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Dense quantum chromodynamics (QCD) matter may exhibit crystalline phases. Their existence is
reflected in a moat regime, where mesonic correlations feature spatial modulations. We study the real-time
properties of pions at finite temperature and density in QCD in order to elucidate the nature of this regime.
We show that the moat regime arises from particle-hole-like fluctuations near the Fermi surface. This gives
rise to a characteristic peak in the spectral function of the pion at nonzero spacelike momentum. This peak
can be interpreted as a new quasi particle, the moaton. In addition, our framework also allows us to directly
test the stability of the homogeneous chiral phase against the formation of an inhomogeneous condensate in
QCD. We find that an inhomogeneous instability is highly unlikely for baryon chemical potentials
μB ≤ 630 MeV.

DOI: 10.1103/PhysRevD.111.094026

I. INTRODUCTION

The phase structure of QCD at finite density is largely
unknown. Results from lattice gauge theory show that there
is a smooth chiral crossover for μB=T ≲ 3 [1,2], where μB
and T are the baryon chemical potential and the tempera-
ture. Functional methods have predicted that this crossover
ends in a critical end point (CEP) at around ðT; μBÞ ≈
ð107; 632Þ MeV [3–5]. These predictions from direct com-
putations in QCD have subsequently been confirmed
by various extrapolations of the available lattice data,
e.g., [6–9].
The CEP is extensively searched for in heavy-ion

collision experiments [10,11]. However, to date there are
no indications for its existence, as the available data do not
show any significant deviations from the noncritical base-
line for collision energies

ffiffiffi
s

p
≥ 7.7 MeV, corresponding to

μB ≲ 400 MeV [12]. This is not surprising, as CEP signals
typically rely on critical scaling, yet scaling can only be
observed very close to the phase transition; see, e.g.,
[3,13–20].

In contrast, in Ref. [3] a region with negative spatial
wave functions of mesonic correlations has been found in
QCD using the functional renormalization group (fRG).
This implies the existence of a moat regime, where the
static dispersion of mesons has a minimum at nonzero
spatial momentum pM ¼ jpMj > 0. pM corresponds to the
wave number of an underlying spatial modulation. As
shown in Fig. 1, the moat regime covers a large region of
the phase diagram. While the moat regime itself has not

FIG. 1. The phase boundary of the chiral phase transition of
QCD [3] together with the moat regime identified though pion
and sigma correlations.
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received much attention until recently [21,22], it turns out
to be a generic feature of systems with spatially modulated
phases, ranging, e.g., from condensed matter systems [23–
42], various effective models that share some features with
QCD [43–49], and, also including, systems with a sym-
metry under combined charge and complex conjugation
[50–56], to pattern formation in general [57,58].
Owing to the large size of the moat regime, it is

conceivable that the matter created in intermediate-energy
heavy-ion collisions can spend an appreciable amount of its
lifetime in this regime. In this case, it has been argued that
particle production is affected [59]. Indeed, correlations
generated through thermodynamic fluctuations [21] and
pion interference [60] show characteristic peaks at pM for
moaton quasiparticles, i.e., pions in a moat regime, which
are the softest modes in the system for jpj ≈ pM. In
addition, dilepton production is enhanced around the
moaton production threshold [61]. Similar signals have
been found for specific inhomogeneous phases [62,63].
Much like transport phenomena, the observables for a

moat regime developed in Refs. [21,60,61] require knowl-
edge of the real-time spectral properties of particles in a
moat regime. So far, explicit calculations relied on the
assumption of moatons with a quasiparticle spectral func-
tion ρðp0; p2Þ ∼ δðp2

0 − E2
Mðp2ÞÞ, where EMðp2Þ has a

global minimum at pM. This may, however, be an over-
simplification of the realistic spectrum.
The phase structure, and more generally thermodynamic

properties, are equilibrium concepts that are accessible at
imaginary time. Consequently, they are related to the
spacelike properties of matter. For example, the formation
of condensates is fully characterized by Euclidean correla-
tion functions. In addition, second order phase transitions,
e.g., at the CEP, are signaled by a diverging correlation
length, which is given by the inverse spacelike screening
mass of the critical mode [64]. It is hence no surprise that the
massless mode at the CEP appears in the spacelike region of
the scalar mesonspectral function [65,66]. To be more
precise, the critical mode of the CEP is a mixture of the
chiral condensate, the density and the Polyakov loops [55].
In general, the instability of the ground state of a system

toward a different phase is always signaled by a sign change
of the static propagator [67]. A relevant example here is the
possible instability of a homogeneous ground state against
inhomogeneous condensation [43]. This instability is gen-
erated by particle-hole fluctuations around the Fermi sur-
face, see, e.g., [68], and occurs if the static moaton
dispersion vanishes at the minimum, EMðpMÞ ¼ 0 [22].
For broken Lorentz symmetry, there is no simple relation

between the spacelike and timelike properties of matter.
Hence, a simplistic quasiparticle picture as mentioned
above might not be warranted. In particular since the
existence of a moaton quasiparticle has not been estab-
lished yet. And while the phase structure is determined by
the spacelike properties of particles, their real-time proper-
ties are necessary to understand transport phenomena and

experimental signals. In order to fully understand, and
potentially also measure, the moat regime, we hence need
to know its real-time properties. To this end, in this paper
we compute the spectral function of pions in the moat
regime based on direct calculations in QCD with the
fRG [3].
A by-product of this analysis is that we can directly test

the stability of the system against inhomogeneous fluctua-
tions at finite density. In this work, we therefore also put
forward a direct way to perform a stability analysis in QCD,
which is complementary to the recently developed methods
based on the 2PI effective action [47] and the chiral
susceptibility [49].

II. SPATIAL MODULATIONS AND THE MESON
SPECTRAL FUNCTION

In the moat regime correlation function features spatial
modulations. This does not necessarilymean that the system
is in an inhomogeneous phase, where some of the spatial
symmetries are broken spontaneously. Even in the absence
of long-range crystalline order, correlations functions can
still exhibit periodic oscillations. Awell-known example are
Friedel oscillations [69–74], where periodic oscillations in
bosonic two-point functions arise from fermionic particle-
hole fluctuations around a sharp Fermi surface at T ¼ 0.
However, as shown in Ref. [75], the moat regime is a
qualitatively different phenomenon that entails spatial oscil-
lations at both zero and nonzero temperatures. In QCD, it
can be characterized through the momentum dependence of
mesonic two-point functions [3].
The meson propagator is given by the connected two-

point function

GϕðpÞ ¼ hϕðpÞϕð−pÞic: ð1Þ

It can be expressed in terms of the QCD effective action
Γ½Φ� in the presence of emergent mesonic composites,
where Φ ¼ ðq; q̄; A; c; c̄; π; σ;…Þ and the propagator is
given by

GϕðpÞð2πÞ4δðpþ qÞ ¼
�
δ2Γ½Φ�
δΦδΦ

�−1

ϕϕ;ΦEoM

ðp; qÞ: ð2Þ

The propagator is evaluated on the solution ΦEoM of the
quantum equations of motion (EoM), δΓ½Φ�=δΦ ¼ 0. This
entails that the propagator is diagonal in momentum space.
The subscript ϕϕ indicates the diagonal meson part of the
propagator matrix.
The standard QCD effective action is a functional of the

fundamental fields, quarks, gluons and, in the present gauge-
fixed setup, ghosts, ðq; q̄; A; c; c̄Þ. Mesonic fields are
defined through appropriate interpolating fields, e.g., for
pionsπ ∼ q̄iγ5Tq, whereT are generators of an SU(2) flavor
symmetry. They arise as dynamical degrees of freedom
through resonances in four-quark interactions, and can be
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captured by the emergent composites approach (also called
dynamical hadronization) [3,76–80]. This allows us to treat
emergent bound states together with fundamental fields in a
consistent way, and the respective effective action in general
depends on Φ ¼ ðq; q̄; A; c; c̄; π; σ;…Þ, where σ is the
scalar meson and the dots stands for further hadronic fields.
On the equations of motion of the composite fields, the
effective action reduces to the standard one of QCD, see
Ref. [3] and the next section for more details.
At finite temperature and density, the full Euclidean

meson propagator (2) can in general be parametrized as

GϕðpÞ ¼
1

Zk
ϕðp0; pÞðp2

0 þm2
ϕÞ þ Z⊥

ϕ ðp0; pÞp2
; ð3Þ

with p ¼ ðp0; pÞ. We define the O(4) field ϕ ¼ ðσ; πÞ for
convenience. The temporal and spatial wave functions, Zk

ϕ

and Z⊥
ϕ , are in general unequal due to broken Lorentz

invariance in a medium. The meson massmϕ is the physical
pole mass defined byG−1

ϕ ðp2
0 ¼ −m2

ϕ; p ¼ 0Þ ¼ 0. We note
in passing that the wave functions also incorporate the wave
function renormalization (its value at the RG point), and
hence are commonly identified with the latter.
A simple way to see how the moat regime manifests

itself here is to consider the static propagator, GϕðpÞ ¼
GϕðpÞjp0¼0. A spatial modulation of the two-point corre-
lation GϕðxÞ with wave number pM is equivalent to GϕðpÞ
being peaked at pM. If we assume, just for illustration, that
the wave functions depend only mildly on the spatial

momentum, Zk=⊥
ϕ ðp2Þ ≈ Zk=⊥

0 þ Zk=⊥
1 p2, and that the sys-

tem retains rotational invariance, spatial modulations
require ðG−1

ϕ Þ0ðp2MÞ ¼ 0 with

p2M ¼ −
Z⊥
0

2Z⊥
1

−
Zk
1m

2
ϕ

2Z⊥
1

: ð4Þ

Causality implies Zk
1 ≥ 0 and stability of the solution of the

EoM requires Z⊥
1 > 0, so the static propagator is finite and

positive for all p [67]. Thus, to have a nonzero wave
number p2M > 0, Z⊥

0 ¼ Z⊥
ϕ ð0; 0Þ needs to become suffi-

ciently negative. This has been found in [3,48,81] and is the
basis for effective models for moaton quasiparticles,
Refs. [21,22,45,60,61].
In this approximation the propagator can be expressed as

GϕðpÞ ≈
1

ðZk
0 þ Zk

1p
2Þp2

0 þ Z⊥
1 ðp2 − p2MÞ2 þm2

eff

; ð5Þ

with

m2
eff ¼ Zk

0m
2
ϕ − Z⊥

1 p
4
M: ð6Þ

From this we can read-off the static meson dispersion

EðstatÞ
ϕ ðpÞ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G−1

ϕ ðpÞ
q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z⊥
1 ðp2 − p2MÞ2 þm2

eff

q
: ð7Þ

At p ¼ pM the static dispersion is minimal,

EðstatÞ
ϕ ðpMÞ ¼ meff ≤ mϕ: ð8Þ

This shows that the energy gap of static mesons is lowered
in the moat regime. This is the basis for the prediction of its
experimental signatures [21,59–61].
To illustrate this, we show the static pion dispersion

found in this work at a fixed T for different μB in Fig. 2.
Since the meson mass mϕ depends on T and μB in our full
computations, we normalized the energy by its value at zero
momentum for clarity. One clearly sees the moat regime at
large μB through the nonmonotonic jpj-dependence of the
dispersion. We find that jpMj quickly obtains values on the
order of a few hundred MeV. We will quantify this in more
detail below.
Furthermore, from Eq. (6) follows that if

Z⊥
1 p

4
M ≥ m2

ϕ; ð9Þ

this energy gap vanishes or even turns imaginary, which
indicates that there is an instability toward the formation of
a different ground state [67]. Since this instability occurs at
a nonzero spatial momentum pM, this favored ground state
is likely an inhomogeneous phase [43]. We will return to
the discussion of inhomogeneous instabilities in QCD in
Sec. III C.
This example illustrates how spatial modulations, the

moat regime and also inhomogeneous instabilities manifest
themselves in the static propagator. However, to fully
understand the moat regime also beyond the static limit,
and in particular at real time, we need to know how the full

FIG. 2. Normalized static dispersion relation, defined in Eq. (8),
for pions at T ¼ 145 MeV and different μB.
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frequency and momentum dependence of the real-time
correlation function in the moat regime.
To this end, one may directly compute in real time, or, if

the Euclidean propagator is already available, one may
perform an analytic continuation from imaginary to real
time via p0 → −iðω� iϵÞ; for applications with the fRG
see, e.g., [66,82–104] as well as the comprehensive review
[105] and references therein. In the latter case, the retarded
meson propagator is obtained from Eq. (5) by

GR
ϕðω; pÞ ¼ lim

ϵ→0þ
Gϕð−iðωþ iϵÞ; pÞ: ð10Þ

From the retarded propagator we can directly extract the
spectral function,

ρϕðω; pÞ ¼
1

π
ImGR

ϕðω; pÞ: ð11Þ

As explained above, in addition to its fundamental rel-
evance, the spectral function is the central object for
phenomenological studies of the moat regime and hence
in the focus of this work.
Following the arguments above, it seems natural to

expect that the moat regime modifies the p-dependence
of the spectral function in the spacelike region at ω ¼ 0.
This will be confirmed in the following, where we also
investigate the behavior at ω > 0.

A. QCD spectral functions from the functional
renormalization group

If the full effective action is known, we can follow the
steps outlined above to obtain the spectral function. Here
we compute the effective action from the generalized
functional flow equation [3,78],

∂tΓk½Φ� ¼ 1

2
Tr

�
Gk½Φ�

�
∂t þ

δ

δΦ
ϕ̇k½Φ�

�
Rk

�

−
Z

ϕ̇k;i½Φ�
�
δΓk½Φ�
δϕi

þ cσδσi

�
: ð12Þ

The mean field is defined as Φ ¼ hΦ̂i, where Φ̂ is the
fluctuating quantum field in the path integral. The terms
proportional to ϕ̇k½Φ� and its derivatives generate the
emergent scalar-pseudoscalar mesons and are fixed by
the requirement of absorbing the respective momentum
channel in the four-quark scattering vertex, see the dis-
cussion around Eq. (14). This process in the fRG approach
with emergent composites is also called dynamical hadro-
nization. Note that, seemingly, the mean fields of the
composites ϕ are scale-dependent, but they are independent
fields in the effective action, which is obtained as a
Legendre transformation also with respects to the currents
of the composites. However, ϕ̇½Φ� reflects the scale
dependence the underlying microscopic transformation

of the basis in field space [78],

ϕ̇k½Φ� ¼ h∂tϕ̂i½Φ�; ð13Þ

for more details see [3,78,106].
The regulator Rk is a matrix in field space and suppresses

the momentum modes of all fields with momenta q2 ≲ k2,
t ¼ lnðk=ΛÞ is the RG time and Λ is some reference scale.
In the present work we use the initial RG scale as the
reference scale and initialize the flow deep in the pertur-
bative regime with Λ ¼ 20 GeV. There we only have to fix
the fundamental free parameters of QCD, i.e., the value of
the strong coupling and the current quark masses. The full,
field-dependent propagator in the presence of the regulator
is similar to that at k ¼ 0 defined in Eq. (2),

Gk½Φ�ðp; qÞ ¼
�
δ2Γk½Φ�
δΦδΦ

þ Rk

�−1
ðp; qÞ; ð14Þ

where we have suppressed all internal indices for the sake
of simplicity.
The scattering channel relevant for the formation of the σ

mode and the pions is the scalar-pseudoscalar four-quark
interaction,

λq;k

�
1

4
ðq̄qÞ2 þ ðq̄iγ5TqÞ2

�
; ð15Þ

where λq;k is an RG scale dependent (running) coupling. By
using that the RG flows of the composite fields are of the
form h∂tσ̂ki ∼ q̄q and h∂tπ̂ki ∼ q̄iγ5Tq, we completely
encode this interaction for zero momentum exchange
between the quark-antiquark pairs in the dynamics of pions
and σ. For more details, including the approximations we
use and a complete list of the flow equations that are solved
here, we refer to Ref. [3].
The most relevant object for us here, the full meson

propagator in Eq. (5), is obtained from the scale-dependent
propagator at k ¼ 0 and evaluated on the solution of
the EoM,

GϕðpÞ ¼ Gk¼0½ϕ�jEoMðpÞ: ð16Þ

The diagrammatic representation of this flow is shown in
Fig. 3. It is possible to use the analytic continuation
described in the previous section to obtain the spectral
function from this result. This is, however, an ill-condi-
tioned inverse problem and hence necessitates some sort of
reconstruction; see, e.g., [107–110] (Gaußian Process
regression), [111–113] (maximal entropy method),
[114,115], (Bayesian inference), [116–118] (Tikhonov
regularization), [119–123] (neural networks), [124,125]
(kernel ridge regression), [126–130] (and basis expansions)
for more discussions and the evaluation of different
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techniques. The staggering amount of different ones
reflects indeed the ill-conditioned nature of the problem.
Importantly, the fRG allows for a direct analytic con-

tinuation, see, e.g., [84,85]. Consequently, the spectral
function at k ¼ 0 is obtained without the need for any
reconstruction, directly in real time. In practice, we do this
in a two-step procedure. We solve the fully coupled QCD
system without taking into account the full momentum
dependence of the propagators, using in particular Z⊥

ϕ ¼
Z⊥
0 in the coupled system, cf. Ref. [3]. We then use these

results as input to separately solve the flow equation of the
fully momentum dependent two-point functions shown in
Fig. 3, with the details given in Appendix A. This
procedure can be seen as the first step of an iteration
toward the self-consistent inclusion of fully momentum
dependent propagators, as done, e.g., in Ref. [131]. We
leave a fully self-consistent computation of the spectral
functions in QCD to future work, but note that at least for
OðNÞ models this only leads to quantitative corrections
[98,104,132].
In any case, the full momentum dependence of the flow

of the two-point function allows us to evaluate it also at
complex frequencies, and we can directly perform theWick
rotation in Eq. (10) to obtain the retarded propagator and,
through Eq. (11), the spectral function.

III. THE QCD MOAT REGIME

In this section we will elaborate on the physics under-
lying the moat regime. First, we will show that it arises
from particle-hole fluctuations. This can already be seen in
Euclidean space. Second, we will present the first results on
real-time correlations in the moat regime.

A. Particle-hole fluctuations and the moat regime

In order to pin down the origin of the moat regime, we
start by discussing our results in Euclidean space, where we
solve the fully coupled QCD system of Ref. [3]. As
mentioned above, in this setup we use Z⊥

ϕ ¼ Z⊥
0 , so that

according to Eq. (4), the moat regime is signaled directly by
Z⊥
ϕ < 0 in this case. We focus on pions first, since they are,

as the lightest degrees of freedom in the low-energy
spectrum of QCD, physically most relevant.
As already reported in Ref. [3], we find that Z⊥

π becomes
negative in a large region of the phase diagram. This is
shown in Fig. 1. We note that we restrict our analysis to
μB ≲ 630 MeV and T ≳ 100 MeV because we only

include the scalar-pseudoscalar quark scattering channel,
Eq. (15), into our analysis. Other channels will become
relevant beyond this regime [133], and we want to focus on
regions of the phase diagram where our systematic errors
are under control.
To illustrate the behavior of the spatial wave function

within and outside the moat regime, we show Z⊥
π as a func-

tion of T for μB ¼ 550 MeV in Fig. 4. For T ≳ 120 MeV,
Z⊥
π is negative and approaches zero at large T. This

approach to zero signals that mesons are turning into
nondynamical auxiliary fields and decouple from the
QCD spectrum at large T [134,135]. We emphasize that

this decoupling only happens in conjunction with Zk
ϕ also

approaching zero. This is only true in the large-T limit. At

the zero crossing into the moat regime, Zk
ϕ ≫ jZ⊥

ϕ j, so
quark correlations in the pion channel may be viewed as
dynamical pions with a modified static dispersion. This will
be clarified in the next section.
We can gain further insights into the moat regime by

investigating the different contributions to the pion propa-
gator. Since we find the moat regime above the pseudoc-
ritical temperature of the chiral phase transition, the
dominating contribution stems from quark fluctuations,
cf. Fig. 3. As discussed in more detail in Appendix B, we
can distinguish two manifestly different physical processes
behind this contribution: fluctuations related to creation-
annihilation (CA) processes of quarks, and particle-hole
(PH) fluctuations. They are illustrated in Fig. 5.

FIG. 3. Diagrammatic representation of the flow of the two-point function of mesons. Solid black lines are quarks and blue double-
lines are mesons. The gray blobs denote the one-particle-irreducible (1PI) vertices. The derivative ∂̃t only hits the k-dependence of the
regulator contribution to the propagators in Eq. (14). We emphasize that this equation is coupled to the corresponding flows of the quark
propagator and the vertices as part of the fully coupled, nonperturbative QCD system [3].

FIG. 4. Spatial pion wave functions Z⊥
π ðp0 ¼ 0; jpj ¼ 0Þ as a

function of temperature T, at baryon chemical potential μB ¼
550 MeV. Red dots correspond to the temperatures in Fig. 10.
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As demonstrated explicitly in Appendix B, we can split
the contribution of quarks to the RG flow of Z⊥

π into CA
and PH processes. In Fig. 6 we show the running of Z⊥

π in
the moat regime at μB ¼ 600 MeV and T ¼ 120 MeV
together with the separate contributions from CA and PH
processes. CA processes, which include the vacuum fluc-
tuations of quarks, always give a positive contributions to
Z⊥
π . PH processes, on the other hand, can be negative and,

as shown in Fig. 6, dominate over the CA processes in the

moat regime. This shows that the moat regime is generated
by particle-hole fluctuations of quarks in the medium.
Examples for the resulting static pion dispersion are shown
in Fig. 2.
Furthermore, it follows from the discussion in Sec. II that

for sufficiently negative Z⊥
π the system can become

unstable toward the formation of an inhomogeneous con-
densate. Thus, the formation of inhomogeneous phases is
also triggered by PH fluctuations. This may not be much of
a surprise, as nonrelativistic condensed matter system can
feature numerous crystalline phases, and CA process are
absent in the nonrelativistic limit, cf. Fig. 5. Since we have
shown in Sec. II that the moat regime is intimately related to
spatially modulated phases, it is reassuring that the under-
lying mechanism of the formation of spatial modulations
can work both in relativistic and nonrelativistic systems.

B. Real-time correlations in the moat regime

Now that we identified PH fluctuations as the origin of
the moat regime, we study its real-time properties. To this
end, we follow the steps described in Sec. II to obtain the
retarded propagator and the spectral function of pions,
Eqs. (10) and (11), in QCD from analytically continued
fRG flows.
In Fig. 7 we show the real and imaginary parts of the

retarded pion two-point function, Γð2Þ
π;R ¼ ðGR

π Þ−1, as func-
tions of spatial momentum jpj for different real frequencies
ω below the pion pole mass mpole

π . The two-point functions
here are normalized by the vacuum pion wave function, i.e.,

Γ̄ð2Þ
π;R ¼ Γð2Þ

π;R=Z
⊥
π ðω ¼ jpj ¼ 0ÞjT¼0;μB¼0. This generalizes

the results shown in Fig. 2 to nonzero frequency. The
dashed lines are in the chirally restored phase outside the
moat regime, and the solid lines are in the moat regime. We
find a clear distinction between the timelike, jpj < ω,
and the spacelike, jpj > ω, regions. As explained in
Appendix B, CA processes are only possible for timelike
mesons, while PH processes occur in the spacelike region.
This distinction hence highlights the differences in the
contributions from CA and PH fluctuations. In the timelike

region, ReΓð2Þ
π;RðpÞ is always increasing. Starting from the

light cone jpj ¼ ω, the behavior then changes qualitatively
and we find substantial differences between the normal and
the moat regime. In the normal regime, the real part is
monotonically increasing with jpj.
In contrast, one clearly sees in the left plot of Fig. 7 the

nonmonotonic jpj-dependence of the static moat dispersion
in the spacelike region. This shows that the expected
behavior for the static meson dispersion (8) in the normal
and the moat regime persists also at nonzero ω, at least for
frequencies below mpole

π . We conclude that the moat
behavior induced by PH fluctuations discussed in the
previous section at ω ¼ 0 extends to finite ω in the
spacelike region of the pion two-point function.

FIG. 5. Dirac cones illustrating the different quark processes
contributing to the meson propagator. The Dirac cones reflect the
quark dispersion EqðpÞ. The green surface denotes the Dirac sea,
which, at zero temperature, is filled up to the Fermi surface
defined by EqðpFÞ ¼ μ, where pF is the Fermi momentum. At
finite T, the Fermi surface is washed out, indicated by the fading
color. The red dots denote quarks and the light dots either
antiquarks (left) or quark-holes (right). Left: Creation-annihila-
tion (CA) process involving fluctuations of a quark-antiquark
pair. This process also includes the vacuum fluctuations of
quarks. Right: Particle-hole (PH) process involving a quark–
quark-hole pair. In the nonrelativistic limit, the negative energy
cone vanishes and only PH processes can occur.

FIG. 6. Spatial pion wave function Z⊥
π;kðp0 ¼ 0; jpj ¼ 0Þ as a

function of the RG scale k calculated at T ¼ 120 MeV and
μB ¼ 600 MeV. The solid black line shows the full result. The
dashed blue line shows the contribution of creation-annihilation
(CA) processes of quarks. The dot-dashed red line is the
contribution of particle-hole (PH) fluctuations.
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The imaginary part ImΓð2Þ
π;RðpÞ shown in the right plot of

Fig. 7 is zero in the timelike region for ω < mpole
π both in

the normal and the moat regime above the respective
pseudocritical temperature. This is not surprising, as no
ordinary scattering threshold is expected to occur at these
low energies for pions. In contrast, as explained in
Appendix B, in the spacelike region an off-shell pion
can create/annihilate a particle-hole pair of quarks or
antiquarks. Since the quark and quark-hole are on-shell,
this is kinematically allowed only for spacelike pions with
jpj ≥ w. This is Landau damping, as it requires a quark/
quark-hole state from the medium. This leads to a nonzero
imaginary part in the spacelike region. While these con-
tributions are qualitatively similar in the normal and a moat
regime, we find a substantial enhancement of more than a
factor of two in the magnitude of this contribution in the
moat regime over the normal regime. We note that we
compare the two-point function at different T and μB, so
quantitative differences could also be attributed to these
different conditions. However, as we will show below, the
moat regime plays a significant role here.
Since the moat regime manifests itself most clearly in the

real part of the retarded two-point function, we show it as a

function of both p and ω in Fig. 8 in the normal regime at
ðT; μBÞ ¼ ð160; 0Þ MeV (left) and the moat regime at
ðT; μBÞ ¼ ð114; 630Þ MeV (right). In the normal regime

ReΓð2Þ
π;RðpÞ is a monotonically increasing function for all

frequencies. In contrast, in the moat regime it is a non-
monotonic function for small and intermediate frequencies.
At very large frequencies, which are not shown here,

ReΓð2Þ
π;RðpÞ is the same in both cases. This is to be expected,

on the one hand, because the moat regime appears to be an
in-medium effect and if the frequency scale is larger than
the in-medium scale, all in-medium effects are negligible.
On the other hand, the system is asymptotically free, so at
very large ω the pion two-point function just looks like a
weak quark correlation in the pion channel.
We see from Fig. 8 that in the timelike region, there is no

qualitative difference between the normal and the moat
regime. At fixed ω, ReΓð2Þ

π;RðpÞ is a monotonically increas-
ing function in both cases. Crucially, the zero crossing of
the real part of the two point function defines the ordinary,
timelike dispersion relation of pions EπðpÞ,

ReΓð2Þ
π;Rðω ¼ Eπ; pÞ ¼ 0; ð17Þ

FIG. 7. Real (left panel) and imaginary (right panel) parts of the retarded two-point correlation function of pions as functions of spatial
momentum for different frequencies. Results at large μB (solid lines) are in comparison to those at vanishing μB (dashed lines). Here the

correlation function is normalized with Γ̄ð2Þ
π;R ¼ Γð2Þ

π;R=Z
⊥
π ðω ¼ jpj ¼ 0ÞjT¼0;μB¼0.

FIG. 8. 3D plots of the real part of the retarded two-point correlation function of pions as a function of frequency and spatial
momentum at μB ¼ 0, T ¼ 160 MeV (left panel) and μB ¼ 630, T ¼ 114 MeV (right panel). The black line indicates the light cone.
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and the pion pole mass is given by

mpole
π ¼ Eπð0Þ: ð18Þ

Figure 8 shows that EπðpÞ is a monotonically increasing
function of jpj in both cases. We conclude that the pion in
the timelike region just behaves like a normal pion, even in
the moat regime.
In contrast, in the spacelike region there is a distinct

difference between the normal and the moat regime. As
also seen in the left plot of Fig. 7, in the moat regime there
is a pronounced local minimum at nonzero p that extends
toward finite ω until it eventually disappears for the reasons
explained above. This behavior is therefore characteristic
for the moat regime. This is in line with our findings
in Sec. III A and the discussion in Appendix B, as PH
processes, which we identified as the origin of the moat
regime, only occur in the spacelike region.
Note that the real and imaginary parts of the retarded

two-point correlation function are related to each other
through the dispersion relation, also known as the Hilbert
transformation, i.e.,

ReΓð2Þ
π;Rðω; pÞ ¼ P

Z
∞

−∞

dω0

π

ImΓð2Þ
π;Rðω0; pÞ
ω0 − ω

; ð19Þ

where P stands for the principal integral. From this
dispersion relation, one can see that with the increase of
ω, even larger jpj is required to encode the PH fluctuations.
This accounts for the results observed in the right panel of
Fig. 8, where the ridge deviates from the light cone
gradually with the increase of ω.
Now that we understood the retarded two-point function,

we will discuss the pion spectral function. In Fig. 9 we
show ρπðω; jpjÞ in the normal regime at ðT; μBÞ ¼
ð160; 0Þ MeV (left) and in the moat regime at ðT; μBÞ ¼
ð114; 630Þ MeV (right), so for the same points in the phase
diagram as in Fig. 8. Since we established that the moat

regime manifests itself in the spacelike region, we focus on
frequencies ω ≤ 200 MeV, where the relevant effect is
most clearly seen. For these low frequencies, the spectral
function is zero in the timelike region and the light cone is
clearly visible through the onset of spacelike processes.

The pion particle peaks from the zero crossings of ReΓð2Þ
π;R in

Fig. 8 appears at larger ω.
We find a pronounced peak around ω ≈ 50 MeV and

jpj ≈ 200 MeV in the moat regime which leads to a
substantial enhancement of the spectral weight in this
region. This enhancement is induced by the spacelike
minimum of the real part of the retarded two-point function
in the moat regime shown in Fig. 8. This peak shows that in
addition to the normal pion mode, there is another relevant
contribution to the pion spectrum that may be attributed to a
spacelike quasiparticle, the moaton. In the following, we
will confirm that this peak is indeed a feature of the moat
regime, so calling it a moaton is appropriate.
In order to see how the moaton peak develops in the

phase diagram, we show the pion spectral function at μB ¼
550 MeV and different T in Fig. 10. The different temper-
atures in relation to the corresponding value of the spatial
pion wave function are shown as the red dots in Fig. 4. So
in Fig. 10 we go from outside the moat regime (top left
plot), over just at the boarder of the moat regime (top right
plot), and deep in the moat regime (bottom left plot), to
even deeper into the moat regime (bottom right plot). We
find that as the system enters the moat regime, a pro-
nounced moaton peak quickly develops. Deeper into the
moat regime, i.e. larger T at fixed μB, the overall magnitude
of the spacelike contributions to the spectral function
increases and, while there is still a peak, it only leads to
a minor enhancement. This can be attributed to the fact that
in the chirally restored phase, as T increases, the pion mass
rapidly increases and pions decouple from the QCD
spectrum [3]. Furthermore, at larger T it is more likely
to excite a quark/quark-hole from the heat bath, leading to
an overall increase in the magnitude of spacelike processes.

FIG. 9. 3D plots of pion spectral function as a function of the frequency and spatial momentum at μB ¼ 0, T ¼ 160 MeV (left panel)
and μB ¼ 630, T ¼ 114 MeV (right panel).
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The height of the moaton peak is determined by the depth
of the moat, i.e., the difference between static pion gap and

the moaton gap, EðstatÞ
π ð0Þ − EðstatÞ

π ðpMÞ, cf. Fig. 2. The
larger this difference, the higher the moaton peak. This will
be discussed in more detail below; see also Fig. 13.
We note that in particular in the top right of Fig. 10 one

sees a spiked ridge structure close to the light cone at larger
ω. This arises because the timelike pion dispersion actually
slightly crosses the light cone. In Ref. [92] this “tachyonic
mode” has been speculated to be related to an instability.
But we emphasize that this is merely an artifact of the
procedure used to extract the spectral function. As
explained in Sec. II A, this procedure can be viewed as
the first step of an iteration toward a self-consistent
determination of the full momentum dependence of the
meson propagator. This effect just shows that this iteration
is not fully converged after just a single iteration step. We
defer a self-consistent determination to future work but note
that the main results here are unlikely to be affected by this.
In order to get a complete picture, we show the full

spectral function, including large frequencies, in Fig. 11 at
T ¼ 130 MeV and μB ¼ 550 MeV. We clearly see three

distinct contributions: the spacelike part from PH fluctua-
tions, the pion particle pole (dashed line) from the zero-

crossings of ReΓð2Þ
π;R, and the timelike contributions domi-

nated by the decay of pions into quark-antiquark pairs.
Most remarkably, the moaton peak at nonzero spatial
momentum leads to an enhancement by about an order
of magnitude of the spacelike contribution over the timelike
contribution. Since the spectral weight leads to experimen-
tal signatures from in-medium modifications [21,60,61],
this enhancement could be the key to the experimental
discovery of the moat regime.
While we have seen that the moat regime manifests itself

in a clean and distinctive way in the real part of the retarded
two-point function, the moaton peak is intertwined with the
overall contribution from spacelike processes in the spectral
function. To see the relation between the location of the
spacelike minimum in ReΓð2Þ

π;R and the location of the
moaton peak in the spectral function, we show both loca-
tions in Fig. 12 as functions T, again at μB ¼ 550 MeV.
The left plot shows the frequency at the minimum and the
right plot shows the corresponding spatial momentum. The
errors on these plots stem from our finite frequency and

FIG. 10. 3D plots of pion spectral function as a function of the frequency and spatial momentum at μB ¼ 550 MeV, T ¼ 100 MeV
(upper left panel), μB ¼ 550 MeV, T ¼ 120 MeV (upper right panel), μB ¼ 550 MeV, T ¼ 130 MeV (lower left panel) and μB ¼ 550,
T ¼ 150 MeV (lower right panel).
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momentum resolution. We compute both ω and jpj in steps
of 5 MeV, giving rise to the corresponding errors.
As seen in Fig. 4, the moat regime is entered at

T ¼ 120 MeV. This is clearly reflected in the right plot
of Fig. 12, where the spatial momentum of the minimum of
ReΓð2Þ

π;R becomes nonzero for T ≥ 120 MeV. jpj grows
quickly until T ≈ 135 MeV, where it peaks at a value of
about 150 MeV. Beyond this point, the minimum slowly
approaches zero again with increasing T. This follows from
asymptotic freedom. The location of the moaton peak in the
spectral function follows this behavior, although more
smoothly. Importantly, even outside the moat regime the
spectral function has a maximum at nonzero jpj in the
spacelike region. This is expected, as the spacelike proc-
esses build up continuously starting from the light cone and
then eventually decrease with increasing momentum as it
becomes unlikely to excite a quark/quark-hole with large
momentum from the heat bath. In the moat regime, the
moaton peak moves to larger spatial momenta on the order
of 250MeV, until it eventually disappears into the spacelike
continuum when the pion mass becomes very large.

In the left plot of Fig. 12 we show the frequency where

the minimum of ReΓð2Þ
π;R and the moaton peak in ρπ are

located. Similar to the spatial momentum in the right plot,
and taking into account our error in the determination of ω,

the frequency of the minimum of ReΓð2Þ
π;R becomes nonzero

in the moat regime. It peaks around T ≈ 140 MeV and then
slowly returns to zero as T increases further. The frequency
of the moaton peak also grows in the moat regime. We
conclude that there is a clear correlation between the moat
regime and the position of the spacelike peak in the spectral
function. The peak position is an important quantity, as its
sets the momentum scale relevant for experimental searches
of the moat regime.
The spectral functions in Figs. 9 and 10 show that the

height of the peak in the spacelike region of the spectral
function appears to be a distinctive feature of the moat
regime. To corroborate this, we show the height of the
moaton peak (the green line) as a function of T at μB ¼
550 MeV in Fig. 13. We can see that the peak reaches its
maximum at T ≈ 130 MeV. The height of the peak is
controlled by the depth of the moat, dM, which can be
defined as

dM ¼ m2
π − ReΓð2Þ

π;Rðωmin; pminÞ
m2

π
; ð20Þ

where m2
π ¼ ReΓð2Þ

π;Rð0; 0Þ and ωmin and pmin are the
frequency and spatial momentum at the minimum of the
real part of the retarded two-point function. This is shown
by the blue line in Fig. 13. The depth characterizes to what
extent finite-momentum excitations are favored over zero
momentum excitations. It can hence be viewed as a
measure of the relative importance of the moaton in
spacelike pion spectrum. Since the depth also peaks around
T ≈ 130 MeV, we find a clear connection to the height of
the spacelike peak in the spectral function.

FIG. 12. The behavior of ω (left) and jpj (right), corresponding to the minimum in the spacelike region of real part of the two-point
functions (blue), and the moaton peak of spectral functions (green), as functions of temperature at μB ¼ 550 MeV.

FIG. 11. Pion spectral function as function of the frequency for
different spatial momenta jpj ¼ 50, 100, 150, 200, and 220 MeV,
at μB ¼ 550 MeV and T ¼ 130 MeV.
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In summary, we found that the pion spectral function
develops a new peak in the spacelike region in the moat
regime. We have shown that it can be identified as a
quasiparticle, the moaton, which controls the physics of the
moat regime.

C. Stability analysis

As discussed in the introduction and in Sec. II, since the
moaton is spacelike and its mass gap is located at nonzero
spatial momentum, a vanishing gap (i.e. a zero in the static
dispersion relation) could indicate an instability toward the
formation of a different, ordered phase. In the spectral
function, such an instability would correspond to a very
sharp moaton peak. This is equivalent to the situation at the
CEP, where the massless critical mode gives rise to such a
peak on the light cone [65], indicating the instability of the
chirally symmetric phase toward a homogeneously broken
phase. Since the minimum of the static dispersion is at
nonzero jpj ¼ jpMj, the resulting instability would indicate
that an inhomogeneous phase with a spatial modulation
with wave number pM is favored.
To properly investigate the chiral phase structure, rather

than the pions, the σ meson is the relevant mode, as it
carries the chiral condensate. By following the steps
outlined in Sec. II A, we can obtain the fully momentum
dependent σ propagator in QCD exactly the same way as
for the pions. For now, we are only interested in the phase
structure and thus focus on the static properties. We will
study the real time σ correlations elsewhere.
Crucially, we find that the spatial wave function Z⊥

σ also
turns negative at larger μB. So the moat regime also affects
scalar mesons. This is not much of a surprise, as the same
PH processes that induce the moat behavior in pions
happen for all mesons. What is surprising, though, is that
the moat regimes for σ and pions are not identical. This can
be seen in Fig. 1, where the chiral phase boundary of QCD,
together with the CEP and moat regimes extracted from
pion and σ correlations, is shown. While the pion moat

regime reaches slightly into the chirally broken phase and
also covers the CEP, the σ moat regime is shifted toward
larger T so that an overlap with the CEP is narrowly
avoided. This confirms similar findings in the quark-meson
model [136]. This model is the emergent low energy
effective theory the present functional QCD setup with
emergent scalar-pseudoscalar mesons flows into; for a
discussion see Refs. [105,137].
This observation itself may already indicate that there is

no instability toward an inhomogeneous phase. At the CEP,
there is an exactly massless critical mode. In our case, as we
take into account nontrivial Polyakov loops [3], this mode
is a mixture of the σ mode and the Polyakov loops [55].
Since it was demonstrated that the σ is the dominant
contribution to the critical mode, it becomes very light at
the CEP. Thus, already a small Z⊥

σ < 0 can induce an
instability. In fact, a homogeneous CEP and moat behavior
in the critical mode must be mutually exclusive, as
otherwise any negative spatial wave function would always
lead to an instability. This immediately follows from Eq. (9)
for mϕ ¼ 0. In Ref. [55] it was shown that a homogeneous
CEP and spatial modulations in the correlations of the
critical mode induced by a so-called complex phase are
mutually exclusive. While the relation between the moat
regime and the complex phase is not fully understood yet,
see also [54,61], these phenomena are clearly related near
the CEP.
In any case, we can also perform a direct stability

analysis here. Since we did not find a vanishing moaton
gap in the pion, we can already conclude that there is no
instability in the pion mode here. This leaves us with the σ

mode. In Fig. 14 we show the static sigma dispersion EðstatÞ
σ

as a function of spatial momentum for the largest available
chemical potential in our study, μB ¼ 630 MeV, and
various temperatures. We note that this chemical potential
is slightly below the critical μB of the CEP. At the lowest

FIG. 13. Height of the moaton peak in the pion spectral function
(green) and the depth of the moat (blue) as functions of T at
μB ¼ 550 MeV. The depth of the moat is defined in Eq. (20).

FIG. 14. Two-point correlation function of Sigma as functions
of spatial momentum at vanishing external frequency. These
curves are computed for a baryon chemical potential of 630 MeV
at different temperatures.
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temperature in the figure, T ¼ 110 MeV. the system
is at the edge of the moat regime, and the σ mass,
mσ ≈ 153 MeV, is smaller than the pion mass at this point

in the phase diagram. EðstatÞ
σ is monotonically increasing

with jpj in this case, but already very shallow at low
momentum. At larger T a minimum at nonzero jpj devel-
ops, so the system enters the σ moat regime. With
increasing T the minimum becomes deeper and shifts to
larger momenta. However, mσ also increases and the sys-

tem is far away from an instability, since EðstatÞ
σ ðjpjÞ > 0 for

all momenta and temperatures at μB ¼ 630 MeV.
We have explicitly checked that this is also true at lower

μB, so we can exclude the occurrence of an inhomogeneous
instability in the QCD for all μB ≤ 630 MeV. As already
mentioned in Sec. III A, for a reliable stability analysis at
larger μB and smaller T we need to improve the systematics
of our approach in this region. This is work in progress.

IV. CONCLUSION

In order to understand the formation of spatially modu-
lated phases in QCD, we have studied the underlying
mechanism and the real time properties of the moat regime
from first principles using the fRG. We have shown that the
moat regime arises from particle-hole fluctuations of quarks
at baryon chemical potentials μB ≳ 430 MeV above and
around the pseudocritical temperature of the chiral tran-
sition. In fact, there always is a competition between
particle-hole and creation-annihilation processes, where
only the latter can lead to a moat regime. With increasing
baryon density, the phase space in the vicinity of Fermi
surface, where particle-hole fluctuations take place,
increases as well. Consequently, these effects become more
and more pronounced, and eventually dominate over
creation-annihilation processes. It is hence natural to expect
that the moat regime requires a sufficiently large μB.
The real-time properties of the moat regime have been

investigated in detail through the pion spectral function.
Since particle-hole fluctuations are only kinematically
allowed for spacelike mesons, they exclusive contribute
to the spacelike region of the spectral function. In this
region, we discovered a characteristic quasiparticlelike
peak in the moat regime. We have demonstrated that this
peak is a manifestation of the moat regime and hence
dubbed this quasiparticle moaton. This retroactively jus-
tifies the use of this term in [61].
We found that the moaton yields a substantial contribu-

tion to the spectral function, leading to distinct qualitative
differences compared to the spectral function in absence of
spatial modulations. This is encouraging for experimental
searches for the moat regime and inhomogeneous phases in
general, since the corresponding observables developed in
Refs. [21,60,61] all rely on the pion spectral function.
Hence, characteristic effects in the spectral function will
likely lead to characteristic signatures of the moat regime in
observables such as Hanbury-Brown–Twiss correlations

and dilepton production rates. We therefore plan to use our
results to refine the predictions for future heavy-ion experi-
ments, e.g., for CBM at FAIR.
Furthermore, we also performed the first stability analy-

sis directly in QCD. We have shown that instabilities
toward the formation of an inhomogeneous phase can be
deduced from the mass gap of moatons, i.e., the minimum
of the static meson dispersion. Our results show that such
instabilities are highly unlikely for μB ≤ 630 MeV at any
temperature. The method presented here, which relies on
the dynamical hadronization technique, is complementary
to the methods that have recently been developed in
Refs. [47,49,138], which are geared toward studies of
QCD using Dyson-Schwinger equations.
An open question related directly to the findings in

Ref. [55] is if and how in-medium mixing affects the
moaton and potential inhomogeneous instabilities. It is
conceivable that similar to the homogeneous instability at
the CEP, the study of inhomogeneous instabilities requires
a careful identification of the relevant “critical modes.” We
note that the results in the present work are not affected by
this, since the system is so far away from an instability that
it is unlikely that mixing will change any of our conclusions
here. In general, the interplay between the critical mode of
the CEP and the moaton is an interesting question that
emerges from our work. One can imagine that near the CEP
there are two peaks in the spacelike region of the spectral
function of the critical mode, one from the moaton and the
other from the critical mode. Since the σ meson mode is the
dominant contribution to the critical mode [55], we expect
to see such features already in the σ spectral function.
Lastly, since the particle-hole fluctuations are not specific

to QCD and play an important role inmany condensedmatter
systems, our findings might also be of relevance there.
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APPENDIX A: FLOW EQUATIONS OF MESONIC
TWO-POINT CORRELATION FUNCTIONS AND

ANALYTIC CONTINUATION

As outlined in Sec. II A, we use the fRG approach for
QCD here. The diagrammatic representation of the flow of
the QCD effective action with dynamical hadronization is
shown in Fig. 15. Flow receives contributions from the
fluctuations of the gluon, ghost, quark, and meson fields in
Landau gauge QCD, see [3] for more details.
The mesonic two-point function is obtained by a second

derivative of the QCD effective action with respect to the
emergent composite meson fields,

Γð2Þ
ϕϕ;k ¼

δ2Γk½Φ�
δϕδϕ

jΦ¼ΦEoM
; ðA1Þ

where ΦEoM denotes the fields on their respective equa-
tions of motion. Its flow is readily obtained from that of the
effective action in Fig. 15, upon implementing the relevant
functional derivatives on both sides, and the resulting flow
equation is depicted in Fig. 3. Then the flow of mesonic
two-point function at finite external momentum reads

∂tΓ
ð2Þ
ϕϕ;kðpÞ ¼ ∂̃tð−ðΠϕϕ

QLÞab þ
1

2
ðΠϕϕ

MLÞab þ
1

2
ðΠϕϕ

TPÞabÞ:
ðA2Þ

On the right-hand side (rhs) of the equation there are three
different contributions resulting from the quark loop,
meson loop, and the tadpole of mesons. These are denoted
by Πϕϕ

QL, Π
ϕϕ
ML, and Πϕϕ

TP , respectively, as shown in Fig. 16.
The quark loop reads

ðΠϕϕ
QLÞabðpÞ ¼

Z
d4q
ð2πÞ4 Tr½hkτ

aGqðqÞhkτbGqðq − pÞ�;

ðA3Þ
where we use the subscripts a, b to label the meson fields
ϕa with ϕ0 ¼ σ and ϕi ¼ πi (i ¼ 1, 2, 3). We use a

k-dependent, but momentum-independent Yukawa cou-
pling hk. The matrices involved in the Yukawa interaction
read τ0 ¼ T0 and τi ¼ iγ5Ti, where Ti (i ¼ 1, 2, 3) are the
generators of the group SUðNf ¼ 2Þ in flavor space with
TrðTiTjÞ ¼ ð1=2Þδij and T0 ¼ ð1= ffiffiffiffiffiffiffiffiffi

2Nf
p Þ1Nf×Nf

with
Nf ¼ 2. The quark propagator is given by

GqðqÞ ¼
1

Zq;ki½γ0q0 þ γ · qð1þ rqðq2=k2ÞÞ� þmq;k
; ðA4Þ

where a 3d flat regulator for the quark is used, i.e.,

Rq̄q ¼ Zq;kiγ · qrqðq2=k2Þ;

with rqðxÞ ¼
�

1ffiffiffi
x

p − 1

�
Θð1 − xÞ; ðA5Þ

for the convenience of calculations at finite temperature and
densities. Here, ΘðxÞ stands for the Heaviside step func-
tion. Same as the Yukawa coupling, the quark wave
function Zq;k and the quark mass mq;k are dependent on
the RG scale k. This k-dependence encodes most of the
momentum dependence for masses and couplings, which in
turn allows us to neglect the subleading effect of the explicit
momentum dependence, see [3] for more discussions. Note
that in the case of finite temperature and densities, the
temporal component of the momentum in (A3) is modified
as q0 → q0 þ iμ, with the quark chemical potential μ
related to the baryon chemical potential via μ ¼ μB=3.
q0 is the Matsubara frequency, q0 ¼ ð2nþ 1ÞπT for
fermions here and q0 ¼ 2nπT for bosons with n∈Z.
Accordingly, the integral for q0 in (A3) is modified as a
summation for the frequency.
The polarizations of σ and π mesons from the quark loop

are readily obtained from (A3) as well as (A4), which read

ðΠϕϕ
QLÞ00ðpÞ ¼ −2Nc

h2k
Z2
q;k

Z
d4q
ð2πÞ4 ḠqðqÞḠqðq−pÞ

× ½ðq0ðq0 −p0Þ þ q · ðq− pÞð1þ rqðq2=k2ÞÞ
× ð1þ rqððq− pÞ2=k2ÞÞ− m̄2

q;kÞ�; ðA6Þ

ðΠϕϕ
QLÞijðpÞ ¼ −2Nc

h2k
Z2
q;k

δij

Z
d4q
ð2πÞ4 ḠqðqÞḠqðq−pÞ

× ½ðq0ðq0 −p0Þ þ q · ðq− pÞð1þ rqðq2=k2ÞÞ
× ð1þ rqððq− pÞ2=k2ÞÞÞ þ m̄2

q;k�; ðA7Þ

respectively. Here Nc ¼ 3 denotes the number of the
colors. In (A6) and (A7) one has m̄q;k ¼ mq;k=Zq;k and

ḠqðqÞ ¼
1

q20 þ q2ð1þ rqðq2=k2ÞÞ2 þ m̄2
q;k

: ðA8Þ
FIG. 15. Flow equation of the QCD effective action, where the
loops denote the contributions from the gluon, ghost, quark, and
meson fields, respectively. The lines stand for their full propa-
gators and the crossed circles indicate infrared regulators.
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It is also straightforward to evaluate the contribution of the
meson loop to the mesonic two-point correlation functions,
i.e., the second diagram in Fig. 16. One obtains for the σ
polarization

ðΠϕϕ
MLÞ00ðpÞ¼

Z
d4q
ð2πÞ4GσðqÞGσðq−pÞ½ð2ρÞ3ðVð3Þ

k ðρÞÞ2

þ6ð2ρÞ2Vð3Þ
k ðρÞVð2Þ

k ðρÞþ9ð2ρÞðVð2Þ
k ðρÞÞ2�

þ3

Z
d4q
ð2πÞ4GπðqÞGπðq−pÞð2ρÞðVð2Þ

k ðρÞÞ2;

ðA9Þ

and for the π polarization

ðΠϕϕ
MLÞijðpÞ¼ δij2

Z
d4q
ð2πÞ4GσðqÞGπðq−pÞð2ρÞðVð2Þ

k ðρÞÞ2:

ðA10Þ

Note that the meson interactions, i.e., the three-meson
vertices in (A9) and (A10) as well as the four-meson vertex
in the tadpole in Fig. 16, are described by a k-dependent
mesonic effective potential VkðρÞ and its n-order deriva-

tives VðnÞ
k ðρÞ. Here VkðρÞ is Oð4Þ-invariant with ρ ¼ ϕ2=2

forNf ¼ 2 flavor light quarks. Evidently, in the setup of the
present work the meson vertices on the rhs of the flow
equation in Fig. 3, i.e., the three-meson vertices in the
meson loop and the four-meson vertex in the tadpole, are
momentum-independent but rather k-dependent, which
share the same qualification as, e.g., the Yukawa coupling
discussed above. More importantly, this truncation for
couplings facilitates computations significantly, and makes
the analytic continuation from the Euclidean to Minkowski
regime in (10) in the main text possible on the level of the
analytic flow equation. The meson propagators in (A9)
and (A10) read

GϕðqÞ ¼
1

Zϕ;k½q20 þ q2ð1þ rϕðq2=k2ÞÞ� þm2
ϕ;k

; ðA11Þ

with the 3d flat regulator for mesons given by

Rϕ¼Zϕ;kq2rϕðq2=k2Þ; rϕðxÞ¼
�
1

x
−1

�
Θð1−xÞ; ðA12Þ

where the curvature masses of mesons are related to the
effective potential via the equations as follows

m2
σ;k ¼ V 0

kðρÞ þ 2ρVð2Þ
k ðρÞ; m2

π;k ¼ V 0
kðρÞ: ðA13Þ

Finally, we present the contribution of the tadpole diagram
to the meson polarizations, which are given by

ðΠϕϕ
TPÞ00ðpÞ ¼ −

Z
d4q
ð2πÞ4 ½GσðqÞðð2ρÞ2Vð4Þ

k ðρÞ

þ 6ð2ρÞVð3Þ
k ðρÞ þ 3Vð2Þ

k ðρÞÞ
þ 3GπðqÞðð2ρÞVð3Þ

k ðρÞ þ Vð2Þ
k ðρÞÞ�; ðA14Þ

ðΠϕϕ
TPÞijðpÞ ¼ −δij

Z
d4q
ð2πÞ4 ½GσðqÞðð2ρÞVð3Þ

k ðρÞ

þ Vð2Þ
k ðρÞÞ þ 5GπðqÞVð2Þ

k ðρÞ�: ðA15Þ

Obviously, the tadpole is independent of the external
momentum p, since the four-meson vertex is momen-
tum-independent as discussed above.
In summary, substituting (A6), (A7), (A9), (A10), (A14),

and (A15) into the rhs of flow equation in Fig. 3, one is able to
obtain the two-point Euclidean correlation functions for
mesons. This flow equation also allows us to perform the
analytic continuation, such that real-time functions can be
achievedon the level of the flowequation.To that end, one also
has to providek-dependent quantities required on the rhs of the
flow equation, such as the Yukawa coupling hk, the quark
mass mq;k, the quark wave function Zq;k or equivalently the
quark anomalous dimension ηq;k ¼ −∂tZq;k=Zq;k, the meson
wave function Zϕ;k or the meson anomalous dimension
ηϕ;k ¼ −∂tZϕ;k=Zϕ;k, the mesonic effective potential VkðρÞ,
in this work all of which are imported from the first-principles
calculations to QCD at finite temperature and densities within
the fRG approach in [3], more details can be found there.

APPENDIX B: PARTICLE-HOLE
FLUCTUATIONS OF QUARKS AT LARGE

BARYON CHEMICAL POTENTIALS

Since in this work we only calculate the spectral function
of pion, we here present the flow equation for the pion two-
point correlation function at finite external momentum. As
the moat behavior of the two-point function occurs only in
the symmetric phase at high chemical potential, where the
contribution from quark loops dominates over that of
meson loops, we can neglect the meson loop contribution
here and present only the flow equation for the quark self-
energy,

FIG. 16. Three different contributions to meson polarizations from the quark loop, meson loop, and the tadpole, respectively, see also
Fig. 3.
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∂̃tðΠϕϕ
QLÞijðpÞ¼−2Nc

h2k
kZ2

q;k

δij

Z
d3q
ð2πÞ3 ½1þðjqj=k−1Þηq;k�Θð1−q2=k2Þ

�
−2F ð2Þ þ

�
1þðq−pÞ2

k2
ð1þ rqððq−pÞ2=k2ÞÞ2

þp2
0

k2
−2

q · ðq−pÞ
k2

ð1þ rqðq2=k2ÞÞð1þ rqððq−pÞ2=k2ÞÞ
�
FF−

ð2;1Þ

þ
�
1þðqþpÞ2

k2
ð1þ rqððqþpÞ2=k2ÞÞ2þp2

0

k2
−2

q · ðqþpÞ
k2

ð1þ rqðq2=k2ÞÞð1þ rqððqþpÞ2=k2ÞÞ
�
FFþ

ð2;1Þ

þ
�
−1þq · ðq−pÞ

k2
ð1þ rqðq2=k2ÞÞð1þ rqððq−pÞ2=k2ÞÞ

�
FF−

ð1;1Þ

þ
�
−1þq · ðqþpÞ

k2
ð1þ rqðq2=k2ÞÞð1þ rqððqþpÞ2=k2ÞÞ

�
FFþ

ð1;1Þ

�
: ðB1Þ

In the flow equation we use the dimensionless fermion
threshold functions, which represent the quark propagators
summed over Matsubara frequencies. The function at
vanishing momentum reads

F ðnÞ ≡ k2n−1T
X
nq

ðḠqðq; m̄2
qÞÞn; ðB2Þ

and the finite momentum one reads

FF�
ðm;nÞðpÞ

≡ k2ðmþnÞ−1T
X
nq

ðḠqðq; m̄2
qÞÞmðḠqðq�p; m̄2

qÞÞn; ðB3Þ

with integers m, n and

ḠqðqÞ ¼
1

ðq0 þ iμÞ2 þ ðEðjqjÞÞ2 ; ðB4Þ

where one has

EðjqjÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2ð1þ rqðq2=k2ÞÞ2 þ m̄2

q;k

q
; ðB5Þ

q0 ¼ ð2nq þ 1ÞπT and μ is the quark chemical potential.
Since the fermion regulator can be inserted into either of the
two different internal propagators separately in the quark
loop, we consider two different momentum configurations
qþ p and q − p in the flow equation. Thus the correspond-
ing threshold functions are labeled with � signs. Here we
focus on the simplest case with m ¼ n ¼ 1 as this already
captures the effects of interest here.
Performing the sum in (B3) yields two distinct contri-

butions,

FF�
ð1;1ÞðpÞ ¼ FF�;CA

ð1;1Þ ðpÞ þ FF�;PH
ð1;1Þ ðpÞ; ðB6Þ

with

FF�;CA
ð1;1Þ ðpÞ ¼

k3

4EðjqjÞEðjq� pjÞ
�

1

ip0 − EðjqjÞ − Eðjq� pjÞ ½−1þ nFðEðjqjÞ;T;�μÞ þ nFðEðjq� pjÞ;T;∓ μÞ�

þ 1

ip0 þ EðjqjÞ þ Eðjq� pjÞ ½1 − nFðEðjqjÞ;T;∓ μÞ − nFðEðjq� pjÞ;T;�μÞ�
�
; ðB7Þ

FF�;PH
ð1;1Þ ðpÞ ¼

k3

4EðjqjÞEðjq� pjÞ
�

1

ip0 − EðjqjÞ þ Eðjq� pjÞ ½−nFðEðjqjÞ;T;∓ μÞ þ nFðEðjq� pjÞ;T;∓ μÞ�

þ 1

ip0 þ EðjqjÞ − Eðjq� pjÞ ½nFðEðjqjÞ;T;�μÞ − nFðEðjq� pjÞ;T;�μÞ�
�
; ðB8Þ

where the fermionic distribution function reads

nFðE;T; μÞ ¼
1

exp½ðE − μÞ=T� þ 1
: ðB9Þ

We take into account the Polyakov loops in this work,
which lead to modifications of these distribution functions;
see, e.g., Eq. (N8) in [3].

The first contribution, FFCA, is a genuinely relativistic
contribution that describes the creation and annihilation of
quarks and antiquarks. FF PH stems from particle-hole
fluctuations of quarks which also exist in the nonrelativistic
limit of the theory. This can be seen as follows: The
scalar part of the quark propagator Ḡq in Eq. (B4) can be
written as
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ḠqðqÞ ¼
1

ðiq0Þ − ½Eðjqj − μÞ� ·
1

ðiq0Þ − ½−Eðjqj − μÞ�
ðB10Þ

The first factor is the particle contribution which corre-
sponds to the upper, positive-energy Dirac cone. The
second factor is the antiparticle contribution that corre-
sponds to the lower, negative energy Dirac cone. This is
illustrated in Fig. 5. As usual, the sum in Eq. (B3) is
expressed as a sum over the residues at these particle and
antiparticle poles. This leads to Eqs. (B7) and (B8). It is
straightforward to verify that all terms in these equations
with factors that contain energy sums,

1

p0 � ½EðjqjÞ þ Eðjq� pjÞ� ; ðB11Þ

arise from the residues involving one particle and one
antiparticle. Owing to the Pauli principle, this process
stems from the creation/annihilation (CA) processes of
antiparticles in the Dirac sea of the negative-energy Dirac
cone and particles above the Fermi surface. The terms
containing energy differences,

1

p0 � ½EðjqjÞ − Eðjq� pjÞ� ; ðB12Þ

stem from particle-particle contributions. They arise from a
“hole” in the Dirac sea in the positive-energy Dirac cone
and a particle above the Fermi surface and are hence called
particle-hole (PH) fluctuations. In the nonrelativistic limit,
there are no antiparticles, so the second factor in Eq. (B10)
is dropped and the PH-contribution is all that is left.
The same decomposition can also be applied to higher-

order functionsFF ðm;nÞ with ðm; nÞ > ð1; 1Þ, including the
meson polarization in (A3).
An equivalent way to understand these different con-

tributions is to inspect the thermal distributions occurring in

Eqs. (B7) and (B8). The process where an off-shell meson
ϕ� creates a quark-antiquark pair, ϕ� → qþ q̄, comes with
a thermal factor ½1 − nFðE; μÞ�½1 − nFðĒ;−μÞ�, because a
quark with energy E and an antiquark with energy Ē can
only be created if these states are unoccupied. The inverse
annihilation process qþ q̄ → ϕ involves occupied quark
and antiquark states and hence comes with a factor
nFðE; μÞnFðĒ;−μÞ. The total CA process must hence come
with a factor

½1 − nFðE; μÞ�½1 − nFðĒ;−μÞ� − nFðE; μÞnFðĒ;−μÞ
¼ 1 − nFðE; μÞ − nFðĒ;−μÞ: ðB13Þ

This is clearly the case for FFCA in Eq. (B7).
The other possible processes are the absorption,

ϕ� þ q → q, and emission, q → qþ ϕ�, of an off-shell
meson by a quark (and the same with antiquarks). One may
also view this as a meson creating or annihilating a quark–
quark-hole pair. For such a process to happen, one always
needs an occupied and an unoccupied quark state. If E1;2

are the energies of these states, these contributions get a
thermal prefactor

nFðE1; μÞ½1 − nFðE2; μÞ� − nFðE2; μÞ½1 − nFðE1; μÞ�
¼ nFðE1; μÞ − nFðE2; μÞ; ðB14Þ

and the same for antiquarks. So the PH contribution FF PH

in Eq. (B8) describes these processes. They can only occur
in a medium and are therefore also sometimes called
Landau damping.
Since the quarks are on-shell, PH processes are kine-

matically only possible for spacelike mesons, i.e., if the
meson momentum is larger than its frequency, jpj ≥ ω. In
contrast, CA processes are only possible for timelike
mesons, as they need to create/annihilate on-shell quarks.
For a comprehensive breakdown of the different thresholds
of scattering processes, we refer, e.g., to Ref. [90].
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