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QCD at large density reveals a rich phase structure, ranging from a potential critical end point and
inhomogeneous phases or moat regimes to color superconducting ones with competing order effects.
Resolving this region in the phase diagram of QCD with functional approaches requires a great deal of
quantitative reliability already for a qualitative access. In the present work, we systematically extend the
functional renormalization group approach to low-energy QCD by setting up a fully self-consistent
approximation scheme in a low-energy effective quark-meson theory. In this approximation, all pointlike
multiscattering events of the mesonic pion and the σ mode are taken into account in terms of an effective
potential as well as all higher quark-antiquark-mesonic scattering orders. As a first application we compute
the phase structure of QCD including its low temperature, large chemical potential part. The quantitative
reliability of the approximation and systematic extensions is also discussed.
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I. INTRODUCTION

Understanding the rich phase structure of quantum
chromodynamics has been a long-standing challenge.
Among the many phenomena under investigation are the
potential existence, location, and experimental signatures
of a critical end point (CEP) and of inhomogeneous phases
or moat regimes, as well as QCD phases like color
superconductivity at low temperatures and high densities
including the highly demanding resolution of competing
order effects.
From recent calculations with the functional renormal-

ization group (fRG) [1] and Dyson-Schwinger equations
[2–5], a coherent understanding of the phase structure up to
a baryon chemical potential over temperature ratio of
μB=T ≲ 4 has emerged, for recent reviews see [6–8].
Beyond this regime, further progress is impeded by the
emergence of competing order effects in the multiquark
sector and the emergence of potential first-order phase
transitions. While the former is directly related to possible
new phases in the phase structure and necessitates the use
of more sophisticated truncations in functional approaches,
the latter is related to the formation of discontinuities in

field space and its resolution asks for advanced numerical
methods.
In this paper, we improve on existing state-of-the-art

truncations of the mesonic sector of QCD. This is done by
considering a low-energy effective theory of QCD, the
quark-meson (QM) model, within the “self-consistent”
variant of the local potential approximation (LPA) set up
in [9]: We consider all quark-antiquark-n-meson scattering
processes for arbitrary n, in addition to all n-meson
scatterings up to the zeroth order in momentum (LPA).
After integrating out the quarks, it is the combination of
these scatterings that contributes to the effective mesonic
potential. In effect, this means that we utilize a fully field-
dependent effective potential VðϕÞ, as well as the fully
field-dependent Yukawa coupling hðϕÞ. In terms of inter-
action this entails that all quark and meson scatterings are
taken into account, while no nonclassical momentum
structures are resolved in our ansatz, which is self-
consistent at this order of the derivative expansion.
Thus, we call this approximation self-consistent LPA
(scLPA). Accordingly, dropping the quark-antiquark-n-
meson scatterings potentially leaves out a large part of
the local scattering processes in the potential and is not self-
consistent. For related work in scalar-Yukawa systems, see
[10–13]; for respective UV-fixed point analyses, see
[14,15]; for various results on the QCD phase structure
at finite density with the QMmodel see, e.g., [9,16–28]; for
the embedding in QCD, for extensions including confine-
ment, and the relations to other low-energy effective
theories, see the recent reviews [7,8].
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As the balance between purely mesonic scatterings and
quark-antiquark-meson scatterings is successively changed
with increasing finite chemical potential, the use of such an
approximation becomes increasingly more important for
the reliability of results. In the regime of the potential
critical end point, the dynamics is dominated by soft
modes, such as the mesons [29]. Around phase transitions
all scattering orders of the soft modes, both with and
without quark-antiquark scatterings, are required for full
quantitative precision. It is the balance of those competing
order effects that draws the phase transition line.
Furthermore, in the presence of inhomogeneous phases
or moat regimes and color superconducting phases, even
the qualitative resolution of the phase structure within this
advanced approximation requires computational progress
in two directions:
First, the stability and quantitative precision of the field

space discretization has to be improved. This allows for a
full resolution of n-meson scatterings for arbitrary n in the
quark-meson model at high densities for the first time. This
is done using an extension of the discontinuous Galerkin
field space discretization investigated already in [30–32].
Second, we investigate the scale dependence of the

hadronization process of the scattering of a quark-antiquark
pair into the pion and the σ mode. We find that the
momentum transfer between quarks and mesons can be
improved by using different scale dependences for both
particle species. This is implemented by introducing a
relative shift in the cutoff scales. Within self-consistent
LPA, this adjustment of the RG flow is necessary for
convergence and we find a stable regime for an inter-
mediate range of the shift parameter.
Together, these improvements allow us to access the low-

density regime within this low-energy effective theory self-
consistently for the first time.
This paper is structured as follows: In Sec. II we

introduce the quark-meson model within the self-consistent
local potential approximation. We also discuss there the
relations between quark and composite (i.e., bosonic)
cutoff scales and possible criteria for an optimal momentum
transfer. Section III introduces the local discontinuous
Galerkin scheme, which is used for the numerical compu-
tation of the full mesonic field dependences. Finally, we
present and discuss our results in Sec. IV.

II. LOW-ENERGY QCD

Low-energy effective theories (LEFTs) and their respec-
tive effective actions ΓLEFT are obtained from QCD when
the fundamental high-energy degrees of freedom, here
those of quarks and gluons, are integrated out above an
(infrared) momentum scale k2. In most cases, the glue
fluctuations are fully integrated out, while the fermions are
only integrated out down to the ultraviolet cutoff scale
k ¼ ΛUV of the LEFT at hand. This leads us to

ΓLEFT;k½q̄; q� ¼ ΓQCD;k½q̄; q; hAi�; ð1Þ

where q; q̄ are the quark and antiquark fields, respectively,
and hAi is the solution of the gluonic equation of motion
(EoM). We have

δΓQCD;k

δA

����
A¼hAi

¼ 0; ð2Þ

where the solution to the equation of motion hAi, i.e., the
expectation value, depends on the other fields of the
effective action.

A. Emergent composites

In the fRG approach to QCD in a covariant gauge, this
task is naturally performed by integrating down QCD from
large infrared cutoff scales k ≪ 10 GeV to infrared cutoff
scales of k ¼ ΛUV ≈ 1 GeV. At about this scale, the gluon
degrees of freedom decouple due to the gluon mass gap of
about 1 GeV. While the glue background is still present,
gluon off-shell fluctuations decouple. Below this scale, full
QCD is well described by an effective action as in (1) with
dynamical quarks, if the degrees of freedom of the matter
sector are sufficiently well captured in the effective action.
For a detailed discussion of this decoupling in the phase
structure of QCD, see [1], and for recent reviews, see [7,8].
After the gluons are integrated out, the remaining

infrared regularization is implemented within the fRG
approach by a change of the kinetic term in the action
that suppresses the propagation of either four-momentum
modes p with p2 ≲ k2 or spatial momenta p with p2 ≲ k2.
However, such an effective action and its flow have to

incorporate the effects of any resonant interaction channels
of the four-quark scattering vertex. Foremost, this is the
scalar-pseudoscalar channel, and the full four-quark term in
the effective action is given by

Γ4q;k ¼ −
Z Y4

i¼1

�
d4pi

ð2πÞ4
�
ð4πÞ4δðp1 þ p2 þ p3 þ p4Þ

× λq;kðp1;…; p4Þðq̄τ0qþ q̄τqÞ2 þ � � � ; ð3Þ

with

τ ¼ ðτ0; τÞ ¼
�

1ffiffiffiffiffiffiffiffiffi
2Nf

p ; iγ5
σ
2

�
; ð4Þ

where σ are the Pauli matrices, mixing the quarks in
flavor space. All quark and antiquark fields in (3) carry
different momenta pi with i ¼ 1;…; 4. The dots refer to
further terms in a Fierz-complete setup with momentum-
independent tensor structures. In QCD, the dressing λq of
the four-quark scattering vertex is resonant (t channel), and
in the chiral limit a pole at p ¼ 0 emerges at the chiral
symmetry-breaking scale kχ with
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k < kχ∶ lim
p→0

1

λðπÞq;kðpÞ
→ 0; ð5Þ

where the superscript (π) stands for the projection on
the pseudoscalar part of the four-quark interaction (3).
Equation (5) signals the presence of a massless mode in the
system. This leaves us with a computationally challenging
situation: for cutoff scales k≲ kχ the system contains
massless, unregulated modes in the four-quark vertex,
while the propagation of the quark itself is suppressed
by the regulator below the momentum scale k. While such a
system can be implemented in functional approaches, its
description requires the inclusion of full momentum
dependences in the propagators. This is necessary to
accommodate momentum transfer in the diagrams between
momentum scales p2 ∝ 0 and p2 ∝ k2. For a respective
discussion, see [33].
Within our current approach we aim to optimize the

momentum transfer within the LPA scheme, where only the
regulator scale k is at our disposal. This challenge can be
resolved if the resonant channel is also infrared regularized
with a suitable infrared cutoff that matches the two
characteristic scales. In terms of physics, the problem
can be understood as the fact that hard quark pairs can
hadronize into soft mesons, which is signaled by a
resonance in the four-quark vertex. Thus, the characteristic
scales of the quark and meson sectors are mismatched.
Without full momentum dependences in the propagators,
the momentum transfer between the hard quarks and soft
mesons can now be optimized by adjusting their character-
istic scales by means of the regulator. For an improved
treatment of the momentum structure for quarks and
mesons in full QCD, see also [34].
In order to describe our cutoff procedure within the

standard fRG, we use dynamical hadronization with emer-
gent composites. It has been applied in the π − σ channel
in [1,35–39], also including the vector channel in [40]; for
further developments toward the inclusion of all general
hadrons, see [41]. Here, we briefly describe the ingredients
relevant for the present work.
To begin with, for momenta above the chiral symmetry-

breaking scale kχ , where the resonance is formed, the
coupling of the scalar-pseudoscalar channel can be para-
metrized by

k > kχ∶ λq;kðpÞ ¼
h2k

Zϕ;kðp2Þðp2 þm2
ϕ;kÞ

; ð6Þ

with the t-channel momentum p. Here, we fully describe
the momentum dependence in the t channel of the four-
quark coupling in terms of the wave function renormaliza-
tion Zϕ and mass mϕ of the emergent composite. h is later
introduced as Yukawa coupling between quarks, anti-
quarks, and the composite.

At a given momentum scale, the resonant t channel can
now be incorporated with a momentum-dependent
Hubbard-Stratonovich transformation,

Z
x
mqq̄q −

Z
p
λqðpÞ½ðq̄τ0qþ q̄τqÞ2�ðpÞ

¼
Z
p
hk

�
q̄τϕqþ 1

2
Zϕ;kðp2Þϕð−pÞðp2 þm2

ϕ;kÞϕðpÞ
�

− cσ

Z
x
σ; ð7Þ

where we have dropped a field-independent term. The
matrix-valued vector τ is defined in (4) and ϕ is evaluated in
the solution hϕi of the quadratic equations of motion of the
emergent scalar-pseudoscalar fields,

ϕ¼ðσ;πÞ; π¼ðπ1;…;πN2
f−1

Þ; ρ¼ σ2þπ2

2
: ð8Þ

Equation (7) also includes the current quark mass termR
x mqq̄q on the right-hand side in the isospin-symmetric
approximationmu ¼ md ¼ mq. This approximation will be
used throughout this work. We also used the abbreviations

Z
x
¼

Z
d4x;

Z
p
¼

Z
d4p
ð2πÞ4 : ð9Þ

Using Eq. (8), the solution of the EoM of ϕ on the right-
hand side of (7) is obtained as

hϕiðpÞ ¼ hk
Zϕ;kðp2Þðp2 þm2

ϕ;kÞ
�
cσð2πÞ4δðpÞ − q̄τqðpÞ

	
;

ð10Þ

where the term proportional to cσ is a shift in the zero-
momentum mode hRx σi. With (6) and the choice

cσ ¼ 2mq

Zϕð0Þm2
ϕ

hkð0Þ
; ð11Þ

the right-hand side of (7) agrees with the left-hand side up
to a field-independent term.
Note that, even though we can now regularize the

divergence of the four-Fermi interaction, if m2
ϕ → −k2,

the four-Fermi interaction in (6) is still not adequately
regularized. This is the source of the mismatching of scales
as discussed above.
In the remainder of this work, we use the derivative

expansion to the lowest order. This entails the limit p → 0
in the above relations and the reduction to constant
solutions of the mesonic equations of motion.
The field π carries the same quantum numbers as the

pseudoscalar pion, while σ is the σ mode which overlaps
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with the σ meson but also with the f0ð500Þ. The pole
masses of both fields are given by the lowest-lying hadron
pole with these quantum numbers, whereas the field ρ is the
radial meson field entering the classical and effective
potential of the LEFT.
While the above transformation is done at a given scale k,

dynamical hadronization allows us to perform the respective
steps continuously during the flow, which consequently
eliminates the t channel of the vertex λq;kðp1;…; p4Þ, keep-
ing only a remnant of the vertex; see, in particular, [37,39,41]
for detailed discussions and developments of the formalism.
This leads us to the representation of the low-energy

effective action of QCD in terms of a LEFTwith only quark
and meson degrees of freedom. In the present work, we
consider an approximation of this effective action that
includes the momentum-dependent (t-channel) approxima-
tion of the four-quark vertex in terms of the exchange of
emergent scalar-pseudoscalar fields ϕ as defined in (8),
which carry the quantum numbers of the σ mode and the
pions. Moreover, we include an effective potential VðρÞ
and hence all orders of self-scatterings of the resonant
scalar-pseudoscalar channel. Note also that a part of the
multiscatterings in this channel is carried by the quark-
antiquark-meson scatterings and hence requires a field-
dependent Yukawa coupling hðρÞ which includes all orders
of these scatterings.
In conclusion, the low-energy physics of the resonant

scalar-pseudoscalar channel is self-consistently taken into
account by the effective action

Γk½q̄; q;ϕ� ¼
Z

1=T

0

dτ
Z

d3x

�
q̄ð∂− μqγ0Þqþ

1

2
ð∂μϕÞ2

þ hkðρÞq̄ðτ0σþ τπÞqþVkðρÞ− cσσ

�
: ð12Þ

In (12) we have already introduced a quark chemical
potential μq and finite temperature T ≠ 0. Equation (12)
makes explicit that the explicit chiral symmetry breaking
can be rephrased as a source term for the zero mode

R
x σ,

which accordingly does not take part in the dynamics.
Consequently, the full dynamics of the theory is governed
by that in the chiral limit.
The effective action (12) is augmented with infrared

regularizations for both the quarks and the emergent
mesonic degrees of freedom with

ΔSk½q; q̄;ϕ� ¼
XZ
p

�
q̄ð−pÞRqðpÞqðpÞ

þ 1

2
ϕð−pÞRϕðpÞϕðpÞ

�
: ð13Þ

At finite temperature, the four-momentum integration turns
into

PR
p, which comprises a spatial momentum integral and

a thermal Matsubara sum. The regulator functions Rqðp2Þ
and Rϕðp2Þ suppress infrared momentum fluctuations
below the cutoff scale k and decay sufficiently fast for
momenta larger than k. The choices Rq; Rϕ used in the
present work are detailed in Appendix E.
The fRG setup is supplemented by the equation of

motion of the σ mode. Its solution at k ¼ 0 determines
the physical value hσi of the order parameter in dependence
of the explicit symmetry parameter cσ in (11). The EoM is
defined as the generalization of (7) and (10),

δΓk

δσ

����
σ¼hσi

¼ 0; ð14Þ

evaluated at q; q̄ ¼ 0 and π ¼ 0. As already discussed
above, the dynamics of the theory is that of the chiral limit
even in the presence of explicit chiral symmetry breaking
with cσ ≠ 0. Hence, the effective potential and other
coupling parameters such as the field-dependent Yukawa
coupling will show nonanalyticities at the solution of the
equation of motion in the chiral limit,

hσiχ ¼ lim
cσ→0

hσi: ð15Þ

Below,wewill discuss the reliability of this approximation as
well as the potential impact of missing terms: first of all, we
have dropped the momentum dependence of the quark
propagator and that of the meson field, for a respective
analysis see [42]. Furthermore, we have implicitly restricted
the momentum dependence of the four-quark scattering
vertex to the t channel of the scalar-pseudoscalar tensor
structure. From investigations in full functional QCD we
know that we do not have to consider the full momentum
dependence of the propagators for chemical potentials
μB=T ≲ 3 as they are well covered by scale-dependent wave
functions. Moreover, the analysis of functional QCD in
vacuum in [37,39] has revealed that the t channel and
symmetric-point approximation of the four-quark scattering
vertex are sufficient for regulator-independent results. This
holds true as long as the momentum transfers in the systems
are not deformed too much.
However, if aiming for quantitative precision at large

chemical potentials, one has to take into account the
increasing difference between integrating out momentum
fluctuations about the Fermi surface (quarks and anti-
quarks) and integrating out momentum fluctuations about
p ¼ 0. Therefore, a detailed analysis of the required
momentum dependences of propagators and vertices is
needed in this regime of the model.

B. Physical mass gaps and mesonic
and quark cutoff scales

The present low-energy approximation of (12) lacks the
momentum dependences that are required for quantitative

IHSSEN, PAWLOWSKI, SATTLER, and WINK PHYS. REV. D 111, 036030 (2025)

036030-4



reliability, in particular, at large chemical potentials. A
necessary condition for quantitative reliability is the regu-
lator independence of the results. At finite temperature and
vanishing chemical potential, the quark-meson model in the
present approximation shows a subleading regulator
dependence for relevant observables, such as the critical
temperature, and hence the condition is satisfied. Note that
this regulator independence is deeply rooted in the pro-
cedure of adjusting the model parameters in the vacuum at
the ultraviolet scale k ¼ Λ. This leads to a compensation of
some of the regulator dependences by the regulator
dependence of the initial conditions required for the correct
vacuum physics. However, at finite chemical potential, the
balance between quark and mesonic quantum fluctuations
is shifted and the regulator dependence is rising. In
particular, some regulator choices may even destabilize
the model in specific regimes of temperature and chemical
potential.
This situation calls for optimized regulator choices that

minimize the momentum transfer between the different
modes during the flow, as large transfers cannot be
accommodated within the approximation (12), see [43,44].
The quark and mesonic regulators Rq; Rϕ in (13) carry two
potentially different infrared cutoff scales,

quarks∶ kq ¼ k; mesons∶ kϕ: ð16Þ

The respective propagators in the quark-meson model
GϕðpÞ, GqðpÞ are gapped with

m2
ϕ;gap ¼ min

p;σ>hσiχ
specG−1

ϕ ðϕ; pÞ;

m2
q;gap ¼ min

p;σ>hσiχ
specG−2

q ðϕ; pÞ; ð17Þ

evaluated at q; q̄ ¼ 0 and π ¼ 0. The restriction σ > hσiχ
in (17) with hσiχ defined in (15) is introduced for avoiding
the unphysical regime of the theory including nonanaly-
ticities in the definition of the effective mass gap for
kq;ϕ ≠ 0.
Equation (17) defines the physical mass gap or infrared

cutoff scale in the quark and meson sectors with the
minimal spectral values of the inverse propagators. In
the broken phase, the mesonic sector has two mass gaps,
that of the σ mode and that of the pion.
Equation (17) entails that the physical cutoff mgap of the

different fields may differ substantially from the running
cutoff scale k. Accordingly, by lowering k one integrates
out momentum fluctuations at the physical cutoff scale
p2 ≈m2

gap and not at p2 ≈ k2, even though the momentum
range of the loop integrations is cut off by the latter.
Consequently, a large difference between the different
physical cutoffs asks for a significantly better momentum
resolution of the effective action in order to capture the
same physics as with flows with the same physical cutoff

scale. This has been investigated in the context of
functional optimization in [43]; for applications, see
also [44–46].
It follows from this analysis that fermionic fluctuations

are best integrated out in terms of their distance to the Fermi
surface, while bosonic fluctuations (of bosons with vanish-
ing fermion number such as the mesons) are best integrated
out in terms of their distance to their curvature mass. In
conclusion, the quantitative access to these systems with
sizable fluctuations in both types of fields necessitates a
nontrivial momentum dependence of both vertices and
propagators, or at least a fully optimized infrared regulari-
zation. In QCD this requirement certainly holds true for the
color superconducting regime at large chemical potentials.
It may also play a role for the access to inhomogeneous
phases or a moat regime as well as for the liquid-gas
transition at low temperatures and large chemical poten-
tials (μB ≈ 936 MeV).
In any case, the optimal choice kϕðkqÞ is related to

m2
ϕ;gapðkq; kϕÞ ≈m2

q;gapðkq; kϕÞ; ð18Þ

for cutoff scales that exceed the physical scales of the
system. At lower physical cutoff scales, the quarks and the
σ mode decouple at about 200 MeV and only the pion
remains. Equation (18) can be readily implemented in an
adaptive procedure. In the present work, we only use the
variation of the relative cutoff scale for a systematic error
estimate of the approximation. This is done using

kq ¼ k; kϕ ¼ Λ
�
k
Λ

�
γ

; γ ∈ ðγmin; γmaxÞ; ð19Þ

with the UV cutoff scale for the LEFT of Λ ≈ 650 MeV.
With (19) both cutoff scales agree in the UV and, in the
absence of approximations, a variation of the cutoff scales
does not affect the initial condition for the effective action.
Moreover, for γ > 1 the bosonic cutoff is lagging behind
and the symmetry-breaking scale kχ can be delayed after
the decoupling scale of the quark. Let us now discuss the
limits γ → 1 and γ → 0.
For γ → 1 we obtain identical cutoff scales k ¼ kq ¼ kϕ

and hence in the broken phase with k ≤ kχ we have

m2
ϕ;gap ≈ 0 ≪ m2

q;gap: ð20Þ

These very light modes in a given system we call
“quasimassless.” This may happen during the flow as
described above or in the physical system at k ¼ 0.
Indeed, the physical pion with its mass of about
140 MeV is a quasimassless mode in QCD.
The physical cutoff scale of the pion drops to zero at the

chiral symmetry-breaking scale kχ ≈ 650 MeV, and for
k ≤ kχ the effective action has to accommodate momentum

TOWARD QUANTITATIVE PRECISION FOR QCD AT LARGE … PHYS. REV. D 111, 036030 (2025)

036030-5



transfers between p2 ≈ 0 and p2 ≈ k2. This requires fully
momentum-dependent propagators and vertices.
In turn, for γ → 0, we first integrate out the quarks and an

O(4) model remains. While this is also not doing full justice
to the underlying dynamics of infrared QCD, it is a
qualitative or even semiquantitative limit, as the quarks
decouple anyway at their physical mass scale, the con-
stituent quark mass of mq;const ≈ 350 MeV.
Finally, we remark that so far we have counted the

mesonic momentum and hence the mesonic mass gap
identical to the quark momentum and the quark mass
gap, see, e.g., (18). However, this relation depends on the
details of the dynamical hadronization procedure. The
default choice in literature is that also used in the present
work: both momenta are counted equally, leading to (18).
We note that, while this choice is not particularly important
at vanishing chemical potential, it is most likely not the
optimal choice. For example, naively, a factor of 2 is
suggestive if the quark momenta are, at least partially,
collinear.
We close this section with a summary of our findings:

We have discussed the emergence of the QM model as the
emergent theory of low-energy QCD and the reliability of
the approximation (12) for describing the dynamics of
QCD at finite temperature and density. We have argued that
a self-consistent lowest order of the derivative expansion
requires the inclusion of a field-dependent Yukawa cou-
pling. Moreover, the latter is pivotal for describing the
physical decoupling of the quark degrees of freedom. This
is, in particular, crucial for the access of QCD at larger
density and low temperatures. Moreover, we have dis-
cussed that an optimal cutoff choice requires (18) and is
essential for the present approximation, which lacks the full
momentum dependences of propagators and vertices.

C. Flow equations for the effective potential VðρÞ
and the Yukawa coupling hðρÞ

In the following, we derive the flow for the effective
action (12) in the self-consistent LPA [9] described in the
Introduction. This requires solving the coupled set of flow
equations for the effective potential VkðρÞ and hkðρÞ. We
apply a high-order spatial discontinuous Galerkin (DG)
discretization, in contradistinction to [9], where mainly
high-order Taylor expansions have been used for both Vk
and hk. Importantly, a high-order spatial DG discretization
can capture nonanalytic features that cannot be dealt with in
Taylor expansions or other methods that might wash out
sharp features, such as finite difference methods. Moreover,
it also provides overall better quantitative precision. In [9]
also cutoff-dependent wave functions Zq; Zϕ have been
included and their impact has been studied there. We refrain
from including them here, as in a future work we will
include field-dependent ones within the setup [47].
We use three-dimensional spatial flat or Litim regulators

that are detailed together with their threshold functions

lðF=B;dÞ0 in Appendix E. This leads us to the flow equation of
the meson potential Vk with

∂tVkðρÞ ¼
k4ϕ
4π2

�
ðN2

f − 1ÞlðB;4Þ0 ðm2
π;TÞ þ lðB;4Þ0 ðm2

σ;TÞ
�

þ k4q
4π2

�
−4NcNfl

ðF;4Þ
0 ðm2

q;T; μqÞ
�
; ð21Þ

where we introduced the RG time t ¼ log k
Λ. The param-

eters in the effective potential as well as the choice of hk at
the UV scale Λ are inferred from the physical effective
potential and Yukawa coupling at k ¼ 0, where observables
such as the quark mass, the pion mass, and the chiral
condensate or rather hσi ∝ hq̄qi are fixed to their physical
values. In the present approximation with constant fields,
the equation of motion (14) for σ takes the form

∂VkðρÞ
∂σ

����
σ¼hσi

¼ σ
∂VkðρÞ
∂ρ

����
σ¼hσi

¼ cσ; ð22Þ

with π ¼ 0 and hence ρ ¼ σ2=2.
The flow of the Yukawa coupling hkðρÞ is obtained from

the following projection of the flow of the effective action
of the quark-meson model,

∂thkðρÞ ¼
ffiffiffiffiffiffiffiffiffi
2Nf

p
4NcNfσ

Re

�
trΓð2Þ

qq̄ ðpÞ
�
ϕðxÞ¼ϕ;

p¼plow

; ð23Þ

with constant field ϕ and plow ¼ ðπT; 0Þ with the lowest-
lying fermionic Matsubara frequency. The trace tr sums

over Dirac, color, and flavor indices, and Γð2Þ
qq̄ ðpÞ is the

momentum-diagonal kernel of the two-point function in the
presence of constant fields,

δ2Γk

δqðrÞδq̄ðpÞ ¼ Γð2Þ
qq̄ ðpÞð2πÞ4δðpþ rÞ: ð24Þ

Instead of the flow (23) of the Yukawa coupling, we shall
use that of the quark mass

m2
qðρÞ ¼ 2ρhkðρÞ2; ð25Þ

as this flow is more accessible numerically. Furthermore,
we obtain a simple boundary condition for the quark mass,

m2
qðρ ¼ 0Þ ¼ 0; ð26Þ

due to the flow of hkðρÞ being finite even at ρ ¼ 0. The
quark mass at ρ ¼ 0 can critically influence the entire
interaction potential and decide whether or not symmetry
breaking occurs. Thus, it is essential to have a good hold on
the boundary condition.
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Using the projection (23), the flow of m2
qðρÞ is derived as

∂tm2
q ¼ −ν3k2ϕ∂ρm2

q

�
ðN2

f − 1ÞlðB;4Þ1 ðm2
π;TÞ þ lðB;4Þ1 ðm2

σ;TÞ
�

þ ν3ρð∂ρm2
qÞ2

�
k2ϕl

ðB;4Þ
1 ðm2

σ;TÞ þ 2m2
qL

ð4Þ
ð1;1Þðm2

q; m2
σ;T; μqÞ

�
− ν3k2ϕ2ρ∂

2
ρm2

ql
ðB;4Þ
1 ðm2

σ;TÞ

− ν3ðN2
f − 1Þm

2
q

ρ

�
2m2

qL
ð4Þ
ð1;1Þðm2

q; m2
π;T; μqÞ − k2ϕl

ðB;4Þ
1 ðm2

π;TÞ
�
; ð27Þ

with ν3 ¼ 1
4π2

.

III. DISCONTINUOUS GALERKIN IN THE
FUNCTIONAL RENORMALIZATION GROUP

Discontinuous Galerkin methods are a powerful numeri-
cal tool that allow one to resolve the intricate dynamics
contained in RG flows. Importantly, they give access to
flows around the Fermi surface in the high-density regime.
Hence, their use in the RG flows of the QMmodel in scLPA
should be seen as a major technical achievement of the
present work. Nevertheless, the less technically interested
reader may directly proceed to the results in Sec. IV, which
can be understood with little knowledge of the numerical
details of the present section.
The self-consistent LPA [9] leads to a coupled system of

partial differential equations (PDEs) for VkðρÞ and hkðρÞ.
Because of its nonlinearity, solving this system of PDEs
requires the precise computation of higher-order deriva-
tives. In recent years, this task has been approached by
employing a variety of numerical methods for solving
increasingly complex models and approximations. The
application of numerical fluid dynamics to fRG equations
has so far been investigated in [30–32,48–55].
The dynamics of spontaneous symmetry breaking

and convexity restoration in dimensions d > 2 have been
tackled by introducing direct discontinuous Galerkin
(dDG) methods in the large-N limit [31]. An application
of the dDG method to the quark-meson model at finite N
has provided results for the phase structure at high temper-
atures and around the critical point [32]. Moreover, devel-
opment of shock waves in the RG flows has been shown
at high densities, indicating the necessity of using inher-
ently discontinuous numerical methods. It was also found
that the dDG, and hence all derived finite element methods,
fail to solve the RG flows at high densities.
In the following, we will work with the pion mass

u ¼ m2
π ¼ ∂ρV: ð28Þ

Its flow can be obtained by taking a ρ derivative of the flow
(21) and reads schematically

∂tuþ ∂ρFðu; ∂ρu; ρÞ ¼ sðρÞ; ð29Þ

which structurally resembles a convection-diffusion equa-
tion, where t has been chosen like above as t ¼ log k

Λ.
Formally, this is a second-order PDE with a nonlinear

flow.As such, it has the potential to generate large convective
and diffusive contributions due to Fðu; ∂ρu; ρÞ having poles
at u ¼ −k2ϕ and uþ 2ρ∂ρu ¼ −k2ϕ.
The dDGdiscretization fails if the nonlinear diffusive flow

is dominating, since a naive computation of ∂ρu may yield
errors ofOð1Þ. This can also lead to apparent convergence in
less sensitive discretizations, as has been shown explicitly in
case of the heat equation [56]. Caution is advised at any point
in the numerical evaluation of the flow where the diffusive
pole uþ 2ρ∂ρu ¼ −k2ϕ is driving the dynamics, i.e., where
∂ρu < 0. In the present application, this concerns primarily
the low-T, high-μq area of the phase diagram,where a precise
control of higher derivatives is vital.
We overcome these difficulties by using a so-called local

discontinuous Galerkin (LDG) method. Specifically, we
choose a LDG method using left- and right-sided deriva-
tives as detailed in [57]. The stability and correctness of the
solution has been checked in [57] on the example of various
higher-order convection-diffusion equations. It is a varia-
tion of the standard LDG method put forward in [58],
which has already been successfully applied to the fRG
in [30]. In contrast to the standard LDGmethod, the current
method is specifically designed to stabilize second-order
derivatives. This allows for the computation of large
diffusive flows that may be highly nonlinear also in the
derivatives. Furthermore, it allows us to discretize struc-
turally more complex equations.
The main idea of this method is to replace the higher-

order object Fðu; ∂ρu; ρÞ with a mathematical operator
F ðu; gη; wηξ; ρÞ which behaves in a more controlled way.
We introduce the right and left derivatives g1 and g2 via the
respective numerical flux. From g1 and g2 we can then
reconstruct ∂ρu in order to get a well-conditioned deriva-
tive. Similarly, we use the four second-derivative terms
from the left and right, wηξ, for the second derivative and
also to correct errors in ∂ρu. The following subsection will
explain this numerical setup in detail.
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A. Spatial discretization

Westart the spatial discretization by dividing the computa-
tional domain (i.e., field space) Ω ¼∪k Dk into cells Dk.
Furthermore, we also define a local function space Vh on
each cell. Then, all functions are expanded locally within
each cell in terms of basis functions vðiÞ ∈Vh, which can be,
for example, Legendre polynomials of some finite order.
This means that within the kth cell in the domain we have

a decomposition

uh;k ¼
X
i

uðiÞh;kv
ðiÞ; ð30Þ

where we require that all cells Dk share the same function
space Vh. The subscript h is used to distinguish any
numerically approximated quantity, such as uh, from the
exact solution u.
Because of the locality of the function spaces Vh, the

equations can be solved separately within each cell. The
cellwise discontinuity of this approach still has to be
stabilized. Hence, in the following, we couple the cellwise
equations on the interfaces with all nearest neighbor cells.
From here on, we use the usual DG notation and define

for any variable r at some cell interface at position ρ the
inner and outer limits

r−ðρÞ ¼ lim
y→ρ;y<ρ

rðyÞ;

rþðρÞ ¼ lim
y→ρ;y>ρ

rðyÞ: ð31Þ

Furthermore, we define the shorthand expressions for
averages and jumps at a cell interface,

⟦r⟧ ≔ n̂ðr− − rþÞ;

ffrgg ≔
r− þ rþ

2
; ð32Þ

where n̂ is the outward-facing normal vector orthogonal to
the cell border. As uh is double valued at cell interfaces,
the above quantities are important for treating cell-
boundary terms.
Equation (29) is second order in ρ, which is not directly

discretizable by the DG method. In a LDG approach we
wish to reduce this to a first-order system of equations and
apply the DGmethod to each equation. These equations are
again highly local and can be solved on a per-cell basis,
giving rise to the name local discontinuous Galerkin.
Following this rationale, we introduce additional sta-

tionary equations for new variables gη and wηξ accompany-
ing the instationary one,

∂tuþ ∂ρF ¼ 0; gη ¼ ∂ρu; wηξ ¼ ∂ρgη; ð33Þ

with η; ξ∈ f1; 2g and the yet to be specified operatorF. We
choose gη and wηξ to be projections of first- and second-
order derivatives of u, respectively. The aim is then to build
projections that are in analogy to right- and left-side
derivatives and use them to reconstruct the (continuum)
derivative by averaging.
Next, we apply the standard DG spatial discretization

to (33), i.e., we integrate (33) against local test functions
(i.e., the basis functions) vðiÞ on each cell and perform a
partial integration. From this we obtain the set of equations

Mij∂tu
ðjÞ
h;kðtÞ −

Z
Dk

F ðuh;k; ðgηÞh;kÞ∂ρvðiÞ þ
Z
∂Dk

F̂ ðu−h ; uþh Þ · n̂kvðiÞ ¼
Z
Dk

sðρÞvðiÞ;

MijðgηÞðjÞh;k −
Z
Dk

uh;k∂ρvðiÞ þ
Z
∂Dk

ĝηðu−h ; uþh Þ · n̂kvðiÞ ¼ 0; η∈ f1; 2g;

MijðwηξÞðjÞh;k −
Z
Dk

ðgηÞh;k∂ρvðiÞ þ
Z
∂Dk

ŵηξððgηÞ−h ; ðgηÞþh Þ · n̂kvðiÞ ¼ 0; η; ξ∈ f1; 2g; ð34Þ

for each grid cell Dk separately. Here, we have introduced
the outward-facing normal vector n̂k on the cell surface ∂Dk
and the value of uh on the cell surface from the inside u−h
and outside uþh . The mass matrix Mij is defined as

Mij ¼
Z
Dk

vðiÞvðjÞ: ð35Þ

Importantly, we have introduced the numerical fluxes F̂ , ĝη,
and ŵηξ, which connect solution variables across cell
boundaries as discussed before. They constitute a crucial
ingredient to formulating a consistent and stable DGmethod.

We want the auxiliary variables gη and wηξ to be
numerical right and left derivatives, which is achieved
by using up- and downwind fluxes, respectively, for ĝη. The
choice of fluxes for ŵηξ is analogously

ĝ1ðu−h ; uþh Þ ¼ uþh ;

ĝ2ðu−h ; uþh Þ ¼ u−h ;

ŵη1ððgηÞ−h ; ðgηÞþh Þ ¼ ðgηÞþh ;
ŵη2ððgηÞ−h ; ðgηÞþh Þ ¼ ðgηÞ−h : ð36Þ
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With this, g1 is a right-sided derivative and g2 a left-sided
one, whereas the wηξ give all combinations of two either
right- or left-sided derivatives. In doing this, we provide the
instationary equation with information on all possible
jumps in derivatives between cell borders. We can now
go on to devise a scheme on how to introduce this
information to the flow in a consistent, stabilizing manner.
For the collective flux of F , i.e., F̂ , we utilize the

standard Lax-Friedrichs flux

F̂ ¼ ffFgg þ c
2
⟦u⟧; ð37Þ

where c is the local wave speed in the system, i.e., the
largest eigenvalue of ∂F

∂u, which allows for stable convection
and also introduces a moderate artificial diffusion.
It is left to define F . We set it to

F ¼ F

�
u;
g1 þ g2

2
;
w12 þ w21

2
; ρ

�

þ αðw11 − w12 − w21 þ w22Þ: ð38Þ

This choice of derivative ∂ρu ≃ gþþg−

2
is elaborated on

in [57], where one sees that it can be viewed as analogous
to the central difference derivative operator on a Cartesian
grid. The convergence and stability of this method has been
shown and tested in [58] for a set of toy problems. Also,
note that F → F in the continuum limit.
The correction term

αðw11 − w12 − w21 þ w22Þ; ð39Þ

that has been added to (38) in order to define the numerical
operator, can be viewed as

αh2
ðw11 − w12 − w21 þ w22Þ

h2
→ αh2∂4ρu; ð40Þ

in the limit of small h. Effectively, this source term added to
the flow of u exerts a force that pushes the second
derivatives wηξ onto each other, reducing oscillations in
the first and second derivatives of u.
Framed differently, we are approximating our parabolic

problem by a fourth-order problem that reduces to the
original equation in the limit of h → 0. This has been
shown to work well for certain classes of nonlinear second-
order equations [59], stabilizing their high-order contribu-
tions in a controlled manner. Additionally, (39) implements
a penalty for jumps in gþ; g−, thus stabilizing the solution at
the cell borders.
The choice of α should be such that α > j ∂F

∂ð∂2ρuÞ j. Wewill,

however, define it to be constant in time and by choosing it
heuristically: One wants it to be as small as possible,
but large enough to suppress oscillations in the derivatives.

We comment that a choice of α ¼ cj ∂F
∂ð∂2ρuÞ j with some

constant c > 1 is possible, but works worse in numerical
experiments than choosing α globally constant.
We further note that (38) allows us to directly discretize

the flow of m2
qðρÞ in (27), which would not be possible in

the standard DG formulation due to the nonlinear depend-
ences on higher derivatives of m2

qðρÞ. This can be done by
going through the above set of definitions without a flux
term F but rather using only a source term. This source is
then similarly replaced by an operator defined as above.

B. Time discretization

It has been shown in [54] that, in the presence of symmetry
breaking, and thus convexity restoration, the use of implicit
time stepping methods is necessary to avoid stability issues
and exponentially small time steps. Furthermore, backward
differentiation formula (BDF) methods have proven to be
very favorable for fRG applications due to both high
precision and computational efficiency.
Therefore, we use the implicit scheme provided by the

IDA time stepper of the SUNDIALS suite for time integration.
In our application it is equivalent to the variable order (1–5)
backward differentiation schemes of CVODE_BDF, which
has been found to be highly successful for the time
integration within the broken phase in [54].

C. Numerical implementation

1. Effective potential

For the numerical implementation of the flow of the
effective potential VðρÞ, we take a ρ derivative of (21). This
leads to a flow equation for the field-dependent (curvature)
pion mass

∂ρVðρÞ ¼ m2
πðρÞ: ð41Þ

The flow equation for m2
π has the shape of a conservation

equation,

∂tm2
π ¼ ∂ρFðm2

π; ∂ρm2
π; ρÞ: ð42Þ

This allows us to directly apply the LDG formulation as
discussed in Sec. III.
For boundary conditions, we use inflow/outflow

flux conditions wherever a conservative flux formu-
lation applies; that is, effectively, we simply set F̂ ¼
Fððm2

πÞ−; ð∂ρm2
πÞ−; ρÞ at the boundary, which transports

information simply in or out depending on the sign of ∂m2
π
F.

2. Yukawa coupling

Unfortunately, no reformulation is known for the flow of
the Yukawa coupling (27) which casts the flow equation
into a conservative form. Therefore, we discretize it
directly. If we write (27) in a shorthand manner as
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∂tm2
qðρÞ ¼ Gðm2

q; ∂ρm2
q; ∂2ρm2

qÞ; ð43Þ

we can once again replace G by an operator G, which is
defined analogously to (38) as

G ¼ G

�
m2

q;
b1 þ b2

2
;
s12 þ s21

2
; ρ

�

þ αHðs11 − s12 − s21 þ s22Þ: ð44Þ

Here, bη and sηξ have been defined as the first and second
derivatives, respectively, once again from left and right.
Note that (44) is implemented as a source term for the

flow ∂tm2
qðρÞ. Furthermore, we fix the boundary condition

m2
qð0Þ ¼ 0 at ρ ¼ 0, as we do not expect a divergence of

hkðρÞ at finite k.

IV. RESULTS

In Sec. IVAwe derive the parameters of the UVeffective
action. This goes hand in hand with the optimization of the
relative cutoff scales discussed in Sec. II B. We emphasize
that the self-consistent LPA is the minimal one that leads to
results in the quark-meson model that are stable against
deformations of the regulators and the cutoff scales for
sufficiently small chemical potentials.
Within this setup, we compute the phase structure of the

quark-meson model and discuss it in Sec. IV C. While this
model lacks some important QCD physics at large den-
sities, i.e., the diquark channel that is relevant for color
superconducting phases, we consider the present setup a
qualitative step toward stable functional QCD results in this
regime.

A. Initial conditions and optimized
relative cutoff scales

The conceptual advances in Sec. II B are now put to
work: We consider the self-consistent LPA in the quark-
meson model with the flows for the effective potential (21)
and the field-dependent Yukawa coupling or quark mass
term (27). The relative cutoff scale is adjusted by the
parameter γ in (19).
Evidently, for γ → 0 we first integrate out the quarks and

then the mesonic degrees of freedom. Effectively, this
leaves us with an O(4) model, which lacks the interplay
between quarks and mesons that is the important advantage
of the quark-meson model.
In turn, for γ ≳ 1 we deal with a setup where the pion

becomes quasimassless very quickly in the symmetry-
broken regime. This amounts to a setup with maximal
momentum transfer and all the difficulties discussed in [33].
Without approximation, we should arrive at a unique

effective action at k ¼ 0 for all γ, if initiating the flow at a
given UV cutoff scale Λ: the regulators Rq;Λ and Rϕ;Λ are γ
independent at the initial scale, because kϕ ¼ Λ for kq ¼ Λ,
see (19). We expect a significant γ dependence in the

asymptotic regimes γ → 0 and γ → ∞ and a plateau around
the optimal γopt for a sufficiently advanced approximation.
Therefore, a minimized γ dependence of our results in the
vacuum for a fixed initial condition entails the stability of
the approximation.
Implementing the above setup, we observe that a plateau

is reached in the self-consistent LPAwith a field-dependent
quark mass, see Fig. 1, while no such plateau is seen in the
standard LPA. We conclude that the higher-order Yukawa
scatterings contained in hkðρÞ lead to nontrivial dynamics.
These stabilize the relative scale dependence in the regime
of maximal backcoupling with the meson scattering poten-
tial VkðρÞ. In the asymptotic regimes, the evolutions of the
couplings are decoupled, as either all mesons or all quarks
are integrated out first and thus no coupled quark-meson
dynamics is included.
The initial conditions used for Fig. 1 and in the

remainder of the work are summarized in (47) unless
specified otherwise. For the initial effective potential at the
UV scale k ¼ Λ, we have a vanishing meson mass and only
an initial ϕ4 coupling given by the parameter λΛ,

VΛðρÞ ¼
λΛ
4
ρ2; ð45Þ

and the explicit values

Λ ¼ 650 MeV; m2
ϕ ¼ 0; ð46Þ

λΛ ¼ 58.7; hΛ ¼ 6.6: ð47Þ

These initial conditions lead to physical values for the
quark, pion, and σ masses on the physical point.
From Fig. 1 we infer the plateau regime as

γ ∈ ðγmin; γmaxÞ; γmin ≈ 0.4; γmax ≈ 0.6: ð48Þ

FIG. 1. The quark mass close to vacuum as a function of the
relative cutoff parameter γ. For γ → ∞ we arrive at a bosonized
NJL-type setup with a quasimassless mode in the broken phase.
For γ → 0 the model approaches an O(4) model in LPA. In
between, one sees the relatively stable region for intermediate γ in
the case of a scLPA.
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This supports our evaluation of self-consistency, while also
significantly improving the reliability of the predictions of
the quark-meson model. Moreover, the plateau in Fig. 1
entails that we can take any γ in this regime without
changing the physics. A full analysis will be presented
elsewhere. Here, we simply pick a γ in the middle of this
regime: we expect this regime to shrink at finite temper-
ature and density and, while this may not happen sym-
metrically, it will happen on both sides (cf. Appendix A).
We choose

γopt ¼ 0.5 ð49Þ

as an estimate for the optimal γ in the vacuum. We remark
again that kϕðkqÞ could be, in principle, chosen fully
adaptively, implementing (18). However, here we opt for
a more pragmatic approach that is more easily accessible:
we simply use the choice γopt as identified above.
In Fig. 2 we also show the relative gap difference for

several choices of γ at zero chemical potential and
T ¼ 4 MeV. It is clearly visible that a choice of γ ≳ 1
leads to a quick buildup of a large difference in the physical
gaps, whereas our optimal choice γopt ¼ 0.5 keeps the gaps
relatively close to each other in the regime before the quark
decouples. The latter has to happen eventually, so keeping
the gaps close to each other for all k is neither possible nor
wanted, but certainly preferable for scales before the
eventual decoupling.

B. Momentum transfer at small temperatures
and large chemical potentials

At both small temperatures and increasing chemical
potential, we face the problem of large momentum transfers
in the flows, as discussed in Sec. II A, leading to qualitative
regulator dependences. Consequently, even the semiquan-
titative reliability of the present approximation is at stake in
the low-temperature and large chemical potential regime of

the phase diagram. Moreover, dropping significant momen-
tum transfers in each flow step can destabilize the system.
Indeed, we detect both signatures of a lack of reliability in

the present approximation: For field-independent Yukawa
coupling, the phase structure shows an increasing regulator
dependence for larger chemical potentials and low temper-
atures. Even worse, in fully self-consistent LPA the system
cannot be solved for general γ in (19), including the standard
choice γ ¼ 1. More specifically, the quark mass increases
exponentially at small ρ ≈ 0 as soon as k < kχ . This fast
divergence also makes the boundary condition (26) impos-
sible to implement and strongly deforms the phase diagram.
The divergencegetsworse at higherμq and is triggered by the
additional momentum dependence of the Fermi surface.
With the standard choice γ ¼ 1, the difference between the
physical cutoff scales (17) are increasing with increasing μq.
Moreover, the pion becomes quasimassless in the broken
phase for k ≤ kχ as discussed below (20). Thismaximizes the
difference between physical cutoff scales and themomentum
transfer toward p ¼ 0, which is relevant for the field
dependence of the Yukawa coupling.
In summary, as discussed in Sec. II B, the standard

choice is certainly not an optimal one. Moreover, the lack
of similar cutoff scales with m2

ϕ;gap ≈ 0 for k ≤ kχ also
carries a significant destabilization potential. This becomes
more and more prominent with increasing field depend-
ences if the latter are not accompanied with a better
resolution of the momentum dependence.
As mentioned above, for kq ¼ kϕ, the quark mass

function m2
qðρÞ as well as the Yukawa coupling hðρÞ

diverge at ρ ¼ 0. Technically, the reason for this destabi-
lization can be readily identified within the flow equation of
the quark mass (27),

Δ ¼ m2
q

ρ

�
2m2

qL
ð4Þ
ð1;1Þðm2

q; m2
π;T; μqÞ − k2lðB;4Þ1 ðm2

πÞ
	
: ð50Þ

A stable flow for the quark mass function in the limit k → 0
is obtained if the difference Δ in (50) is smaller than zero.
However, at the value of the order parameter hσiχ in the

chiral limit [see (15)] the quark mass m2
qðρÞ can be seen to

have a kink, similar to the effective potential. Below hσi we
can obtain several solutions for m2

q. Hence, we have several
possible evolutions of m2

q, depending on the size of Δ and
the initial conditions.

(i) Δ < 0 leads to the solution followed here. Then the
quark mass function mq is linear in σ for σ values
that are smaller than the expectation value in the
chiral limit (15): For σ < hσiχ we find

mqðσ < hσiχÞ ¼ mqðhσiχÞ
σ

hσiχ
: ð51Þ

See also Figs. 12 and 13 in Appendix F 2.

FIG. 2. Difference between the physical gaps for quarks and
mesons at various γ. The gaps are evaluated at the flowing EoM
with no explicit symmetry breaking. In the vacuum, the region
above γ ¼ 0.94 is forbidden as the quark mass diverges there.
Similarly, γ ¼ 0.86 is the same bound at μq ¼ 280 MeV.
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(ii) The extremal case with Δ < 0 leads us to

mqðσ < hσiχÞ≡ 0: ð52Þ

We have not been able to obtain this solution in our
current setup for any γ. A more intricate fine-tuning
is beyond the scope of the present work and we defer
it to future investigations.

(iii) In turn, for Δ > 0 in the limit k → 0, the quark mass
function is m2

q is rising exponentially in the flat
regime and finally leads to a diverging quark mass
function for σ < hσiχ,

1=mqðσ < hσiχÞ ¼ 0: ð53Þ

This certainly also causes numerical instabilities in
the solution of the flow which may even destabilize
the physical regime with σ > hσiχ . Furthermore, this
solution has a discontinuity at ρ ¼ 0, where the fixed
value of m2

qðρ ¼ 0Þ ¼ 0 jumps immediately to
infinity. Although we have investigated this solution,
the numerical problem is getting worse at finite
chemical potential, leading to highly fine-tuned
phase diagrams. We will not consider this numerical
solution here. Note, however, that it is a perfectly
viable solution to the system for σ < hσiχ, but
numerically very hard to access and control.

(iv) Finally, in between the two solution branches with
Δ > 0 with (51)(52) and Δ > 0 with (53), there is
the case of a constant quark mass,

mqðσ < hσiχÞ ¼ mqðhσiχÞ: ð54Þ

This is the solution discussed in [9] for the self-
consistent LPA0, where also k-dependent wave
functions have been considered; see Fig. 6 there
and the respective discussion. In contrast to (51) this
solution can only be obtained in our case through
extreme fine-tuning; see also Appendix F 2.

In summary, while all these solutions in the regime σ <
hσiχ can be triggered with appropriate choices of kϕðkqÞ,
this does not influence the solution for VeffðρÞ and hðρÞ
with σ > hσiχ and hence the physics. Note that the
numerical instabilities occurring in (53) may also falsely
influence this regime due to their exponential nature.
Accordingly, we do not consider larger γ, including
γ ¼ 1, as this may trigger a false destabilizing behavior
for σ > hσiχ.
In the remainder of this work, we concentrate on the

solution branch (i), which is the simplest and most stable
solution to tune. We close this analysis with the side remark
that, while this holds true in the current functional renorm-
alization group setup, the branch (i) is the most difficult one
to tune in the Dyson-Schwinger equation (DSE) as there it

only can be defined as the limit k → 0 of solutions for
k ≠ 0: strictly at k ¼ 0 the mesonic loops in the DSE do not
give any contribution to the potential, while the quark-loop
contributions are nontrivial. For k ≠ 0 the mesonic loops
are proportional to VðnÞ which tends toward zero for k → 0,
but the pion propagators are quasimassless and tend toward
infinity. Accordingly, the mesonic contributions can cancel
the quark contributions for k → 0.
In Fig. 3 we show the effect of different γ on the EoM

value of σ for a model with fixed Yukawa coupling versus a
running hkðρÞ at T ¼ 4 MeV and both μq ¼ 0 and
μq ¼ 280 MeV. The maximal value for which we can
obtain valid results using a running Yukawa coupling is
μq dependent. This is because the Fermi surface shifts with
increasing μq and thus requires differentmomentum transfer
scales for any value of μq. At vanishing chemical potential
μq ¼ 0 valid results can be obtained for γ ≤ 0.94, whereas
μq ¼ 280 MeV already requires one to choose γ ≤ 0.86.
We note that, numerically, decreasing γ leads to easier

manageable dynamics. This is due to the pion not becoming
immediately quasimassless, which also lessens the diffi-
culties of convexity-restoring behavior as discussed in [54].
Furthermore, decreasing the value of γ leads to a

decrease in backbending, as can be seen from the additional
plots in Appendix F 4. In addition, the critical end point is
moving toward smaller chemical potentials, and for suffi-
ciently small γ, it is lost. Notably, this happens already for
γ > 1=2 and hence for our choice γopt ¼ 1=2, the quark-
meson model does not show a critical end point in the
current approximation.
We observe a sharp, but second-order transition line at

high densities in the chiral limit and a sharp crossover
transition line with explicit symmetry breaking instead of
the expected first-order behavior. We emphasize that this
does not suggest that full QCD has no CEP, but rather it is a
sign for the breakdown of the RG consistency of the current
LEFT at high densities and low temperatures. Note in this
context that the convergent estimate for the critical end

FIG. 3. We compare the order parameter for different γ. The
colored vertical lines show the values of γ where one is able to
obtain results for running hkðρÞ, i.e., when (50) does not diverge.
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point in QCD in [1–5] is at larger temperatures and smaller
chemical potentials that are not directly affected by the
above intricacies.

C. Phase diagram of the QM model in the
self-consistent LPA

Having discussed the necessary choice of relative cutoff
scales kϕðkqÞ, we are now in a position to investigate the
phase diagram of the quark-meson model in scLPA, i.e.,
with the inclusion of quark-antiquark-n-meson scatterings
with an arbitrary number of mesons n.
In addition to the field space discretization of VkðρÞ, we

apply the LDG discretization formalism also to the running
Yukawa coupling hkðρÞ (cf. Sec. III C). As discussed
above, the shift in cutoff scales of quarks and mesons is
implemented with a fixed γopt ¼ 0.5 in the entire phase
diagram, the optimal choice in the vacuum (cf. Sec. IVA).
The resulting phase diagram is shown in Fig. 4 and

constitutes a main result of the present work. It is shown for
both the chiral case [Fig. 4(a)] as well as for a physical
value of the explicit symmetry breaking parameter cσ ¼
1.863 × 10−3 GeV [Fig. 4(b)]. In the chiral setup, we
obtain a critical temperature of Tc ¼ 144.8 MeV, to be
contrasted with the case of initial vacuum physics but no
running of the Yukawa coupling Tc ¼ 148.3 MeV.
For the chiral case in the approximate vacuum

ðT; μqÞ ¼ ð4; 0Þ MeV, we obtain a condensate and quark
mass of

hσiχ ¼ 88.2 MeV; mq ¼ 343 MeV;

mπ ¼ 0 MeV; mσ ¼ 233 MeV: ð55Þ

With the explicit symmetry breaking parameter cσ we
adjust the physical pion mass mπ ¼ 138 MeV at ðT; μqÞ ¼
ð4; 0Þ MeV. The respective phase diagram is obtained from
the data for VðρÞ and hðρÞ computed in the chiral limit. The
condensate, quark, σ, and pion mass in the vacuum are
given by

hσi ¼ 95.6 MeV; mq ¼ 363 MeV;

mπ ¼ 138 MeV; mσ ¼ 538 MeV: ð56Þ

Regarding the evolution of the quark mass, we see that
within the chirally broken phase hkðρÞ flattens out below
the EoM value of σ for all densities, cf. Appendix F 2. This
entails that the minimal quark mass in any mesonic back-
ground is given by that in the chiral limit. Technically, this
is also expected as the effective potential VðρÞ ¼ Vk¼0ðρÞ
is necessarily flat (or linear in σ due to cσ ≠ 0) in the regime
σ < hσiχ , where hσiχ is the solution of the equation of
motion (22). This also severely restricts the ρ dependence
of hðρÞ ¼ hkðρÞ as well as both flows.
The dynamical effects of the running Yukawa coupling

can be extracted by a comparison to a setup with fixed
Yukawa coupling, but an identical RG scale shift in order to
separate the two effects. We compare our result to identical
initial conditions in the simplified setup and also to a
situation with vacuum physics adjusted to be identical to
our flowing Yukawa coupling setup (see also Figs. 10 and
11). Relative to the adjusted vacuum physics case, Tc is
marginally smaller when one uses a running Yukawa
coupling, but identical when one chooses fixed initial
conditions.

FIG. 4. The phase diagram of the quark-meson model with higher quark-meson scatterings (scLPA) in the chiral case cσ ¼ 0 in (a) and
with explicit chiral symmetry breaking cσ ¼ 1.863 × 10−3 in (b). We show the expectation value hσi defined in (14) in MeV. We also
show the phase boundary for different RG scales k in the chiral case.
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Furthermore, the inclusion of hkðρÞ does visibly dimin-
ish the backbending at the high-density transition, but does
not completely remove it. We remark in this context that
this backbending as well as the presence of a CEP is
strongly regulator dependent as well as parameter depen-
dent also in LPA; for a recent investigation see [28]. This
stresses the need for an even more sophisticated approxi-
mation than the self-consistent LPA in the regime of low
temperatures T ≲ 50–80 MeV and large chemical poten-
tials μq ≳ 200–300 MeV. A first step in this direction has
been undertaken in [42], where the full momentum
dependence of the propagators in the quark-meson model
has been resolved at finite temperature and vanishing
density. We hope to report on respective results in the
phase structure of the quark-meson model at finite T; μq
with DG methods soon.
In order to fully appreciate the differences and similar-

ities of the coupled dynamics of meson scattering and
quark-antiquark meson scattering in self-consistent LPA
and only meson scattering in LPA, we provide a detailed
collection of RG-time evolutions with and without the
inclusion of higher-order scatterings in Appendixes F 2 and
F 3. Moreover, a collection of phase diagrams for
γ ∈ f0.5; 0.67; 0.77; 1.0g can be found in Appendix F 4.

V. CONCLUSIONS AND OUTLOOK

In this work we investigated the phase structure of the
quark-meson model in the self-consistent LPA. This
approximation includes all scattering orders between two
quarks and an arbitrary number of mesons included in a
field-dependent Yukawa coupling hðρÞ, as well as the self-
scattering of an arbitrary number of mesons included in the
effective potential VðρÞ. On the technical side, we have
used an extended discontinuous Galerkin method that
allows for quantitative precision in field space. This
method proved to be essential at high densities, where it
also accommodates potentially relevant discontinuities
in the flow. Indeed, higher scattering orders display non-
analyticities which give large contributions to the RG-time
evolution.
Crucially, this study necessitated a close examination of

the relation between bosonic cutoff scales kϕ and fermionic
cutoff scales kq. Keeping these cutoff scales identical leads
to a large difference of the physical quark and meson mass
gaps, as can be seen in Fig. 2. This is due to the pions
approaching the quasimassless limit very quickly in the
symmetry-breaking regime. In this case, one needs to
accommodate large momentum transfers between p2 ≈ 0

and p2 ≈ k2, which cannot be obtained in a local potential
approximation. Moreover, we have observed that the flow
of the Yukawa coupling shows an unphysical divergence
for identical cutoff scales kϕ ¼ kq. We have evaluated the
technical origin, see the discussion around (50), and it

finally can be traced back to the missing momentum
dependences of the self-consistent LPA.
As a solution, we adjusted the cutoff scales kq; kϕ such

that the physical gaps are kept close during the flow, see
Sec. IVA. The relative mass gap is controlled by a
parameter γ: for γ → 0 the quarks are integrated out first
and one is led to an O(4)-type model. In turn, γ → ∞ leads
to the aforementioned large momentum transfers and one
ends up within a simple approximation of a Nambu–Jona-
Lasinio (NJL) type of model. Scanning the dependence of
the vacuum physics on γ, we found a region of approximate
stability in the quark mass with 0.4≲ γ ≲ 0.6. We took
γopt ¼ 0.5 as an approximate optimal choice, since it leads
only to a small difference between the physical quark
and meson mass gaps in the flow. This is explicitly shown
in Fig. 1.
At high densities, a uniform choice of γ is not fully

sufficient and we see an increase in m2
q at higher μq, which

signals the need for a more sophisticated approximation.
This approximation has to take into account the relevant
momentum regime of the quarks moving with the Fermi
surface, which necessitates an approximation with full
momentum dependences of the propagators and potentially
also the vertices.
For the choice γ ¼ 0.5, which is optimized for small

chemical potentials, we found that the inclusion of the
running of the Yukawa coupling shifts both the high-
temperature as well as the high-density transition to slightly
lower values. Furthermore, both the adjustment of γ as well
as the inclusion of the higher-order quark-meson scatter-
ings lead to decrease of the backbending behavior com-
monly seen in LPA.
We conclude from this study that even the self-consistent

local potential approximation is not sufficient for quanti-
tative precision at high densities and low temperatures
within the quark-meson model and, by extension, also for a
functional QCD setup with dynamical hadronization.
However, the resolution of this intricacy simply necessi-
tates the inclusion of momentum dependences in propa-
gators and vertices, which has been already achieved very
successfully in the vacuum and at finite temperature.
Moreover, a sufficiently advanced truncation can also
accommodate large momentum transfers and the optimi-
zation of the relative cutoff scales is not required anymore.
Indeed, this has been already tested in two-flavor QCD
computations in the vacuum in [39]. There, the results did
not depend on a rescaling of the relative cutoff scales of
gluon and matter sector. We emphasize, however, that the
application of approximation schemes such as LPA0 or
generally low-order derivative expansions at low temper-
atures and high densities requires a careful analysis of
relative cutoff scale dependences for the systematic error
control and hence the quantitative or even qualitative
reliability of the results.
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APPENDIX A: μq DEPENDENCE OF RELATIVE
CUTOFF SCALES

We have investigated whether the quark mass plateau
found in Sec. IVA from which we extracted γopt ¼ 2 can be
extended to higher μq. The situation at a high chemical
potential μq ¼ 280 MeV is shown in Fig. 5, where we see
that qualitatively the asymptotic regimes, i.e., the NJL limit
for γ → 0 and the O(4) limit for γ → ∞, do not change. The
relatively stable region around γopt ¼ 2 gets, however, a
larger γ dependence and we also find a higher quark mass at
high densities, which we do not expect from physical QCD.
The γ dependence is still relatively mild (about 5 MeV

variation in the intermediate regime), but certainly larger,
which can be explained due to the additional dynamics
introduced by the Fermi surface that also influence the
relevant quark momentum scales—fluctuations of the
quark should be either integrated out around the Fermi

surface, as done in [61], or higher momentum dependences
should be taken into account to include the relevant
momentum transfers.

APPENDIX B: EXPLICIT SYMMETRY
BREAKING AND γ DEPENDENCE

As mentioned in Sec. IV C, a change in γ also changes
the phase diagram of the quark-meson model. We showcase
this explicitly in Fig. 6 for a chiral system as well as for a
larger explicit symmetry breaking cσ ¼ 2 × 10−3 GeV−3.
A decrease in γ visibly pushes out the high-μq phase
boundary and in turn decreases backbending in the chiral
setup. At the same time, a decrease in γ lowers Tc in
both cases.

APPENDIX C: FIXED YUKAWA COUPLING

In this appendix we compute the phase diagram of the
quark-meson model in LPA with a fixed Yukawa coupling
hkðρÞ ¼ h. In particular, the comparison with the results in
the present systematically improved approximation pro-
vides a nontrivial reliability estimate and hence nontrivial
support for the LPA results in the literature at sufficiently
large temperature.
Using this approximation, the flow equations are equiv-

alent to the setting in [32,62,63], but evaluated using the
elaborate numerical setup outlined in Sec. III.
We put special emphasis on the evaluation of the phase

transition regime for large quark chemical potential μq and
low temperature T. In this regime, the current results are the
first ones that obtained a numerical method that has the
capacity of capturing the intricate dynamics of competing
order effects and potential shock development. The pos-
sibility of shock development in proximity to first-order
phase transition has previously been pointed out in [30–32].
Importantly, the current setup is the first with the ability to
confirm or exclude the presence of shocks for a given set of
model parameters. A thorough scan for shock development

FIG. 5. The quark mass as a function of the relative cutoff
parameter γ in the vacuum and at μq ¼ 280 MeV. The previously
relatively stable region for intermediate γ gains a slope in the
intermediate region at higher densities. Furthermore, the quark
mass increases, signaling a breakdown of the model.

FIG. 6. Comparison of the chiral phase boundaries for γ ¼ 2=3
(blue) and γ ¼ 1=2 (orange) for vanishing and large explicit
symmetry breaking.
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in sets of different initial conditions is deferred to
future work.
We use the initial conditions from [32] which are tuned

to physical parameters for γ ¼ 1,

Λ ¼ 650 MeV; λΛ ¼ 71.6; h ¼ 7.2: ðC1Þ

The corresponding phase diagram with γ ¼ 1 is shown in
Fig. 7 both in the chiral case as well as for a small explicit
quark mass set through cσ ¼ 1.89 × 10−3 GeV. This
choice of explicit symmetry breaking cσ has been made
by tuning to a physical pion mass m2

π ¼ 138 MeV. We are
able to integrate the flows down to k ≈ 4 MeV; an explicit
convergence diagram of the results is shown in Fig. 9 (see
also Appendix F 4 for other observables).
In the high-density region, we find that below T ≈

20 MeV the transition line splits into a first-order phase
transition that exhibits backbending, i.e., moves to smaller

μq at decreasing temperature, and a second-order line. The
second-order transition bends in the opposite direction
toward larger μq. This has been seen before, e.g.,
in [63]. It is strongly regulator dependent though, see [28].
In the case of explicit chiral symmetry breaking with
cσ ¼ 1.89 × 10−3 GeV3, we also see that the second-order
transition turns into a crossover. For a more detailed view,
we refer to Appendix F 1, where transition lines along fixed
μq and T are plotted separately.
We find that the second-order transition is correlated

with shocklike structures in the σ mass m2
σðρÞ. We show

such a structure in Fig. 8 at ðμq; TÞ ¼ ð300; 4Þ MeV, within
the region between the two transition lines. After a buildup

FIG. 7. Phase diagram of the quark-meson model without higher quark-meson scatterings (LPA) in the chiral limit (a) and with explicit
chiral symmetry breaking with cσ ¼ 1.89 × 10−3 GeV3 (b). We show a heat map (blue, large hσi; orange, small hσi) of the condensate
expectation value hσi defined in (14) in MeV. We also depict the phase boundary for different RG scales k in the chiral case.

FIG. 8. Build up of a discontinuity in the derivative term ∂ρm2
π ,

i.e., a shocklike structure in m2
σ at ðT; μqÞ ¼ ð4; 300Þ MeV.

FIG. 9. The convergence diagram of the quark-meson model
without higher quark-meson scatterings.
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and travel toward larger hσi, it freezes out. Then, its tail is
pushed down again, so that some residual symmetry
breaking remains, which is, however, smaller compared
with the case without the shock.
We comment further that these discontinuities get

washed out in the case of γ ¼ 0.5, as can be seen in the
mass plots of Appendix F 3.
With the initial conditions (C1) we obtain in the chiral

limit and approximate vacuum, ðμq; TÞ ¼ ð0; 4Þ MeV,

hσi ¼ 91.7 MeV; mq ¼ 330 MeV;

mσ ¼ 176 MeV: ðC2Þ

For vanishing chemical potential the chiral phase transition
temperature in the chiral limit is given by

Tχ
c ¼ 162.9: ðC3Þ

When choosing an explicit symmetry breaking of cσ ¼
1.89 × 10−3 GeV3 we get from the same data at
ðμq; TÞ ¼ ð0; 4Þ MeV, condensate, quark mass, and the
pion mass as

hσi ¼ 99.0 MeV; mq ¼ 357 MeV;

mπ ¼ 138 MeV; mσ ¼ 606 MeV: ðC4Þ

APPENDIX D: NUMERICAL DETAILS

The LDG method described in Sec. III has been imple-
mented in the C++ finite elements library DEAL.II [64]. All
phase diagrams have been computed using the ADAPTIVE

PYTHON library [65], which efficiently computes the diagram
while ensuring that all features are sufficiently detailed.
The discretization in field space is done using Legendre

polynomials up to order P ¼ 4 in every cell. Accordingly,
we perform all integral calculations by employing a Gauss-
Legendre quadrature of order Pþ 1, which integrates
polynomials of order P exactly. Increasing this order
was not found to be of any difference to the convergence
or results of the simulations.
We specify the vertices of the ρ grid as

½0∶ 1e− 5∶ 5e− 4� ∪ ½5e− 4∶ 5e− 5∶ 3e− 3�
∪ ½3e− 3∶ 1e− 5∶ 4.2e−3� ∪ ½4.2e− 3∶ 5e− 5∶ 5e− 3�
∪ ½5e− 3∶ 1e− 4∶ 1e− 2� ∪ ½1e− 2∶ 1e− 3∶ 1.5e− 2�;

ðD1Þ

where we used a PYTHON-like slice notation, i.e.,

½a∶b∶c� ¼ faþ nb∶n∈N0; aþ nb ≤ cg:

We have therefore 291 cells and 1455 degrees of freedom
per simulation for m2

qðρÞ and m2
πðρÞ each.

We also have used an uniform value of α ¼ 2.5 × 10−8,
as introduced in Sec. II, for the flows of both m2

π and hðρÞ.
Regarding time stepping, at any time step an assembly of

the residual [i.e., the evaluation of (34)] involves first the
computation of all projections gη; wη;ξ. These projections
are in the current case linear in u and can be thus performed
through matrix multiplication, i.e.,

gη ¼
∂gη
∂u

u and wηξ ¼
∂wηξ

∂u
u; ðD2Þ

which is much faster than the explicit construction of gη and

wηξ. We therefore store the matrices ∂gη
∂u and ∂wηξ

∂u which only
have to be computed once.
Similarly, the evaluation of the Jacobian involves com-

putation of all nested Jacobians for all equations. As
SUNDIALS uses a lazy Jacobian update, this costly calcu-
lation can be done relatively few times during the time
integration. However, Jacobians and their inverses are
evaluated exactly, where the inversion is done using
UMFPACK [66] and the derivatives are performed utilizing
automatic differentiation via the C++ AUTODIFF library [67].

APPENDIX E: REGULATORS
AND THRESHOLD FUNCTIONS

In the present work, we use the three-dimensional flat or
Litim regulator, see [68]. We perform shifting of the RG
scales of bosons and fermions relative to each other. This
accounts to choosing two RG scales

kϕ ¼ Λeγt; kq ¼ Λet; ðE1Þ

which are both parametrized in terms of the same RG time t
but shifted using γ > 0. Furthermore, by noting that

∂t ¼ γkϕ∂kϕ ¼ kq∂kq ; ðE2Þ

we express all results in terms of the same RG time. The flat
bosonic regulator is given by

Rϕ¼p2rϕðxϕÞ; rϕðxϕÞ¼
�
1

xϕ
−1

�
θð1−xϕÞ; ðE3Þ

and the fermionic one reads

Rq ¼prqðxqÞ; rqðxqÞ¼
�

1ffiffiffiffiffixqp −1

�
θð1−xqÞ; ðE4Þ

with

xϕ ¼ p2=k2ϕ; xq ¼ p2=k2q: ðE5Þ
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In the following, we use the scalar part of the propagators to
calculate the momentum loops,

Gϕ;n ¼
k2ϕ

ω2
n þ k2ϕx½1þ rϕðxÞ� þm2

ϕ

;

Gq;n ¼
k2q

ðνn þ iμqÞ2 þ k2qx½1þ rqðxÞ�2 þm2
q
: ðE6Þ

The Matsubara frequencies read ωn ¼ 2nπT, with n∈Z
for the bosons and νn ¼ ð2nþ 1ÞπT for the fermions.
Using the definition of the regulators, we can evaluate

the momentum-loop integration and Matsubara summation
for a given temperature T and quark chemical potential μq.
We obtain the finite temperature threshold functions for the
3D flat regulator, which we state for completeness in the

following. First, the threshold functions lðB=F;dÞ0 are given
by simple bosonic/fermionic loops in d dimensions,

lðB;dÞ0 ¼ T
2kϕ

X
n∈Z

Z
xϕ

x
d−1
2

ϕ ∂trϕðxϕÞGϕ;nðm2
ϕÞ

¼ γ
kϕ

d − 1

cothðϵϕ
2TÞ

ϵϕ
; ðE7Þ

and

lðF;dÞ0 ¼ T
kq

X
n∈Z

Z
xq

x
d−1
2
q ∂trqðxqÞGq;nðm2

qÞ

¼ kq
2ðd − 1Þ

tanhðϵq−μq
2T Þ þ tanhðϵqþμq

2T Þ
ϵq

; ðE8Þ

with the dissipation relation

ϵξ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ξ þmξ

2
q

ðE9Þ

for the respective field ξ∈ fϕ; qg. Note that we have used
hyperbolic functions instead of the usual Bose-Einstein and
Fermi-Dirac distributions in our notation. Since libraries
make hyperbolic functions available up to very high
numerical precision, using them makes for a more stable
numerical implementation.

The functions lðB=F;dÞn correspond to diagrams with loops
containing nþ 1 bosonic/fermionic propagator terms.
They are obtained by taking a derivative with respect tom2,

k2∂m2lðB=F;dÞn ðm2Þ ¼ −ðnþ δn0ÞlðB=F;dÞnþ1 ðm2Þ: ðE10Þ

Furthermore, we consider mixed loops with a regulator
insertion given by

LðdÞ
ð1;1Þðm2

q;m2
ϕÞ ¼

T
2kϕ

X
n∈Z

Z
dxϕx

d−1
2

ϕ ∂trϕðxϕÞG2
ϕ;nGq;n

þ T
2kq

X
n∈Z

Z
dxqx

d−1
2
q 2½1þ rqðxqÞ�

× ∂trqðxqÞGϕ;nG2
q;n: ðE11Þ

This expression is not easily calculated analytically, as the
regulator contributions in the propagators are now mis-
matched with the cutoff. This leads to some nontrivial
integrals, which we solve in our simulations simply by
evaluating (E11) numerically, i.e., by performing the
Matsubara sum up to order n ¼ 20 and using a Gauss-
Legendre quadrature of order 20 to perform the p2 integral.
We have checked that this yields sufficient precision, as we
have observed no differences in the results up to numerical
precision when doubling the order of both the quadrature
and Matsubara sum.

APPENDIX F: ADDITIONAL PLOTS

In the following, we present further detailed plots of the
data used in the present work. This should facilitate access
to the details of our findings.
In Sec. F 1 we show the phase transition lines across

fixed μq and T for different γ and compare the situation
with and without flowing Yukawa coupling. Sections F 2
and F 3 showcase, respectively, the flows of quark and
boson masses for different parts of the phase diagram.
Finally, in Sec. F 4 further phase diagram plots are shown

for different γ (e.g. γ ¼ 0.77 in Fig. 19 and γ ¼ 0.67 in
Fig. 20), with and without flowing Yukawa coupling.
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1. Phase transition plots

FIG. 10. Chemical potential dependence of the condensate hσi defined in (14) for temperatures T ¼ 4, 40 MeV and different γ. The
upper row is taken in the chiral limit with cσ ¼ 0, whereas the lower ones show the case with explicit symmetry breaking, where we have
tuned every cσ on a pion mass of m2

π ¼ 138 MeV. We show results obtained with γ ¼ 1 and γ ¼ 0.5 with (scLPA) and without (LPA)
running Yukawa coupling. The i. refers to simulations where the initial condition has not been tuned to physics but identified with the
one used for scLPA. Furthermore, cLPA;σðγ ¼ 0.5Þ ¼ 1.848 × 10−3 GeV3 and all other cσ are set as noted in Sec. IV C and Appendix C.

FIG. 11. Temperature dependence of the condensate hσi defined in (14) for vanishing chemical potential, μq ¼ 0. We show results in the
quark-meson model at γ ¼ 1 without running Yukawa coupling and γ ¼ 0.5 with (scLPA) and without (LPA) running Yukawa coupling.
The i. refers to simulations where the initial condition has not been tuned to physics but identified with the one used for scLPA. (a) Chiral
phase transition with cσ ¼ 0(chiral limit). (b) Chiral phase transition with explicit chiral symmetry breaking as in Fig. 10.
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2. RG-time evolution of quark masses

FIG. 12. RG-time evolution of the field-dependent quark mass m2
qðρÞ and Yukawa coupling hðρÞ in scLPA at ðμq; TÞ ¼ ð0; 4Þ MeV

for our optimal choice of (a) γopt ¼ 0.5 and (b) γ ¼ 0.91 close to 1, quark and boson cutoff scales very close to each other. It can be seen
that the solution first moves toward a solution withm2

q ¼ const, i.e., h ∝ 1
σ but settles instead into the h ¼ const solution, as discussed in

Sec. IV B. Although this suggests that one could tune γ → 1 together with the initial conditions to give a constant quark mass, we have
not found such a set of parameters. Instead, the quark mass shows in that case the divergence as discussed in Sec. IV B.
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FIG. 13. RG evolution of the quark mass in scLPA. We show here the evolution at low and intermediate temperatures T ¼ 4; 40 MeV
close to the phase boundary at μq ¼ 300 MeV. The shown results are obtained using γopt ¼ 1=2. In particular, the dynamics at low σ are
less pronounced compared to Fig. 12. (a) ðμq; TÞ ¼ ð300; 4Þ MeV and (b) ðμq; TÞ ¼ ð300; 40Þ MeV.
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3. RG-time evolutions of bosonic masses

FIG. 14. Pion and σ masses m2
π and m2

σ as a function of σ for T ¼ 4 MeV (approximate vacuum) and μq ¼ 0, 200 MeV for γ ¼ 0.5
without higher-order quark-meson scatterings (LPA, left) and with (scLPA, right). For T ¼ 35, 40 MeV see Fig. 15. (a) Fixed h and
ðμq; TÞ ¼ ð300; 4Þ MeV. (b) Full hkðρÞ and ðμq; TÞ ¼ ð300; 4Þ MeV. (c) Fixed h and ðμq; TÞ ¼ ð0; 4Þ MeV. (d) Full hkðρÞ and
ðμq; TÞ ¼ ð0; 4Þ MeV.
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FIG. 15. Pion and σ massesm2
π andm2

σ as a function of σ for T ¼ 35, 40 and μq ¼ 0, 200MeV for γ ¼ 0.5 without higher-order quark-
meson scatterings (LPA, left) and with (scLPA, right). For T ¼ 4 MeV (approximate vacuum) see Fig. 14. (a) Fixed h and
ðμq; TÞ ¼ ð300; 40Þ MeV. (b) Full hkðρÞ and ðμq; TÞ ¼ ð300; 40Þ MeV. (c) Fixed h and ðμq; TÞ ¼ ð0; 35Þ MeV. (d) Full hkðρÞ
and ðμq; TÞ ¼ ð0; 35Þ MeV.
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4. Additional phase diagrams

FIG. 16. Order parameter hσi and σ mass mσ for the quark-meson model at γ ¼ 1 and fixed Yukawa coupling (LPA). Note the large
backbending region with an additional second-order phase transition at low temperatures and high chemical potential. Of all phase
diagrams, in this case the feature is the most pronounced.

FIG. 17. Order parameter hσi and σ mass mσ for the quark-meson model at γ ¼ 0.5 and fixed Yukawa coupling (LPA). The CEP is no
longer present, as one can see in the σ mass—it is equal to zero all along the phase boundary, signaling the second-order nature of the
transition.
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FIG. 18. Order parameter hσi, σ mass mσ , and quark mass mq for the quark-meson model at γ ¼ 0.5 and running hkðρÞ (scLPA), i.e.,
the setup considered in Sec. IV C. In the middle right plot we show a convergence diagram in kϕ. At the bottom, the two difference plots
show ΔðσÞ ¼ hσiχ;scLPA − hσiχ;LPA for identical initial conditions (left) and identical vacuum physics (right).
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FIG. 19. Order parameter hσi, σ massmσ , and quark massmq for the quark-meson model at γ ¼ 0.77 and running hkðρÞ (scLPA). The
bottom right plot shows a convergence diagram in kϕ (scLPA). In comparison to Fig. 16 the splitting at low temperature and high density
is significantly reduced, but it is still present, as is a CEP.

IHSSEN, PAWLOWSKI, SATTLER, and WINK PHYS. REV. D 111, 036030 (2025)

036030-26



[1] W.-j. Fu, J. M. Pawlowski, and F. Rennecke, Phys. Rev. D
101, 054032 (2020).

[2] F. Gao and J. M. Pawlowski, Phys. Lett. B 820, 136584
(2021).

[3] F. Gao and J. M. Pawlowski, Phys. Rev. D 102, 034027
(2020).

[4] P. J. Gunkel and C. S. Fischer, Phys. Rev. D 104, 054022
(2021).

[5] J. Bernhardt, C. S. Fischer, and P. Isserstedt, Phys. Lett. B
841, 137908 (2023).

[6] C. S. Fischer, Prog. Part. Nucl. Phys. 105, 1 (2019).
[7] N. Dupuis, L. Canet, A. Eichhorn, W. Metzner, J. M.

Pawlowski, M. Tissier, and N. Wschebor, Phys. Rep.
910, 1 (2021).

[8] W.-j. Fu, Commun. Theor. Phys. 74, 097304 (2022).

[9] J. M. Pawlowski and F. Rennecke, Phys. Rev. D 90, 076002
(2014).

[10] A. Jakovac, I. Kaposvari, and A. Patkos, Mod. Phys. Lett. A
32, 1750011 (2016).

[11] H. Gies, R. Sondenheimer, and M. Warschinke, Eur. Phys.
J. C 77, 743 (2017).

[12] A. Held and R. Sondenheimer, J. High Energy Phys. 02
(2019) 166.

[13] G. Fejős and A. Patkós, Phys. Rev. D 103, 056015 (2021).
[14] O. Zanusso, L. Zambelli, G. P. Vacca, and R. Percacci, Phys.

Lett. B 689, 90 (2010).
[15] G. P. Vacca and L. Zambelli, Phys. Rev. D 91, 125003

(2015).
[16] B.-J. Schaefer and J. Wambach, Nucl. Phys. A757, 479

(2005).10.1016/j.nuclphysa.2005.04.012

FIG. 20. The order parameter hσi, σ mass mσ , and quark mass mq for the quark-meson model at γ ¼ 0.67 and running hkðρÞ. The
bottom right plot shows a convergence diagram in kϕ (scLPA). The backbending is reduced in comparison to the higher value of
γ ¼ 0.77 in Fig. 19. Moreover, the CEP is moving toward T ¼ 0 for smaller γ.

TOWARD QUANTITATIVE PRECISION FOR QCD AT LARGE … PHYS. REV. D 111, 036030 (2025)

036030-27

https://doi.org/10.1103/PhysRevD.101.054032
https://doi.org/10.1103/PhysRevD.101.054032
https://doi.org/10.1016/j.physletb.2021.136584
https://doi.org/10.1016/j.physletb.2021.136584
https://doi.org/10.1103/PhysRevD.102.034027
https://doi.org/10.1103/PhysRevD.102.034027
https://doi.org/10.1103/PhysRevD.104.054022
https://doi.org/10.1103/PhysRevD.104.054022
https://doi.org/10.1016/j.physletb.2023.137908
https://doi.org/10.1016/j.physletb.2023.137908
https://doi.org/10.1016/j.ppnp.2019.01.002
https://doi.org/10.1016/j.physrep.2021.01.001
https://doi.org/10.1016/j.physrep.2021.01.001
https://doi.org/10.1088/1572-9494/ac86be
https://doi.org/10.1103/PhysRevD.90.076002
https://doi.org/10.1103/PhysRevD.90.076002
https://doi.org/10.1142/S0217732317500110
https://doi.org/10.1142/S0217732317500110
https://doi.org/10.1140/epjc/s10052-017-5312-9
https://doi.org/10.1140/epjc/s10052-017-5312-9
https://doi.org/10.1007/JHEP02(2019)166
https://doi.org/10.1007/JHEP02(2019)166
https://doi.org/10.1103/PhysRevD.103.056015
https://doi.org/10.1016/j.physletb.2010.04.043
https://doi.org/10.1016/j.physletb.2010.04.043
https://doi.org/10.1103/PhysRevD.91.125003
https://doi.org/10.1103/PhysRevD.91.125003
https://doi.org/
https://doi.org/


[17] K. Kamikado, T. Kunihiro, K. Morita, and A. Ohnishi, Prog.
Theor. Exp. Phys. 2013, 053D01 (2013).

[18] R.-A. Tripolt, J. Braun, B. Klein, and B.-J. Schaefer, Phys.
Rev. D 90, 054012 (2014).

[19] M. Mitter and B.-J. Schaefer, Phys. Rev. D 89, 054027
(2014).

[20] Y. Jiang, T. Xia, and P. Zhuang, Phys. Rev. D 93, 074006
(2016).

[21] H. Zhang, D. Hou, T. Kojo, and B. Qin, Phys. Rev. D 96,
114029 (2017).

[22] R.-A. Tripolt, B.-J. Schaefer, L. von Smekal, and J.
Wambach, Phys. Rev. D 97, 034022 (2018).

[23] S. Resch, F. Rennecke, and B.-J. Schaefer, Phys. Rev. D 99,
076005 (2019).

[24] S. Yin, R. Wen, and W.-j. Fu, Phys. Rev. D 100, 094029
(2019).

[25] K. Otto, M. Oertel, and B.-J. Schaefer, Phys. Rev. D 101,
103021 (2020).

[26] R. Câmara Pereira, R. Stiele, and P. Costa, Eur. Phys. J. C
80, 712 (2020).

[27] K. Otto, M. Oertel, and B.-J. Schaefer, Eur. Phys. J. Special
Topics 229, 3629 (2020).

[28] K. Otto, C. Busch, and B.-J. Schaefer, Phys. Rev. D 106,
094018 (2022).

[29] J. Braun et al., arXiv:2310.19853.
[30] F. Ihssen, J. M. Pawlowski, F. R. Sattler, and N. Wink,

Comput. Phys. Commun. 300, 109182 (2024).
[31] E. Grossi and N. Wink, SciPost Phys. Core 6, 071 (2023).
[32] E. Grossi, F. J. Ihssen, J. M. Pawlowski, and N. Wink, Phys.

Rev. D 104, 016028 (2021).
[33] W.-j. Fu, C. Huang, J. M. Pawlowski, and Y.-y. Tan, SciPost

Phys. 14, 069 (2023).
[34] F. Ihssen, J. M. Pawlowski, F. R. Sattler, and N. Wink,

arXiv:2408.08413.
[35] H. Gies and C. Wetterich, Phys. Rev. D 69, 025001 (2004).
[36] J. Braun, Eur. Phys. J. C 64, 459 (2009).
[37] M. Mitter, J. M. Pawlowski, and N. Strodthoff, Phys. Rev. D

91, 054035 (2015).
[38] J. Braun, L. Fister, J. M. Pawlowski, and F. Rennecke, Phys.

Rev. D 94, 034016 (2016).
[39] A. K. Cyrol, M. Mitter, J. M. Pawlowski, and N. Strodthoff,

Phys. Rev. D 97, 054006 (2018).
[40] F. Rennecke, Phys. Rev. D 92, 076012 (2015).
[41] K. Fukushima, J. M. Pawlowski, and N. Strodthoff, Ann.

Phys. (Amsterdam) 446, 169106 (2022).
[42] A. J. Helmboldt, J. M. Pawlowski, and N. Strodthoff, Phys.

Rev. D 91, 054010 (2015).
[43] J. M. Pawlowski, Ann. Phys. (Amsterdam) 322, 2831 (2007).

[44] J. M. Pawlowski, M. M. Scherer, R. Schmidt, and S. J.
Wetzel, Ann. Phys. (Amsterdam) 384, 165 (2017).

[45] S. Diehl, H. C. Krahl, and M. Scherer, Phys. Rev. C 78,
034001 (2008).

[46] C. Busch and B.-J. Schaefer (private communication).
[47] F. Ihssen and J. M. Pawlowski, arXiv:2305.00816.
[48] N. Wink, Towards the spectral properties and phase struc-

ture of QCD., Ph.D. thesis, U. Heidelberg, ITP, 2020.
[49] A. Koenigstein, M. J. Steil, N. Wink, E. Grossi, J. Braun, M.

Buballa, and D. H. Rischke, Phys. Rev. D 106, 065012
(2022).

[50] A. Koenigstein, M. J. Steil, N. Wink, E. Grossi, and J.
Braun, Phys. Rev. D 106, 065013 (2022).

[51] M. J. Steil and A. Koenigstein, Phys. Rev. D 106, 065014
(2022).

[52] J. Stoll, N. Zorbach, A. Koenigstein, M. J. Steil, and S.
Rechenberger, arXiv:2108.10616.

[53] F. Ihssen and J. M. Pawlowski, SciPost Phys. 15, 074
(2023).

[54] F. Ihssen, F. R. Sattler, and N. Wink, Phys. Rev. D 107,
114009 (2023).

[55] F. Murgana, A. Koenigstein, and D. H. Rischke, Phys.
Rev. D 108, 116016 (2023).

[56] M. Zhang and C.-W. Shu, Math. Models Methods Appl. Sci.
13, 395 (2011).

[57] X. Feng, T. Lewis, and M. Neilan, J. Comput. Appl. Math.
299, 68 (2016).

[58] J. Yan and C.-W. Shu, J. Sci. Comput. 17, 27 (2002).
[59] X. Feng and M. Neilan, arXiv:1109.1183.
[60] J. Braun et al. (fQCD Collaboration) (2023).
[61] J. Braun, T. Dörnfeld, B. Schallmo, and S. Töpfel, Phys.

Rev. D 104, 096002 (2021).
[62] B.-J. Schaefer and J. Wambach, Phys. Rev. D 75, 085015

(2007).
[63] R.-A. Tripolt, N. Strodthoff, L. von Smekal, and J.

Wambach, Phys. Rev. D 89, 034010 (2014).
[64] D. Arndt, W. Bangerth, M. Feder, M. Fehling, R.

Gassmöller, T. Heister, L. Heltai, M. Kronbichler, M.
Maier, P. Munch, J.-P. Pelteret, S. Sticko, B. Turcksin,
and D. Wells, J. Numer. Math. 30, 231 (2022).

[65] B. Nijholt, J. Weston, J. Hoofwijk, and A. Akhmerov,
Adaptive: Parallel active learning of mathematical functions
(2019), 10.5281/zenodo.1182437.

[66] T. A. Davis, ACM Trans. Math. Softw. 30, 196 (2004).
[67] A. M. M. Leal, AUTODIFF, a modern, fast and expressive C++

library for automatic differentiation, https://autodiff.github
.io (2018).

[68] D. F. Litim, Phys. Lett. B 486, 92 (2000).

IHSSEN, PAWLOWSKI, SATTLER, and WINK PHYS. REV. D 111, 036030 (2025)

036030-28

https://doi.org/10.1093/ptep/ptt021
https://doi.org/10.1093/ptep/ptt021
https://doi.org/10.1103/PhysRevD.90.054012
https://doi.org/10.1103/PhysRevD.90.054012
https://doi.org/10.1103/PhysRevD.89.054027
https://doi.org/10.1103/PhysRevD.89.054027
https://doi.org/10.1103/PhysRevD.93.074006
https://doi.org/10.1103/PhysRevD.93.074006
https://doi.org/10.1103/PhysRevD.96.114029
https://doi.org/10.1103/PhysRevD.96.114029
https://doi.org/10.1103/PhysRevD.97.034022
https://doi.org/10.1103/PhysRevD.99.076005
https://doi.org/10.1103/PhysRevD.99.076005
https://doi.org/10.1103/PhysRevD.100.094029
https://doi.org/10.1103/PhysRevD.100.094029
https://doi.org/10.1103/PhysRevD.101.103021
https://doi.org/10.1103/PhysRevD.101.103021
https://doi.org/10.1140/epjc/s10052-020-8296-9
https://doi.org/10.1140/epjc/s10052-020-8296-9
https://doi.org/10.1140/epjst/e2020-000155-y
https://doi.org/10.1140/epjst/e2020-000155-y
https://doi.org/10.1103/PhysRevD.106.094018
https://doi.org/10.1103/PhysRevD.106.094018
https://arXiv.org/abs/2310.19853
https://doi.org/10.1016/j.cpc.2024.109182
https://doi.org/10.21468/SciPostPhysCore.6.4.071
https://doi.org/10.1103/PhysRevD.104.016028
https://doi.org/10.1103/PhysRevD.104.016028
https://doi.org/10.21468/SciPostPhys.14.4.069
https://doi.org/10.21468/SciPostPhys.14.4.069
https://arXiv.org/abs/2408.08413
https://doi.org/10.1103/PhysRevD.69.025001
https://doi.org/10.1140/epjc/s10052-009-1136-6
https://doi.org/10.1103/PhysRevD.91.054035
https://doi.org/10.1103/PhysRevD.91.054035
https://doi.org/10.1103/PhysRevD.94.034016
https://doi.org/10.1103/PhysRevD.94.034016
https://doi.org/10.1103/PhysRevD.97.054006
https://doi.org/10.1103/PhysRevD.92.076012
https://doi.org/10.1016/j.aop.2022.169106
https://doi.org/10.1016/j.aop.2022.169106
https://doi.org/10.1103/PhysRevD.91.054010
https://doi.org/10.1103/PhysRevD.91.054010
https://doi.org/10.1016/j.aop.2007.01.007
https://doi.org/10.1016/j.aop.2017.06.017
https://doi.org/10.1103/PhysRevC.78.034001
https://doi.org/10.1103/PhysRevC.78.034001
https://arXiv.org/abs/2305.00816
https://doi.org/10.1103/PhysRevD.106.065012
https://doi.org/10.1103/PhysRevD.106.065012
https://doi.org/10.1103/PhysRevD.106.065013
https://doi.org/10.1103/PhysRevD.106.065014
https://doi.org/10.1103/PhysRevD.106.065014
https://arXiv.org/abs/2108.10616
https://doi.org/10.21468/SciPostPhys.15.2.074
https://doi.org/10.21468/SciPostPhys.15.2.074
https://doi.org/10.1103/PhysRevD.107.114009
https://doi.org/10.1103/PhysRevD.107.114009
https://doi.org/10.1103/PhysRevD.108.116016
https://doi.org/10.1103/PhysRevD.108.116016
https://doi.org/10.1142/S0218202503002568
https://doi.org/10.1142/S0218202503002568
https://doi.org/10.1016/j.cam.2015.10.024
https://doi.org/10.1016/j.cam.2015.10.024
https://doi.org/10.1023/A:1015132126817
https://arXiv.org/abs/1109.1183
https://doi.org/10.1103/PhysRevD.104.096002
https://doi.org/10.1103/PhysRevD.104.096002
https://doi.org/10.1103/PhysRevD.75.085015
https://doi.org/10.1103/PhysRevD.75.085015
https://doi.org/10.1103/PhysRevD.89.034010
https://doi.org/10.1515/jnma-2022-0054
https://doi.org/10.5281/zenodo.1182437
https://doi.org/10.1145/992200.992206
https://autodiff.github.io
https://autodiff.github.io
https://autodiff.github.io
https://doi.org/10.1016/S0370-2693(00)00748-6

	Toward quantitative precision for QCD at large densities
	I. INTRODUCTION
	II. LOW-ENERGY QCD
	A. Emergent composites
	B. Physical mass gaps and mesonic and quark cutoff scales
	C. Flow equations for the effective potential V(&rho;) and the Yukawa coupling h(&rho;)

	III. DISCONTINUOUS GALERKIN IN THE FUNCTIONAL RENORMALIZATION GROUP
	A. Spatial discretization
	B. Time discretization
	C. Numerical implementation
	1. Effective potential
	2. Yukawa coupling


	IV. RESULTS
	A. Initial conditions and optimized relative cutoff scales
	B. Momentum transfer at small temperatures and large chemical potentials
	C. Phase diagram of the QM model in the self-consistent LPA

	V. CONCLUSIONS AND OUTLOOK
	ACKNOWLEDGMENTS
	APPENDIX A: &mu;q DEPENDENCE OF RELATIVE CUTOFF SCALES
	APPENDIX B: EXPLICIT SYMMETRY BREAKING AND &gamma; DEPENDENCE
	APPENDIX C: FIXED YUKAWA COUPLING
	APPENDIX D: NUMERICAL DETAILS
	APPENDIX E: REGULATORS AND THRESHOLD FUNCTIONS
	APPENDIX F: ADDITIONAL PLOTS
	1. Phase transition plots
	2. RG-time evolution of quark masses
	3. RG-time evolutions of bosonic masses
	4. Additional phase diagrams

	References


