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We use the physics-informed renormalization group (PIRG) for the construction of gauge invariant
renormalization group flows. The respective effective action is a sum of a gauge invariant quantum part and
the classical gauge fixing part which arranges for invertibility of the gauge field two-point function. Thus,
the BRST transformations simply accommodate the gauge consistency of the gauge fixing sector, while the
quantum part of the effective action is gauge and BRST invariant. We apply this physics-informed approach
to Yang-Mills theory and gravity and show how the flowing gauge fields arrange for full gauge invariance.
We also embed the background field approximation to the functional renormalization group (fRG) in an
exact gauge invariant PIRG flow. This allows us to discuss the dynamics of the correction terms, and the
nontrivial ultraviolet or infrared relevant terms are elucidated within a one-loop approximation. The
background field approximation of the latter is known for violating one-loop universality for specific
regulators, and we show how the present setup reinstates universality in a constructive way. Finally, we
discuss the landscape of fRG flows in gauge theories through the lens of the novel PIRG approach as well

as potential applications.
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I. INTRODUCTION

In the present work we use the physics-informed
renormalization group (PIRG) approach [1] for construct-
ing gauge invariant renormalization group (RG) flows. The
construction builds on the key principle of PIRGs: flow
equations including general reparametrizations are defined
by the pair of the effective action, the target action, and the
corresponding emerging composite field, the flowing field,
see [2]. Then, the generalized flow equation [3] accom-
modates flows for both, the target action and the flowing
field. It has been shown in [1] as an extreme example that
this even allows us to store all physics in the flowing field
while keeping the effective action classical. In this case the
task of solving a diffusion-convection type partial differ-
ential equation already in simple approximations reduces to
the task of solving simple first order ordinary differential
equations. This huge computational advantage is paid for
with a reconstruction problem for the correlation functions
of the fundamental fields. However, this reconstruction
problem has a systematic and practical solution; see [1] and
in particular [4].
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It has been advocated in [1] that PIRGs can be used to set
up gauge invariant flows: we simply keep the quantum part
of the effective action gauge invariant and store the non-
trivial part of the Slavnov-Taylor identities in the flowing
gauge field. This gauge invariant PIRG is constructive and
allows for gauge invariant flows in any approximation of
the effective action. We use a background field approach
as is natural for the gauge fixing in quantum gravity.
Moreover, the reconstruction problem mentioned above for
general PIRGs is avoided as the gauge invariant quantum
part of the target action reduces to the standard background
field effective action for vanishing flowing fields. Finally,
the inherent flexibility and generality of the approach
allows us to embed all functional renormalization group
(fRG) flows in gauge theories within the PIRG framework.
Amongst possible applications of this embedding is the
systematic improvement of a given approach, or to assess
the systematic error of given approximations.

In Sec. II we set up the gauge invariant PIRG approach.
Specifically we derive three core properties for this setup: a
simple Nielsen identity (shift symmetry) (i), gauge invari-
ance (ii), and BRST invariance (iii); see Sec. IIC. The
existence of flowing fields with these properties is proven
in Sec. III, and leads to simple gauge invariant flows and
the respective disentangled flow for the flowing field in
Sec. I D. In Sec. IV we illustrate some of the properties of
the present gauge invariant flows, and discuss in particular
the fate of relevant terms. In Sec. V we provide a brief
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overview of fRG flows in gauge theories, embed them in
the PIRG framework, and discuss possible practical appli-
cations. A short conclusion is provided in Sec. VL.

II. GAUGE INVARIANT PIRGS

The physics-informed RG approach set up in [1] ac-
commodates general renormalization group flows includ-
ing general reparametrizations of the theory. It is the latter
property which is exploited for setting up gauge invariant
and gauge-consistent (BRST-invariant) fRG flows.

A. PIRGs and their properties

The generality of the PIRGs is obtained by formulating
the functional renormalization group for the pair

(Cylo]. ¢l9)), (1)

where I [¢] is the target action. The field ¢ is the flowing
field or emergent composite. While it is the variable of 'y,
it can also be understood as a functional of the fundamental
field ¢ of the theory. Its change with the RG scale k is given
by ¢[¢], which can be defined to accommodate a specific
purpose. In terms of the field operators @, g?b this entails

¢ = (dl@]). and  @[g] = (9,¢[D]). (2)
where we allow an RG-scale dependence of the trans-
formation and the RG time is given by ¢ = log k/ k.. with
some reference scale k¢. The composite field ¢ is coupled
to a current Jy in the path integral. Consequently, the
Legendre transform leading to the effective action Iy is
performed with respect to the current J .

The important change of perspective advertised in [1] is
the following: The mean field ¢ is the independent variable
of the effective action I';[¢] and carries no k dependence.
Moreover, ¢[¢] is a functional of ¢ and is at our disposal.
This flexibility can be used to construct a wide variety of
target actions. Limitations have been discussed judiciously
in [1]. The construction entails that in general, Iy is not the
effective action of the fundamental field, I“(/,, rewritten in
terms of the flowing field but a different generating
functional. Still, it carries the same physics information
as I[',. Notably, we do not need to know the underlying

transformation ,¢b;[@], (2), or rather d,¢b[¢] for this setup
to reconstruct physical observables, since correlation func-
tions of the fundamental field can be recovered directly
from I'y. For a detailed discussion of the reconstruction
process see [1]. Moreover, the reconstruction is not
necessary in the present PIRG approach to gauge theory,
since the gauge invariant action reduces to the standard
background field effective action for vanishing flowing
field. This will be discussed in Sec. II B.

The pair (1) of a target action and the respective flowing
field satisfies the generalized flow equation [3],

(a,+ [ b %)FM

| CRELA TN RS

with the propagator G, of the flowing field ¢,

8T,
- 5¢n .

Gyyld] = Y [g) (4)

1
Fg(bZ) 6]+ Ry

Equation (3) also underlies the essential RG put forward

in [5], which can be understood as a PIRG flow with a

restricted set of transformations, following the essential-

inessential classification [5,6].

This completes the PIRG setup. In short, it allows one to
use the pair (1) in combination with the generalized flow
(3) to simplify the conceptual and numerical tasks at hand.

We close this introduction with some remarks on the
potential and the restrictions of the approach. We concen-
trate on the properties relevant for the gauge invariant PIRG
setup and refer for a more detailed discussion to [1]. The
existence of the pair (1) for a given target action is specially
important for the construction of gauge invariant PIRGs.
Indeed, the gauge invariant target action has to satisfy three
properties already mentioned in the introduction: a simple
Nielsen identity (shift symmetry) (i), gauge invariance (ii),
and BRST invariance (iii). They will be discussed later in
Sec. II C. These properties require general reparametriza-
tions ¢. Below we discuss a few construction principles and
their limitations:

(a) Interpreting the generalized flow equation as a con-
straint equation for the flowing field @[], allows for
an iterative construction of the field transformation for
a given target action I'y in orders of perturbation
theory: the n-loop order contribution to ¢ on the left-
hand side of (3) can be computed by the n-loop order
contribution of the right-hand side. The latter is a loop
itself, and its computation only needs (n — 1)-loop
orders of ¢ (and I'y). Hence, a perturbation theory
solution can be constructed iteratively at all orders.

(b) For a given approximation of the effective action with
a finite number of operators, a solution ¢ can be
constructed by projecting (3) on these terms and
solving the finite number of constraint equations. This
includes approximations with full effective potentials
and fully momentum-dependent vertices. This encom-
passes all approximations used in the literature.

(c) The existence of the target action at k = 0, derived
from the pair (1), is ensured by integrating the flow of
gb: If this flow is nonsingular, the target action and
hence the reparametrization exists.
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FIG. 1. Complete (green) and consistent (orange) fRG flows for
the effective action of the fundamental field.

In summary, in the validity regime of perturbation theory,
this construction can readily be applied for general repar-
ametrizations. Moreover, all approximations and approxi-
mation schemes used in fRG computations in gauge
theories and beyond, are covered by (b). This also includes
the “radical” choice of a classical target action, I';[¢] =
Sa[¢] with the classical action S. The latter case has been
successfully tested in [1] within zero dimensions, where the
effective potential is the exact effective action. If a classical
target action is used, the full information contained in the
RG flow is stored in the composite field ¢. Then, the full set
of correlation functions of the fundamental field can be
obtained by evaluating the corresponding operator flow [4].
The operator flow equation is given by a simple Fokker-
Planck equation, which uses the pair (1) as input.

Finally, the global existence of the reparametrization
follows from the nontrivial constraint (c). Its validity is
specifically interesting for the global existence of gauge
invariant flows: It is relevant both for the access and
stability of ultraviolet fixed points in quantum gravity
within gauge invariant flows, as well as the existence of
global ultraviolet-infrared trajectories. In short, the PIRG
setup allows one to elevate approximate flow equations to
exact ones if the solution of the approximate flow is
interpreted as a target action I'y = I'y, and (3) is then seen
as a constraint equation for the flowing field. This allows us
to elevate approximate flows to consistent ones, while not
being complete. Here we use the classification put forward
in [7]: A complete flow is one that generates the complete
dynamics of the theory under investigation. A consistent
flow is an exact one, where possibly not the full dynamics is
generated by the flow of the effective action. Evidently, all
complete flows are consistent.

The original classification is illustrated in Fig. 1. A
complete flow (green) connects the classical or fixed point
action for kK — oo with the full effective action at k = 0. A
consistent flow (orange) connects a well-defined initial
condition I'; at k = A with the full effective action, or
another well-defined generating functional, at k =0. A
simple nontrivial example for consistent but incomplete
flows are thermal flows that only integrate out thermal
fluctuations. They lead from the vacuum theory I'j = I'r_g

Seld] ¢ Sel¢] ¢
d)EO d’relio

Y Y

Fgl¢] ¢ i) ¢

FIG. 2. Complete (green, left) and consistent (orange, right)
PIRG flows for the pair of the target action I'y and the flowing field.

to the thermal one, I' = I'7; see [7]. Evidently, complete
flows are also consistent.

Now we extend the classification scheme to PIRGs: We
call a flow complete if the target action contains the
complete dynamics of the theory. We emphasize that this
does not imply that the flowing field vanishes, as it may
only contain a reparametrization of the path integral.
Within this classification scheme, PIRGs are certainly
consistent: The target action and its flow 0,I"; comprise
part of the dynamics, while the flowing field ¢ carries the
rest as (3) is exact. If the flowing field only carries a simple
rescaling of the fundamental field, the flow 9,I'; is
complete (green); see left plot in Fig. 2. In general, the
flowing field carries part of the dynamics, and in parti-
cular it carries a part of the ultraviolet or infrared rele-
vant operators. Such a flow is incomplete, but consistent
(orange); see right plot in Fig. 2. Here, we indicated the
incompleteness with ¢|,.; # 0. Note however that even with
a vanishing relevant part of the flowing field, PIRG flows
are in general incomplete. This classification is important
for the assessment of the background field approximation
in gauge theories or general proper time flows in Sec. I'V.

The aim of the present work is to use the flowing field as
a detection tool for incomplete approximation schemes and
to install gauge symmetry in the flow. We attempt to reduce
the relevant physics information contained in the flow-
ing field and consequently forego the need of involved
reconstruction mechanisms which were discussed in the
context of classical target actions above.

B. Physics-informed gauge theories

With these preparations we formulate PIRG flows for
general gauge theories, using non-Abelian gauge theories
with the gauge field A, and metric quantum gravity with the
gauge field g, as explicit examples. The pair (1) in a gauge
theory is given by

(Tylp. @] @[3, D)), (5)

where @ is a superfield that contains the flowing gauge
field ¢ and potential auxiliary fields such as ghosts and the
Nakanishi-Lautrup field; see (14). Below we discuss its
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definition and use in the present approach. Importantly, the
flowing gauge field is a general functional of the funda-
mental fields of the theory at hand. Finally, the field ¢ in (5)
is a background gauge field.

A first nontrivial difference to the standard approach is
that we discuss the gauge fixing sector on the level of the
effective action I';, with the flowing mean gauge field ¢,
defined by its transformation ¢[¢]. In the standard approach
the gauge fixing is introduced on the level of the classical
action with the microscopic field Aﬂ or g,,; see Appendix A
and Appendix B respectively. The respective mean fields
are given by

AM = <A;4>’ and G = <§;w>' (6)
In both example theories we resort to the background field
approach. The standard background approach splits the full
gauge field operator ¢ with ¢ = Au or ¢ =g, into a
background field and a fluctuation field,
P=0+0p, AR =a, APy =y (7)
With this linear split of the fundamental field the mean
gauge fields are given by

» =0+ Ag. (8)

Finally, the Yang-Mills and gravity fluctuation mean fields
Agp = (Ap) with Ag, = a, (Yang-Mills) and Ag,, = h,,
(gravity) are given by

a,=A,—A, and h, =g, — G- (9)
Note also that in gravity one typically also uses a computa-
tionally convenient prefactor /Gy in front of the fluc-
tuation field to obtain the canonical momentum dimension
1 for the fluctuation field. In the present work we refrain
from using this as we are more interested in conceptual
questions.

In the present PIRG approach, we only discuss mean
fields. Hence, we introduce a mean field y as a linear split
of the background gauge field and the flowing fluctuation
field ¢,

X=¢+¢, (10)

with the explicit splits

Xu :Au+¢w and XﬂU:gﬂD+¢ﬂl/‘ (11)
Importantly, the fluctuation gauge fields ¢, and ¢, are not
the fundamental fluctuation fields a, and h,, but
composite operators which remain to be specified. We
introduce them as general functions of the fundamental

mean fields, ¢ = ¢[p, Ap|, where we have dropped the

dependences on the auxiliary fields. The respective field
operator is given by

7=+ o, ). (12)

which can also be expressed in terms of @ and Ap. We
emphasize that the approach does not make use of the
operator relation (12), but only its mean field analog (11).
Furthermore, ¢ and y are different objects. However, the
differing full fields reduce to the same gauge field back-
ground for Ap = 0 or ¢ = 0 respectively.

C. Flowing gauge and BRST invariance

The flowing gauge fields ¢ are general functions of the
fields A, or g,, as well as the standard auxiliary fields
within a given gauge fixing, the ghosts ¢, ¢ and potentially
a Nakanishi-Lautrup field b for full BRST invariance. In the
following we only discuss the standard covariant back-
ground gauge fixing as an example. While the gauge
invariant PIRG approach is general, we consider this gauge
fixing to be a very convenient and practical choice. The
background gauge fixing sector is given by

Sgauge[(p’ q)] = ng[¢’ q)] + Sgh[(p’ d)], (13)
with the flowing superfield

® = (¢,c,c,b), p+D=(p+d¢,cc,b). (14)
Here we have suppressed Lorenz and group indices to
keep the discussion general. The gauge fixing sector in our
two example theories is discussed in Appendix A and
Appendix B. For Yang-Mills theory it is given by (A10), for
metric gravity by (B6). As we use Yang-Mills theory for the
explicit computations here, we also provide details on the
standard background field fRG approach to Yang-Mills
theories in Appendix A. In particular this includes the
modified master equation (A14) which encodes the break-
ing of gauge invariance, and the modified Nielsen iden-
tity (A25).

With these preparations we proceed with the completion
of our PIRG setup with a gauge invariant target action I'j,
within a gauge-fixed theory. This requires a flowing field
which is potentially a nontrivial functional of the funda-
mental fields, even for large cutoff scales. Hence, the gauge
fixing (13) with (A10) and (B6) is only seemingly linear.
The demanded gauge invariance of I'j, is implemented by a
flowing field setup for physics-informed gauge theories
with the following three properties [(i), (ii), (iii)]:

(1) Trivial Nielsen identity: The quantum part of the
target action only depends on the sum of the back-
ground gauge field and the flowing fluctuation gauge
field,

Fdl [@v d)] = Iﬂt]ﬁ,qu [(p + (I)] + Sgauge[(p’ q)]’ (158')
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with the “classical” gauge fixing sector (13) in the
standard background field gauge. Equation (15a) is
the Nielsen identity and encodes the shift symmetry
in the gauge field. It is commonly written in its
derivative form,

6 O _
(5375 owip 010

The standard Nielsen identity in an fRG setup is
discussed in Appendix A 4.

(i) Background gauge invariance: The target action is
invariant under background gauge transformations,

(15b)

0yl 4@, @] = 0. (15¢)
Background gauge invariance and the respec-
tive transformation are discussed in detail in
Appendix A 2.

(iii) BRST invariance: The target action is BRST invari-
ant, i.e., gauge consistent. In the presence of the
Nakanishi-Lautrup field it satisfies the master equa-
tion

T, oT, _ 15

69, 6D,
In (15d) we have used DeWitt’s condensed notation,
and the index a now also includes an integral over
space-time. The Q; are the currents for the BRST
transformations of the field ®;. The BRST setup
including the standard modified master equation is
discussed in Appendix A 3.

PIRGs in gauge theories with the properties (i)—(iii) are
gauge and BRST invariant. While BRST invariance is the
property (iii), physical gauge invariance of 'y, follows
readily from background gauge invariance (15c¢) and the
trivial Nielsen identity (15b): Since T'yq, = 'y qu[@ + @],
the gauge field part of the background gauge transformation
5, is the quantum gauge transformation §,. Augmenting
o, in (AS) with the background transformations of ¢, ¢, b
leads to

85T qul® + @] = 0. (16)

Equation (16) expresses the desired physical gauge
invariance.

We complement this discussion with a few remarks.
We start with brief interpretations of the properties.
Equation (15a) implements a trivial version of the Nielsen
identity. Equation (15d) is the most challenging property: it
requires that the nontrivial loop terms of the modified master
equation (A14) are absorbed in the flowing gauge field. Note
also that, if integrating out the Nakanishi-Lautrup field b,
(15d) turns into the standard Zinn-Justin equation.

Furthermore, these properties are not independent from
each other. For example, property (ii) follows readily from
(i) and (iii). The latter seemingly arranges for a fully gauge
invariant covariant momentum cutoff. This has to be taken
with a grain of salt as the regulators are defined in terms of
the background Laplacian. Equation (15d) is achieved by a
flowing gauge field transformation whose inherent non-
linearity in terms of the fundamental field makes the
underlying BRST transformations nonlinear as well. This
is an obstacle for the cohomological interpretation of the
construction; for related considerations for supersymmetry
and chiral symmetry see [8].

The setup is completed with the generalized flow
equation for the target action which is the gauge theory
version of (3). This flow guarantees that the three properties
(15) hold true at all cutoff scales, including k = 0. The
respective generalized flow equation for the gauge invariant
effective action reads as

_ P g OLel® P
0Tyl + @] ==&, [p. @) =5
| 50, [p, @] _
= ®)( 9,80 +2——— | RY¢
+56ulo.0) (00t +2 20 ) kel

(17a)

with the full field-dependent propagator of the flowing
fluctuation fields,

1

02 )

Glp. @] = @+ @) + SO2. (5. @] + R[]

17b)
©2) (
F¢~qu
and the mixed background and fluctuation derivatives of
the effective action,

5T [, D)

(nm) - AN
rimip, o) = 2 ¢ 7
| ] op" o™

¢
() (@ + @] + Sg;;fgg [p, @].

foqu (17¢)

In comparison to (3) we have reordered (17a) such that the
left-hand side only contains the ¢ derivative of the gauge
invariant quantum part of the target action.

In the following section we shall use the constraints (i)
and (i) to construct a gauge invariant flow for the effective
action. In a second step, the generalized flow equation is
used to assess the quality of the construction and remedy
any violations of (iii). This two step procedure is indicative
of the intended use of the present approach. Importantly, it
does not require any nontrivial fine-tuning to accommodate
the constraint equations.

III. FLOWING FIELDS FOR GAUGE
INVARIANT PIRGS

In this section we discuss whether the three properties
[(G), (i1), (ii1)] can be implemented with the generalized
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flows. To that end we will assume that all properties are
satisfied at some scale k, and show that a flowing field ® can
be found for which the flow 9,I";, has all three properties. For
such a proof it is important to realize that the transformation
® is very powerful. Indeed, as discussed in Sec. IT A, if the
approximation of the effective action only contains a
finite number or operators, it can even be used to absorb
the flow completely into the transformation. This would
reduce (17a) to

O,F(/J,yqu — O,
.oy, 1 5d
$ b c .
(0] ==-Gyl 0,067 +2 R¢¢, 18
a 5q)a ) ab< tYc + 5(Db> k ( )

the classical target action flow. Trivially, the classical target
action flow has all the properties [(i), (ii), (iii)]. In [1] the
existence of this solution has been exemplified with a very
simple computational showcase, the zero-dimensional case,
where the “path integral” can be solved analytically. We
emphasize that in this case the classical target action flow
was reproducing the correct result not for the triviality of the
example, but for the finite number of operators involved: In
zero dimensions the effective potential is the full effective
action.

In the present case we do not want to store the physics or
dynamics of a gauge theory in the transformation, but we
only want to use the flowing field to absorb corrections to
either the gauge symmetry relations that are the properties
[(i1), (iii)], or the Nielsen identity that relates them, that is,
property (i). Nonetheless, the example illustrates that all
three properties can be solved together. Therefore, the
following analysis only details the nature of the fluctuations
that are stored in the flowing field ®.

A. Property (i): Trivial Nielsen identity

We start this analysis with the trivial Nielsen identity
(15b). Its flow is given by

(55 a2 ) sanle. =0 (19)
where we have used that 9,1y = 9, 4, Instead of aiming
at the classical target action solution which trivially solves
(19), we aim at the converse, the minimal flowing field ®
solving (19). To that end we remind ourselves that for
® = 0, the full dynamics of the theory is contained in the
loop term

Flow[p. @] = 3Gyl @0 k"7, (20)

Indeed, this term sources the different dependence on ¢ and
¢ in the flow: it depends on the following operators:

0.2)1~ 02) 1= -
ralp -+, Skielo.g+ @],

Relp].  (21)
While I'*2) only depends on the sum @ + ®, the other two
operators depend on @ and @ separately. For later con-
venience, we have written the operator Sg;fge in (21) as a
function of the full gauge field ¢ + ¢ and its dependence on
@ instead of as a function of ¢ and ¢.

There are two natural ways to guarantee (19) for the flow
of the Nielsen identity: We may simply drop ¢ in ng,ge and
R,. Then, the gauge fixing reduces to the standard covariant
gauge fixing and the regularization reduces to one in
momenta instead of covariant momenta. This formulation
is the one commonly used in QCD (see the reviews [9-12]),
as well as in the fluctuation approach to gravity (see the
reviews [11,13,14]).

The second natural possibility lifts the background
dependence on ¢ in Sgizlge and Ry, to that of the full field,

SO (5.9 + @] = D]p + ] = SO2[7 + ¢. 5 + D],
Ri[@] = Ri[p + ). (22)

This is done in the standard background field approxima-
tion to non-Abelian gauge theories and gravity. In particu-
lar, (A22) introduces the dynamical background field into
the regulator. If using such a regulator in the derivation of
the flow equation, it leads to a flow equation with a series of
n-loop terms instead of the one-loop exact one. It has been
shown in [15] that within this approximation even one-loop
universality is lost. Moreover, in gravity the background
field approximation leads to qualitative changes in the
flows, with severe consequences for the existence of fixed
points in particular for matter-gravity systems [16]. For a
detailed discussion see the review [13].

In the present approach we rectify this deficiency by
accommodating this change in the flowing field, thus
reinstating an exact flow. To that end we rewrite the flow
term as

Flow[p, ®] = Flow[p + @] + AFlow[p, @], (23a)
with
1
Flow[p + @] = 5Gu[p + ®OR"[p + ). (23b)
and the propagator
_ 1
Glp+| = . (24)

)15 + @) + D[p + D] + Re[p + )

and D[p + @] = Sk @ + ¢.p + ®]; see (22). Now we
insert this reparametrization into the flow of the trivial
Nielsen identity (19). Using the generalized flow (17a), we
arrive at the constraint equation for @,
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5 &\[. or 50,
_——— q)a—¢_Gab LRZC
op Op oD, oD,

1) o _
= <£—£) AFlow|[p, ®]. (25)

The expression in the square bracket on the left-hand side
defines the flowing field and has not been specified yet. The
solution to (25) is given by

ol 0D
¢ _G C

b 29
“50, s,

R = AFlow — Fy[p + @],  (26)

with a general solution F of the homogeneous differential
equation [vanishing right-hand side of (25)]. We may need
a specific F[@ + ®] on the right-hand side to arrange for
property (iii); see Sec. III C. In the discussion below we
assume that it is either vanishing or a small correction. We
will come back to its definition and verify the assumption in
Sec. HIC.

We close this section with a short discussion of the
consequences of (26), and of its nature as a small/minimal
flowing field arranging for (15a). We first insert (26) into
the generalized flow equation (17a). This leads us to

0Ly qu[@ + @] = Flow[p + @] + F4[p + @], (27)

where Flow|[p + ®] is defined in (23b). For Fy = 0, the
flow (27) is nothing but the flow in the background field
approximation. The present derivation embeds this flow in
an exact PIRG approach: While it is not an exact flow in
terms of the linear split of the fundamental gauge fields, (7),
it is an exact flow in terms of the nontrivial flowing gauge
field ¢ with (26).

It is worth emphasising that the pair or rather the split
(Ty. @), (5) with the flowing field (26) and the related
target action, computed from the flow (27), is qualitatively
different from the pair of the “radical” classical target
action flow. With (26) the flowing field lifts an approxi-
mation and reinstates the exactness of the flow. The
dynamics is still largely stored in the flow itself. While
this correction is an important one as the approximation is
known to fail in the cases mentioned above, it is still a
correction. Moreover, in Sec. IV we shall use the known
failures of the background field approximation already at
one loop in order to show that the present approach rectifies
these problems.

This concludes the discussion of property (i). It remains
to show that there is a solution @ of (26) with the properties
[(i1), (ii1)] that solves (31) and (25).

B. Property (ii): Gauge invariance

Background gauge invariance has been introduced as an
auxiliary gauge invariance, and the general solution of the
flow of the trivial Nielsen identity, (26), also maintains

background gauge invariance. To show this we use the flow
of (15c¢),

6(1)atr(/).qu [@ + (I)] =0, (28)

where we have used that 0,y =0,y The flow
0,y qu[@ + @] with the property (i) is given by (27), and
all flows with

5uFylp+®] =0 (29)

satisfy (28). This concludes our proof of background gauge
invariance. However, the latter implies gauge invariance,
(16), as already discussed in Sec. II C.

C. Property (iii): BRST symmetry

With the properties [(i), (ii)], we have shown that the
current approach is background gauge invariant and sat-
isfies the trivial Nielsen identity. It is left to show that the
approach also has the property (iii), and hence its effective
action satisfies the standard master equation for BRST
invariance. This connects background gauge symmetry,
and hence gauge symmetry, at each RG step to background
gauge invariance, thus elevating the gauge symmetry of the
target action from an auxiliary symmetry to the physical
gauge symmetry. The flow of (15d) is given by

M, (@, @[]0,y 4 =0, (30a)
where once more we have used that 9,y = 9,y o,. The
linear operator M ) is given by

o, 6
'™ 50,50,

6T, &
50,00,

(30b)

The flow of the quantum part of the effective action,
0,y qu» 18 given by the right-hand side of (17a). Hence, (30)
can be rewritten as a constraint equation for ®, or rather
for F ;. We find

M, Fylp+®] = ~Mp Flow[p + @], (31)

with the homogeneous solution Fj of the flow of the
Nielsen identity in (26) and the flow term Flow|[p + @]
defined in (23b). Equation (31) is a constraint equation
for Fy, and while we have the trivial solution Fj, =
Flow[p + ®] (classical target action), practical applications
aim for the minimal solution. As a first evaluation we
rewrite the right-hand side of (31) by using that M ) isa

linear operator. We arrive at

_ 1
My, Fylop+ @] = - 5 Gp|Mr, 0,R{"

— (Mg, [T + RJ")(Go.R)*).  (32)

»
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Equation (32) vanishes at c,c¢,b = 0. Accordingly, the
minimal solutions F;, also vanish at ¢,¢, b =0 and only
carry the BRST rotations in the configuration space and no
physical dynamics. This concludes our discussion of
property (iii).

D. Gauge invariant PIRGs in a nutshell

We close this section with a collection of the equations
from Secs. III A to III C required for a practical application
of gauge invariant and gauge-consistent PIRGs.

The final generalized flow equation for the quantum part
of the effective action is given by

_ 1 _ ubie
0Ly qul@ + @] = 3 Gl + PO,R [P + )

+ Fylp + @], (33a)
with the propagator G[p + @] in (24). Equation (33a)
satisfies the properties (i) and (ii) by construction, if F is
gauge invariant, (29). Property (iii) requires a correction term
F 4@ + ®] with (31).

The generalized flow for the effective action I'y, in (15a)
is accompanied with the constraint equation (26) for the
flowing field. For the sake of completeness of the equations
here we recall it:

. oo 5

& c
o,—2-G

“50, s,

Ri = AFlow — F,[p + ®], (33b)

with AFlow in (23a). The set of equations (33a) and (33b)
and the flow of the master equation (31) can be viewed as a
set of a decoupled flow equations for the effective action
and a constraint equation for @ that can be solved using an
existing solution of the flow. This interpretation allows for a
comprehensive discussion of the standard background field
approximation.

The first term on the right-hand side is the flow in the
background field approximation commonly used in quan-
tum gravity. The term F [® + @] is a correction term. A
radical choice would be Fj =0, for which the flow of

0,4 qu 18 precisely that of the background field approxi-
mation
] 1, .
Il gql@ + @ =5Gup[@ + POR [P+ ¢].  (34a)
with the flowing field
.o, 5D,
o, —-G < R%¢ = AFlow, 34b
a 5<Da ab 5(I)b k ow ( )

and AFlow in (23a). Note however that this choice violates
property (iii) as this choice violates (32). Still, the proper-
ties [(i), (i1)] persist, and the respective flow is exact. In
short, the present PIRG setup elevates the background field

approximation, also including general proper time renorm-
alization group (PTRG) flows to an exact flow equation.
This applies to all quantum field theories, not only gauge
theories. In [17], the flow (34) has been motivated for a
PTRG in a one-loop approximation to the generalized flow
equation. Then, the second term on the left-hand side of
(34b) is missing: It has no perturbative one-loop contri-
bution for flowing fields ® without tree-level parts.

As we shall see in detail in the discussion of one-loop
flows and beyond in Sec. IV, the flowing field in (34)
carries part of the physical dynamics and even part of the
relevant terms. In the terminology put forward and dis-
cussed in [7], the embedding in a PIRG clarifies that
background flows and proper time RG flows are consistent
but not complete flows: In complete flows, the complete
(physical) dynamics is carried by the flow. In consistent
flows only part of the dynamics is carried by the flow, but
one has complete access to the full dynamics. As exact
flows, PIRG flows are always consistent, but they are only
complete if the flowing field does not carry part of the
dynamics.

This general discussion already reveals that the choice
F, = 0 does not result in a minimal flowing field ®. On the
contrary the flowing field potentially collects a sizeable
part of the physical dynamics. In this case the flow ® or
its integral f,(I) can run into singularities. This already
explains the qualitative differences observed between the
fixed point properties in the background field approxima-
tion and those in the fluctuation approach, where this
approximation is resolved. These differences are already
present in pure quantum gravity (flow of the graviton mass
parameter), but lead to qualitative differences in the matter
dependence of the fixed points; see the review [13] and the
literature cited there. A qualitative discussion of these
issues will be done in Sec. IV at the example of one-loop
flows. However, a full analysis of the flow ® in these cases
will be presented elsewhere, and we simply note that a
minimal solution for @ certainly avoids these difficulties.
This concludes our discussion of the three properties
underlying gauge invariant and gauge-consistent PIRGs.

IV. ONE-LOOP GAUGE INVARIANT
PIRGS AND BEYOND

We elucidate the structure of gauge invariant flows
with a detailed one-loop analysis. This analysis has direct
consequences beyond the one-loop level, and in particular
also for nonperturbative applications including fixed point
investigations.

We shall first solve (33) explicitly in Yang-Mills theory
for two choices of Fy. The first one is Fy = 0, where the
gauge invariant flow equation (33) reduces to the flow in
the background field approximation (34). We note that (34)
may only be gauge consistent in specific approximations,
and the right-hand side may not vanish in the general setup
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with higher order terms in the ghosts. Then, property
(iii) requires flows with F;, # 0 that satisfy (32). At one-
loop we can pull out the ¢ derivative, arriving at

1 a
Mr,Fy = =5 0/(GapMr, [T+ RI™). (35)

where we have used that 9, M, is at least one loop. Its
insertion into another loop leads to two-loop terms and
higher loops. Note that the #-derivative in (35) has to be
taken before performing the momentum or space-time
trace.

The second choice is more interesting for direct appli-
cations to nonperturbative phenomena including fixed
points: We choose F such that the ultraviolet or infrared
relevant contributions in the flowing field @ are minimized.
In Sec. IVA we elucidate this at the explicit one-loop
example. Here we only indicate the idea behind this
minimization. To that end we consider an expansion of
the quantum part of the effective action in gauge invariant
operators O; with

Tpquld + @ = > _Clq, O, (36)

ieN

with the coefficients C). The flow of these coefficients
provides the full dimensions of these operators ygi) and
carries their relevance or irrelevance in the ultraviolet or the
infrared. If the flowing field ® contributes to the anomalous
dimension of UV- or IR-relevant operators, one has stored a
sizeable if not crucial part of the dynamics of the theory in
the reparametrization. Thus, structurally, we aim at a
minimal solution ® with the properties [(i), (ii), (iii)],

oy ., b

b 2
“50, o,

R*| =0. (37)

rel

The subscript . indicates that (37) does not contain
contributions to the relevant operators O!; see also the
discussion in Sec. IT A and Fig. 2. As already mentioned
above, we shall discuss this in detail in Sec. IVA and
Sec. IV B, including its practical implementation. If we can
successfully set up such flows, it allows to use the non-
perturbative results and fixed point properties of the gauge
invariant PIRG directly; in general this requires the judi-
cious supervision of the dynamics content of the flow-
ing field.

A. Gauge invariant Yang-Mills theory

We use one-loop perturbation theory in Yang-Mills
theory for an illustration of the above points, and in
particular this analysis will elucidate (37). We note in
passing that reproducing one-loop perturbation theory is a
common test of new functional setups in gauge theories.

Needless to say, in a one-loop exact setup such as the fRG it
is not a real test of consistency or completeness of an fRG
as one-loop perturbation theory is hard wired; for a detailed
discussion see [7,15,18-20]. However, as shown in [15,20],
one-loop universality is lost in the background field
approximation if using infrared singular regulators; for a
discussion in gravity see [13,21].

We proceed with the derivation of the one-loop S func-
tions from (33), both for background field flows (34) with
F4 = 0 and for flows with a minimal F';, with (37). We shall
see that in the former case one-loop universality is lost while
in the latter case it is guaranteed. The flow equation for I', 4,
for background field flows has first been done in [22], and it
can readily be performed with heat kernel techniques; see
also [23] for a full resummation relevant for nonperturbative
applications in the infrared. We do not go into the details and
quote the result for general regulators in [15] for axial gauges
and [20] for the presently used covariant gauges. For the
present purpose, regulators can be classified by their infrared
limit,

k2 D?
Ryo(x = 0) o x = —k—;, (38)

for both ghost and gluon regulators. For n, . > 0 the
regulators in (38) are infrared divergent. This only leads to
an even more pronounced suppression of the infrared
propagation and poses no problem in standard momentum
cutoffs. However, in (33a) the background field depend-
ence of the propagator, R, = R;[p], has been elevated
to a dependence on the full field, Ry [@] — Ri[p + ¢)].
Evidently, this potentially changes the infrared dynamics
encoded in the effective action I'y, in Yang-Mills theory.

We initiate this analysis by recalling the standard argu-
ment that relates the one-loop S functions of marginal

couplings in &, ﬂé{.{) to that in g, ﬁg{). Here, p is the RG scale
of the physical theory. More generally, this argument relates

(k

all one-loop anomalous dimensions y0> of marginal oper-

ators O; (including the S functions) to the anomalous

dimensions yg‘i) of the underlying physical theory at k = 0.

We find

k
7/291),0 = }’gi),o s (39)

where the subscript ( indicates the leading one-loop term.
This identity does not hold any more at the two-loop level
(see, e.g., [3,24,25]) and originates in the absence of further
scales. As already mentioned before, it has been shown in
[15,20] that this identity does not hold true for the § function
B, of the strong coupling a; = gi/(4x) in Yang-Mills
theory for flows in the background field approximation (34)
with singular infrared regulators. Moreover, in this context it
is important to distinguish between the ¢ dependence
triggered by the gauge fixing part of the theory, Sguges
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and that from the regulator. This is deferred to Appendix A 5,
where we briefly review these differences for the standard
background fRG approach with I',[A,®;] and ¢, = a,.
Specifically we discuss the origin and content of the different
terms in the modified Nielsen identity. This elucidates the
mechanisms behind the present gauge invariant PIRG and
the rdle and physics content of the flowing field.

We proceed with the explicit computation. To begin
with, in a gauge invariant setup with the fundamental
fluctuation field ¢ = a with ¢ = 0, we expect

; Zz
Toq’[A] =5 / wFLIAl 4 (40)
X

where - - - stands for higher order gauge invariant terms in
the field A = A + a in the expansion (36). The 8 function

ﬂgf) follows from gauge invariance: 9,(ZzZ%) = 0, where
Z, is the dressing of the gauge coupling. This leads to

dlogZr

M _ _p
,Bal\v dk

(41)

At one loop and in the absence of further scales we use

,ng) = ﬁ,(x” >, and the latter § function is given by

22

po=H" =-N

dloga, o
3 “4n’

(W) _
ﬁax _/’t d‘u ’

(42)
An explicit computation with the background PIRGs (34)
leads us to

Z
a[r‘(lp_loop — _ﬁ(()k) TF/ terzw + .. , (43)

where - - - stands for the higher order terms in (36). In (43)
we have already anticipated the fact that the flow (34)
cannot hold true for the effective action of the fundamental
field. Indeed, the one-loop f function with respect to k
reads as

g = (1412 ) g, (44)
This result was obtained in [15,20] and signals the
incompleteness of background field flows. According to
the classification into complete or consistent RG flows [7]
discussed in Sec. II A, flows with n, . # 0 are only
consistent flows in the PIRG approach, as part of the
dynamics of the relevant operator trF? is encoded in the
flowing field ¢ # 0. Hence the above results cannot be an
exact result for I',: otherwise the one-loop S function
would be the universal one for all regulators, and we
conclude ¢ # a. Note that this failure is less obvious for
mass-type regulators with n, = n. = 0. However, as the

derivation of (43) shows, it cannot hold true for the
effective action of the fundamental fluctuation field.

Evidently, the cutoff # function (44) only reduces to
the universal one-loop one for masslike regulators with
ny = n. = 0. As discussed in [15,20], this originates in the
existence of another implicit scale for IR-singular regu-
lators. While this is seemingly artificial for Yang-Mills
theory at one loop, it illustrates the potential generic failure
of simply elevating the background field in the regulator to
a full dynamical field.

In the present approach this difference is contained in
the flowing field that solves the Nielsen identity (26). This
entails that part of the flow carries a nontrivial dependence
on the cutoff even for the “universal” terms. Indeed, in
[15,20] it has been shown that

(e,

iy 10n, + n, 5S4[A]
ST 5A

Fo o (45)

Consequently the flowing field term in the flow carries
terms that are proportional to the (only) UV-relevant or
marginal term in Yang-Mills theory,

o .ol f
<5 ) [¢“—¢‘Gab5¢chc

da 6A) "o, 5by * Juco
1014 + n. 5S4[A]

= 4

Po 11 SA + (46)

In conclusion, in the background field PIRG we have stored
part of the relevant running of the £ function in the field
transformation. While this is certainly possible, it compli-
cates the assessment of the physics dynamics, and in
particular the search for fixed points and their stability.
Moreover, it also makes the direct access to physics
intricate. Note also that this can be used to even change
the sign of f functions or rather their part included in the
effective action.

The embedding in the exact PIRG setup rectifies these
deficiencies and leaves us with two clear recipes for using
background field approximation flows:

(1) The first option is to introduce a flowing field which
arranges for the background field approximation,
that is Fy, = 0. Then one controls the flow with the
constraint equation for ®. If the latter runs into a
singularity or gets sizeable, the results of the back-
ground field approximation have to be interpreted
with care. Moreover, one can restore the standard
flow by resolving the Nielsen identity encoded in ®.

(2) The second option is to use the minimal solution (37).
To approach it practically, it is suggestive to minimize
the RG running of the flowing field gb In short, we
demand (37). More concretely, we want to remove
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the violations of (37) triggered by the ¢ dependence
of the regulator in the PIRG flow, while we keep the
completion property related to the gauge part of the
action discussed in Appendix A 5. This leads to the
constraint on F, with

R0}
¢ Ry 0. (47)
(trFZ)Rk

Ty
5o, “Pso,

@,

The subscript (WF2)y, in (47) indicates a procedure

which removes the contributions to f trF? that are

sourced in the ¢ dependence of the regulator. We

only eliminate this term as it is the only relevant

gauge invariant operator in Yang-Mills theory.
Now we implement the second option at one loop. Then,
(47) reduces to

oT,
3P| (pe)

® =0. (48)

Ry

This term has been already discussed in detail in [15,20]: It
is encoded in the 6trF?/5¢ term of

SRE[p+¢l 6Ty 1. oRK[p+¢)
Spy  ORK[p+@ 2" 6p,

(49)

where we dropped a term proportional to the R, variation of

¢i. Any subtleties related to the latter term are avoided by
simply taking the respective derivative of (34b). This leads
us with a practical relation for a minimal F'; in Yang-Mills
theory,

SR 5
5" SRYC

oy _
¢ 5D,

5D,

G
ab 5(1)17

Re —0, (50)
(trF?)g,

where the R, derivative only hits R;[@ + ¢], and not R;[@].
Equation (50) implies that

SR 5 ) )
50 SRI® [AFlow[p. @] = Fyp + @)y, =0.  (51)

Now we evaluate (50) at one loop and use that we can
safely evaluate Fy at @ = 0. Then we arrive at

1

Fyl+ ] = =5 74(2) (52

where x is the Laplacian of the gauge field and ghost.
Equation (52) only depends on the gauge field and not on
the auxiliary fields. Equation (52) is the trace of the
operator f;”, and at one loop we find

of Y (x)
ox

de(x)”d) (53)

= 0,( G ™

c,c,b=0

In [15,20] this term was extracted as a deviation of the
background field approximation from an exact flow; in the
PIRG approach it is a term that can be accommodated with
the flowing field. We emphasize that for regulators with
na. #0 in (38), the ¢ derivative has to be applied first
before performing the trace by summing over space-time;
hence the definition of f ;b. If the constraint (52) is to hold
beyond one loop, (52) has to be improved by resummation
terms. This, further improvements, and nonperturbative
applications will be discussed in [26].

Equation (53) is gauge invariant. Hence, it is trivially
BRST invariant as it only depends on the gauge field, and
the BRST transformation of the gauge field is a gauge
transformation. Consequently, the present one-loop exam-
ple also satisfies (31).

Beyond one loop, the full gauge invariant flow is
given by

_ 1 _ _
atrd),qu @+ @] = EGab @ + @] atRZb @+ @]

+Fylo+ @, (54)

and also satisfies (31) by construction. The functional F

removes the relevant or rather marginal part in @®; see
(48). Then, the one-loop f function reduces to the known
universal result with

Py’ = bo. (55)

with the universal f; in (42). This leaves us with a gauge
invariant PIRG in non-Abelian gauge theories, where the
UV-relevant dynamics is governed by the flow and not by
the parametrization. We will discuss the nontrivial infra-
red sector with its nonperturbative confining physics
elsewhere [26].

B. Diffeomorphism invariant gravity

In this section we discuss the application of the gauge
invariant PIRG to quantum gravity; for a recent review see
the asymptotic safety chapter in [27]. The derivations and
results in Yang-Mills theory in Sec. IV B already teach some
lessons for quantum gravity. First of all, the crucial relevance
of (37) is imminent in quantum gravity: A conclusive
analysis of the Reuter fixed point in metric gravity relies
on the control of the UV-relevant sector of the theory. It is
suggestive that the observed qualitative differences in the
flow equation of the cosmological constant in the back-
ground field approximation and that for the mass parameter
of the graviton in the fluctuation approach are sourced in
relevant contributions to the flowing field (}ﬁﬂy. The same
reasoning applies to the singularity of the background flow
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equations for 4 = 1/2, where 1 = A/k? is the cosmological
constant A in (B3) in Appendix A, measured in units of the
cutoff scale. This singularity is absent in the fluctuation
approach with (jﬁ,w =0.

The above analysis suggests that for ¥, = 0 we should
monitor the part of the physics dynamics that is stored
(implicitly) in the flowing field ®. This amounts to simply
using the results for the background field flows in the
literature and solving the differential equation for & in (34b)
on the solution of the background flow (34a). It is already
clear from the results in the literature for the background
field flows and those in the fluctuation approach that (34b)
carries part of the flow of the cosmological constant. Hence,
it is suggestive to use a nonvanishing F, that removes this
part of the flowing field. This keeps the full dynamics of the
cosmological constant or the mass parameter of the graviton
in the flow itself.

This brings us to the second intricacy of background
field flows, their singularity at A = 1/2. This singularity is
caused by

lim G[p + @] — oo, (56)

e

for the propagator G[p + @] defined in (24). Indeed, this
singularity is also caused by the fact that part of the flow of
the mass parameter of the graviton is stored in (34b).
Consequently, the reparametrization (}5”,, itself is singular at
A = 1/2 asitis linearly depending on (56) and (34a) ceases
to be an exact flow: it is neither complete nor consistent.

These relations also entail an important conclusion that
can be drawn from the present approach. Any potential
physics content of this singularity such as the absence of a
positive infrared value of the cosmological constant is not
supported by the fRG approach to gravity: This readily
follows from the following argument. All gravity flows in
the literature can be interpreted as PIRG flows with a
constraint for the flowing field (bm. Physics properties are
only supported by the flows if they are accompanied with
flowing fields. In the present case all flows showing this
singularity have trivially singular flowing fields. We hasten
to add that this does not entail that the singularity is
unphysical but this interpretation is simply not supported
by the current analyses.

The important conclusion of this analysis is that back-
ground field flows in metric gravity should be augmented
with a nontrivial F, to allow conclusive statements about
the physics of the Reuter fixed point. This applies in
particular to matter-gravity systems as already assessed in
[13,16]. Moreover, an appropriately chosen F also elim-
inates the A = 1/2 singularity in the flow. A trivial solution
is to enforce the fluctuation approach flow of the graviton
mass parameter for the cosmological constant in the gauge
invariant PIRG. Evidently this eliminates a specific relevant
part of the flowing field d),w including the removal of the

parametrization singularity. However, such a brute force
solution makes the physics interpretation or rather the
reconstruction [1] of the cosmological constant in the PIRG
setup more intricate. Instead it is suggestive to use a variant
of the Fy (53), that follows from the relevance constraint
(37) in Yang-Mills theory. The modification of (53) follows
from

Ty . o0, ,
—Gup=“Ri| =0, 57
50, 6, o), o

@,

with i = 1, 2, 3 for the three potentially relevant operators

01 - \/—, 02 - \/ER, (93 - \/§R2 (58)

The respective couplings are the cosmological constant A
for i = 1, the Newton constant for i =2, and the RZ
coupling gz for i =3. Note that we can add further
operators to this list. For a discussion of the relevance
ordering in the fluctuation approach see [13]; the applica-
tion of this setup to quantum gravity with (57) will be
discussed in [28].

V. THE FLOWING LANDSCAPE OF
GAUGE THEORIES

In this final section we discuss the landscape of RG flows
in gauge theories through the lens of the novel PIRG
approach to gauge theories. A recent comprehensive survey
of fRG flows in gauge theories, including further literature,
can be found in [11].

fRG flow approaches in gauge theories have to satisfy
simultaneously the requirement of implementing a mode
cutoff (typically momentum modes) and that of gauge
invariance. Moreover, if formulated for the one-particle
irreducible (1PI) effective action, the kinetic operator of the
gauge field has to be inverted, which requires either a gauge
fixing or a covariant and hence field-dependent projection
on the physical degrees of freedom. This leaves us with the
choice of a gauge-fixed setting or the formulation in gauge-
covariant or gauge invariant degrees of freedom.

The PIRG approach encompasses all different approaches
with or without approximations, simply by defining the flow
in a given approach as the target action flow. This also allows
us to relate gauge-fixed and gauge invariant approaches. The
brief discussion below is meant to provide a structural
overview. It is far beyond the scope of the present work
to provide a comprehensive embedding. Moreover, in the
following we mostly concentrate on earlier suggestions for
gauge invariant flows, but also discuss the link to standard
gauge-fixed flows.

A. Gauge-fixed flows and modified master equation

The commonly used fRG approach to gauge theories is
that with a gauge fixing on the level of the fundamental
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fields. Its flow is accompanied by the modified master
equation (A14) for nonvanishing cutoff; see Appendix A.
For the benefit of the reader we recall (A14) here,

Ty 6Ty

5T [@, Q]
5Q,560; : '

ij ; -
50,60

(59)

This is the standard approach for quantitative studies in
QCD, where it is used with the Landau gauge £ = 0; for
recent reviews see [11,12]. In quantum gravity it is used in
the fluctuation approach; for a recent review see [13].

In short, in this approach one monitors the breaking of
BRST invariance during the flow, which is encoded in the
right-hand side of (59). Then, the effective action flows into
the physical one at k = 0, which satisfies the master equation
without the breaking term; see, e.g., [29]. In practical
applications one may simply tune the initial conditions of
a flow such that the physical effective action at k =0
satisfies the master equation (59) with a vanishing right-hand
side. It is the computationally most developed approach and
produces quantitative results for Yang-Mills theory and
QCD, also at finite temperature and density. The BRST-
breaking term on the right-hand side of (59) triggers a
(longitudinal) gluonic mass term m3 , [ A7, which is van-
ishing at k = 0. Its implementation comes at the price of a
quadratic fine-tuning. While this fine-tuning can be incor-
porated, it is computationally demanding. Moreover, the
ongoing quest for quantitative precision required for even
qualitative statements in high density and competing order
regimes is computationally very demanding, and the quad-
ratic fine-tuning amplifies these costs largely.

Therefore it is very desirable to embed the standard
gauge-fixed approach into a PIRG approach with the
property (iii), (15d). This is only a minimal variation of
the standard approach but comes with a standard master
equation (A13). Then, the right-hand side of (59) is
vanishing and no mass term is present: This allows one
to use the sophisticated code framework for Landau gauge
QCD based on [30-32] without any change, but eliminates
the quadratic fine-tuning problem. Moreover, it simplifies
the construction of consistent approximations of the effec-
tive action in terms of BRST invariants.

We remark that it has been discussed in the literature,
how the standard approach can be made gauge consistent.
A vanishing right-hand side in the modified master equa-
tion (59) can be obtained by using composite operators and
specifically the full two-point functions [3]; see also [33].
For a systematic approach to the master equation and its
fate in fRG approaches see [34]; for more recent works
addressing the relation between fRG approaches for the 1PI
effective action and the Wilson effective action see [35,36].

The analysis in [3] can also be interpreted or rewritten as
absorbing the right-hand side in a composite field ¢. The
present PIRG approach to gauge theories offers a practical
implementation of this idea with a minimally flowing field.

While one can embed the standard approach in a fully
gauge invariant PIRG setup as introduced here, in a first
step one may only consider property (iii) as discussed in
Sec. HIC.

We close this section with a brief discussion of the fate of
the mass term: Evidently, it is absent if the right-hand side of
(59) vanishes. We restrict ourselves to k — oo, where the
effective action of Yang-Mills theory approximately reduces
to the classical one, (Ala), with k-dependent coefficients.
Within a formulation with the fundamental fluctuation fields
@, the modified master equation (59) entails that all
couplings only agree up to minor modifications, and we
have a quadratically running mass term,

1
Cakonl®] % Seuf®y] 4 5 [ (497 (60)

with the superfield of the fundamental fields @, = (A, c,c)
in (All). For more details see [11,12] and references
therein. In contrast, flowing fields ® with the property
(iii) (standard BRST invariance) lead to

[y koo (@] & Sym[@]. (61)

Importantly, in this case the composite field @ does not
reduce to the classical one in the limit k — co. Here it pays
off that the gauge fixing in the PIRG approach to gauge
theories has been defined on the level of the effective action
and not on the level of the classical action in the path
integral.

The standard flow, or rather the flow term in the gener-
alized flow equation, regenerates a mass term, since it has a
contribution 9,m3 , # 0, even if m3 , = 0 at this scale. In
PIRG flows with the property (iii) this contribution is
absorbed into the flowing field at each RG step. This entails
a nonlinear transformation of the flowing field with oper-
ators (d,mi’k)GA,k(p), with the gluon propagator G, ;(p).
This transformation may be related to a nonlinear massive
gauge fixing [37]. In the presence of the infrared regulari-
zation with Ry, this operator carries no infrared nonlocality
and vanishes for k — 0. In short, such a formulation avoids
the common nonlocalities of gauge-consistent regulariza-
tions. More details will be provided elsewhere.

B. Background field and proper time flows

We keep this section very brief, as we have mainly used
exact background field flows for the illustration of the
novel PIRG approach to gauge theories. Indeed, the first
applications to gauge theories with the fRG approach were
mostly done within the background field approach, and
most of them resorted to the background field approxima-
tion (34). In the background field approximation the
regulator depends on the full field @ + ¢, and a subclass
of these flows are the proper time flows for which the flows

only depend on the operator I'?[@ + ®]. See [19] for the
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representation of proper time RG flows in exact background
field flows. There are two main application areas, low energy
QCD and quantum gravity, and the respective founding
papers are [22] (QCD) and [38] (gravity). To date, these
flows have been mostly used as an approximation of an exact
flow; see [19,39,40] for respective discussions. The back-
ground approximation also underlies the application of the
generalized RG (3), either within the essential RG approach
[5,6] or more generally within PIRGs, to quantum gravity;
see, e.g., [41-47]. More recently, the relation to exact flows
and the consequences of the Nielsen identities (also known
as split Ward identities) have been studied and exploited in,
e.g., [48-51].

In the present work we have shown that background field
flows are exact: They are consistent but incomplete flows
according to the classification in [7] and the generalization
introduced here; see Sec. I A and Fig. 2. For more details
we refer to the discussion in Sec. III D and Sec. IV. This
embedding allows for an interpretation of the plethora of
results with these flows in terms of a well-controlled
approximation of exact flows, and the approximation is
controlled by the flowing field ® in (34).

Recently, a simplified flow equation has been put
forward, [52], which involves a map from the Wetterich
equation to proper time flows with flowing fields. It is also
connected to the proposal [53,54] aiming at the same task.
The resulting equation in [52] has the same form as the
background field flow (34a), the only difference being the
propagator (24), which is modified by I'\?) - T* 4 Q.
The defining equation of Q resembles the terms discussed
in [15,19,20]. In contradistinction, the differences of the
flows in [53,54] are additive and the ghost contribution is
one loop exact.

The contribution Q to the two-point function of the
gauge field in [52] as well as the additive flow terms in
[53,54] can be accommodated with specific Fy’s with the

respective ® in the general PIRG for gauge theories (33).
Notably, the PIRG approach allows for all variations,
ranging from a complete separation of the flow of the
effective action and the constraint equation of the flowing
field to a complete entanglement. Owing to this generality
all different suggestions are encompassed by it, and we
consider this flexibility to be its most attractive feature.

C. Gauge invariant flows and composites

In this final section we discuss gauge invariant flows,
most of which are also part of the survey [11]. Roughly
speaking, one may distinguish two different approaches,
even though there are close connections between them.

The first approach encompasses flows, based on gauge
covariant variables akin to link variables in lattice gauge
theories. This requires a covariant and hence field-depen-
dent cutoff. These cutoffs can be introduced without further
problems for general flows with field-dependent coarse-

graining kernels for the Wilson effective action, the Wegner
flow [6]. For a field-independent coarse-graining kernel,
the Wegner equation reduces to the Polchinski equation
[55]. The Wegner flow has been utilized in [56-58] for the
Wilsonian effective action of gauge theories; see also the
review [25]. In [40], gauge invariant and background
independent flows have been constructed in terms of a
generalized diffusion equation akin to gradient flows in
lattice gauge theories. This lattice analogy was used even
more directly in [59-63].

The key idea of the PIRG approach is the formulation of
flows in terms of the pair of the target action and flowing
field [1]. Accordingly, it can be formulated for both Wegner
flows [6] and the generalized flow equation [3], which is
the Legendre transform of the Wegner equation; see [5,64].
Hence, its gauge theory version (17) also accommodates
the flows in [56-63]. Indeed, the formulation of the latter
gradient flow in terms of the 1PI effective action is
specifically interesting also for machine learning applica-
tions as advocated in [65].

The second approach encompasses flows that are based on
gauge invariant degrees of freedom. These flows are trivially
gauge invariant. One variant is based on the Vilkovisky-
DeWitt action [66,67], and has been put forward in [68,69].
In this approach one singles out a section in the fiber bundle
of the gauge theory and uses the transversal projection of the
respective reparametrization-invariant field 6 (section field)
as the argument of the effective action. This construction
is accompanied by the appropriate path integral measure.
Moreover, since the section field transforms as a scalar under
gauge transformations, one can readily couple it to an in-
frared cutoff. Then, gauge and reparametrization invariance
can be proven directly from the flow itself [69], analogously
to the proofs of the properties [(i), (ii), (iii)] in Sec. III. The
use of a specific section comes with inherent nonlocalities
that originate in the projection of a given field on the section.
This is most obvious from the form of the generator of gauge
transformations along the fiber, related to the ghost propa-
gator. While the projection procedure is covariant, this is
tantamount to a (nonlinear) gauge fixing. This may even
deform the one-loop running of the theory; see, e.g., [70,71].

The respective nonlocalities are also present in dressed
approaches with composite fields; see, e.g., [72] and the
recent work [73]. In the latter work it has also been pointed
out that the gauge fixing is an inessential term; for the
essential-inessential classification see [6,41]. This impor-
tant fact may be used to control the emerging nonlocalities.
In any case, these nonlocalities are under control within an
fRG approach; for a discussion in the Vilkovisky-DeWitt
approach see [69,74]. Moreover, the PIRG approach can be
used for a flowing construction of the section fields ¢¢ from
the underlying gauge fields. Similar flowing fields can be
constructed for dressed fields or gauge invariant degrees of
freedom [75]; for recent developments see [76—79]. This is
an interesting option for a comprehensive investigation of
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beyond the Standard Model theories without relying on the
perturbative identification of gauge invariant resonances.

D. The practitioner’s point of view

We close Sec. V with a short note from a complementary
practitioner’s point of view. To begin with, we have argued
that the PIRG approach encompassed both gauge-fixed
and gauge invariant flows in the literature. This begs the
natural question whether there is an optimal or preferred
formulation. An equally natural and diplomatic answer
would be “it depends on the application.” Be this as it may,
we would like to emphasize the following point already
discussed in [11]: Gauge fixing is merely the choice of a
parametrization. Importantly, a covariant gauge fixing
leads to local and momentum-local correlation functions;
for a discussion see [13,80]. If at all, an optimal choice of a
flow for a given application is directly related to an
optimized parametrization.

The task of finding an optimal parametrization has both
technical and conceptual aspects. If striving for results with a
small systematic error, naturally the technical aspect is more
important, since a small systematic error is only obtained
within sophisticated approximations. Put differently, the best
formulation does not help if it cannot be implemented
beyond a basic truncation. Moreover, as eluded to in
Sec. V C, gauge invariance in a flow may come with the
price of an inherent nonlocality. The latter is far more
cumbersome in terms of a systematic error control than
using a gauge-fixed formulation: First of all, nonlocal flows
show generically bad convergence properties for vertex and
(covariant) derivative expansions; see [80]. Second of all,
one may absorb relevant physics into field transformations.
Here, a relevant example is the confinement mechanism in
covariant gauges. In a gauge-fixed local approach, confine-
ment emerges from the Schwinger mechanism that exhibits
a massless excitation in the ghost-gluon sector of QCD; for a
recent review see [81]. Absorbing this part of the dynamics
in a nonlocal redefinition of the gauge field in a quest for
gauge invariance is potentially dangerous. However, it might
also be a bliss and simplify the nontrivial coupled dynamics.
Another example is given by quantum gravity in a gauge
invariant single-metric formulation and its intricacies dis-
cussed in Sec. IV B.

In conclusion, the quest for best-suited flows in gauge
theories has only been started, yet we consider the recent
developments as very promising. The PIRG approach to
gauge theories connects all different proposals, and its
flexibility certainly helps in this quest.

VI. CONCLUSION

We have derived general gauge and BRST-invariant
flows in the PIRG. At the root of this approach is the
novel perspective on fRG flows by viewing them as flows

for the pair (I'y, ) with the target action I'y, and the flowing

field ¢, defined by the respective general field transforma-
tion ¢. In gauge theories we use the flowing field ¢ to absorb
all modifications of BRST and gauge invariance, as well as
to guarantee a trivial Nielsen identity, that is a single-field
formulation, in each RG step. The final setup is provided by
(33) in Sec. II with the gauge and BRST invariant flow (33a)
and the accompanying flowing field (33b).

One of the immediate applications is the construction of
flowing fields that elevate the background field approxima-
tion of flows in gauge theories to an exact flow. This
approximation is commonly used in gravity applications and
also in many applications to non-Abelian gauge theories.
The application of the gauge invariant PIRG at one loop and
beyond has been addressed in Sec. IV. We have used the
gauge invariant PIRG in Sec. IV A to resolve a well-known
deficiency of the background field approximation, namely
the failure to capture the one-loop f function with singular
regulators. Moreover, we have discussed minimal formula-
tions of gauge invariant flows in which the flowing field
carries no part of the relevant operators of the theory.

In Sec. IV B we have discussed the application of gauge
invariant PIRGs to gravity. The current approach can be used
to resolve two known deficiencies of the background field
approach to gravity: the qualitatively different flow and fixed
point equation of the graviton mass parameter and the
cosmological constant, and the singularity of the background
field approximation for 1 = 1/2, where A = A/k?* is the
cosmological constant A measured in units of the cutoff k.

Moreover, we have discussed the landscape of flows in
gauge theories through the lens of the novel PIRG approach
to gauge theories in Sec. V, and we refer the reader to the
discussion there.

The applications of the gauge invariant PIRGs go far
beyond these examples, and we hope to report on some of
them in the near future.
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APPENDIX A: BACKGROUND FIELD
APPROACH TO YANG-MILLS THEORY

In this Appendix we summarize the background field
approach to Yang-Mills theory and the standard fRG setup
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within the background field approach. While we use both
Yang-Mills theory and gravity as examples, we perform the
explicit illustrative computations only in Yang-Mills
theory. For more details and a survey of the results in
non-Abelian gauge theories see [11].

1. Gauge-fixed Yang-Mills theory
The classical action of Yang-Mills theory is given by

1
SA4) =5 / Fa,Fa,. (Ala)

with the field strength
Fé, = 0,A% — 0,A% + gf*°AbAS. (A1b)

The trace is taken over the fundamental representation of

the gauge group SUWN,), with tr(“?) =159, a,b =
1,...,N2—1, and the covariant derivative is given by

D, =0, —igA,, (A2)

and hence in the adjoint representation has the form

Dhe =50, — g, AL, (A3)

with (#4)P¢ = —if¢. The action is invariant under infini-
tesimal gauge transformations §,,, derived from the gauge
transformation U = exp(iw), i.e.,

S,S5a[A] =0, (A4)

with

'p
= — .
g "

0uA

ot

(AS)

We recall the standard quantized and gauge-fixed action of
Yang-Mills theory in the general covariant gauge,

Sym[A, ¢, €] = Sa[A] + Sr[A] + Sen[A, ¢, €], (A6a)
with the gauge fixing and ghost actions
1 a\2
ng[A} = 275 (a}tAM) )
T / ¢9,Debch. (AGD)
The covariant gauge fixing condition reads as
d,A5 =0, (A6c)

where £ — 0 corresponds the Landau gauge. The ghost and
antighost ¢, ¢ are Grassmann valued fields. Note that we

have chosen a positive sign for the ghost action (A6b); the
common choice comes with a relative minus sign.

We emphasize that the covariant gauge was chosen for
the sake of convenience and for working within a specific
important example. The gauge invariant PIRG approach,
however, is general and applies to all gauges and gauge
theories.

2. Background field approach

The background field method admits a gauge invariant
effective action; see, e.g., [82]. This is achieved by_splitting
the full gauge field A, into a background field A, and a
fluctuation field a,,

A,=A,+a,. (A7)
Accordingly, the respective effective action I now depends
on both fields,

'=T[A a,c,c. (A8)
The Yang-Mills action (A6) only depends on the sum of
the fields (A7), but would not be gauge invariant. A gauge
invariant effective action can be obtained with the back-
ground field gauge. The price to pay is a genuine
dependence on the background field that originates from
this gauge fixing condition,

D,a, =0, (A9)
where D, = D, (A) is the background covariant derivative
(A2). This leads to the classical gauge-fixed action of the
background field approach,

SYM[A’ q)f] = SA [A + Cl} + ng[A, a, b] + Sgh[A’ C, Z’]a

(A10a)
with the gauge fixing and ghost terms,
SylA.a.b] = / ddx [—gbab“ 4 b(Dyay)e .
SenlA, ¢, €] = — / ¢*D,Debcb, (A10Db)

where we have also introduced the Nakanishi-Lautrup
field b. This is simply (A6b) with 0 — D. In (A10) we
have also introduced the fluctuation superfield of the fun-
damental fields,

@, = (a,c.c,b). (A11)
3. Gauge and BRST invariance

Section (A10) is invariant under the BRST transforma-
tions, §,Sym[A, @] = 0 with
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s;A =¢eDc, s.c=e¢igc?, s.c=¢eb, s,p=0. (Al2)
Classical BRST invariance translates into the quantum
BRST invariance of the full effective action, conveniently

written in the quantum master equation,

STA, @] STA, @
A o/ 0TIA. @] _ (A13)
00; 0Dy ;

where the Q; are the BRST currents of the fields @ ;. In
(A13) we have used DeWitt’s condensed notation, and the
index a now also includes an integral over space-time. In
the presence of the regulator, (A13) turns into the modified
master equation,

oy oTe o
5Qf15chl

PT[A 9]
150,60

, (A14)

and the right-hand side comprises the breaking of BRST
invariance of the cutoff term. At vanishing cutoff it vanishes,
and (A14) reduces to (A13).

The gauge-fixed action (A10) is also invariant under the
background gauge transformations &, with

w

8,0 (Al5a)

i

for the background field A and the fluctuation field a. The
ghost and antighost transform as

8¢ = i|w, c], 6,C = i[w, Tl.

(L

(A15b)

Evidently, Sy¢[A,a] and Sy,[A, ®] are invariant under the

background gauge transformations (A15), as is the classical
Yang-Mills action (Ala) with

. 1
SpA, = —D,w =35

A, Al16
m “ (Al6)

This leads to the background gauge invariance of the
full effective action I'[A, a] even in the presence of the
regulator, if the latter transforms with

Ou,R = i, Ry). (A17)

We conclude that

Ol [A, @f] =0, (A18)
where the effective action is defined as the Legendre
transform with respect to the fluctuation fields (A11).
Equation (A18) entails that we can readily define a gauge
invariant effective action T';[A] with

[y[A] = T,[A, a = 0], (A19)

where we dropped the dependences of the ghosts and the
Nakanishi-Lautrup field. Note that background gauge
invariance has been introduced in (A15) as an auxiliary
gauge symmetry, and such a construction even works for a
theory which is not gauge invariant to begin with. Physical
or quantum gauge symmetry is still carried by the gauge
transformations 6, defined in (AS5) for the full dynamical
gauge field A. For the full quantum theory it is a symmetry
under transformations of the path integral measure, which
is that of the fluctuation field: da. Hence, (A5) is provided
by a full gauge transformation of the fluctuation field and
the trivial transformation of the background field,

1 -
u = ;D”a}, 5wA

5,a = 0. (A20)

Equation (A20) is not an invariance of the gauge-fixed
action S, [A,de], which is invariant under the respective
BRST transformations (A12), with @ — ¢ in (A20).

4. Nielsen identity

The Nielsen identity ensures the background independ-
ence of physical observables. It is derived by considering
the Dyson-Schwinger equation for the difference between
background derivatives and fluctuation derivatives. In this
Appendix we consider Yang-Mills theory for the explicit
derivations; the respective one in gravity is structurally
identical. In the standard background field approach the
Nielsen identity takes the form

{%_%rm,@f} - < [%—%] Sgauge[fi,éf]>, (A21)

where @ is the fluctuation field operator and ®; = (®;).
Equation (A21) has the form of a master equation, as its
right-hand side is related to the BRST variations. In the
present work we are only interested in the structure of
(A21): If the right-hand side is vanishing, derivatives of the
fluctuation field are the same as those of the background
field. This would entail I'[A, a] = I'[A + a], and the effec-
tive action would be gauge invariant due to (A18S).
However, the gauge fixing was introduced in the first place
to remove the redundancy of the gauge field, and neces-
sarily we have I'[A, a] # T'|A + a]. Still, we may hope for a
reformulation, where this necessary condition is “minimal”
and is restricted to the classical term. For the following
discussion we rewrite the effective action in its classical
gauge fixing part and the rest. Since the rest accommodates
all quantum fluctuations, we call it [gu» even though it also
includes the classical Yang-Mills action S4[A + a],

TulA, @] =T[A, ®] - S[A, a,b] — Sg[A. 2,E).  (A22)

Then, (A21) takes the form
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6 6

NI[p, ®/] = {57 - %} LgulA, @] — Nljie[A, @] = 0,

(A23)

where Nlg;,, comprises the diagrammatic contributions to
the right-hand side of (A21),

6 6 -
NIdiag - < |:5_A - %:| Sgauge> - Sgauge [A’ q)f]-

In the presence of the regulator, (A21) turns into the
modified Nielsen identity with a structure that is similar
to the modified master equation (A14). It reads as

(A24)

. 1. 6R SR,
NI[A, @] = ~Tr—=* G, + Tr—=" Gz,

= A25
2 SA 0A (A25)

where the left-hand side is the standard Nielsen identity
(A23). Hence, for the vanishing regulator, (A25) turns into
the standard Nielsen identity. For more details see [11,13]
and references therein.

5. Standard background field fRG at one loop

The one-loop effective action I''"°°P[A, a] can be written
concisely as

_ 1 ~
F]'IOOP[A,a] :E/tI'FZ(Z};/zAJrZLII/Za) + .. (A26)

X

Equation (A26) reduces to the background field effective

action I'[A], (A8) at a = 0 with

VA
Fl—loop[A] _ TF/ tI'FZ(A) 4+ (A27)

and the coupling ZIF/ 2gs. The effective action in (A27) is
background gauge invariant. Moreover, we have the fluc-
tuation field vertices

' — zu2s) 4. (A28)
The vertices (A28) satisfy the Slavnov-Taylor identities,
that is the master equation (A13). The difference between
the background vertices derived from (A27) and the
fluctuation ones in (A28) originate in Sgu,e. Which has a
different dependence on A and on a. Moreover, the

combination (A + Z/*/Z}/*a) serves as the field § + ¢

with a trivial flowing field ¢ = —'77“(/). This entails ¢ =

J/Za and n, = 0,log Z,,. B

In the presence of the regulator R;(A) in the background
field approach, the one-loop effective action also receives
contributions that originate in the background field depend-
ence of the regulator. In particular, a term proportional to

[ trF?(A) is generated. We have

- V4 1 -
['HooP[A | g] :;/ter —|—2/trF2(A) +---,  (A29)
where the first term stands for (A26). For the sake of
simplicity we have dropped mixed terms with a and the

background field A from the regulator.

APPENDIX B: BACKGROUND FIELD
APPROACH TO GRAVITY

In this Appendix we discuss the classical gauge-fixed
action of Einstein-Hilbert gravity with a background gauge
fixing, for a detailed introduction adjusted to the present
applications see [13]. The full gauge-fixed gravity action is
given by

Sgrav [97 h] = SEH[Q + h} + Sgauge[g7 q)f}’ (Bl)
with the fundamental gravity superfield
& = (hy.c,n Cy). (B2)

The classical action is given by

SEn [g;w]

~ 162Gy / Sr/EEA=R). (B3)

with the abbreviation g = det g,,,. Equation (B3) depends on
the couplings G (Newton constant) and A (cosmological
constant). The curvature scalar is given by R = R*,, with
the curvature tensor R”,,, and the Levi-Civita connection I
with

ouv

Rpo'/uz = ayrpya - ayrpya =+ prlr%ua - vaﬂr%ym

1
Fa;w = Egap(aygyp + al./g/)/l - apg;w)- (B4)
The classical gauge fixing sector is given by
Sgauge[gv q)f] = ng[g7 h] +Sgh[g’ q)f] (BS)

Analogously to Yang-Mills theory we introduce a back-
ground gauge fixing sector. In contradistinction to the latter,
a linear gauge fixing (quadratic in the fluctuation field 4, )
requires already the introduction of a background in the
space-time volume d*x,/g. A general gauge fixing reads as

1

ng[gv h] = 2—/d4X\/§g”DFﬂFD, (B6a)
a

and linear gauge fixings are linear in the fluctuation field /,,, .

The linear background gauge fixing condition F, is given by
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_ v 1+fs .,
Foulg.h] = V*hy, ===V, hi, (B6b)
where V is the covariant derivative with the background

MELric g,
The ghost action related to (B6b) reads as
Salo.d) = [ @xvies,e, (56

with the Faddeev-Popov operator

1+p

M;w = vp(gm/vp + gpyvﬂ> - Tgapvﬂgvdvp' (B6d)

Again, V is the covariant derivative with the background
metric g, while V is that with the full metric g,,. Note that
M,, is linear in the fluctuation field A. For a detailed
discussion of the (modified) Nielsen identity, the (modi-
fied) master equations, and their relation to gauge invari-
ance and background gauge invariance we refer to [13],

Chapter VI.
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