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We determine parameters of the renormalization group-consistent three-flavor color-superconducting

Nambu–Jona-Lasinio (NJL) model that are suited to investigate possible compact-star configurations. Our

goal is to provide quark-matter equations of state (EOSs) that can be used for hadron-quark hybrid-star

constructions. To that end, we mainly focus on the parameters of the quark-matter model. By varying the

vector and diquark coupling constants, we analyze their impact on the EOS, the speed of sound, the

maximum diquark gap, and the mass-radius relation. In almost all configurations, a stable color-flavor-

locked (CFL) phase appears in the core of the maximum-mass configurations, typically spanning several

kilometers in radius. In other cases, the star’s two-flavor color-superconducting (2SC) branch of the EOS

becomes unstable before reaching the CFL transition density. At neutron-star densities, the speed of sound

squared reaches up to c2s ∼ 0.6 and the CFL gap up to Δ ∼ 250 MeV. We argue that adding a hadronic EOS

at lower densities by performing a Maxwell construction does not increase the maximum mass

substantially. Thus we use the 2.0M⊙ constraint to constrain the NJL model parameters that are suited

for the construction of hybrid-star EOS. We construct three examples of the hybrid-star model,

demonstrating that there is room for different color-superconducting compositions. The hybrid EOSs

obtained in this way can have no 2SC matter or different ratios of 2SC and CFL quark matter in the core.

We show that early hadron-quark transitions are possible that can modify the tidal deformability at 1.4M⊙.

We find that these EOSs are consistent with the imposed constraints from astrophysics and perturbative

QCD. They allow for different hybrid-star scenarios with a hadronic EOS that is soft at low to intermediate

densities (∼1–3nsat).

DOI: 10.1103/PhysRevD.111.103034

I. INTRODUCTION

Understanding the theory of strong interactions under

extreme conditions is a major goal of modern nuclear

physics. Neutron stars provide a unique environment for

studying strong-interacting matter at densities of several

times nuclear saturation density. Their internal structure,
stability, and observable properties, like mass and radius,
are governed by the equation of state (EOS) of dense
matter, which is in large parts still unknown.
Constraints on the EOS of strong interacting matter come

from a variety of sources. The measurements of several
pulsars with masses of around 2.0M⊙ from radio obser-
vations of binaries [1–3] necessitates a strongly repulsive
interaction so that the neutron star can withstand the strong
attraction of gravity. With the detection of gravitational
waves (GWs) from a binary neutron star merger,
GW170817 [4–6], a new observational window opened
for studying the properties of the interior of neutron stars.
The constraint on the tidal deformability from GW170817
significantly constrained the EOS, ruling out models that
predict a highly incompressible or stiff equation of state
[7,8]. Further constraints on the EOS from the measure-
ment of the mass and radii from X-ray observations of
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neutron stars by the Neutron Star Interior Composition
Explorer (NICER) Collaboration [9–13] provide further
constraints on the properties of high-density matter in the
interior of neutron stars.

In addition to astrophysical observations, constraints on

the EOS in the density regime relevant for neutron stars

come from calculations of perturbative QCD (pQCD) at

high baryon chemical potentials [14–19] and chiral effec-

tive field theory at low densities [20,21], combined with the

requirement that the equation of state must be causal [22–

24]. Constraints from lattice QCD at nonzero isospin

chemical potential using QCD inequalities do not yet

provide strong constraints on the neutron star EOS [25,26].

A different lattice QCD approach to bound the upper limit

of the QCD pressure at nonzero baryon densities was

proposed in Refs. [27,28]. In addition, Bayesian inference

methods have been employed to explore the properties of

hybrid stars, i.e., stars that have a core of deconfined quark

matter surrounded by hadronic matter, by integrating

hadronic and quark-matter models, imposing both pQCD

constraints and observational data from NICER and gravi-

tational wave events [29].

All these advancements open the tantalizing perspective

to probe the high-density behavior of QCDmatter under the

conditions prevailing in the core of neutron stars with an

unprecedented distinctiveness. At very high densities, QCD

matter is expected to be in a color-superconducting (CSC)

state [30–32], in which quarks form Cooper pairs (“diquark

condensates”). For a review on color superconductivity, see

Ref. [33]. At high densities, the color-flavor-locked (CFL)

phase [34], in which all three colors (red, green, blue) and

all three flavors (up, down, strange) are paired is the

energetically favored phase [34–36]. At lower densities,

where pairing with strange quarks is not yet preferred, a

two-flavor superconducting phase (2SC) phase, where only

up and down quarks are paired, could be present [37]

although this is still under debate [38,39].

If the hadron-quark phase transition takes place at the

densities reached in neutron stars, there will be hybrid stars.

The case for hybrid stars has been investigated extensively

using different models and parametrizations for the had-

ronic part and the quark-matter part of the EOS (see e.g.

Refs. [40–44]). Nonparametric studies find evidence

towards quark matter in the core of massive neutron stars

[22,45–47]. In the case of Refs. [22,46,47], the need for a

polytropic index and a speed of sound close to the

conformal value at neutron star densities were interpreted

as signatures for the onset of quark matter. Meanwhile, the

nature of the phase transition is unknown. It is either

modeled as a first-order phase transition, e.g., via a

Maxwell construction, a Gibbs construction [48], more

general approaches [49] or as a smooth transition or

crossover, constructed by interpolating a low-density had-

ronic EOS and a high-density quark EOS (see e.g.

Refs. [50,51]). To this date, hybrid stars and neutron stars

without quark matter are both consistent with constraints

from astrophysics and inferred constraints from chiral

effective field theory at low densities and perturbative

QCD at large densities [22,46,47,52–54].

In this work, we focus on the possibility that the quark

core of a hybrid star is in a CSC state. For simplicity, we

only consider homogeneous color-superconducting phases.

For a review on inhomogeneous color-superconducting

phases, see Ref. [55]. The densities of the outer and inner

cores of neutron stars lie in the strong coupling regime of

the strong interactions, where perturbative QCD does not

converge. Moreover, lattice QCD, which is the most

powerful nonperturbative method at vanishing baryon

density, is plagued by the sign problem in the low-temper-

ature high-density regime and therefore is not applicable

either. Nonperturbative continuum approaches to QCD,

such as Dyson-Schwinger equations [56] or the functional

renormalization group (FRG) [57], are promising candi-

dates to fill this gap. Dyson-Schwinger studies of various

CSC phases have been performed in Refs. [58–63]. The

pressure and the speed of sound of two-flavor color

superconductivity can be estimated with FRG calculations

[64–66], including the strong coupling to next-to-leading

order at high densities [67]. These approaches have not yet

reached the degree of sophistication needed to predict the

EOS of CSC quark matter under hybrid-star conditions. In

this situation, one has to rely on QCD-inspired models to

get insights. The three-flavor Nambu–Jona-Lasinio (NJL)

model allows to study the effect of dynamically generated

quark masses due to chiral symmetry breaking on the CSC

pairing structure.

Hybrid stars with quark cores described within the three-

flavor NJL model have been studied first in Ref. [68]

without quark pairing and in Refs. [69,70] including CSC

phases. Matching the quark-matter EOS to several hadronic

EOSs it was found that in most cases the transition to quark

matter renders the star gravitationally unstable so that either

hybrid stars do not exist or collapse well below reaching the

mass of 2M⊙. This problem was solved in Ref. [71], where

a repulsive vector interaction was added to the NJL model.

It was shown that the vector interaction stiffens the equation

of state enough to reach hybrid stars with a mass of 2M⊙

and more; however, no stable hybrid stars with a CFL core

were found.

In Ref. [72], hybrid stars with stable quark-matter cores

containing 2SC, CFL, or 2SC and CFL matter were

constructed with the NJL model for the quark phase and

a relativistic mean-field model for the hadronic phase. Later

work focused on confronting the equation of state of these

hybrid models with astrophysical data in order to constrain

the values of the diquark coupling and the vector coupling

[73–79] (see Ref. [76] for studies with the two-flavor NJL

model), showing that a stable, color-superconducting core

is consistent with astrophysical data. In addition, the case

for color-superconducting hybrid stars was investigated
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with a variety of different models for the quark phase, such

as nonlocal NJL models [80–83], the confining relativistic

density functional approach [84–87] or parameterized

quark-matter models with strong perturbative corrections

[88]. Models of hybrid stars with color-superconducting

cores have also been employed to model heavy millisecond

pulsars [87]. A recent work [44] has explored first-order

phase transitions to quark matter, highlighting their impact

on the mass-radius (MR) relation and the potential obser-

vation of twin stars, and emphasizing that additional

observational data such as tidal deformability measure-

ments are crucial to confirm the presence of such tran-

sitions. The possibility of twin and triplet stars and for a

third and forth family of compact stars due to sequential

first-order phase transitions in a hybrid star with different

quark-matter phases was studied with the synthetic con-

stant speed of sound parametrization [89–91]. In Ref. [92],

color-superconducting twin stars with the NJL model for

the quark-matter EOS were constructed. In that work, a

2SC+s pairing, but no CFL pairing was taken into account.

Unless a very stiff hadronic EOS was used, the authors did

not find twin branches that reached 2M⊙.

A well-known shortcoming of the NJL model is the fact

that it is nonrenormalizable. As a consequence, the regu-

lators that have to be introduced to render loop integrals

finite cannot be removed by absorbing them in existing

model parameters but have to be kept finite. Typically, a

momentum cutoff of the order of 600 MeV is employed,

which results from a fit to vacuum observables [93].

Unfortunately, this is not much larger than the quark

chemical potential possibly encountered in the cores of

hybrid stars. Indeed, severe cutoff artifacts are affecting the

phase structure and the size of the CSC gaps in this regime

[94]. To overcome these problems, a regularization based

on the concept of renormalization group (RG) consistency

[95] was formulated and applied for the three-flavor NJL

model with CSC in Ref. [94].

In this work, we perform a systematic survey of the CSC

quark-matter EOSs obtained within the three-flavor NJL

model with RG-consistent regularization. To this end, we

extend the model of Ref. [94] with a repulsive vector

interaction and vary the value of the diquark and vector

couplings. The goal is to provide viable quark-matter EOSs

that can be used for the construction of hybrid stars. For

this, we will explore the properties of pure quark stars while

leaving the actual hybrid construction for future work. The

underlying rationale is that the maximum mass of a hybrid

star is mainly determined by the high-density quark-matter

part of the equation of state. This means that, if the quark-

matter EOS does not reach a certain maximum mass, a

hybrid construction with that EOS at large densities and a

hadronic EOS at lower densities will hardly reach a higher

mass. In this way, we can constrain the NJL model

parameters already without referring to a specific hadronic

EOS by requiring that the pure quark star reaches a

maximum mass of not much less than 2M⊙. Another

interesting result of this analysis which is independent of

the hybrid construction is how the phase realized in the

centers of the maximum mass stars, 2SC or CFL, depends

on the parameters. We also calculate the radii of the quark

stars. Although the correspondence to the radii of hybrid

stars is less clear, this can give us insights into the expected

properties of the quark cores.

This work is organized as follows: in Sec. II we present

the RG-consistent NJL model for CSC quark matter, and in

Sec. III we investigate the effect of variations in the diquark

coupling and the vector coupling on the diquark conden-

sates, the EOS and the speed of sound. We also solve the

Tolman-Oppenheimer-Volkoff (TOV) equation for our

EOSs and the calculate mass-radius relations of quark

stars and the radial profiles of the corresponding maximum-

mass stars. In Sec. IV we constrain the vector and diquark

coupling constants by requiring configurations with a

maximum mass of 2.0M⊙ or more and provide further

constraints from astrophysical observations that may

become relevant depending on the density at which the

hadron-quark phase transition takes place. At the end of

Sec. IV we discuss the stability of the stars under 2SC-CFL

phase transitions. In Sec. V we test the validity of the

2.0M⊙ constraints for a hybrid star construction with a

chosen hadronic EOS based on a relativistic mean-field

model serving as a proof of principle. Furthermore, we

provide tabulated EOSs of the quark-matter model for three

combinations of coupling constants representing cases with

different mass-radius profiles. The resulting hybrid equa-

tions of state with the relativistic mean-field model have

different quark core compositions while fulfilling the

present astrophysical constraints. Finally, we give a sum-

mary and draw a conclusion in Sec. VI.

II. THE RG-CONSISTENT NJL MODEL

In this work, we model quark matter within an NJL

model with a diquark interaction, allowing for the for-

mation of color-superconducting condensates. We hereby

follow the recent advancement for an RG-consistent

description of the NJL model, see Ref. [94], which removes

artifacts of the conventional regularization and allows for a

consistent investigation of the phase structure at high

chemical potentials. The Lagrangian of our model is

written as

L ¼ L0 þ Lq̄q þ Lqq þ LL: ð1Þ

Here,

L0 ¼ ψ̄ði=∂þ γ0μ̂ − m̂Þψ ð2Þ

denotes the kinetic Lagrangian for the quark fields ψa
α with

flavors α ¼ u, d, s and colors a ¼ r, g, b. The diagonal

matrix in flavor space m̂ ¼ diagfðmu; md; msÞ contains the
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bare quark masses of the different flavors, and the chemical

potential matrix

μ̂
αβ
ab¼ðμδαβþμQQ

αβÞδabþ½μ3ðλ3Þabþμ8ðλ8Þab�δ
αβ ð3Þ

includes the electric charge operatorQ ¼ diagfð2=3;−1=3;

−1=3Þ and the third and eighth Gell-Mann matrices in color

space, λ3 and λ8. The term

Lq̄q ¼ GS

X

8

a¼0

½ðψ̄τaψÞ
2 þ ðψ̄iγ5τaψÞ

2�

− K½detfðψ̄ð1þ γ5ÞψÞ þ detfðψ̄ð1 − γ5ÞψÞ�

−GVðψ̄γ
μψÞ2 ð4Þ

includes the Uð3ÞL ×Uð3ÞR—symmetric scalar and pseu-

doscalar four-point interactions with the coupling constant

GS and the UAð1Þ breaking six-point interaction with the

coupling constant K [96,97]. The matrices τa denote the

Gell-Mann matrices in flavor space for a ¼ 1;…; 8, com-

plemented by τ0 ¼
ffiffiffiffiffiffiffiffi

2=3
p

1f. In addition to the terms

present in Ref. [94], we include a repulsive four-point

vector interaction

LV ¼ −GVðψ̄γ
μψÞ2 ð5Þ

with the vector coupling GV . The diquark interaction

Lqq ¼ GD

X

γ;c

ðψ̄a
αiγ5ϵ

αβγϵabcðψCÞ
b
βÞððψ̄CÞ

r
ρiγ5ϵ

ρσγϵrscψ
s
σÞ

ð6Þ

enables quark pairing in the spin-zero color and flavor

antitriplet channel in the Hartree approximation. The

charge-conjugate spinors are defined as ψC ¼ Cψ̄T and

ψ̄C ¼ ψTC with the charge conjugation operator

C ¼ iγ2γ0. Finally, we include kinetic terms for (free)

electrons and muons

LL ¼
X

L¼e;μ

ψ̄Lði=∂ −mLÞψL

with the electron mass me ¼ 0.511 MeV and the muon

mass mμ ¼ 105.66 MeV, respectively.

In the mean-field approximation, we consider only the

chiral condensates

ϕf ¼ hψ̄fψfi ð7Þ

for flavors f ¼ u; d; s, the three diquark condensates

ΔA ¼ −2GDhψ̄
a
αiγ5ϵ

αβAϵabAðψCÞ
b
βi ð8Þ

with A ¼ 1; 2; 3 and the quark number density

n ¼ hψ̄γ0ψi ð9Þ

to be nonzero. We do not consider nonzero vector con-

densates of the form hψ̄γiψi, i ¼ 1; 2; 3, which would

break the rotational invariance of the system.

The chiral condensates give rise to the dynamical

“constituent” quark masses

Mα ¼ mα − 4GSϕα þ 2Kϕβϕγ; ð10Þ

where ðα; β; γÞ is any permutation of ðu; d; sÞ. Similarly, the

vector interaction effectively shifts the chemical potential

term in the kinetic Lagrangian to

μ̃ ¼ μ − 2GVn: ð11Þ

The 2SC phase is characterized by pairing between the red

and green up and down quarks only (Δ1 ¼ Δ2 ¼ 0,

Δ3 ≠ 0) whereas in the CFL phase, quarks of all flavors

and colors participate in the pairing (Δ1;Δ2;Δ3 ≠ 0).

For notational convenience, we combine the chiral

condensates and diquark condensates to a vector χ ¼
ðϕu;ϕd;ϕs;Δ1;Δ2;Δ3Þ and the constituent quark masses

to the vector M ¼ ðMu;Md;MsÞ. We also combine the

independent chemical potentials of Eq. (3) to the vec-

tor μ ¼ ðμ; μQ; μ3; μ8Þ.
The NJL model is most conveniently regularized

with a sharp three-momentum cutoff Λ
0. Due to the

nonrenormalizability of the model, the cutoff cannot

be absorbed into renormalized quantities. Instead, the

results depend on the value of the cutoff. As mentioned

in the Sec. I and highlighted in Ref. [94] the conventional

cutoff regularization leads to unphysical artifacts as

soon as the model is evaluated at scales of the

order of the cutoff. To avoid these artifacts, a regulari-

zation based on the concept of renormalization-

group consistency [95], adapted for a three-flavor NJL

model with color superconductivity was proposed

in Ref. [94].

Renormalization group consistency is most straightfor-

wardly formulated in the context of the functional renorm-

alization group. It states that the scale Λ at which the flow

equation is initialized must be chosen large enough such

that the effective action of the model does not depend on

this scale in the infrared [95]. In the context of a non-

renormalizable model in the mean-field approach, this large

initial scale corresponds to a large momentum cutoff. For a

detailed explanation of the significance of RG consistency

for mean-field models, we refer to Refs. [94,95]. In short,

the renormalization-group consistent regularization

employs a large cutoff scale Λ ≫ Λ
0, while the divergent

vacuum contribution is still regularized with the conven-

tional cutoff Λ0. In the presence of diquark condensates,

additional medium-dependent divergences arise, which
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must be balanced by suitable counterterms leading to

physical results independent of the chosen large cut-

off scale.

Following this procedure, the mean-field effective poten-

tial per volume in the RG-consistent regularization can be

written as

Ωeffðμ; T; χ ; μ̃Þ ¼ Vðχ ; μ̃Þ −
1

2π2

�
Z

Λ

0

dpp2Aðp; μ; T; χ ; μ̃Þ −

Z

Λ

Λ
0
dpp2Aðp; μ ¼ 0; T ¼ 0; χ ; μ̃ ¼ 0Þ

−

Z

Λ

Λ
0
dpp2

X 1

2
μ2αa;βb ×

�

∂
2

∂μ2αa;βb
Aðp; μ; 0; χ Þ

��

�

�

�

μ¼μ̃¼M¼0;Δαa;βb≠0

�

þΩLðμe; TÞ: ð12Þ

The first term on the right-hand side,

Vðχ ; μ̃Þ ¼ 2GSðϕ
2
u þ ϕ2

d þ ϕ2
sÞ − 4Kϕuϕdϕs

þ
1

4GD

X

3

A¼1

jΔAj
2 −

ðμ − μ̃Þ2

4GV

; ð13Þ

is the potential for the condensates. The function

Aðp; μ; T; χ ; μ̃Þ ¼
1

2
T
X

n

tr ln
S−1ðiωn; p; μ; χ ; μ̃Þ

T
ð14Þ

depends on the inverse Nambu-Gorkov propagator S−1

which in turn depends on the chemical potentials and

condensates The trace in Eq. (14) is evaluated over Nambu-

Gorkov, flavor, color, and Dirac space, and the sum runs

over fermionic Matsubara frequencies ωn ¼ ð2nþ 1ÞπT.
The three momentum integrals in the parentheses of

Eq. (12) correspond to the kinetic term integrated up to the

large cutoff Λ, the renormalization group flow contribution

in the vacuum between Λ and Λ
0, and a counterterm,

respectively. The renormalization group contribution and

the counterterm ensure that the model is RG consistent. For

Λ ¼ Λ
0, both terms vanish and Ωeff reduces to the effective

potential in the conventional cutoff regularization. The first

term in the parentheses in Eq. (12) includes contributions

that scale as ∼
P

μ2αa;βbΔ
2
αa;βb lnðΛÞ, where Δαa;βb denotes

the gap for pairing quarks of flavor α and color a with

flavor β and color b, and μαa;βb ¼ ðμαa þ μβbÞ=2 is the

average chemical potential of the paired quarks. These

logarithmic divergences arise from nonzero diquark con-

densates and are balanced by the counterterm. The counter-

term includes second derivatives with respect to the average

chemical potentials. The derivatives are evaluated in

vacuum (T ¼ μ ¼ μ̃ ¼ 0), and Δαa;βb ≠ 0 denotes that

all other diquark gaps that are not associated with the

chemical potential μαa;βb are set to zero. Furthermore, all

quark masses are set to zero in the counterterm. This

corresponds to the massless renormalization scheme of

Ref. [94]. For further details about the effective potential in

the renormalization group-consistent regularization, we

refer to Ref. [94].

The leptonic contribution to the effective potential is

modeled as a free relativistic gas

ΩLðμe; TÞ ¼ −2T
X

l¼e;μ

Z

d3p

ð2π3Þ

�

ln
�

1þ e−
El−μl

T

	

þ ln
�

1þ e−
Elþμl

T

		

; ð15Þ

with the energy El ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þm2
l

q

. In this work, we assume

that the system is in equilibrium with respect to the

weak interactions and that neutrinos can leave the

system freely. Then, the electron and muon chemical

potentials are given by the (negative) charge chemical

potential μe ¼ μμ ¼ −μQ.

The physical values for the condensates are found as the

stationary points of the effective potential

∂Ωeff

∂ϕf

�

�

�

�

ϕf¼ϕ̄f

¼
∂Ωeff

∂ΔA

�

�

�

�

ΔA¼Δ̄A

¼
∂Ωeff

∂μ̃

�

�

�

�

μ̃¼ ¯̃μ

¼ 0: ð16Þ

The last equation sets μ̃ to be thermodynamic consistent

with the definition of the number density n ¼ −
∂Ωeff

∂μ
, see

also Ref. [98]. The charge and color chemical potentials are

fixed by requiring local electric and color neutrality

∂Ωeff

∂μQ

�

�

�

�

μQ¼μ̄Q

¼
∂Ωeff

∂μ3

�

�

�

�

μ3¼μ̄3

¼
∂Ωeff

∂μ8

�

�

�

�

μ8¼μ̄8

¼ 0: ð17Þ

Quantities with a bar denote the physical values of the

condensates and chemical potentials. If for given μ and T,
the gap equations (16) and the neutrality constraints,

Eq. (17), have more than one solution, the physical solution

is the one with the lowest effective potential. Plugging this

solution into the effective potential in Eq. (12) gives the

grand canonical potential per volume

Ωðμ; TÞ ¼ Ωeffðμ; μQ ¼ μ̄8; μ3 ¼ μ̄3;

μ8 ¼ μ̄8; T; χ ¼ χ̄ ; μ̃ ¼ ¯̃μÞ: ð18Þ

The pressure is then obtained as
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P ¼ −ðΩ −Ω0Þ; ð19Þ

where we fix the pressure in the vacuum to be zero by

subtracting Ω0 ¼ Ωðμ ¼ T ¼ 0Þ. As the NJL model lacks

the description of a confined phase at low densities, it is

valid to fix the pressure in the vacuum to a different value

by subtracting a different “bag pressure,” and setting the

pressure to zero in the vacuum must be interpreted as a

special choice [73]. We discuss the implications of

changing the bag parameter on some of our results in

Sec. IV B.

Other thermodynamic quantities which can be calculated

from the grand potential per volume are the quark number

density n ¼ −∂Ω=∂μjT, the entropy density s ¼ ∂Ω=∂Tjμ,
the energy density ϵ ¼ −Pþ μnþ sT and the speed of

sound squared

c2s ¼
∂P

∂ϵ

�

�

�

�

s
n

: ð20Þ

For numerical calculations, we set Λ
0 ¼ 602.3 MeV,

GSΛ
02 ¼ 1.835, KΛ

05 ¼ 12.36 and the bare quark masses

mu;d ¼ 5.5 MeV and ms ¼ 140.7 MeV. These parameters

have been fitted to the pseudoscalar meson octet in

vacuum [93]. The ratios of the vector coupling ηV ¼
GV=GS and the diquark coupling ηD ¼ GD=GS to the

scalar coupling are treated as free parameters. Within

the RG-consistent regularization, the model can be

evaluated at arbitrary high scales, provided that Λ is

chosen sufficiently large. For this work, we choose

Λ ¼ 10Λ0 ¼ 6023 MeV, which we find to be sufficient

to study the densities reached in neutron stars.

III. COMPREHENSIVE PARAMETER STUDY FOR

NJL QUARK MATTER

For comprehensive studies of the properties of the RG-

consistent NJL model, the diquark coupling and the vector

coupling are varied between ηD ¼ 0.90 and ηD ¼ 1.80, and

ηV ¼ 0.00 and ηV ¼ 1.50, respectively. In this section, the

impact of changing one parameter while keeping the other

parameter constant on the diquark gaps, the equation of

state, the speed of sound, and the mass-radius profiles are

investigated. All calculations are performed at zero

temperature.

A. Diquark gaps

As highlighted in Refs. [94,95], using conventional

cutoff regularization in effective models becomes prob-

lematic near the cutoff energy scales due to unphysical

artifacts that arise from the finite cutoff. This is particularly

evident in the conventional regularization of the NJL model

with three flavors and color superconductivity, where,

above a certain value of the chemical potential, the diquark

gaps decrease with increasing μ and eventually even vanish,

leading to unphysical results. In contrast, the RG-consistent

model overcomes these limitations and enables calculations

at arbitrarily high chemical potentials without encountering

such cutoff artifacts.

The solutions to the gap equations and neutrality con-

ditions vary significantly for each combination of the

diquark coupling ηD and the vector coupling ηV .

Figure 1 displays the diquark gaps as a function of the

quark chemical potential μ for various choices of the

diquark coupling between ηD ¼ 1.00 and ηD ¼ 1.80 and

constant vector coupling ηV ¼ 0.50. The open circles

indicate the values of the diquark gaps reached in the

FIG. 1. Diquark gaps Δ1 (left), Δ2 (middle) and Δ3 (right) for constant vector coupling ηV ¼ 0.50 and different diquark couplings ηD.

For each ηV -ηD coupling combination, the open circle marks the value reached in the center of the maximum-mass solution of the TOV

equation.
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centers of the maximum-mass solution of the TOV equa-

tion, see Sec. III D for more details. We ensured the validity

of our results by extending our analysis to high values of

chemical potential, maintaining RG consistency.

At low chemical potential, the matter is in the chiral-

symmetry broken phase and all diquark condensates are

zero. At zero temperature, this phase is identical to the

vacuum. At intermediate chemical potential, the matter is in

a 2SC phase, in which only Δ3 is nonzero, followed by a

first-order phase transition to the CFL phase where all

diquark gaps are nonzero. With increasing values of the

diquark coupling, the phase transition from the chiral-

symmetry broken phase to the 2SC phase and from the 2SC

phase to the CFL phase move to lower chemical potential,

and the value of the diquark gaps in both the 2SC and the

CFL phase increase significantly.

In Fig. 2, the vector coupling is varied between ηV ¼
0.00 and ηV ¼ 1.50 while the diquark coupling is kept

constant at ηD ¼ 1.00. With increasing vector coupling ηV ,

the 2SC to CFL phase transition shifts to a larger chemical

potential, whereas the transition from the chiral-symmetry

broken phase to the 2SC phase is only slightly delayed.

However, the chemical potential at which Δ3 reaches a

certain value shifts to higher values as ηV increases. This

behavior arises because the vector interaction causes the

pressure to build up more gradually. In fact, as ηV increases,

the phase transition from the chiral-symmetry broken phase

to the 2SC phase changes from a first-order transition to a

smooth transition.

The chemical potential at which the maximum mass is

reached and the star turns unstable (circles in Figs. 1 and 2)

moves to lower chemical potential with increasing ηD and

to higher chemical potential with increasing ηV . Note that

for large values of ηV the chemical potentials reached in the

maximum-mass stars are higher than the vacuum cutoff

μ ¼ Λ
0. With conventional cutoff regularization, describing

these points without running into severe cutoff artifacts

would be impossible. Therefore, the use of the RG-

consistent regularization, where no cutoff artifacts occur,

is crucial for our analysis. As will be seen in Sec. IVA, for

extremely large ηV , the maximum mass occurs in the

2SC phase.

B. Equation of state

Figure 3 displays the pressure P versus energy density ϵ

for fixed ηV ¼ 0.50 (left panel) and at fixed ηD ¼ 1.00

(right panel). The solid lines in each curve correspond to

the 2SC phase while dashed lines correspond to the CFL

phase. The dotted lines connecting the solid and dashed

lines represent the transition from the 2SC to the CFL

phase. The open circle at the end of each curve marks the

values reached in the center of the maximum-mass solution

of the TOV equation for this ηV-ηD coupling combination.

Working within the grand canonical ensemble, we com-

puted the model up to quark chemical potentials at which

the mass-radius configuration turns unstable. This corre-

sponds to different maximal values of energy density and

number density depending on the coupling parameters.

For the EOS at fixed ηV , increasing the diquark coupling

from ηD ¼ 1.00 to ηD ¼ 1.80 shifts the EOS to higher

pressure values. This is because higher ηD coupling leads to

a stronger Cooper pairing and larger gaps, which in turn

leads to higher pressure. The phase transition from the 2SC

to the CFL phase occurs at lower density and lower

pressure values for higher values of ηD, and the jump in

energy density becomes smaller, i.e. the latent heat Δϵ,

decreases. For low values of ηD, the energy density range of

the 2SC phase is large and decreases with increasing values

of the diquark coupling. For higher values ηD ∼ 1.80, the

star turns unstable almost immediately after the onset of the

phase transition to the CFL phase at its center.

FIG. 2. Same as Fig. 1, but for a constant diquark coupling ηD ¼ 1.00 and different vector couplings ηV .
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For the case of a fixed diquark parameter ηD ¼ 1.00
(right plot), we find that with zero vector coupling,
ηV ¼ 0.00, the EOS reaches a vanishing pressure at a
nonvanishing energy density. When the vector coupling
value is increased, the slope of the EOS increases,
suggesting a stiffer EOS with an expanded density range
for the 2SC phase, albeit with reduced latent heat. In
contrast, the energy-density range of CFL quark matter up
to the point of the maximum mass decreases with increas-
ing vector coupling, becoming almost zero at ηV ¼ 1.50.
The central pressure at the maximum-mass configuration
decreases, then increases again with increasing the vector
coupling, contrary to the increasing diquark coupling (left
plot) where it increases first and then decreases again.

C. Speed of sound

The RG-consistent NJL model can be evaluated at large

chemical potential and energy scales to study the behavior

of the speed of sound at higher densities without cutoff

artifacts. If the vector interaction is set to zero (ηV ¼ 0.00)

as in Ref. [94], the speed of sound approaches the

conformal limit of 1
3
at high densities, consistent with

expectations for a relativistic gas of massless particles.

However, for a nonzero ηV , c
2
s increases towards (1) at high

densities, approaching the causal limit where the speed of

sound equals the speed of light. This feature of approaching

c2s ¼ 1 with a vector interaction is generic for an inter-

action-dominated equation of state and is well-known as

the Zeldovich equation of state [99]. It is clear that the NJL

model, even with RG-consistent regularization, cannot be

trusted in the realm of perturbative QCD. As we will see,

for densities reached in the centers of compact stars, which

is the focus of our investigations, the speed of sound stays

well below the causal limit.

Figure 4 shows the behavior of the speed of sound

squared for different combinations of the coupling param-

eters ηD and ηV , plotted as a function of the ratio of

the baryon number density n ¼ ðnu þ nd þ nsÞ=3 to the

nuclear saturation density nsat ¼ 0.16 fm−3. Note that the

density ranges plotted are different in both plots shown.

A stiff EOS corresponds to a high speed of sound, as the

pressure responds strongly to changes in energy density.

Both plots demonstrate that increasing either the diquark

coupling ηD or the vector coupling ηV results in a higher

speed of sound for a given density, thus corresponding to a

stiffer EOS in both the 2SC and CFL phases. A higher

diquark coupling enhances the pairing interactions, leading

to larger diquark gaps and increased pressure at a given

density. Similarly, a higher vector coupling introduces

additional repulsion between quarks, stiffening the EOS.

The speed of sound increases with density at low to

moderate densities reaching values above the conformal

limit of c2s ¼ 1=3 for all cases. Characteristic features in the
speed of sound associated with the phase transition can be

seen. The transition to the CFL phase, when present, is

indicated by a discontinuity in the speed of sound curve as

it is a first-order phase transition. We denote the last density

point in the pure 2SC phase n2SC and the onset density of

the CFL phase nCFL. Due to the Maxwell construction, the

pressure is constant between the n2SC and nCFL which

would lead to a vanishing speed of sound in this density

regime. In a compact star, however, the pressure increases

monotonically from the star’s surface to the core. This

means that the constant-pressure phase is realized only in

the form of an interface of infinitesimal radial extension in

the hybrid star [48]. Thus we effectively neglect the

possibility of 2SC-CFL mixed phases inside the star.

Like the baryon density, the speed of sound is therefore

FIG. 3. Equation of state in the form of pressure vs energy density for some combinations of ηV -ηD coupling constants. Left: EOS at a

fixed value of the vector coupling strength ηV ¼ 0.50. Right: EOS at a fixed value of the diquark coupling strength ηD ¼ 1.00. Solid

lines correspond to the 2SC phase, while dashed lines correspond to the CFL phase. The dotted lines represent the phase transition from

the 2SC to the CFL phase. For each ηV-ηD coupling combination, the open circle marks the value reached in the center of the maximum-

mass solution of the TOV equation.
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discontinuous, but nonzero at the phase transition in

the compact star. For low values of the diquark coupling

constant, the speed of sound decreases in the 2SC

phase before the CFL phase transition happens.

This is accompanied by a nonzero strangeness fraction

Ys ¼ ns=ðnu þ nd þ nsÞ, depicted by the dotted line in

Fig. 4. This is because the ungapped strange quarks in the

2SC phase, which become abundant after the partial chiral-

symmetry restoration in the strange-quark sector, soften the

equation of state before the phase transition. Strange quarks

appear for the first time at a density of n ∼ 3–4nsat. This
onset density decreases with increasing diquark coupling.

Between n2SC and nCFL, the strangeness fraction is

computed from the volume fractions x2SC and xCFL with

x2SC · n2SC þ xCFL · nCFL ¼ n and x2SC þ xCFL ¼ 1.

In the CFL phase, the speed of sound squared increases

again, reaching values of close to c2s ∼ 0.6 for high vector

and diquark coupling constants in the center of maximum-

mass configurations. Due to the symmetric pairing struc-

ture in the CFL phase, all quarks come in the same

abundance, and Ys ¼ 1=3.

D. Mass-radius relations and radial profiles of the

maximum-mass configurations

Solving the TOV equation [100,101], we calculate the

mass and radius for the above-defined ηV-ηD coupling

combinations. Figure 5 shows the MR profiles (depicted on

the left) of the EOS defined above and the radial profiles of

the corresponding maximum-mass configurations in terms

of the energy density as a function of radius (depicted on

the right), evaluated at a constant vector coupling parameter

of ηV ¼ 0.50. Different line styles correspond to the 2SC or

CFL phases as described in the figure captions. The star

symbol on each curve in the left plot separates pure 2SC
stars from stars with a CFL core. The green dot represents
the last stable point, marking the maximum mass obtained,
while the subsequent dotted curve represents the unstable
branch. To guide the eye, we show various astrophysics
constraints, described in the caption. To what extent the
credibility intervals by NICER and the lower bound of
2M⊙ for the maximum mass can be used to constrain the
parameters of the model is the subject of Sec. IVA.
With the fixed vector coupling of ηV ¼ 0.50 and

ηD ¼ 1.00, the MR relation resembles a gravitationally
bound star with a maximum mass of 1.49M⊙ and a
corresponding radius of 8.74 km. For the case of
ðηV ; ηDÞ ¼ ð0.50; 1.20Þ, the maximum mass and the corre-
sponding radius change to a value of 1.57M⊙ and 8.82 km,
respectively. Increasing the diquark coupling to ηD ¼ 1.40
alters the MR relation from gravitationally bound to a self-
bound profile because the EOS reaches a vanishing pressure
at a nonvanishing energy density (see also the radial plot).
With increasing the diquark coupling to ηD ¼ 1.60, the
maximum mass reaches 2.02M⊙ with a radius of approx-
imately 11.4 km at 1.4M⊙ and 11.96 km at 2.0M⊙. The
choice ηD ¼ 1.80 results in a self-bound star with a
maximum mass of 2.77M⊙ and a radius of 14 km at 1.4M⊙.

The configurations where the energy density at the star’s

surface reduces to zero are indicative of gravitationally

bound stars so that the radius increases for lower masses.

Cases with a nonzero surface energy density are denoted as

self-bound stars, where the radius decreases for arbitrarily

lowering the mass. With increasing diquark coupling, the

CFL core expands in volume but then contracts at even

higher values, becoming confined to a smaller core region

with lower energy densities. This nonmonotonic behavior

with increasing diquark coupling can also be seen in the

central energy density of the core.

FIG. 4. Speed of sound squared c2s (solid) and strangeness fraction Ys (dotted) plotted over the baryon density in units of the saturation

density nsat. Left: ηD varies between ηD ¼ 1.00 and 1.80 with constant ηV ¼ 0.50. Right: ηV varies between ηV ¼ 0.00 and 1.50 with

constant ηD ¼ 1.00. The thin gray line corresponds to the conformal limit of c2s ¼ 1=3. The ηV-ηD coupling combinations where c2s
starts from a finite value correspond to the self-bound configurations, whereas the ones where c2s starts from zero correspond to

gravitationally bound configurations. For each ηV -ηD coupling combination, the open circle marks the value reached in the center of the

maximum-mass solution of the TOV equation.
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For the maximum-mass configurations, the 2SC part of

the core reaches higher energy densities at lower values of

ηD. The radial extension of the 2SC core changes non-

monotonically with ηD; it is up to 5 km for ηD ¼ 1.00, then

decreases to a value of 4 km for ηD ¼ 1.40 before increasing

again to 13 km for ηD ¼ 1.80. As the density increases

beyond the phase transition point, the matter in the core is in

the CFL phase, resulting in more compact radial configu-

rations. For ηD ¼ 1.00, the CFL phase covers a radial extent

of 4 km, which decreases to 2 km for ηD ¼ 1.80.

Figure 6 shows again theMR-profiles (left) and the radial

profiles of the energy density (right), but this time for a

constant diquark coupling parameter of ηD ¼ 1.00 and

varying vector coupling constant ηV . The MR relation

(left plot) at ηV ¼ 0.00 shows a self-bound star with a

maximum mass below 1.0M⊙ and a core in the CFL phase.

Increasing the vector coupling to ηV ¼ 0.50 results in a

gravitationally bound star. For higher ηV values of 1.00 and

1.50, the maximum masses reach values of 1.87 and

2.08M⊙, respectively. While the configuration ðηV ; ηDÞ ¼
ð1.50; 1.00Þ meets the 2.0M⊙ limit, the radius at 1.4M⊙ is

16.9 km, outside the NICER measurements’ constraint

region from PSR J0437-4715. This means that only a hybrid

constructionwithmatching at high densities to theCSCEOS

could satisfy this constraint. As can be seen from the radial

profiles on the right, there is a small CFL core present for the

FIG. 5. Left: Mass-radius relation for different diquark coupling constants ηD at a fixed vector coupling ηV ¼ 0.50. Solid lines

correspond to the quark star configurations with a 2SC phase only, while dashed lines correspond to configurations with a CFL phase in

the core. The dotted lines correspond to the unstable configurations. The star symbol marks the onset of the CFL phase in the core, and

the solid green symbol represents the maximum-mass configuration. The various shaded areas are credibility regions for mass and radius

inferred from the analysis of PSR J0740þ 6620, PSR J0030þ 0451, PSR J0437-4715, and HESS J1731-347 [10,13,102–105]. Right:

Radial profiles of the energy density as a function of the radial coordinate for the maximum-mass configurations of the same choices of

the coupling constants as shown in the left plot. Solid (dashed) lines indicate matter in the 2SC (CFL) phase. Configurations where the

energy density reaches zero smoothly at the surface correspond to gravitationally bound stars, whereas configurations with a nonzero

surface energy density are self-bound stars.

FIG. 6. Same as Fig. 5 for different vector coupling constants ηV and a fixed diquark coupling constant of ηD ¼ 1.00.
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maximum-mass configurations of the ηV ¼ 1.00 and 1.50

cases, although it is difficult to see this in the mass-radius

relations on the left.

The central energy density in the CFL phase is signifi-

cantly larger for ηV ¼ 0.00 compared to nonzero vector

coupling. The radial extension of the CFL phase in this

configuration is 5 km, whereas the 2SC phase has a smaller

radial size of 1.5 km. Given that the mass-radius relation is

the one for a self-bound star, the energy density is nonzero

at the surface. Increasing the vector coupling constant

changes the MR relation from self-bound to gravitationally

bound, visible in the radial profiles with a vanishing energy

density at the surface. Specifically, the CFL phase core

contracts to about 1 km for ηV ¼ 1.50, while the 2SC phase

mantle extends to r ∼ 12 km.

From the radial profiles, we see that in all cases shown

here the maximum-mass configurations have a CFL core,

which decreases in size as the diquark coupling is increased

for a fixed vector coupling or the vector coupling is

increased for a fixed diquark coupling.

IV. CONSTRAINTS ON NJL PARAMETERS FROM

ASTROPHYSICS AND STABILITY OF THE

2SC-CFL PHASE TRANSITION

As pointed out in the Sec. I, in this work we restrict

ourselves to a comprehensive study of quark-matter EOSs,

focusing on the CSC phases. However, as already found in

earlier works with the NJL model [98,106], none of our

EOSs fulfills the requirements for the existence of absolutely

stable strange-quark matter [107–109], and, hence, strange

stars do not exist in our model. This means quark matter can

only be present in the cores of hybrid stars, surrounded by

hadronicmatter. A full investigation of this case involves the

inclusion of a low-density hadronic EOS and the calculation

of the hybrid star EOS. However, the hadronic EOS for

neutron stars beyond saturation density is not known, so the

resultingmass-radius relation for hybrid stars would depend

on the chosen low-density hadronic model.

In the following, we discuss how the parameter space of

the RG-consistent NJL model can be preconstrained with-

out specifying the hadronic EOS. This is useful for finding

good parameters for future studies of hybrid stars with the

RG-consistent NJL model.

A. Astrophysical constraints for diquark and vector

coupling constants

In this section, we put initial constraints on the two-

dimensional parameter space spanned by the vector cou-

pling ηV and the diquark coupling ηD. To this end, we

evaluate the equation of state of the RG-consistent NJL

model for the whole parameter space between ηV ¼ 0.00

and ηV ¼ 1.50, and ηD ¼ 0.90 and ηD ¼ 1.80. The

main constraint on the coupling parameters comes from

the fact that the equation of state of dense matter must be

able to describe neutron stars of 2M⊙, according to the

mass measurements of the massive pulsars J1614-2230

(M ¼ 1.97� 0.04M⊙) [1], PSR J0348þ 0432 (M ¼
2.01� 0.04M⊙) [2], and PSR J0740þ 6620 (M ¼ 2.08�
0.07M⊙) [3]. This suggests that the EOS must remain

sufficiently stiff at high densities.

Measurements of x-rays from the pulsar PSR J0740þ
6620 byNICERandX-rayMulti-Mirror constrain the radius

to R ¼ 12.39þ1.30
−0.98 km [9] and R ¼ 13.7þ2.6

−1.5 km [10].

Recently, these results were updated to R ¼ 12.49þ1.28
−0.88

[11], and R ¼ 12.76þ1.49
−1.02 [12]. The radius measurements

for the PSR J0030þ 0451 at 1.4M⊙ are,R ¼ 13.02þ1.24
−1.06 km

byMiller et al. [103] and R ¼ 12.71þ1.14
−1.19 km by Riley et al.

[104]. These two limits also include the recent measurement

byVinciguerra et al. [110]. Themass-radiusmeasurement of

PSR J0437-4715 to R ¼ 11.36þ0.95
−0.63 km for a mass of M ¼

1.418� 0.037M⊙ by Choudhury et al. [13] favors softer

dense matter EOS. In addition, the measurements of the

object HESS J1731-347 with very low mass M ¼

0.77þ0.20
−0.17M⊙ and radius R ¼ 10.4þ0.86

−0.78 km [105] further

challenge existing models for the equation of state (see

e.g. Refs. [111–114]). In addition to the mass and radius

constraints from several measurements, there is the dimen-

sionless tidal deformability measurement at 1.4M⊙ to Λ ¼

190þ390
−120 [6] from the GW170817 measurement [4–6].

To ensure smoothness and continuity in our results,

particularly when generating contour plots and MR curves,

we interpolated between the computed data points. We then

fitted analytical functions to our quantities of interest, such

as the maximum mass and radius at a given mass. This

approach enabled us to produce smooth contours across the

parameter space.

Figure 7 shows the maximum mass, Mmax (left), and the

radius at 2 solar masses, R2.0 (right), as a color density plot

in the ηV − ηD-plane. Darker (lighter) colors indicate lower

(higher) values. Contours of the same maximum mass and

R2.0 are also shown, respectively.

All coupling parameters above the 2.0M⊙ contour (green

in Fig. 7 left) give a quark-matter EOS with a maximum

mass greater than 2.0M⊙. Thus, raising the maximum mass

can be achieved either by increasing the diquark coupling,

the vector coupling, or both parameters. Even for zero vector

coupling, we still obtain 2.0M⊙ stars at a high diquark

coupling constant of ηD ¼ 1.80. Higher values of ηV and ηD
produce stars with a maximum mass greater than 3.0M⊙.

We use the 2.0M⊙ constraint to preselect parameter

combinations in the ηD − ηV plane for the study of hybrid

compact stars with color-superconducting cores. In general,

the maximum mass of the hybrid star EOS depends not

only on the quark-matter EOS but also on the hadronic EOS

and the nature of the transition. However, as we will show

in Sec. V, the maximum mass of the hybrid EOS is not

larger than the maximummass of the quark EOS, as long as

the hadron-quark transition happens at sufficiently low
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densities. As will be seen in Sec. V, even for high-density

hadron-quark transitions, the rise in the maximum mass by

adding a hadronic envelope to the quark core is expected to

be small. Thus we can interpret the green line as a strict

lower constraint on the coupling parameters if the hadron-

quark transition happens at low densities, whereas in

addition, points slightly below the green line can be used

to construct massive hybrid stars with a high-density

hadron-quark transition.

The right plot in Fig. 7 represents the change in the radius

at 2.0M⊙ when the ηV—ηD coupling parameter set is varied

across the studied parameter space. The shaded gray area

represents the parameter sets where the quark-matter EOS

does not reach 2 solar masses, so there are no data points

available for that region. The two dashed lineswith a value of

11.61 km and 13.77 km represent the 1σ NICER constraints

for PSR J0740þ 6620, R ¼ 12.49þ1.28
−0.88 km by Salmi et al.

[11] which also includes the recent measurement of R ¼

12.76þ1.49
−1.02 km by Dittmann et al. [12] at 2.0M⊙.

With these constraints, only specific parameter combi-

nations of high ηV-low ηD or low ηV-high ηD allow for

quark star configurations that can support a maximummass

greater than 2.0M⊙ while also satisfying the radius con-

straints from NICER observations. Typically, the radius at

2.0M⊙ is larger in a hybrid equation of state compared to

the value of the EOS with only quark matter, provided that

the hadron-quark phase transition happens before the

hybrid EOS reaches 2 solar masses, such that all these

stars already contain a quark core. Thus the contour of

13.77 km in the right plot of Fig. 7 provides an upper bound

for ηD and ηV for hybrid EOSs that contain a quark-matter

core already at 2M⊙, or earlier. Together with the 2M⊙

constraint, this leads to a band of allowed parameters in the

ηV − ηD plane for these kinds of EOSs.

Figure 8 shows the density plot with contours for the

radius at 1.4M⊙. The dashed line with a value of 10.73 km

FIG. 7. Left: maximum-mass density plot for the equation of state with ηV ∈ ½0.00; 1.50� and ηD ∈ ½0.90; 1.80� and contours of constant
mass. The green line shows the contour of EOSs with a maximum mass of 2.0M⊙. Right: density plot and contours for the radius at 2

solar masses, R2.0. In the gray-shaded region, the maximum mass of the EOS is smaller than 2.0M⊙. The dashed contours represent the

68% confidence intervals from the NICER measurements of PSR J0740þ 6620 [11,12].

FIG. 8. Density plot for the radius at 1.4M⊙ for

ηV ∈ ½0.00; 1.50� and ηD ∈ ½0.90; 1.80� with contours of constant

radii. The dashed lines represent the 68%confidence interval of the

NICER constraints for PSR J0030þ 0451 [103,104], and PSR

J0437-4715 [13] at 1.4M⊙. The gray-shaded region represents the

ηV − ηD parameter combinations where the maximummass is less

than 1.4M⊙. The green line is the 2.0M⊙ bound of Fig. 10.
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represents the lower limit of the 68% confidence interval

on the radius at 1.4M⊙ for PSR J0437-4715, R ¼

11.36þ0.95
−0.63 km by Choudhury et al. [13] whereas the line

with a value of 14.26 represents the upper limit from

NICER measurements, R ¼ 13.02þ1.24
−1.06 km from PSR

J0030þ 0451 by Miller et al. [103]. These two limits also

include the NICER constraints from other measurements

for 1.4M⊙ as well [104,110]. The gray-shaded region

represents the ηV − ηD parameter combinations where

the maximum mass lies below 1.4M⊙. Again, we argue

that for the same coupling parameters in a hybrid star

construction, the radius of the hybrid EOS at 1.4M⊙ would

be larger than the R1.4 of the pure quark-matter EOS,

provided that the hadron-quark transition takes place

already in stars with 1.4M⊙. In this way, the R1.4 ¼
14 km contour in Fig. 8 is an upper bound to the ηV −

ηD values for hybrid EOSs with a low-density hadron-quark

transition (below 1.4M⊙) and thus for hybrid EOSs with a

large quark core.

In Fig. 9 we analyze quark stars for EOSs with several

different combinations of the ηV − ηD coupling parameters

that have approximately the same maximum mass of

Mmax ∼ 2.37M⊙. The mass-radius profiles are shown in

the left plot. The various shaded regions are the same

credibility regions for mass and radius as in Fig. 5. The

energy density radial profiles of the maximum-mass stars

for the same ηV-ηD coupling combinations are pictured in

the right plot.

The inset in the left plot shows the zoomed-in region of

the mass-radius relation around the maximum mass. The

solid line in each MR curve represents the quark-star

configurations which are entirely in the 2SC phase, with

the star symbol marking the end of these pure 2SC phase

configurations. The region from the star symbol to the solid

dot (dashed line) marks the configurations with a CFL core,

surrounded by a 2SC mantle. The green dot corresponds to

the last stable point in the curve and hence represents the

maximum mass. The dotted line after the solid green dot

represents the unstable region.

For a low vector coupling of ηV ¼ 0.40 and a high

diquark coupling of ηD ¼ 1.75 the extension of the CFL

core is more than 3 km. With increasing the vector coupling

and decreasing the diquark coupling, the radial extension of

the CFL core shrinks below 2 km.

At the same time, the mass-radius relations shift from

being self-bound to gravitationally bound configurations.

This is also visible in the radial profiles, where, as

mentioned earlier, gravitationally bound configurations

correspond to EOSs for which the energy density goes

to zero at the surface, whereas for self-bound configura-

tions, the energy density stays nonzero.

In the mass-radius plot, the radius at 2.0M⊙ increases by

about 2 km when increasing the vector coupling and

decreasing the diquark coupling parameter in this way.

The radius at 1.4M⊙ is much more affected by a change of

the coupling constants, changing from around 12.5 km for

ðηV ;ηDÞ¼ ð0.40; 1.75Þ to about 17.5 km for ðηV ; ηDÞ ¼
ð1.50; 1.40Þ.
Notably, the maximum mass for these coupling combi-

nations is closer by less than 0.01M⊙, whereas the

maximum energy density, the radial extension of the

CFL phase, and the origin of stability (self-bound vs

gravitationally bound configurations) vary between the

parameters.

Figure 10 shows the characteristic features of compact

star configurations, the maximum mass, the type of mass-

radius relation, and the composition for the whole ηV-ηD
parameter space studied. The maximum masses are delin-

eated as a contour plot, added with a color bar for the

individual choices of the coupling constants. The gray

dashed lines correspond to the contour lines of maximum

mass with values from 1.1 to 3.4M⊙. Equations of state

FIG. 9. Mass-radius relation (left) and energy-density radial profiles of the corresponding maximum-mass stars (right) for

combinations of ηD-ηV parameters with an approximately equal maximum mass of 2.37M⊙. Solid lines correspond to the 2SC

phase whereas the dashed lines represent the CFL phase. The same astrophysical constraints as in Fig. 5 are depicted in addition.
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with couplings above or right of the green contour reach a

maximum mass of at least 2.0M⊙. Different symbols

represent different MR configurations obtained throughout

the whole parameter space. The circle (square) symbols

represent self-bound (gravitationally bound) mass-radius

relations with a stable CFL core in the maximum-mass

configuration.

For low values of the vector coupling, including

ηV ¼ 0.00, and the whole diquark coupling range, we find

self-bound stars with CFL cores in the maximum-mass

configurations.

For a fixed value of ηV , the amount of CFL present in the

maximum-mass configuration decreases with increasing

ηD. For ηD ¼ 1.80 and ηV ≲ 1.50 the maximum-mass

configuration still contains a small CFL core, only for ηD ¼
1.80 and ηV ≲ 1.50 we find that the maximum-mass

configuration is pure 2SC. With increasing the ηV param-

eter, the MR relation changes from self-bound to gravita-

tionally bound. This is because the vector interaction is

repulsive and thus weakens the binding. For intermediate

values of the vector coupling, we therefore observe that the

maximum-mass stars still have CFL cores but are gravi-

tationally bound.

For large vector coupling, maximum-mass configura-

tions are possible with small CFL cores, but for very high

vector and high diquark coupling, we only obtain pure 2SC

maximum-mass configurations. The coupling combination

ðηV ; ηDÞ ¼ ð1.50; 1.80Þ represents a 2SC gravitationally

bound configuration, meaning that the maximum-mass star

entirely consists of quark matter in the 2SC phase. That is,

before a phase transition to the CFL phase occurs in the

center, the star becomes unstable. This can be explained by

the fact that, as we saw in Fig. 3, with higher diquark

values, the maximum energy density reached for the stable

configurations gets lower. We also observed that with

higher vector coupling values, the maximum configuration

densities get closer to the CFL phase transition point (see

Fig. 6). Having both effects simultaneously can lead to the

last stable star being a pure 2SC configuration. We do not

find any self-bound equations of state that have the

maximum mass in the 2SC phase stars within our explored

parameter range.

For all the parameters we scanned, either the maximum

mass configurations become unstable with a 2SC core,

without reaching the CFL phase transition point, or the

configuration is stable with a CFL core. More precisely, we

find that the transition from 2SC to CFL does not make the

star unstable. This will be analyzed in more details in

Sec. IV B.

Figure 10 allows selecting coupling parameters to study

equations of state with a desired maximum mass and

composition. As we argued in the discussion of Fig. 7

and will show in more detail in Sec. V, the maximum

masses in Fig. 10 already provide a good estimate for the

maximum mass in a hybrid construction. The core com-

position of the resulting hybrid stars depends further on

whether the hadron-quark phase transition is a hadron-2SC

transition or a hadron-CFL transition.

B. Stability of the star under 2SC-CFL phase

transitions

In Fig. 10, the triangle points associated with gravita-

tionally bound 2SC-type equations of state indicate scenar-

ios where the stellar configurations with 2SC core become

unstable before the central pressure reaches the CFL

transition point. All other points represent cases where

the transition from the 2SC to the CFL phase can be

realized in the stable branch. This implies that the 2SC →

CFL phase transition does not render the star unstable.

Figure 11 further supports this observation by showing

the relationship between the relative change in energy

density (Δϵ=ϵ) and the pressure-to-energy density ratio

(P=ϵ) at the first-order 2SC → CFL phase transition for all

EOSs exhibiting such a phase transition in the stable

branch. Here, both in Δϵ=ϵ and P=ϵ, ϵ refers to the energy

density immediately before the phase transition, i.e., on the

2SC-side of the EoS. The red dashed line in Fig. 11

represents the Seidov limit, defined by:

FIG. 10. Properties of quark stars across the entire ηV -ηD
parameter space studied. The color bar indicates the maximum

mass reached at each specific point in parameter space. Gray

dashed lines are the contour lines of maximum mass. EOSs with

couplings above or right of the green contour reach a maximum

mass of at least 2.0M⊙. The circle (square) symbols represent

self-bound (gravitationally bound) mass-radius relations with a

stable CFL core in the maximum-mass configuration. The

upward triangle symbols represent gravitationally bound mass-

radius relations with a 2SC core in the maximum-mass configu-

ration. We do not find self-bound mass-radius relations with a

2SC core in the maximum-mass configuration.

HOSEIN GHOLAMI et al. PHYS. REV. D 111, 103034 (2025)

103034-14



Δϵ

ϵ
¼

1

2
þ
3

2

�

P

ϵ

�

; ð21Þ

as given in Refs. [115,116]. This limit serves as a criterion

for gravitational stability during a first-order phase tran-

sition in a neutron star: if the fractional increase in energy

density ðΔϵ=ϵÞ exceeds this limit, the star cannot maintain

hydrostatic equilibrium and becomes gravitationally unsta-

ble right after the phase transition. We find that none of the

cases studied here is lying above the Seidov limit, thereby

leading to continuously stable configurations along the

mass-radius curve at the phase transition point. The most

critical ones lying close to the Seidov limit are the ones

with a low vector coupling constant. The higher the vector

coupling constant the lower the jump in the relative energy

density and the higher the critical pressure-to-energy

density ratio leading to configurations further away from

the Seidov limit. The dependence on the diquark coupling

constant is more complicated: higher values of the diquark

coupling constant increase both the relative jump in the

energy density and the critical pressure-to-energy density

ratio such that at low diquark coupling values, increasing

the diquark coupling value leads to configurations that get

closer to the Seidov limit without exceeding it and at higher

diquark coupling values, the configurations diverge from

the limit.

The Seidov criterion in Eq. (21) assumes that the energy

density change is discontinuous along the constant-pres-

sure phase transition (Maxwell construction). In the sce-

nario of a Gibbs construction, the energy density changes

continuously at the phase transition, which we expect to

increase the stability of the phase transition even further

[48]. Therefore we expect that our results concerning the

stability of the 2SC-CFL transition are robust against

changing the treatment of the phase transition. A Gibbs

transition could also change the stability of the equation of

state away from the phase transition. This could change the

maximum stable mass configurations, but this is beyond the

scope of this paper. Another important factor affecting

these results would be the introduction of an additional bag

constant. Although the NJL model generates a nonzero bag

pressure dynamically by chiral-symmetry breaking in a

vacuum, which in Eq. (19) we have accounted for by

setting the pressure of the nontrivial vacuum equal to zero,

it has been argued that other effects, like confinement,

could modify this value [73]. This holds particularly for

hybrid-star EOSs, where there is no reason to set the

vacuum pressure of the quark EOS equal to zero. We could

thus go away from this special choice by introducing an

additional bag constant B.
In the following, we briefly discuss the impact of an

additional bag constant on the stability. With B ≠ 0, the

pressure and energy density change as:

P → P − B; ϵ → ϵþ B:

This means that the pressure P and energy density ϵ change

due to the bag constant, affecting the ratios P=ϵ and Δϵ=ϵ.
Specifically, assuming B > 0, the pressure-to-energy den-

sity ratio P=ϵ decreases because P decreases while ϵ

increases, moving the points leftward on the horizontal

axis of Fig. 11. Simultaneously, the relative change in

energy density Δϵ=ϵ decreases because, while Δϵ remains

constant, ϵ increases by B, shifting points downward on the
vertical axis.

We can analyze these changes quantitatively by expand-

ing the expressions in powers of B=ϵ:
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FIG. 11. Relation between the relative change in energy density Δϵ=ϵ and the pressure-to-energy density ratio (P=ϵ) across the

2SC → CFL phase transition for all equations of states examined in this study that have such a phase transition in the stable branch. The

red dashed line represents the Seidov limit, Eq. (21). Left: color shading according to different diquark coupling constants ηD. Right:

color shading by varying the vector coupling constant ηV .
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As we can see, both ratios decrease by terms proportional to

B=ϵ. However, the change in P=ϵ is a direct subtraction of

B=ϵ, whereas the change in Δϵ=ϵ is proportional to

ðB=ϵÞ · ðΔϵ=ϵÞ. Since Δϵ=ϵ is less than one in our cases

studied near the Seidov limit, the fractional change in Δϵ=ϵ
is smaller than that in P=ϵ. As a result, the points on the

Seidov plot shift more leftward than downward, potentially

moving above the Seidov limit line and leading to unstable

configurations. This shift implies that even EOSs that were

marginally stable without the bag pressure may become

unstable when a positive bag pressure is introduced.

Conversely, having a negative value for the bag pressure

would increase both P=ϵ and Δϵ=ϵ, shifting points more

rightward than upward, thereby making the star even more

stable under the phase transition to the CFL phase.

As a final remark, we note that this analysis applies to the

2SC-CFL transition in hybrid stars for as well. If the 2SC

phase is present after matching to a hadronic EOS, the

values of pressure and energy density remain the same

values across the 2SC→ CFL phase transition. Therefore,

this analysis remains valid for hybrid constructions, pro-

vided that the matching occurs in the 2SC phase and the

2SC phase remains stable until the transition to the CFL

phase. For completeness, we note that this analysis does not

exclude the possibility of twin stars. There could be cases

where a gravitational instability is reached at a central

density that is slightly higher than the critical density of the

phase transition, but at higher densities, the EOS becomes

stable again (case B in the classification of Ref. [42]).

However, we do not find such cases in the parameter range

studied. In a hybrid star, a first-order hadron-quark phase

transition could in principle lead to configurations exceed-

ing the Seidov limit. A thorough investigation of the

stability of the hadron-quark phase transition and the

possibility of twin star configurations is required and will

be addressed in future work.

V. HYBRID CONSTRUCTION

The preliminary constraints put on the ηD − ηV param-

eter space of the RG-consistent NJL model in Sec. IVA

are useful to study hybrid stars. To illustrate this, we

construct hybrid equations of state with a hadronic EOS at

the low-density part from the literature that is consistent

with current nuclear and astrophysics constraints, fol-

lowed by a phase transition to the CSC phases. For the

hadronic equation of state, we use the relativistic mean-

field (RMF) model [117–123] which is widely used to

describe the interior structure of neutron stars based on

fits to the nuclear properties. We follow the work of

Hornick et al. [124], where the parameter values such as

effective mass, slope parameter, and symmetry energy

are varied in compliance with the predictions from

chiral effective field theory [125]. For the current study,

we use m�=m ¼ 0.70 for the effective nucleon mass, L ¼
60 MeV for the slope parameter and J ¼ 32 MeV for the

symmetry energy at saturation density nsat ¼ 0.16 fm−3.

In coordination with the authors of Ref. [124], we

abbreviate this hadronic EOS with FB (Frankfurt-

Barcelona) in our work.

The phase transition from the hadronic EOS to the color-

superconducting quark-matter EOS is modeled via a

Maxwell construction. This means, the critical chemical

potential μc at which the transition takes place is given by

the intersection of the hadronic and quark matter P − μ

curves, such that the pressure of quark matter PQM is higher

than the pressure of the hadronic EoS PHM beyond μc:

PQMðμcÞ¼PHMðμcÞ and PQMðμÞ≷ PHMðμÞ for μ≷ μc:

ð24Þ

By construction, this leads to a first-order phase transition

with a nonzero latent heat. However, depending on the used

EOSs, the latent heat can get arbitrarily small in principle.

We note that in a general treatment, the chemical potential

μc of the hadron-quark transition is effectively fixed by

choosing the additional bag constant B. In this paper, we

show representative hybrid EOSs with B ¼ 0 and leave an

exploration of the complete parameter space for hybrid

stars for future work.

Figure 12 shows hybrid mass-radius profiles for different

parameters of the NJL model. The mass-radius relation of

the RMF model is displayed in gray. In the left plot, the

pure quark-matter mass-radius curves are shown in light-

shaded color for comparison. At the point of the phase

transition to quark matter, the hybrid profiles deviate from

the RMF model curve. The phase transition is either to a

2SC phase (empty circle) or directly to a CFL phase (empty

rhombus). The point where the center of the star changes

from a 2SC to a CFL core is marked by a star and the last

stable point, corresponding to the maximum mass, is

marked as a filled circle. If the phase transition to quark

matter happens at low densities, the maximum-mass hybrid

star contains a substantial portion of the 2SC phase, and the

maximum mass in the hybrid configuration and the

maximum mass of the pure quark-matter profile are very

similar while the radius is shifted to larger values for the

hybrid construction. If the phase transition happens at a

higher density, the hybrid star contains little or no matter in

the 2SC phase, and the maximum mass is increased by up

to ∼0.15M⊙.

This means that the 2.0M⊙ constraint depicted by the

green line in Fig. 10 correctly constrains the quark model

parameters for a hybrid construction if the hybrid star has a

hadronic-matter to 2SC interface and the transition happens
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at lower densities. For stars without or only a small amount

of 2SC phase, 2 solar masses in the hybrid configuration

can be achieved even with parameters that lie close, but

below the green line in Fig. 10.

The observed features in the mass-radius relation are an

interplay of two effects: The 2SC phase contains ungapped

blue and strange quarks, which soften the EOS (see the dip

in the speed of sound squared in Fig. 4). On the other hand,

the hadron-quark transition, as well as the 2SC → CFL

transition (if present in the hybrid star), are both accom-

panied by a latent heat that reduces the integrated (radial)

mass and shifts the mass-radius curves to lower radii after

the phase transition.

For future studies of color-superconducting phases in

hybrid stars, we provide tabulated EOSs for three parameter

sets of the RG-consistent NJL model (RG-NJL1, RG-

NJL2, and RG-NJL3). The three EOSs are chosen repre-

sentatives for different astrophysical scenarios. All three

hybrid EoSs (FBþ RG − NJL1, FBþ RG − NJL2, and

FBþ RG − NJL3) are consistent with current astrophysics

constraints. The mass-radius relations for pure quark matter

and the hybrid star are shown in Fig. 12 (left). In the right

plot, the mass-radius relations for the three representative

hybrid EOSs are plotted again for better visibility. Various

properties of the representative quark-matter EOSs, such as

the maximum massMmax, the radius at the maximum mass

Rmax, and many more are tabulated in Table I. The

respective data for the hybrid EOSs is shown in

Table II. This table contains, in addition, the maximum

speed of sound squared (c2�smax; had), radial extension r�had,

and massM�
had of the hadronic phase in the maximum-mass

configuration, as well as the latent heat Δϵhad, pressure

FIG. 12. Left: Mass-radius relation for the hybrid stars with FB hadronic EOS (in gray) and different ηV − ηD couplings from the NJL

model. The pure quark star MR relations are also shown for comparison (light-shaded). Right: Mass-radius relation for hybrid stars,

including the hadronic EOS (gray), with a maximum mass more than 2M⊙. For the case of hybrid stars, the phase transition from

hadronic matter to the 2SC phase is marked by an empty circle, whereas the transition to the CFL phase directly is marked by an empty

rhombus. Along the solid line from the empty circle to the star symbol lie configurations with the 2SC phase in the center. Along the

dashed line lie configurations with the CFL phase in the center. The filled circle indicates the last stable point. The insets show the

zoomed version of the hybrid stars at their maximum mass. The same astrophysical constraints as in Fig. 5 are shown.

TABLE I. Properties of pure quark stars at different (ηV ,ηD)

combinations: maximum mass (Mmax), radius at maximum mass

(Rmax), at 2.0M⊙ (R2.0), and at 1.4M⊙ (R1.4). Dimensionless tidal

deformability at 1.4M⊙ (Λ1.4), central speed of sound squared

(c2�sc ), maximum speed of sound squared in the 2SC phase

(c2�smax; 2SC), central pressure (P�
c,) central number density (n�c),

radial extension of the 2SC phase (Δr�2SC) and the CFL phase

(Δr�CFL), mass of the 2SC (M�
2SC) and the CFL phase (M�

CFL), the

latent heat Δϵ, 2SC to CFL transition pressure, PT and transition

density range, nT , CSC gap values, Δ�
1;2;3c

. The starred symbols

correspond to the values at the maximum-mass configuration.

RG-NJL1 RG-NJL2 RG-NJL3

(ηV ; ηD) (0.70, 1.45) (0.80, 1.50) (0.85, 1.50)

Mmax [M⊙] 1.94 2.08 2.11

Rmax [km] 11.1 11.8 12.0

R2.0 [km] � � � 10.4 10.3

R1.4 [km] 11.6 12.2 12.5

Λ1.4 430 432 477

c2�sc 0.52 0.53 0.53

c2�smax; 2SC
0.50 0.52 0.53

P�
c [MeV=fm3] 321 272 266

n�c [nsat] 6.03 5.27 5.28

Δr�2SC [km] 4.60 3.80 3.85

Δr�CFL [km] 6.49 8.00 8.15

M�
2SC [M⊙] 1.59 1.89 1.92

M�
CFL [M⊙] 0.35 0.19 0.19

Δϵ [MeV=fm3] 203 188 183

PT [MeV=fm3] 171 181 184

nT [nsat] 3.8–4.8 3.6–4.6 3.6–4.5

Δ
�
1;2c

[MeV] 185 186 185

Δ
�
3c

[MeV] 202 207 206
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PT;had and density range nT;had of the hadron-quark phase

transition.

We choose a soft (RG-NJL1, ηV ¼ 0.70, ηD ¼ 1.45),

intermediate (RG-NJL2, ηV ¼ 0.80, ηD ¼ 1.50) and stiff

(RG-NJL3, ηV ¼ 0.85, ηD ¼ 1.50) equation of state that

lead to different interior compositions in the hybrid con-

struction. The FBþ RG − NJL1 EOS leads to a hadron-

quark phase transition at 3.3nsat. For the maximum-mass

configuration, the quark core consists of both a 2SC and a

CFL phase. For the FBþ RG − NJL2 EOS, the hadron-

quark phase transition happens already at 1.4nsat, resulting
in a large 2SC phase around the CFL core in the maximum-

mass star. For the stiff FBþ RG − NJL3 EOS, on the

contrary, the hadron-quark phase transition happens at a

higher density of 4.0nsat and the hybrid star contains no

2SC phase. However, the CFL core of the maximum-mass

star is of similar size as for RG-NJL1. The three pure quark

EOSs have different maximum masses and radii. In the

hybrid star construction, the maximum mass and the radius

of the maximum-mass configuration lie closer to each

other, with both quantities shifted to larger values com-

pared to the pure quark-matter EOS (Mmax between 2.06

and 2.19M⊙ and RMmax
between 12.01 and 12.43 km). Thus

we find hybrid stars with very similar maximummasses but

different quark core compositions. Hybrid stars with the

hadron-quark phase transition happening at low densities

(RG-NJL2) have smaller radii R1.4 and lower dimensionless

tidal deformabilities Λ1.4 at 1.4 solar masses. Furthermore,

the mass of the hadronic matter around the quark core can

be very small in this case (Mhad� ¼ 0.23M⊙ for RG-NJL2).

For the hybrid stars with RG-NJL1 or RG-NJL3 EOS, the

phase transition happens at high density, such that R1.4 and

Λ1.4 are given by the corresponding values of the FBmodel.

For the examples shown here, the latent heat associated

with the phase transition from low-density hadronic

matter to quark matter is relatively small for the RG-

NJL1 and RG-NJL2 models (∼20–30 MeV). For these

two cases, the latent heat for the 2SC to CFL transition

(∼180–200 MeV) is an order of magnitude higher than the

initial transition. For the RG-NJL3 model, the latent heat

for the hadronic to quark-matter phase transition is

substantially higher, (∼200 MeV) due to a direct tran-

sition from hadronic matter to the CFL phase without an

intermediate 2SC phase.
The speed of sound squared is tabulated in Tables I and II

both for the center (c2�sc ) and the maximum value reached in

the 2SC phase (c2�smax; 2SC
) of the maximum-mass configura-

tion. As all three hybrid EOSs have a CFL core in the
maximum-mass configuration and the speed of sound in

our model increases monotonically in the CFL phase (see

Fig. 4), c2�sc is also the maximum value in the CFL phase of

that configuration. However, the speed of sound in the CFL
phase can start lower than its maximum value in the 2SC

phase (compare c2�sc with c2�smax; 2SC
for FBþ RG − NJL1 in

Table II and Fig. 4). In the maximum-mass configuration,

we find the maximum speed of sound squared reached in
the 2SC and CFL phase to be very similar and about 0.5.

This can give insights into which values to use in the
synthetic constant speed of sound parametrization for 2SC
and CFL quark matter [89–91]. The maximum speed of

sound in the quark phase can be higher (FBþ RG − NJL2)
or lower (FBþ RG − NJL1) than in the hadronic phase of

the star.

We also tested our model against the criteria defined in

Refs. [14,18,19] to ensure consistency with pQCD calcu-

lations at high densities. In these tests, one determines the

largest chemical potential, μL, beyond which our model can

be connected to the pQCD result at a higher chemical

potential, μH ¼ 2.6 GeV, respecting causality and thermo-

dynamic consistency. This consistency check amounts to

verifying that the speed of sound, c2s , remains below a

constant value, c2s;lim, in the region between μL and μH (for a

detailed explanation, see Refs. [14,18,19]). In our analysis,

TABLE II. Same as Table I, but for hybrid stars with properties

of a hadronic phase using the FB EOS included: maximum speed

of sound squared (c2�smax; had), radial extension (Δr�had), and mass

(M�
had). The latent heat Δϵhad, the pressure PT;had, and the density

range nT;had of the hadron-quark transition are also tabulated. The

corresponding quantities for the transition from the 2SC to the

CFL phase are given in Table I and do not change for the hybrid

star configurations. The properties of a pure hadronic star are

given in the right column.

FB þ RG-NJL1 RG-NJL2 RG-NJL3 FB

(ηV ; ηD) (0.70, 1.45) (0.80, 1.50) (0.85, 1.50) � � �

Mmax [M⊙] 2.06 2.09 2.19 2.33

Rmax [km] 12.4 12.0 12.2 11.4

R2.0 [km] 11.2 12.4 12.7 12.7

R1.4 [km] 13.0 12.6 13.0 13.0

Λ1.4 570 472 570 570

c2�sc 0.48 0.52 0.53 0.77

c2�smax; 2SC
0.50 0.52 � � � � � �

c2�smax; had
0.58 0.13 0.66 0.77

P�
c [MeV=fm3] 202 266 267 578

n�c [nsat] 5.0 5.2 5.3 5.8

Δr�2SC [km] 1.92 6.61 � � � � � �

Δr�CFL [km] 2.38 3.85 2.67 � � �

Δr�had [km] 8.13 1.55 9.57 11.5

M�
2SC [M⊙] 0.15 1.67 � � � � � �

M�
CFL [M⊙] 0.05 0.19 0.67 � � �

M�
had [M⊙] 1.86 0.23 1.52 2.33

Δϵhad [MeV=fm3] 32.5 22.0 204 � � �

PT;had [MeV=fm3] 135 9.17 225 � � �

nT;had [nsat] 3.3–3.5 1.4–1.6 4.0–4.8 � � �

Δ
�
1;2c

[MeV] 175 186 185 � � �

Δ
�
3c

[MeV] 196 207 206 � � �
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we adopted a stricter criterion with c2s lim ¼ 0.5, as opposed

to the more relaxed, conservative choice of c2s;lim ¼ 1. With

this choice, our three example EOS (see Table II) satisfy the

pQCD consistency conditions up to quark chemical poten-

tials of approximately 680 MeV, corresponding to baryon

densities up to about 8.8nsat. When the more conservative

condition is applied, these upper limits change to around

710 MeV and 9.5nsat, respectively.
In Ref. [126], the authors derived an upper bound for the

value of the CFL diquark gap at μB ≈ 2600 MeV from

astrophysical constraints. In our calculations, the CFL

gaps are not identical; Δ1 and Δ2 reach up to approx-

imately 190 MeV, while Δ3 reaches up to about 210 MeV,

as shown in Table II. To make a meaningful comparison,

we take the root-mean-square (rms) average of these gaps,

resulting in an rms CFL gap value of 197 MeV. This rms

CFL gap is achieved at baryon chemical potentials

μB ¼ 3μ around 1500 MeV, with the speed of sound

squared slightly exceeding 0.5 in the center of the

maximum-mass configurations. For a direct comparison

to the results of Ref. [126], we should extend our

calculations up to μB ¼ 2600 MeV. However as men-

tioned before, at these chemical potential regions our EOS

does not satisfy the pQCD constraints in these three

examples and hence our model is not reliable there.

Our last reliable chemical potential is μB ∼ 2000 MeV,

with c2s ∼ 0.62 and rms CFL gap value of ∼215 MeV,

which would most probably put us slightly above the

“reasonable” bounds (with c2s;lim ¼ 0.5) and into the (with

c2s;lim ¼ 1) bounds discussed in that study.

Matching these three quark EOSs to the FB model is a

special choice. However, we checked that this choice of

parameters also allows for hybrid stars with other hadronic

equations of state commonly used in the literature such as

DD2 [127,128] and the quantum Monte Carlo - relativistic

mean-field (QMC-RMF) model [129,130]. We find that in

order to achieve hybrid stars with 2 solar masses and more

with the three parameter sets tabulated in Table II, typically

hadronic EOSs that are soft at low to intermediate densities

(∼1–3nsat) and stiff at high densities must be chosen. For

other hadronic EOSs, different parameters for the RG-

consistent NJL model are a more suitable choice. Our

results change further if we vary the bag pressure and thus

effectively the transition density of the hadron-quark phase

transition. We leave a comprehensive study of possible

hybrid star configurations with the RG-consistent NJL

model for future work.

VI. SUMMARY AND CONCLUSION

In this work, we investigated a range of astrophysical

properties of compact stars in the context of CSC phases

using the NJL model with an RG-consistent treatment.

Specifically, we examined how these properties change in

response to variations in the vector interaction coupling

(ηV) and the diquark coupling (ηD) parameters. In order to

calculate the properties of the compact star’s cores, the NJL

model had to be evaluated at chemical potentials that are

close to or even larger than the cutoff Λ0 ¼ 602.3 MeV that

is typically used in conventional cutoff regularization.

Thanks to the RG-consistent treatment, we could evaluate

the model at these chemical potential without cutoff

artifacts.

Besides the massless scheme, we tested how the results

for individual mass-radius curves change when applying

the minimal or the massive RG-consistent scheme of

Ref. [94]. While the different RG-consistent regularization

schemes yield only quantitative differences, we find that

the use of an RG-consistent regularization is important to

obtain reliable results at high densities. In particular, we

have found that for lower values of the vector coupling the

conventional cutoff regularization becomes less reliable

because cutoff artifacts appear already at lower chemical

potentials. Conversely, with larger vector couplings these

artifacts are shifted to higher chemical potentials, so that

the neutron star densities reached in our analysis remain

largely unaffected even if conventional regularization is

employed. Hence, adopting an RG-consistent regulariza-

tion scheme is especially crucial for low vector couplings,

where its advantages significantly improve the reliability

of the results.

We performed a comprehensive study of the parameter

dependence of the equation of state, the color super-

conducting gaps, the appearance of the 2SC and CFL

phases, and the speed of sound. Our analysis demonstrates

that adjusting the diquark and vector couplings signifi-

cantly influences the stiffness of the EOS and, conse-

quently, the mass-radius relationships of the resulting

compact stars. The larger the diquark or vector coupling

constant the stiffer the equation of state and the larger the

maximum mass. The transition from the 2SC to the CFL

phase can happen at densities of several times saturation

density. The transition density to the CFL phase is lowered

for higher diquark coupling constants but shows small

changes for different vector coupling constants. The speed

of sound squared reaches values above the conformal value

c2s ¼ 1=3 for all values of the vector coupling constant. We

find values of up to c2s ∼ 0.6 in the 2SC and in the CFL

phase for high vector and diquark coupling constants at

high densities reached in the center of the maximum-mass

configuration. This is lower than the value of c2s ∼ 0.7–1

typically used for the high-density quark branch in the

constant speed of sound model with two successive quark

phases [89–91].

The implications for the properties of compact stars with

a transition from hadron to quark matter have been

investigated in a comprehensive analysis, too. We exam-

ined the parameter constraints such as to keep the dis-

cussion as general as possible without specifying a

hadronic EOS. Possible corrections by adding a hadronic
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equation of state are discussed and exemplified for a

specific choice. We find that maximum masses of

2.0M⊙ and more can be reached for large diquark or high

vector coupling constants for the pure quark star configu-

ration which is rather unspoiled for hybrid star configura-

tions. The maximum-mass constraint alone gives strong

limits on the values of the vector and diquark coupling

strength. The radius of pure quark stars stays below the

limit from the NICER observation of the heavy pulsar PSR

J0740þ 6620. We find that the CFL phase can appear such

that it produces a stable configuration in the mass-radius

relation within the RG-consistent NJL approach used in

this work. For the maximum-mass configurations, the size

of the CFL core can be large, at the order of several

kilometers. In almost all cases studied, the CFL phase

appears in the maximum-mass configuration. We show that

the radius of the quark core if present in a light compact star

with a mass of e.g. 1.4M⊙ can also be sizable. The cores of

these stars are always in the 2SC phase. This amount of

2SC core is substantial enough to reduce the dimensionless

tidal deformability at 1.4M⊙. In a hybrid-star calculation,

we find that the quark core radius and mass change only

slightly compared to the pure quark star case which allows

us to use the results of the NJL model calculations alone as

a reasonable measure of the size of the quark core in a

hybrid star independent of the chosen hadronic equation

of state.

For the mass-radius results of the pure quark stars, we

observe that the stellar configurations change from self-

bound states, similar to strange stars, to configurations that

resemble gravitationally bound neutron stars as the param-

eters are varied [131]. We do not find absolutely stable

configurations, i.e., quark matter with a lower energy per

baryon number than nuclear matter, in the whole parameter

range studied. We generally find that the phase transition

from the 2SC phase to the CFL phase at the center of the

star does not cause instability of the star. Only for the

highest values of the vector coupling and diquark coupling

studied, the star becomes unstable before the phase

transition to the CFL phase occurs in the center. The

stability of the star under the 2SC to CFL phase transition is

not altered by matching to a hadronic equation of state at

lower densities.

We demonstrated explicitly for a chosen low-density

equation of state that it is possible to construct hybrid stars

and that the corresponding mass-radius relations are com-

patible with the astrophysical constraints from pulsar mass

measurements, GW170817, and NICER observations.

We provide several ηV − ηD coupling combinations that

serve as a starting point for studying hybrid stars with

color-superconducting cores. Depending on the hadronic

equation of state, we expect to find configurations of quark-

matter cores with only 2SC, only CFL, or 2SC+CFL

composition. We find these three examples remain con-

sistent with pQCD predictions up to quark chemical

potentials of approximately 680 MeV (710 MeV with a

more conservative speed of sound limit), corresponding to

densities up to about 9nsat. The calculated CFL gap is

within acceptable ranges established by combined astro-

physical and theoretical constraints, in alignment with the

conservative bounds from Ref. [126]. The selected set of

equations of state for pure quark matter will be made

available online for its use in the research community to

construct hybrid stars with a chosen low-density hadronic

equation of state. For direct future astrophysical applica-

tions, the hybrid equations of state presented in our work

will be used to study, e.g., the formation of color-super-

conducting phases in neutron-star mergers.

In conclusion, our results highlight the impact that

variations in the vector and diquark interaction parameters

have on the properties of dense quark matter and the

astrophysical observables of compact stars. This enables us

to set constraints on the existence of CSC phases in neutron

stars and emphasize the possible importance of incorpo-

rating CSC phases into neutron-star models to meet

astrophysical constraints and to explore these phases in

astrophysical scenarios.
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