃Bg̃C
4f2i

�
ð2nIII1 þ 3nII2 þ nI1Þ: ð48Þ

We summarize the coefficients γB, α
ðiÞ
AC αðiÞBC, β

ðiÞ
AC, β

ðiÞ
BC, ζ

ðiÞ
AC,

and ζðiÞBC in Table IV. The forms of nI1, n
II
1 , n

II
2 , n

II
4 , n

III
1 , nIII2 ,

and nIII3 are also obtained by solving the Lorentzian
invariant structures in the Appendix, which have been
evaluated in the rest frame of the spin-3

2
baryon [77,80].

The method of deriving loop integrals is universally
applicable, and it has been described in detail in the
Appendix of Ref. [115]. The results conform to the
following relationship:

2ðnII1 þ nIII3 Þ þ 2ðnIII2 þ nII4 Þq · vþ ð2nIII1 þ 3nII2 þ nI1Þq2
¼ −2nIII3 ; ð49Þ
and this ensures that the numerical matrix elements of
electromagnetic current still have the tensor Oρμ structure
which can be obtained with the symmetry analysis.
Similarly, we consider the vector meson contribution as

shown in Fig. 9 [56,57,73]. The specific Lagrangians of the
interaction are provided in Eqs. (11) and (16). It only
contributes through G1 as

Gðvec:Þ
M1 ¼ ξV

dΞcc=Ωcc
V FV

4
ffiffiffi
2

p
mV

q2

q2 −m2
V

×
ðmT þmBÞð3mT þmBÞ − q2

mTðmB þmTÞ
; ð50Þ

where the ξV values are listed in Table V.

(a) (b) (c)

FIG. 8. Feynman diagrams for the transition magnetic mo-
ments.

TABLE IV. The coefficients of the tree and loop correction to
GM1 from Eqs. (45) and (47).

B γB

Ξþþ
cc − 1

3
a3 − 2a4

Ξþ
cc

1
6
a3 − 2a4

Ωþ
cc

1
6
a3 − 2a4

B αðπÞBC αðπÞAC αðKÞ
BC αðKÞ

AC βðπÞBC βðπÞAC βðKÞ
BC βðKÞ

AC ζðπÞBC ζðπÞAC ζðKÞ
BC ζðKÞ

AC

Ξþþ
cc − 2

3
2 − 2

3
2 − 2

3
2 − 2

3
2 − 1

3
1 − 1

3
1

Ξþ
cc

2
3

−2 0 0 2
3

−2 0 0 1
3

−1 0 0
Ωþ

cc 0 0 2
3

−2 0 0 2
3

−2 0 0 1
3

−1
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B. Numerical results

The lattice QCD simulations provided the multipole
form factors of doubly charmed baryons at mπ ¼
0.156 GeV and the transfer momentum square Q2 ¼
−q2 ≈ 0.18 GeV2 with the spatial lattice extent L ¼
2.9 fm in Refs. [70,71], and we present them in Fig. 10.
We explicitly consider the mass splitting, δ ≈ 68 MeV,
between spin-1

2
and spin-3

2
doubly charmed baryons from

the lattice QCD results.
For the vector meson contributions, we utilize heavy

quark symmetry to relate the TBV and BBV couplings as
mentioned in the Appendix, and thus dΞcc

V ¼ gΞcc
V ¼

7.95�2.04 and dΩcc
V ¼ gΩcc

V ¼ 22.84�6.09. Our numerical
results are presented in Fig. 10 with Λ ¼ 0.7 GeV. The
blue lines represent the fit that includes the contributions of
vector mesons for the finite-volume version, and the fitted
parameters are listed in Table VI. We also plot the allowed
regions of this fit as the blue shades. It clearly shows that
the HBChPT with FRR can describe the lattice QCD
results well.
We fix a3 and a4 as in Table VI, replace the sum of the

discrete momenta with the integral of the continuous
momenta for the loop diagrams, and obtain the green
dotted lines corresponding to the results in the infinite
volume. The large difference between the blue solid lines
and the green dotted lines indicates that the finite-volume
effect is obvious at the current stage.
To show the effect of the vector mesons, we turn them off

by setting dV ¼ 0 and obtain the black dashed lines with ai
in Table VI. They deviate about 2σ from the lattice QCD
center data, which states that the vector mesons are
important for the transition form factors even at small
Q2 ¼ −q2 ≈ 0.18 GeV2. Even if we refit the lattice QCD
data by adjusting ai without the vector mesons, the best fit
as shown by the red dash-dotted lines exhibits a little

tension with the lattice QCD datum in the middle part
of Fig. 10.
We separate the GM1 into four parts: the tree-level term

and the loop terms proportional to G1, G2, andG3. The tree
diagram only itself will lead to zero for G2 and G3. Taking
the Ωcc case at q2 ¼ −0.18 GeV2 and mπ ¼ 156 MeV as
an example,

GΩþ
cc

M1 ¼ 0.756þ ½0.019þ 0.001 − 0.002� ¼ 0.774: ð51Þ

It is clear that the tree diagram dominates in our framework,
and the loops give about 15% corrections.
The G3 related term above is tiny and will be strictly 0 at

q2 ¼ 0:

GΩþ
cc

M1ðq2 ¼ 0Þ ¼ 0.843þ ½0.065 − 0.062þ 0� ¼ 0.846:

ð52Þ
TABLE V. The coefficients ξV of vector meson contribution in
Eq. (50).

Ξþþ
cc Ξþ

cc Ωþ
cc

ρ
ffiffi
2

p
2

−
ffiffi
2

p
2

0

ω
ffiffi
2

p
6

ffiffi
2

p
6

0

ϕ 0 0 −
ffiffi
2

p
3

FIG. 10. The magnetic multipole transition form factors GM1 of
doubly charmed baryons at mπ ¼ 0.156 GeV and Q2 ¼ −q2 ≈
0.18 GeV2 with the spatial lattice extent L ¼ 2.9 fm. With the
corrections of vector mesons, the solid blue lines represent the
results in the finite volume while the green dotted lines label our
infinite-volume results. The black dashed lines label our finite-
volume results for dV ¼ 0, that is, the vector meson contributions
are turned off. The red dash-dotted lines represent the new fits by
adjusting ai with dV ¼ 0. The blue shaded regions illustrate the
allowed ranges based on the fit within our framework. The lattice
QCD data are taken from Ref. [70].

FIG. 9. The vector meson dominance diagram for the transition
magnetic form factors.

TABLE VI. The fitted couplings.

a3 a4

1.83�0.16 −0.11�0.01
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The third lines in Eqs. (47) and (48) correspond to the G3

term and cancel themselves out as q2 → 0 due to the
constraints from heavy quark symmetry on the couplings
g̃A, g̃B, and g̃C which appear in the loop diagrams. However,
with a slight breaking of heavy quark symmetry, for
example, g̃A → g̃A, g̃B → 0.95g̃B, and g̃C → g̃C, one has

q2G3ðq2Þjq2→0 ≠ 0; ð53Þ
and

GΩþ
cc

M1ðq2 ¼ 0Þ ¼ 0.843þ ½0.061− 0.015− 0.043� ¼ 0.846:

ð54Þ
If the static G3 terms can be extracted accurately on the
lattice, the breaking of the heavy quark symmetry would be
understood better.
Finally, we predict the trend of GM1 in Fig. 11 at

mπ ¼ 0.156 GeV and L ¼ 2.9 fm for the range Q2 ¼
0–0.8 GeV2 with the fitting couplings in Table VI. From

the figure, theGΞþþ
cc

M1 exhibits the opposite trend compared to
the others. The main reason is that the contributions from
the vector mesons have different signs for these transition
form factors, which can be easily estimated from Table V.
We hope they can be examined in the future.

V. SUMMARY

In this work, we employ HBChPT to study the magnetic
form factors and transition magnetic form factors of the
doubly charmed baryons up to Oðp3Þ. The loop integrals
are dealt with the finite-range regularization. We found that
finite volume effects are important for interpreting the
lattice QCD data, while the lattice spacing effect is not
obvious compared to the current accuracy of simulation.
We can simultaneously explain three different groups of the
lattice QCD data very well as shown in Figs. 2, 7, and 10.
We consider both spin-1

2
and spin-3

2
doubly charmed

baryons as the intermediate states in the loop diagrams.

For the magnetic moments, the spin-3
2
loop contribu-

tions are relatively bigger and have different signs from
the spin-1

2
ones.

The finite-volume effects improve the consistency of our
results with lattice QCD data, particularly in the small pion-
mass region. This improvement arises from the contribution
of the zero-momentum mode (⃗l ¼ 0⃗) in finite volumes. In
contrast, the finite-volume corrections for the Ωþ

cc baryon
are less pronounced, as the loops involve kaons which are
less sensitive to these effects. For the magnetic form
factors, the contributions from vector mesons are intro-
duced to examine the q2 dependence of GM. These
corrections become increasingly important as q2 grows.
We have also studied the transition form factors GM1

for the processes Ξþþ
cc γ → Ξ�þþ

cc , Ξþ
ccγ → Ξ�þ

cc , and
Ωþ

ccγ → Ω�þ
cc . The finite-volume effects are also significant

for the transition magnetic form factors when fitting to the
lattice QCD results. The vector mesons play a crucial role
in the transition form factors, even at small momentum
transfer, Q2 ¼ −q2 ≈ 0.18 GeV2. We carefully examine
the loop contributions associated with the G1, G2, and G3

terms, and the G3 terms becomes bigger if the heavy quark
symmetry is not strictly kept. Furthermore, we provide
predictions for the transition form factors as a function
of Q2.
We have systematically studied the electromagnetic prop-

erties of the doubly charmed baryonswithinHBChPT,which
can also help us understand the nonperturbative strong
interactions. We expect our study can be further confirmed
in the future lattice QCD calculations or experiments.
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APPENDIX: LOOP INTEGRALS

We collect some common loop functions as follows
[82,115,116]:

Δ ¼ i
Z

d4l
ð2πÞ4

1

l2 −m2 þ iϵ
; ðA1Þ

FIG. 11. Our predictions for the transition magnetic form factors
GM1 as Q2 increases with mπ ¼ 0.156 GeV and L ¼ 2.9 fm.
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I0ðq2Þ ¼ i
Z

d4l
ð2πÞ4

1

ðl2 −m2 þ iϵÞ½ðlþ qÞ2 −m2 þ iϵ� ;

ðA2Þ

J0ðωÞ ¼ i
Z

d4l
ð2πÞ4

1

ðl2 −m2 þ iϵÞðv · lþ ωþ iϵÞ ; ðA3Þ

i
Z

d4l
ð2πÞ4

½1; lα; lαlβ; lνlαlβ�
ðl2 −m2 þ iϵÞ½ðlþ qÞ2 −m2 þ iϵ�ðv · lþωþ iϵÞ

¼ ½L0ðωÞ;Lα;Lαβ;Lναβ�; ðA4Þ

where

Lα ¼ nI1qα þ nI2vα;

Lαβ ¼ nII1 gαβ þ nII2qαqβ þ nII3vαvβ þ nII4 ðvαqβ þ qαvβÞ;
Lναβ ¼ nIII1 qνqαqβ þ nIII2 ðqνqαvβ þ qνqβvα þ qαqβvνÞ

þ nIII3 ðqνgαβ þ qβgνα þ qαgνβÞ
þ nIII4 ðqνvαvβ þ qαvνvβ þ qβvνvαÞ
þ nIII5 ðgνβvα þ gναvβ þ gαβvνÞ þ nIII6 vνvαvβ:
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