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We revisit optimization of functional renormalization group flows by analyzing regularized loop
integrals. This leads us to a principle, the principle of strongest singularity, and a corresponding order
relation which allows us to order existing regularization schemes with respect to the stability of
renormalization group flows. Moreover, the order relation can be used to construct new regulators in a
systematic fashion. For studies of critical behavior, which require to follow renormalization group flows
down to the deep infrared regime, such new regulators may turn out to be particularly useful. The general
application of this principle is demonstrated with the aid of a scalar field theory which is solved over a wide
range of scales with novel methods borrowed from numerical fluid dynamics.
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I. INTRODUCTION

In quantum field theory, the computation of observables
in general requires to introduce a regularization. Of course,
any physical observable O should be independent of the
chosen regularization scheme R, i.e.,

%0 =0. (1)
OoR

Strictly speaking, however, this independence of the
regularization scheme only holds for the exact result for
O. In practice, the computation of observables requires a
truncation of the quantum effective action I" of some kind.
In a truncated calculation, it then appears natural to search
for an optimal regularization scheme which brings the
results as close as possible to the a priori unknown exact
results for the observables under consideration.

The optimization of the computation of the effective
action and derived observables with respect to the regu-
larization scheme has been discussed intensely over dec-
ades now and its origin may be dated back to the seminal
work by Stevenson on optimized perturbation theory and
the introduction of the principle of minimum sensitivity
(PMS) [1]. Loosely speaking, this principle relies on the
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assumption that the optimal scheme defines a stationary
point of an observable or a given set of observables under
the variation of the regularization scheme.

In the context of the functional renormalization group
(RG) framework, which also underlies our present analysis,
the starting point for the computation of any observable is
the Wetterich equation [2]

or[@] = ST @]+ R)™ - OR]. ()

Here, I';[®] denotes the scale-dependent (i.e., coarse-
grained) effective average action. The supertrace arises
since the field ® of a given theory may in general contain
both bosonic and fermionic degrees of freedom and there-
fore provides a minus sign in the fermionic subspace. The
regulator function R, depends on the infrared (IR) cutoff
scale k and defines the regularization scheme. The RG time
is related to the scale k via t = —In(k/A) with A being the
ultraviolet (UV) scale.

Optimization of RG flows has already been discussed
early on by means of a PMS-like criterion in Ref. [3]. In the
context of the functional RG approach, PMS and the
associated optimization have been considered and
employed in computations of critical exponents of scalar
field theories, see, e.g., Refs. [4,5]. For a more recent
discussion, including computations of universal amplitude
ratios, we refer to Refs. [6-9]. A first detailed and general
discussion of optimization of functional RG flows has been
given by Litim in a series of ground-breaking articles [10—
12]. Litim’s optimization criterion is based on a maximi-
zation of the gap in the regularized two-point function
in the RG flow and encompasses PMS as a special case.
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In fact, the optimization introduced by Litim is more
general and the underlying criterion eventually leads to
an improved convergence of the RG flow, see also
Ref. [13]. Studies of critical exponents based on Litim’s
optimization criterion can be found in Refs. [14-17].

In a seminal analysis of optimization of functional RG
flows [13], Pawlowski then showed that, loosely speaking,
Litim’s criterion for the construction of an optimized
regulator based on the maximization of the gap in the
propagator has to be supplemented by the minimization of
the full (regularized) two-point function entering the flow
equation (2) to obtain optimized regulators for truncations
at any given order n of the derivative expansion.1

Phenomenologically speaking, the optimization dis-
cussed by Litim and Pawlowski aims at a minimization
of the deviation of the values of observables computed with
a given truncation from their exact values. For example, this
approach to optimization of RG flows can be employed to
improve computations of critical exponents but also under-
lies other type of studies, such as an early study of the
deconfinement phase transition in Yang-Mills theory [18].
Note that a prescription for the construction of such
optimized regulators based on a suitable definition of the
length of RG trajectories can be found in Ref. [19]. Last but
not least, we add that it has more recently also been
proposed to optimize functional RG flows by employing
constraints originating from conformal invariance [20,21].

The optimization criterion discussed in our present work
aims at an improvement of the stability of functional RG
flows in the presence of spontaneous symmetry breaking
and emerges from an analysis of RG flows computed with
techniques borrowed from the field of numerical fluid
dynamics, which provide an intuitive picture of the dynam-
ics of RG flows in terms of advection-diffusion equations
[22-27].

In case of theories featuring spontaneous symmetry
breaking, convexity of the effective action implies the
emergence of a flat region in field space in the RG flow
which may eventually cause numerical precision problems,
i.e., breakdowns of RG flows at (comparatively large) finite
RG scales. In general, the precise value of this breakdown
scale depends on the chosen regulator. In the present work,
we show that the stability of the RG flow in such a situation
is directly related to the strength of the singularities of the
regularized loop integrals in the regime of negative mass
parameters. This naturally results in the definition of an
order relation on the space of regulators. To illustrate this,
we employ the so-called local potential approximation
(LPA), the zeroth-order of the derivative expansion of
the effective action. However, our line of arguments is
not bound to this approximation but is more general, as we
shall discuss right at the very beginning in Sec. II. There,

'This minimization requires to compute the norm of the full
propagator on Sobolev spaces H,, with neN.

we introduce the principle underlying our optimization, the
principle of strongest singularity (POSS), as well as the
associated order relation. In Sec. III, we employ this
principle to discuss regulator functions and also to con-
struct new regulators as concrete examples for the appli-
cation of this principle. In Sec. IV, we then numerically test
the stability of RG flows obtained from these new regu-
lators and also from other existing regulators by computing
the RG flow of the effective potential of a simple scalar
field theory in LPA. Our conclusions can be found
in Sec. V.

II. PRINCIPLE OF STRONGEST SINGULARITY

A. General analysis

In the derivation of the Wetterich equation (2) one tacitly
assumes that the scale-dependent full propagator,

Gi[@] = (T [@] + R) ™. (3)

exists for all £ > 0. From an analysis of the general form of
the Wetterich equation, it follows that this assumption is
justified. Indeed, the RG flow generated by the Wetterich
equation is such that it tends to push the inverse propagator
away from potentially existing points with eigenvalue zero.
This becomes more apparent by realizing that the Wetterich
equation (2) is of the form

0T & —det(T'\?[®] + R,)~. (4)
Note that we have defined the RG time to be a positive
quantity, 7 = —In(k/A) > 0, and that det G;, > 0 since the
eigenvalues of the operator in Eq. (3) are positive. Thus, if
the RG flow approaches a point associated with zero
eigenvalues, then the determinant of the inverse scale-
dependent propagator becomes smaller and smaller. This
may be considered as a‘“self-healing” property of the
Wetterich equation since it eventually prevents the RG
flow from reaching a point with zero eigenvalues. Note that
the appearance of zero eigenvalues in the eigenvalue
spectrum of the inverse propagator is intimately connected
with the formation of a convex effective action, see also
Ref. [28]. In particular, we encounter this scenario in
theories which develop a nontrivial minimum of the
effective action in the RG flow that survives in the IR
limit, i.e., theories featuring spontaneous symmetry break-
ing. The focus of the present work is exactly on this class of
theories. In any case, since the inverse scale-dependent
propagator depends on the regulator, it is clear that the
regulator choice affects the “strength” of the singular
behavior close to the zero eigenvalues of the inverse
propagator. Below, this observation leads us to the principle
of strongest singularity. The underlying idea is that regu-
lators, which generate RG flows with optimized self-
healing properties, eventually yield more stable RG flows.
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Based on this principle, we shall also introduce an order
relation which allows us to compare regulators in a
meaningful manner.

Before we can quantitatively compare different regulator
schemes, we have to introduce a comparability condition.
To this end, we consider a theory with spontaneous
symmetry breaking and assume that [, is a generic
reference solution of the Wetterich equation (2) obtained
with a given reference regulator R;. Then, there exists at
least one field configuration @, where the determinant of
the inverse scale-dependent propagator vanishes in the IR
limit, k — 0%

, 1
lim det (P (T2 [ @] + Rk)> -0, (5)

i.e., the full inverse propagator cannot be inverted at @ in
this limit. Now let R, be a regulator which differs from R,.
We then say that the regulator R, is comparable to R, if

1 .
lim det (18 (T2 [ @] + Rk)> —0 (6)

for the same field configuration @, i.e., we do not have

_ 1 i
lim det <k2 (T [®] + Rk)> >0 (7)
or
lim det(— (T® (@] + &y) ) = 0 (8)
k=k.>0 ek k

for a nonzero k.. We emphasize that I'; is a solution of the
Wetterich equation with respect to R, not R,. In Eq. (6), we
simply state that a combination of a given I';, obtained from
a given regulator with another regulator R, does not alter
the limiting behavior (5).

With this comparability condition at hand, we can now
compare how different regulators behave with respect to a
given reference solution I'y in the IR limit. A first guess for
an order relation for regulators on the space of all
comparable regulators would be to compare how “fast”
the determinant at a given field configuration @, vanishes.
Loosely speaking, a regulator yielding a rapidly vanishing
determinant is associated with a stronger singular behavior
close to @, on the right-hand side of the Wetterich
equation, see Eq. (4). Consequently, such a stronger
singular behavior improves the self-healing property of

2Since the effective action becomes convex in the IR limit [28],
there in general exists a set of values of ® for which the
determinant in Eq. (5) vanishes.

The factor 1/k* in Eq. (5) is necessary to render the
determinant dimensionless at least for bosonic fields.

the RG flow and hence its stability. However, this reasoning
ignores the exact form of the Wetterich equation. A
meaningful comparison is obtained by considering the full
right-hand side of the Wetterich equation in the IR limit.
Assume R* and R? are comparable to a given R according
to our definition above, then we can define an order relation
as follows:

(2) AY-1 A

Tr((T,” [®o] + RY)™" - ,R

R(RY,RP) = fim ST é‘z)[ ol + Re)” - 0Ry). 9)
EOSTr((7 [@o] + RY)™ - O,RY)

Recall again that I' is a reference solution of the Wetterich
equation obtained with a given reference regulator R;. If
R(R*, R?) > 1 the singularity of R* is stronger than of R?
and, in turn, yields a more stable RG flow. We shall
therefore write R* > R® (i.e., R? is more stable than R®) if
R(RA, RP) > 1 and R* < R? (i.e., R is less stable than
RB) if R(RA, RB) < 1. Hence, R defines an order relation
which is reflexive, transitive and strongly connected.”

B. Local potential approximation

In this subsection, we would like to illustrate the
application of the principle of strongest singularity and
the associated order relation (9) with the aid of a concrete
example. To be specific, we shall consider a scalar field
theory in d spacetime dimensions in LPA. The classical
action is given by

1= [ {3 @07+ 3w+ itk (0

where ¢ is a real-valued scalar field. This action serves as
the initial condition for our ansatz for the scale-dependent
effective action I’

rigl = [efSoer @) an

For k — A, we have I'y — S. By plugging this ansatz into
the Wetterich equation, see Eq. (2) and evaluating it then on
a constant field configuration ¢, we obtain the flow
equation for the scale-dependent effective potential U,.
For concreteness, we shall restrict ourselves to regulators of
the form Ry(p. q) & Ri(p*)6')(p + q), where Ri(p?) =
p*r(p?/k*) can be expressed through a dimensionless
regulator shape function r(y) with y = p?/k* and
p*=p§+pit i

“In general, this order relation depends on @®; and on the
reference RG flow I'; associated with a corresponding reference
regulator R;. By using a different reference flow or a different
field configuration @, we could in principle obtain a different
order relation.
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An illustrative analysis of the stability of RG flows for
this model based on POSS can be found in Sec. IV. In the
following, however, we shall first focus on a general
discussion of POSS in LPA and derive the order relation
for regulators in this approximation. For this discussion, it
is convenient to introduce the following auxiliary quantity:

(12)

From this object, we can construct the so-called threshold
functions which correspond to one-particle irreducible one-
loop diagrams and appear as the fundamental building
blocks in the flow equations of, e.g., the effective potential
and the couplings. The regularization-scheme dependence
of the flow equations is solely encoded in these functions.
In a calculation of the effective potential in LPA, they are of
the form’

M%mzzlm@u%amwwﬁﬁwy> (13)
with
19 (@.r5). (5).y) = —#1 =270 (14

(P*(y) + o)™

and m > 1/2. As such they are functionals of r(y) or
equivalently, of P?(y) because of Eq. (12). The parameter
m “measures” the number of internal lines of the threshold
function. The parameter @ plays the role of an effective
(potentially field-dependent) dimensionless mass term. For
example, in our scalar field theory, the parameter @ is
essentially given by the second derivative of the effective
potential with respect to the field, i.e., @ = 95U (¢)/k*.

With the threshold functions at hand, the flow equation
for the scale dependent effective potential U, assumes
the following form®:

1 surf(d)k?
OV () = —2 2D o

3 @, 09

where surf(d) is the surface of a d-dimensional ball with
radius one. To be specific, we have surf(d)/d = vol(d) =
2742 /(dT(d/2)).

We can now apply the comparability condition (6) from
Sec. II to LPA. To this end, we first have to determine the

Note that the more common definition of the threshold
functions as given in Ref. [11] can be obtained from our
definition by replacing m by m + 1 on the right-hand side of
Eq. (13) and then multiplying it with (m + §,,).

°In terms of concrete models, for example, this flow equation
describes the scalar contribution to the RG flow of the effective
potential in the Gross-Neveu-Yukawa model, see, e.g., Ref. [29],
but it may also be employed to study critical behavior in the Ising
model.

full inverse regularized propagator evaluated for some
reference field configuration. We choose @) = ¢ =0,
being a simple choice for studies of models featuring a
nontrivial minimum of the effective action in the IR limit:

@2

Fk,[))q [0] + Rk.pq

= (p* +0,Ux(0) + p*r(p*/K*))(22)*8) (p +q).  (16)

Using the definition (12), the (dimensionless) determinant
reads

1
der (s (1000 + )

= [I @) +au0)/8).

Po»--+sPd-1

Assuming that the potential develops a nontrivial mini-
mum ¢,;, in the RG flow, convexity of the effective
action in the IR limit requires the determinant to vanish
at ¢ =0 for k — 0, implying that wy(k) = 9;U,(0)/k*
approaches wpgc,

(17)

— : 2
Wpole = _OISI;ISHOOP (Y)7

in this limit.

From Eq. (6), it now follows that a different regulator R
parametrized by the shape function 7 is comparable to the
regulator R parametrized by the shape function r, if P?(y)
associated with 7 yields the same . in Eq. (17). In
addition, from a comparison of Eq. (4) with Eq. (15), we
deduce that the threshold functions (13) should diverge in
the limit wy — @) but remain finite for wy > @p,e. This
singularity of the threshold functions essentially governs
the “self-healing” property of the RG flow mentioned in
Sec. II and controls the approach of the effective potential
to a convex function in the IR limit. As already indicated
above, the existence of this singularity is necessary for the
effective potential to become convex in studies where the
ground state is governed by spontaneous symmetry break-
ing, see also Refs. [28,30].

To summarize, we deduced from the comparability
condition (6) that @, must assume the same value for
any two regulators in order to render them comparable, and
as a consequence, the position of the singularity of the
threshold functions must also be the same. In the following
we choose @, = —1 without loss of generality and
consider only regulators R which fulfill

min P%(y) = 1.

0<y<eco (18)
Note that this relation defines a normalization condition in
the sense that any regulator R of the form Ry (p?) =
p?r(p*/k*) can be normalized such that it satisfies
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Eq. (18) and hence can be rendered comparable. In fact, this
can be achieved by exploiting the freedom that we can
rescale the unphysical RG scale k. To be explicit, let us
consider a one-parameter family of regulators parametrized
by £€R.g, r¢(y) := r(¢y). From the dependence of the
flow equation on the regulator, it then follows that the scale-
dependent effective actions obtained from calculations with
re— and r; are directly related’:

Fk = Ff:l) _ F(f)

=T
provided that the initial conditions are chosen
accordingly, i.e.,

—17 _T1©

S=I,="T VA"

Loosely speaking, a change of £ can be compensated by
“compressing” or “stretching” the RG flow between a
given starting point and endpoint. From this, it follows that
the results in the IR limit £ — 0 do not depend on &. In this
sense, regulators of the one-parameter regulator family are
equivalent. On the other hand,

Piy) = éPél (&), (19)

where P}(y) = y(1 4 rz(y)). If yo is now a global mini-
mum of P}(y), then P7_, (y) has a global minimum at y =
&y and we find min, PZ_ (y) = £min, P(y). Thus, any
regulator R of the types considered in this work can be
normalized by choosing an appropriate £ and hence can be
made comparable with respect to Eq. (6).

With these considerations at hand, we obtain the follow-
ing order relation from Eq. (9) in LPA:

1 wg(k), )
A TS

(20)

with wy(k) = 95U, (0)/k*. Here, we have removed the
explicit dependence on k in the last step, which is possible
since the limit k — 0 is equivalent to the limit @ — —1
according to our choice for @, above. In the special case
of LPA, the details of the RG flow, i.e., how wy(k) =
93U(0)/k* eventually approaches wy,, are irrelevant.
Thus, no explicit reference RG flow and no reference
regulator is required for the order relation, in contrast to the
general formulation in Eq. (9). This implies that, in LPA,

"This is also correct in cases where only a truncation of the full
effective action is considered, such as LPA in this subsection.

POSS effectively only compares the behavior of the
threshold functions (for different regulators) close to the
singularity with each other.

In Sec. IV, we shall indeed demonstrate that a more
stable regulator, i.e., a regulator with a stronger self-healing
property, generates a more stable RG flow which means
that the scale-dependent effective potential becomes flat
faster in terms of RG time in the IR limit. More precisely,
for ry > rp, we have wqy(rs, k) > wy(rg, k) for k — 0,
provided that the RG flows associated with the two
regulators approach the same IR limit. Furthermore, we
show that an RG flow generated by a stable regulator can be
solved down to much smaller RG scales without numerical
breakdowns than it is the case for less stable regulators. In
this spirit, more stable regulators generate numerically
more stable RG flows.

Note that the order relation (20) depends on the number
d of spacetime dimensions. We shall discuss this depend-
ence in more detail in Sec. III B. The independence on the
parameter m follows from L’ Hopital’s rule.

Finally, we would like to add that, for a more general
theory including (multiple) bosonic and fermionic degrees
of freedom, the order relation effectively boils down to the
one which dominates the order relation (9) in the IR limit.
This is a consequence of the fact that the flow equation for
the effective action is simply a sum of the loops associated
with the various degrees of freedom.

III. CONSTRUCTION OF REGULATORS

Following POSS and the corresponding order relation,
we shall now construct regulators which yield (numeri-
cally) stable RG flows for studies of simple scalar field
theories in LPA.

In the first subsection, we start by discussing general
constraints for the regulator shape function r. These
constraints can be deduced from the derivation of the
Wetterich equation and the properties of the threshold
functions discussed in Sec. II B. In the second subsection,
we aim at providing an intuitive understanding of what
actually determines the “strength” of the singularity of the
threshold function at wy,. = —1. This is useful since the
properties of this singularity control the (numerical) sta-
bility of the RG flows as we shall demonstrate explicitly in
Sec. IV. Based on these considerations, we finally construct
new regulators in the third subsection and compare them to
frequently used ones.

A. Constraints for regulator functions

Let us begin with a discussion of general properties of
regulators. The (regulator) function Ry(p?) entering the
Wetterich equation has to obey the following three con-
ditions [2]:

limR, (p*) =0, (21)

096022-5
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klimRk(pz) = oo, (22)
and
limRk(pz) >0 (23)

p—0

for k > 0. The first condition guarantees that the regulator
is removed in the IR limit, £k — 0, such that we recover the
quantum effective action I'. The second condition ensures
that the coarse-grained effective action I'; approaches the
classical action S in the limit kK — oo. Finally, the third
condition ensures that IR divergences in the loop inte-
grals are removed, loosely speaking, by inserting a scale-
dependent and momentum-dependent mass term into the
propagator. In terms of the regulator shape function r and
the dimensionless variable y = p?/k? the three conditions
are fulfilled by only two conditions, namely

limyr(y) > 0,

limr(y) = 0.
y—0

y—o0

(24)

Equivalently, in terms of the auxiliary quantity P? intro-
duced in Eq. (12), we have

=1.

P2
imP2(y) > 0. fim -0
y_>() y—o0 y

(25)
We would like to emphasize that the conditions given in
Eq. (24), or equivalently in Eq. (25), are in general not
sufficient to guarantee finiteness of the threshold functions

lﬁf ) for @ > Wpole- Also, these conditions are not sufficient
to guarantee that these functions diverge at @ = e, see
also Sec. III B. Therefore, it is necessary to introduce
additional constraints for the regulator » which depend on,
e.g., the number d of spacetime dimensions, the parameter
m, and on the position of the poles of Iﬁ,f”. For a more
detailed discussion we refer the reader to the Appendix,
where we also show that the often used exponential
regulator re,, does not yield threshold functions which
|

A" = {r|r normalized and continuous piecewise differentiable with

1

FIG. 1. Tllustration of P%(y) (corresponding to the regularized
squared d-momentum in d spacetime dimensions), see Eq. (12),
for a selected set of normalized regulators listed in Table 1. The
black line corresponds to the Litim regulator, see Eq. (28). The
blue shaded region is forbidden by the normalization condition
(18). In the yellow shaded region the regulator shape function
becomes negative, r(y) < 0.

diverge at w. in d > 2 spacetime dimensions, at least for
m = 1, and hence this regulator spoils the “self-healing”
property of the RG flow discussed in Sec. II, in accordance
with Ref. [30]. From here on, we shall restrict our
discussion to regulators r which yield threshold functions
compatible with all the aforementioned constraints.

In general, regulators where the threshold function i
becomes negative for some value of @ generate instabilities
in the RG flow. This can be better understood by looking at
the flow equation (15) from a fluid-dynamical standpoint
[22-27]. It then becomes clear that a negative threshold
function entails a violation of the diffusion property of the
flow equation, see Eq. (51) and also the corresponding
discussion below. Hence, appropriate regulators should be
elements of the set .4’, where

19(w)>0 forall we(—1,00)}. (26)

The integrands of the threshold functions can only become negative if #/(y) > 0 for some value of y. Therefore, for
simplicity, one may only consider regulators from the set .4 with

A = {r|r normalized and continuous piecewise differentiable with » <0} c A’

This is the set of regulator functions usually conside-
red in the context of functional RG studies. We add
that the restriction to .4 also prevents P? from entering
the yellow shaded region in Fig. 1, i.e., it prevents r from
becoming negative. Thus, with respect to our normalization

(27)

f

condition (18), all regulators in .4 are “living” inside the
unshaded region in Fig. 1 and have at least one
point of contact with the line defined by P?(y) = 1. The
black line in Fig. 1 represents the so-called Litim regu-
lator [11],
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TABLE 1. List of various regulator shape functions. All
regulators are in A, except for rgp and rygp which are in
A\A. Note that the regulator shape functions rpexp, Fexp2s
Tess, and rysp as listed here are not normalized according to
Eq. (18). For the regulator shape function r., we use the
parameters b = 1, ¢; = e — 1, and ¢, = 1, where e is the Euler
number.

Regulator
Fep(Y) = st Ref. [2]
Tmexp(Y) = sty Ref. [10]
rexp2(y) = 1_61‘._‘.2 -1
Fess(¥) = meu -) Ref. [31]
TLitim (V) = (f -1)o(1 -y) Ref. [11]
rasL(y) = (5 = 1)(ztanh(e(1 = y)) +3) Eq. (43)
rsL(y) = exp(=35)0( =) +3 -1 Eq. (44)

y—1 for 0 <y <y Eq. (46)
rsp(y) = 7S<‘V—§:°) o1 foryy<y<ipn

0 for —ll_fzo <y
ro () = (<1—xo>e*o-»“+;—1>9<y—xo>+1 -1 Eq. (47)
Fose(¥) = 0(1 = y)(A(1 — cos(2any)) =y + 1) +y  Eq. (48)

1
ILiim(Y) = ;‘ 1)0(1 —y). (28)

For this regulator, P as a function of y agrees identically
with the boundary of the unshaded region in Fig. 1. Below,
we shall show that this regulator is the one which exhibits
the strongest singular behavior for regulators in A.

In the following we shall discuss various examples of
regulators which are summarized and categorized in terms
of the sets A and A’ in Table L.

B. Principle of strongest singularity
and a simple area law

By looking at the definition of the threshold functions in
Eq. (14), we observe that a larger area under the curve
defined by the function Ifff) directly corresponds to a
stronger singular behavior of the threshold functions close
0 wpoe = —1, see Eq. (20). In the following we shall
discuss the dependence of the size of this area on P?(y),
i.e., r(y). In particular, we shall show that the minima of
P?(y) play a crucial role since they essentially determine
the size of the area in the limit @ — —1 and therefore the
strength of the singular behavior of the associated threshold
function.

Let us begin by considering a normalized regulator
which is at least continuously differentiable once and
has a unique global minimum of P2(y) at y, € (0, 1). At
Vo, the value of the regulator as well as its derivative agree
with the corresponding ones of the Litim regulator by

construction:

r(yo) = riim(Yo) and ' (yo) = rjm(Vo)- (29)
Thus, the integrand of the generic threshold function
defined in Eq. (14) agrees with the one obtained from
the Litim regulator at y, (for any number of spacetime
dimensions), i.e., we have

d
15,3 (@,7(y0). 7 (¥0): ¥0)
d
= IEn)(w’ TLitim (Y0) s "Litim (¥0)s ¥0)- (30)

Close to yy, i.e., for sufficiently small ¢ > 0, we find

r(yo £€) > rrigm (Yo T €), (31)
Y (¥o + €) > I (Vo + €)s (32)
Y (yo =€) < gm0 — €)- (33)

This immediately implies that

1 (w, r(yo + €), ¥ (yo + €), yo + €)

d
< Ir(n>(607 TLim (Yo + €), MLim (Vo + €), Y0 + €). (34)

Since we assumed that r(y) has only one point of contact
with the Litim regulator shape function at y, € (0, 1), we
can conclude that

1 (w0, 7(3), 7 (9),5) < I (@, rLigm): Fiam(),¥) (35)

for all y € (v, 1]. For values y € [0, y,), we can in general
not find a corresponding inequality. There, the denominator
and the numerator of the integrand (14) nontrivially
compete with each other, such that the integrand can
exceed the values obtained with the Litim regulator.
However, in the limit @ — —1, the latter is not the case
anymore. To show this, it is convenient to introduce the
following auxiliary function:

I = (1+ w)m 1. (36)

This function is no longer singular and therefore the
integration with respect to y yields a function which is
well defined in the limit @ — —1. For any y with

P%(y) > 1, 75,'11 ) is suppressed and even approaches zero
for @ — —1. Only points with P?(y) =1 (e.g., at y = y,)
have a finite nonzero limit, which is

d/2+1 dj2—1
_yo/ " Litim (Vo) = )’0/ . (37)

This behavior is illustrated in Fig. 2, where we show [ gd) for

@ = —0.9999 for various regulators. In the limit ® — —1,
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FIG. 2. The auxiliary function 19 for m = 1 at @ = —0.9999 for different numbers of spacetime dimensions d. For a definition of the

various regulators, see Table I.

the area under the curve defined by the integrand associated
with the threshold function obtained with the Litim
regulator indeed exceeds the one of any other regulator
shown in Fig. 2.

In Fig. 2, we also observe the dependence of the order
relation R on the number of spacetime dimensions. In order
to maximize the area under the curve defined by the
integrand of the threshold function, y, should be close
toy =1ford > 2 and close to y = 0 for d < 2, see Fig. 2.
Furthermore, if the regulator “lies” closer to the line
PX(y) =1 at y,, e.g., ;P*(y)|,_,, ~0, the area under
the curve defined by the integrand increases. Comparing
the areas associated with various regulators and thus the
strength of the singular behavior for @ — —1 for d = 4, we
find that

TLim () > rsL(y) > rnsL(y)

> rmexp(y) > Fess(¥) > rexpz(y)’ (38)

see Table II and Fig. 2. From Table II, we also deduce
that, with decreasing number of spacetime dimensions, the

TABLE II. - The area under the curve defined by the auxiliary
function 7 Ey‘f ) for m = 1 at @ = —0.9999 for different numbers of
spacetime dimensions d.

area under the curve defined by the integrand Tf,f)

increases.®
In general, we conclude that, for normalized regulators,
every point y, with

Yo €C = {y€[0.0)|P*(y) = 1} (39)

generates a peak in the auxiliary function 7%1 ) with the
height
d/2+1
="' () (40)
for w — —1. In the following we shall refer to elements in C

as contact points. For regulators with a finite set C, the
auxiliary function

19 (@) = / 41w 1), P ()y). (41

which is directly related to the threshold function .t (o)
via Eq. (36), tends to zero for w — —-1.” To obtain a
nonzero, finite limit, it is therefore necessary to use a

regulator with an infinite set C. A maximization of the area

under the curve I Eff ) and thus an increase of the strength of
(d)

the singular behavior of the threshold function I’ (@) close

d=1 d=2 d=3 d=4
TLitim 2 1 2/3 1/2
rsL 1.5741 0.6198 0.3256 0.1926
INSL 0.0349 0.0272 0.0242 0.0225
mexp 0.0492 0.0344 0.0243 0.0172
Tess 0.0183 0.0173 0.0165 0.0157
Texp2 0.0718 0.0413 0.0242 0.0143

¥Loosely speaking, this behavior of the integrand tends to
counteract the formation of a nontrivial ground state of the
potential, as associated with spontaneous symmetry breaking.
However, as we shall discuss in Sec. 1V, this is not the reason for
the absence of spontaneous symmetry breaking in low dimen-
sions, i.e., d < 2, as the latter is a regularization-independent
statement [32-34].

Note that even if 75,21 ) vanishes for o — —1, l,(ff )
diverge in this limit.

can still
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to @ =—1 can be achieved by increasing the set C.
Apparently, according to our definition, stable regulators
should be those which have a large set C or even an infinite
set C such as the Litim regulator.

We would like to emphasize that, with the order relation
(20) at hand, it directly follows that, in LPA, the Litim
regulator is the unique optimal regulator in A with respect
to POSS since C = [0, 1] and # < 0. Thus, in LPA, POSS
uniquely singles out the same optimal regulator as the
functional optimization discussed in Ref. [13]. If we
consider regulators in A’, an optimal regulator r,, with
respect to POSS has to fulfill

ng)(w = —1, ropt) = m%i(ld) ((1) = _1’ I‘). (42)
reA

C. Examples of regulators

The principle of strongest singularity is not only useful to
order and compare existing regulators, it also provides us
with an intuitive prescription to construct new regulators
which allow us to obtain (numerically) stable RG flows. We
now aim at such a construction for studies in LPA. In the
first part of this subsection we shall focus on the con-
struction of regulators in the set .A which are differentiable
but still come with a singularity strength comparable to the
one of the Litim regulator. The second part then deals with
regulators in the set A’. The singular behavior of the
regulators in this set can even be stronger than the one of
the Litim regulator as we shall show by an explicit
construction of such a regulator.

As already discussed above, the Litim regulator is the
unique optimal regulator in A with respect to POSS.
Therefore, it represents the natural starting point for the
construction of new (at least “almost optimal”) differ-
entiable regulators. For example, if we would like to have
a differentiable Litim-like regulator, we may be tempted to
replace the Heaviside function in the definition of the Litim
regulator (28) by a “smeared-out” version of it, e.g., 0(x) ~
(1 + tanh(ex)) with some large value of €, e.g., € = 10,
yielding the naively smeared Litim (NSL) regulator,

s (y) = G- 1) Gtanh(e(l —) +%> (43)

However, after a normalization of this regulator according
to Eq. (18), it then turns out that it has only one contact
point, C = {y}. This implies that the resulting threshold
function only exhibits a weak singular behavior at ® = —1
as illustrated in Fig. 2. Hence, this simple ‘“‘smeared-out
version” of the Litim regulator ryg; () is far from being a
good choice with respect to POSS. Note also that ryg;, is
not even contained in A since it enters the yellow shaded
region in Fig. 1.

A smooth Litim-like (SL) regulator with an infinite set C
is given by, e.g.,

) =ep(- 1 Jo(=3) +1-1 @

2

which yields
) 1 1
Pg (y) = yexp -— |0 y—i +1, (45)
y=3

see Fig. 2 for an illustration.'”

At first glance, the regulator (44) appears to be very
similar to the compactly supported smooth (CSS) regulator
shape functions introduced in Ref. [31], see Table I for the
definition of the corresponding shape function r(v). For
concrete applications of this class of regulators, we refer the
reader to Refs. [35-37]. However, these regulators are
constructed such that r(y) # 0 for a compactly supported
region which is not the case for the regulator in Eq. (44). In
fact, the regulators constructed in Ref. [31] have only one
contact point, C = {yy} (see Fig. 1), and are therefore
unstable in the spirit of POSS.

Given the fact that the regulator (44) comes with an
infinite set C (see Fig. 1), this regulator represents a
reasonable starting point for the construction of other
new regulators which are infinitely differentiable on the
full domain and even close to the Litim regulator with
respect to POSS. Such regulators may potentially then also
turn out to be useful for studies beyond LPA where
differentiability of regulators in general becomes a crucial
property at some point. Furthermore, it is in principle also
possible to construct regulators which combine the proper-
ties of the ones associated with the shape functions rg; (y)
and r.(y), i.e., compactly supported smooth regulator
shape functions which approach the Litim regulator at a
nonzero y.'' Such a combination may be useful for studies
beyond LPA, i.e., at high(er) orders of the derivative
expansion of the effective action, where, e.g., the Litim
regulator is no longer optimal in the spirit of functional
optimization [13] and, depending on the order of the
derivative expansion, not even applicable because of the
lack of differentiability.

"Before employing the regulator (44) in a specific study, it is
required to ensure that this regulator also fulfills the corres-
ponding requirements detailed in the Appendix.

More precisely, we may construct a smooth regulator with
P%(y) =1 for 0 <y <y, and P>(y) =y for y, <y. The inter-
mediate region, y, <y < y; can then be bridged by a smooth
function which smoothly connects to the functions in the other
regions. It may be chosen to be of, e.g., the following form:

) 1
P%(y) = yexp< —aexp +
Yy=Yo Y—MW

1 1
—exp{—exp{ + }} +1,
Yy—=Yo Y—MN

where yo = 0.5, y; = 1.5 and a = 0.625.
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As a second application of POSS, we construct a
regulator whose singular behavior even exceeds the one
of the Litim regulator. Clearly, this is not possible within
the set A since, in LPA, the Litim regulator is the unique
optimal regulator in .4 with respect to POSS. Therefore, we
have to consider the set A'\.A."> A simple initial guess for
such a regulator with a strong divergent (SD) behavior
may be

vl (0 <y <o)
s+l _ 4 <y < oy

rsp(y) = y (yo =V ST > . (46)
0 (H‘fi’(’ < y)

which yields

1 (0<y<yp)

s(y—yo) + 1 <yoSy<%>

y <‘1—Sy>

Here, y, > 1 denotes the width of the interval C = [0, y,]
and s > 1 is the slope of the linear connection line between
P%(y = yy) = 1 and the point y = (1 — sy,)/(1 — s) above
which we have P?(y) =y. The parameters s and y, are
constrained by the fact that we are requiring the threshold
functions to be positive. Note that the regulator assumes
negative values between y = 1 and y = (1 — sy,)/(1 — ),
i.e., it enters the yellow shaded region in Fig. 1. In d = 4,
we find an upper bound for y,, which is y, < 3/2. For any
such y,, a lower bound for s exists such that the threshold
functions in LPA remain positive. For example, in d = 4,
we may choose yp = 1.3 and s = 1.7. Note that the simple
structure of this regulator in principle allows for an analytic
computation of the threshold functions.

PéD()’) =

IV. STABILITY OF RG FLOWS

In order to illustrate that POSS is indeed useful for the
construction of regulators which generate (numerically)
stable RG flows, we consider again the RG flow equa-
tion (15) for the effective potential U, of a scalar field
theory in d = 4 spacetime dimensions in LPA for various
regulators. To be specific, we consider several regulators
including the standard Litim regulator (ry;;y), the naively
“smeared-out” Litim regulator (rygp), @ compactly sup-
ported smooth regulator (7.), two variants of exponential

It would be interesting to include regulators from the set
AN\A into an analysis based on functional optimization as
discussed in Ref. [13].

regulators (rexpo and rpeyp), the smooth regulator (rgp)
introduced in Eq. (44), and the SD regulator (rgp) intro-
duced in Eq. (46) associated with a particularly strong
singular behavior close to @ = —1, see also Table I for the
definitions of these regulators. Moreover, in order to
demonstrate explicitly the relation between the stability
of the RG flows and the set C of a given regulaltor,13 we add
yet another family of regulators

(I =xp)e™™ +y—1)0(y —xp) + 1
y

-1

rx,(¥) = (47)

This regulator family can be adjusted by choosing
xo €[0,1]. For y€|[0,x), we have P?(y) =1 and, for
y € [xg, 00|, we find that P?(y) approaches the asymptote y
exponentially. For xy = 1, we find r, (y) = rpigm(y)- Thus,
by adjusting x,, we can continuously vary the set C which
implies a variation of the strength of the singular behavior
of the threshold function. Moreover, to illustrate the effect
of having more than one but still a finite number of
global minima of P?(y), we introduce an oscillatory
regulator (r,,.)
Fose(¥) = 0(1 = y)(A(1 = cos(2mny)) =y + 1) +y. (48)
where n = |C| = 1 and A < 1/(2zn(1 — ) — 1) such that
rose(¥) < 0. For concreteness, we shall use A ~ 0.0157 and
n = 10 in our numerical studies below. Note that r . as
well as the regulator family r, do not fall in the class of
differentiable regulators.

For the regulators considered in this section, POSS
predicts the following regulator hierarchy for LPA in d =
4 spacetime dimensions

rsp(¥) > TLigm () > onzo.s()’) > rsi(y)
> T'xy=0.5 (y) > T'xy=0.2 (y) > rosc(y)

>rNSL(y)>rmexp(y)>rcss(y)>rexp2(y)' (49)
This follows from Fig. 3 together with Eq. (20). More
precisely, for regulators with an infinite set C, the auxiliary

function 754) approaches a finite value in the limit ® — —1,
whereas it approaches zero for those regulators with a finite
set C, see Fig. 3. Note that, in accordance with POSS, we
find that the oscillatory regulator r.,. with more than one
element in C is more stable than any of the analytic
regulators with only one contact point, i.e., C = {yg}.
Moreover, from the standpoint of POSS, the SD regulator
is more stable than the Litim regulator. However, we
emphasize that these two regulators are associated with

PRecall that the set C contains all points of contact of a given
regulator with P?(y) = 1, see Eq. (39).
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FIG. 3. Dependence of the auxiliary function 2(14) on the mass

parameter w. The definition of this function, which is directly

related to the threshold function 124), can be found in Eq. (41).
Note that any regulator with an infinite set C approaches a
nonzero value for @ — —1. From the w-dependence of these
functions and the order relation (20), we can extract the hierarchy
of regulators given in Eq. (49).

two different sets of regulators, namely the sets A’\.A and
A, respectively.

In order to solve the flow equation for the effective
potential, see Eq. (15), we follow Refs. [22-24,26,38,39]
and reformulate it such that it resembles the form of
conservation laws in fluid dynamics. To be specific, we
simply take a total derivative on both sides with respect to ¢
and introduce the slope u;(¢) = 0,U(¢) of the effective
potential with respect to the field ¢ as a new variable. The
resulting flow equation for the slope u;(¢) can then be
solved by employing powerful methods borrowed from
numerical fluid dynamics [24,26], without relying on a
specific ansatz for the effective potential. Note that these
methods cannot be applied to the flow equation of the
effective potential itself since it does not have the form of a
conservation law.

The flow equation for the slope u;(¢) of the effective
potential reads

u d
o) = 2 (—1M15d><w>)

dp\ 2 (2x)?
su =2
_ ;I'wlg@(w)a;uk(m (50)

From the standpoint of fluid dynamics, this flow equation
can be viewed as a nonlinear diffusion equation, where

sur d=2
(o) :;wzg%) >0 (51)

is the diffusion coefficient.

For the numerical solution of the RG flow equation for
the slope u;(¢), we employ the Kurganov-Tadmor (KT)
scheme [40]. This is a finite-volume method which has
already been tested and used to solve such equations, see,
e.g., Ref. [25].14 Note that a negative diffusion coefficient
(51) would lead to backward diffusion which causes
numerical instabilities at least within our numerical
treatment.

Since we are interested in studying situations where the
ground state of the theory is governed by spontaneous sym-
metry breaking in the IR limit, we briefly discuss the asso-
ciated emergence of a nontrivial minimum in the effective
potential by examining the flow equation (50). From this
equation, we deduce that spontaneous symmetry breaking
can only appear if the slope u;(¢) of the effective potential
U, (¢) with respect to ¢ splits up into two distinct regions,
separated by an “insulating point” ¢, with ¢3 > 0. This
insulating point is defined by @ = d,u; (¢ = ¢) /K> = 0.
At this point, the diffusion coefficient a; (0) vanishes in the
IR limit. For example, in d > 2, the diffusion coefficient

vanishes for k — 0, since lgz)(O) is a constant and thus

a,(0) o k42, (52)

Hence, for d > 2, it is at least in principle possible to
encounter spontaneous symmetry breaking in the IR limit.
On the other hand, for d < 2, ¢, is always affected by a
nonvanishing diffusion coefficient such that it cannot be an
insulating point and therefore the dynamics of bosons as
described by our scalar field tends to restore the symmetry
in the IR limit.

Let us now assume that a finite insulating point ¢y, exists
in the IR limit. In the region ¢* < @3, where the slope of
u(¢) is negative (i.e., w < 0), the diffusion coefficient
becomes much greater than in the region ¢? > ¢3 (i.e.,
o > 0) at sufficiently small RG scales, since every point
inside the region ¢* < ¢7 is “pushed” into the singularity
associated with @ = —1. As a consequence, this region

“The precise implementation of the KT scheme in the context
of functional RG equations used in the present work can be found
in Refs. [24,29]. For a meaningful comparison of the RG flows
with different regulators, we employed the same numerical
control parameters: ¢, = 1.5A, A¢ = 0.001A, for all regula-
tors. As numerical time stepper we used solve_ivp [41] with
“LSODA,” which is a linear multistep method (Adams/backward
differentiation formula method) with automatic stiffness detec-
tion and switching, with the control parameters for the relative
and absolute error set to the same value, rtol = atol = 10710,

Note that ¢b, should not be confused with the minimum of the
effective potential.
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becomes flat and does not contain any physical information
in the limit £ — 0.

For the RG flow equation (50) with d =4, a finite
insulating point potentially exists for certain classes of
initial conditions at the scale k = A, e.g.,

UA$) =y m2d? + i (53)

with m? < 0 and A > 0. In the following, we set A = 1.0 for
all regulators. The parameter m?> < 0 is tuned such that we
obtain ¢, /A = 0.3 for the position of the minimum of the
effective potential at the scale at which the RG flow breaks
down numerically for a given regulator.16 In this way, we
ensure that our comparison of the stability of RG flows
resulting from different regulators is at least to some extent
meaningful. Of course, ideally, such a comparison would
require to tune the initial conditions such that the effec-
tive potential U, is identical for k — 0 for all regu-
lators. However, this is impossible as all RG flows
eventually break down at a finite RG scale in our present
numerical setup due to limited precision of the time
stepper.'’

In order to illustrate that the hierarchy of regulators (49)
indeed provides us with a good measure for the stability of
RG flows, we solve the flow equation (50) for the different
regulators and extract @,,;,(k), which is defined to be the
smallest value of @ at a given RG scale k. This quantity
then allows us to illustrate how fast (in terms of the RG time
1) the RG flow approaches the singularity.

For the regulators considered in this work, @,;, is shown
in Fig. 4. We observe that, at a fixed, sufficiently small RG
scale, the values of w,,, follow identically the regulator
hierarchy predicted by POSS, see Eq. (49): More stable RG
flows yield flatter potentials, which is a direct consequence
of the self-healing property. Consequently, less stable RG
flows approach the singularity at @ = @, = —1 faster in

"®Note that the (initial) values for m?/A? depend only mildly
on the regulators considered in the present work. To be more
specific, we find m?/A? € [-0.099, —0.093].

Note that, as discussed in Ref. [42], the RG flow equation for
the effective potential can be reformulated to circumvent the issue
of a numerical breakdown at a finite RG scale. At least for a
certain class of regulators, this suggests that it is possible to find a
reformulation of the flow equation or an improvement of the
numerical solver which potentially allows us to follow the RG
flow down to very small RG scales where the potential eventually
becomes flat. However, our present work focuses on the con-
struction of regulators leading to a fast flattening of the effective
potential in terms of RG time which we demonstrate with a fixed
numerical setup. Such a fast flattening of the effective potential
essentially introduces a natural stabilization of RG flows as
discussed above. In any case, a combination of the reformulation
presented in Ref. [42] with regulators considered optimal
according to our definition would be interesting but is beyond
the scope of the present study.
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FIG. 4. The quantity @, (k) as obtained from various regu-
lators as a function of the RG scale k, down to the scale where the
numerical calculations break down for a given regulator. The
ordering of these breakdown scales correspond to the regulator
hierarchy predicted by POSS, see Eq. (49) and also Fig. 3. Note
that, at a fixed RG scale k, a larger w,;, corresponds to a flatter
potential. This implies that, in terms of RG time, the effective
potential becomes flat faster for regulators which are considered
to be preferred according to POSS. The derivative of the effective
potential, u,(¢) = d,U(¢), at the different (numerical) break-
down scales is shown in Fig. 5.

terms of the RG time ¢ and eventually break down earlier
due to the limited numerical precision, in accordance with
our definition of numerical stability. Also, the ordering of
the break down scales associated with the various RG flows
is in perfect agreement with the predicted regulator hier-
archy as given in Eq. (49). As it should be, this ordering is
also visible in Fig. 5, where we show the slope 1, (¢) of the
effective potential at the numerical breakdown scale for the
regulators considered in our analysis.18

Comparing the RG flows obtained from the various
regulators, we observe that the values of the smallest RG
scale, which is numerically accessible for a given regulator,
differ significantly. In fact, the breakdown scales for
regulators with only one element in C are a factor of 5—
10 times greater than the scales that can be reached with
regulators with an infinite set C.

In summary, our analysis provides a quantitative con-
firmation that the (numerical) stability of RG flows can
indeed be improved by a suitable choice of the regulator.
POSS allows us to single out regulators which generate

"The numerical stability as well as the potentials at the
breakdown scale presented in Fig. 5 do not rely on the
normalization condition (18), since the (abstract) RG trajectory
is not affected by a rescaling and hence the numerical solver will
break down at the same infrared potential.
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FIG. 5. Derivative of the effective potential, u,(¢) = 0,U(¢),
as a function of ¢ for various regulators at the scale k., Where
the RG flow breaks down. The UV potentials of the RG flows
associated with the various regulators are tuned such that the
position ¢, of the minimum of the effective potential is the
same for all regulators at the respective scale kyay, 1.€-,
Pmin/A = 0.3. Note that the position of the minimum of the
potential is associated with the position of the zero of the depicted
derivative of the effective potential, u;(¢). We observe that the
hierarchy of regulators predicted by POSS is in accordance with
the observed “flatness” of the effective potentials indicated by a
small/vanishing derivative u;(¢), see also Eq. (49).

(numerically) stable RG flows. Such regulators allow us to
access the deep infrared regime, where the potential
becomes convex. From a phenomenological standpoint,
the access to this regime is ultimately required for quanti-
tative studies of critical behavior in the presence of a
(small) explicit symmetry breaking [43] and the computa-
tion of the corresponding scaling functions, as done in, e.g.,
Ref. [44]. For such studies, the use of regulators with an
infinite set of contact points appears inevitable.

V. CONCLUSIONS

In this work, we discussed the optimization of functional
RG flows from the standpoint of stability which is tightly
connected to the presence of zeroes in the spectrum of the
regularized two-point function. In fact, the inverse of the
regularized two-point function determines the RG flow of
the effective action and therefore the zero eigenvalues of the
regularized two-point function define singular points which
control how fast (measured in terms of RG time) the
effective potential becomes convex, in particular in sit-
uations where the dynamics of a theory is governed by
spontaneous symmetry breaking.

We discussed that the stability in numerical calculations
can indeed be considerably improved by a suitable choice

of the regulator. Of course, such a stability analysis requires
to compare different RG flows which, within a given
truncation, corresponds to comparing different regulators.
To render such a comparison meaningful, we introduced a
comparability condition and a corresponding principle, the
principle of strongest singularity, which provides us with an
order relation for regulator functions.

We demonstrated the application of this general principle
by using the example of a scalar field theory in LPA. In
LPA, the comparability condition can be viewed as a
normalization condition for regulator functions. The order
relation becomes independent of the RG flow in this
approximation but it depends on the number of spacetime
dimensions. Within this analysis, we also provided an
intuitive picture of how the behavior of RG flows close to
the aforementioned singular points is related to properties
of the threshold functions.

For RG flows in LPA, we find that the Litim regulator
provides the strongest singular behavior and is therefore the
unique optimal regulator according to POSS, at least within
the standard set of regulator functions considered in the
context of functional RG studies. This implies that, in LPA,
the well-known functional optimization [13] and POSS
single out the same regulator as optimal: That is the Litim
regulator. Moreover, we constructed a regulator which is
close to the Litim regulator with respect to POSS but is
differentiable. In general, our analysis clearly indicates that
analytic regulators generate significantly less stable RG
flows than the Litim regulator. In addition, by extending the
set of functions associated with the standard regulators, we
found that we can even construct regulators which come
with a stronger singular behavior than the one exhibited by
the Litim regulator and therefore generate particularly
stable RG flows in the spirit of POSS.

We close by emphasizing that POSS does a priori not
entail a minimization of the regulator dependence of
physical observables. In other words, it is not apparent
that functional optimization and POSS in general single out
the same regulator(s). Therefore, a natural extension of our
analysis represents the computation of, e.g., critical expo-
nents with regulators considered to be good according to
POSS, in particular with those characterized by a particu-
larly strong singular behavior. Moreover, an analysis of
how fast physical observables converge in the RG flow may
be interesting as this should be solely encoded in the
dependence of the threshold functions on the mass param-
eter which is determined by the regulator, see Fig. 3. In any
case, given our analysis in LPA, where the Litim regulator
is singled out by both optimization criteria (within the
standard set of regulator functions), it appears at least
reasonable to expect that, beyond LPA, the application of
both criteria may also yield a set of regulator functions
which may be simultaneously classified as “good regu-
lators,” i.e., regulators which yield stable RG flows
according to POSS and are associated with a “short”
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trajectory in theory space according to the definition in
Ref. [13]. Smooth regulators, which are singled out in LPA
by POSS, may represent a good starting point for the
construction of such regulators for computations of the
effective action at higher orders of the derivative expansion.
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APPENDIX: CONSTRAINTS FOR
REGULATOR FUNCTIONS

For the following discussion of constraints for the
regulator, we focus on threshold functions as they appear
in LPA. It then follows that a general regulator shape
function r should render the threshold functions appearing
in the flow equations finite for @ > — min, P?(y). More-
over, the threshold functions should diverge at w =
—min, P?%(y), see our discussion in Sec. II B. In general,
the standard constraints detailed in Eq. (24) or, equiva-
lently, in Eq. (25) are not sufficient in this respect. Hence, it
is necessary to identify additional constraints which supple-
ment the standard constraints for regulator shape functions.
As we shall discuss below, these additional constraints in
general depend on, e.g., the number of spacetime dimen-
sions d and on the position of the poles of the integrand
associated with the threshold functions.

In the following we shall assume that the regulator shape
function and its derivative behave as r(y) ~ y~* and 7/ (y) ~
vy~ ! in the limits y — 0 and y — oo, respectively, with
different values of a in the two limits. Constraints for
the parameter « in the two limits are derived below.
For concreteness, we use the normalization (18),

i.e., min, P?(y) = 1. However, the following analysis does
not rely on this normalization.

Let us begin by discussing the issue of finiteness of the
threshold functions, i.e., we first consider w > —1. In the
limit y — oo, the integrand (14) of the threshold function
(13) then becomes independent of @ since P?(y) dominates
the denominator:

d y!
Iﬁn)(a),...)Nyd/Q“—m fory - co0.  (Al)
Consequently, for y > 1, it is required that
—a<—1—§+m (A2)

to render the threshold functions finite. Recall that the
parameter m counts the number of internal lines of the 1PI
diagram associated with the threshold function (13).
In the limit y - 0 and @ > —1, we have to distinguish
between two cases
(i) lim,_oP3(y) < o0,i.e.,a = 1. Forw > —1, we find
15 ~ e, (y. @)y 1yl fory -0, (A3)
where ¢,,(y, @) depends on @ and on y but is finite
for w > —1

1

o) rop AY

Cm (y ) w) -
Finiteness of the threshold function only requires

d > 0. Note that the integrand Igf ) is nevertheless
divergent for d < 2, see also Fig. 2.

(i) lim,_ P%(y) = c0,i.e., @ > 1. In this case, @ can be
ignored, i.e.,
P*(y) + o= P*(y) (AS)
for y — 0. We then find
d y—a—l
I,(n) ~ yd/2+1 T — fOf y — 0. (A6)
Consequently, it is required that
—a>—-1—-d/24+m—ma (A7)

to render the threshold functions finite. Note that, in
this case, y, assumes a finite value. Recall that y, is
defined by P?(y = y,) = 1, see also the discussion

of Eq. (29).
Next, we turn to an analysis of the behavior of the
threshold functions for w — —1. In this limit, the threshold
functions exhibit a singular behavior, if m > 1/2 and if the

096022-14



OPTIMIZATION AND STABILIZATION OF FUNCTIONAL ...

PHYS. REV. D 111, 096022 (2025)

pole of the integrand is located at a finite value y,, i.e.,
yo >0 with P?(y =y,) = 1. In the following this is
illustrated for analytic regulator shape functions with only
one nonzero y,. With Egs. (31) to (33), we find for such
regulators that

(d) / 41 9yLitim )
Ly (0, r(y), r(y),y) > —)y2 —
(0.1(0). (), ) > !

_
=Pt (AB)

for y < y,. By performing now a Taylor expansion of P?(y)
about y,, we find for some fixed § > 0 that the integral

/)’o d y%_l
y
yos  GOPA(y = yo)(y = y0)? + 1 + )"

diverges for m > 1/2 and d > 0 in the limit @ — —1.

Consequently, lf,f) (w) diverges in this limit. However, if

vo = 0 is the only contact point (i.e., r(y) ~ 1/y), we have
cm(y, @) ~1/y™in Eq. (A3) at @ = —1 for y — 0. Hence,
the integral does not diverge in the limit @ — —1, at least

for d/2 > m. For example, the standard exponential regu-
lator rey,(y) = 1/(exp(y) — 1) (see Fig. 1) yields a global

minimum of P?(y) at y, = 0 and therefore the threshold

function lﬁ,f) with m = 1 does not diverge at @ = —1 for

d > 2 in this case, see also Ref. [30]. According to POSS
and our corresponding numerical analysis presented in the
main text, this class of regulators in general generates
(numerically) unstable RG flows in situations where the
ground state is governed by spontaneous symmetry break-
ing, at least in studies where the full field dependence of the
potential is considered.

We close our analysis by noting that neither the finite-
ness of the threshold functions for @ > —1 nor the presence
of a divergence in the limit @ — —1 follow necessarily
from the constraints (24) for general regulator shape
functions. For example, according to our analysis and
POSS, suitable general purpose regulators in all dimensions
d > 0 and for all m > 1/2 are those which diverge as 1/y
for y — 0, approach zero in the limit y — oo faster than
y~4/2=1 and yield an integrand of the threshold functions
with at least one nonzero pole position .
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