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We present the results of a first-principles theoretical study of the inclusive semileptonic decays of theDs

meson. We performed a state-of-the-art lattice QCD calculation by taking into account all sources of
systematic errors. A detailed discussion of our lattice calculation, demonstrating that inclusive semileptonic
decays can nowadays be studied on the lattice at a phenomenologically relevant level of accuracy, is the
subject of a companion paper [A. De Santis et al., Inclusive semileptonic decays of the Ds meson: A first-
principles lattice QCD calculation, Phys. Rev. D 112, 054503 (2025)]. Here, we focus on the
phenomenological implications of our results. Using the current best estimates of the relevant
Cabibbo-Kobayashi-Maskawa (CKM) matrix elements, our theoretical predictions for the decay rate
and for the first two lepton-energy moments are in very good agreement with the corresponding
experimental measurements. We also argue that, while the inclusiveDs channel is not yet competitive with
the exclusive channels in the jVcsj determination, the situation can be significantly improved in the near
future.
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Introduction—The study of the flavor sector of the
standard model (SM) of elementary particles is a topic
of pivotal importance in fundamental physics. In particular,
the elements of the Cabibbo-Kobayashi-Maskawa (CKM)
quark mixing matrix [1,2] are potentially sensitive to
physics beyond the SM, because many of the proposed
SM extensions lead to new flavor-changing interactions,
lepton-flavor universality violations and additional sources
of CP violation. These effects may be observable at current
collider experiments and could thus provide an exciting
opportunity for (indirect) detection of new physics. In fact,
in recent years various experimental collaborations have
reported tensions between SM predictions and observations
[3–13]. In parallel, tantalizing discrepancies between the

values measured for the jVubj and jVcbj CKM matrix
elements from inclusive and exclusive decays persist [14].
It is, therefore, very timely to improve the knowledge of
flavor-changing processes associated with the elements of
the CKM matrix, including, in particular, semileptonic
decays of pseudoscalar mesons, which couple the leptonic
and the hadronic flavor sectors.
Given the nonperturbative nature of these processes,

lattice QCD represents the only ab initio framework
enabling controlled theoretical predictions of the associated
decay rates. In the past few decades, lattice QCD has been
used to compute a broad variety of physical quantities (see,
e.g., Refs. [15,16] and also Ref. [17] and references therein)
and is now a well-established toolbox to study flavor-
physics from first principles [18]. Lattice QCD studies of
exclusive semileptonic decays of kaons and heavy pseu-
doscalar mesons are relatively straightforward and are now
at or close to subpercent precision levels. In contrast, the
study of inclusive decays on the lattice has proven to be
much more challenging: this is mainly due to the difficulty
of taking into account a very large number of physical
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states, including many-hadron ones. Recently, however,
various works suggested that the differential rates of
inclusive semileptonic decays could be extracted from
suitable correlators evaluated on the lattice [19–24]. In
particular, in Ref. [24], it was shown that these rates can be
obtained by computing suitably smeared spectral densities,
associated with a class of four-point Euclidean correlation
functions. Even though the reconstruction of a spectral
density from a finite number of values of the correlator,
with their own numerical uncertainties, is nontrivial, in the
past few years various different methods have been
proposed to tackle this problem [21,25–32].
Following the feasibility study that was presented in

Ref. [33], we used the variant of the Backus-Gilbert method
[34] that was put forward in Ref. [21] and performed a
systematic, complete theoretical investigation of inclusive
semileptonic decays of the Ds meson using lattice QCD in
the isospin symmetric limit [35]. A detailed discussion of
all the steps of the lattice calculation, including a careful
analysis of all sources of systematic errors, is presented in
the companion paper [44]. In this Letter, after introducing
the problem and briefly discussing the methodological
aspects of the calculation, we focus on the phenomeno-
logical implications of our results by comparing them with
the available experimental data [45,46].
Methods—A schematic view of the inclusive Ds ↦

Xlν̄l process is shown in Fig. 1, where p denotes the
four-momenta of the Ds meson, pl of the outgoing lepton
l, pν of the antineutrino ν̄l and ω of the generic final
hadronic state X. For later convenience, we write
ω ¼ mDs

ðω0;ωÞ, with mDs
the mass of the Ds meson.

The inclusive differential decay rate involves the squared
modulus of the matrix element representing the transition
from the initial Ds state to the Xlν̄l final state. To
disentangle the high-energy physics (at the electroweak
scale) from the low-energy physics probed in lattice QCD,
the matrix element is written in terms of the Fermi effective
Hamiltonian, involving the hadronic electroweak current
JμðxÞ ¼ VcsJ

μ
c̄sðxÞ þ VcdJ

μ
c̄dðxÞ þ VusJ

μ
ūsðxÞ, which is

the sum of the different flavour contributions Jμ
f̄g
ðxÞ ¼

ψ̄fðxÞγμð1 − γ5ÞψgðxÞ weighted by the corresponding

CKM matrix elements. One has to integrate over the
three-momenta of the lepton and neutrino, and sum over
all of the allowed final hadronic states, with four-momentum
conservation enforced. Since, by neglecting nonfactori-
zable electroweak corrections, the hadronic and leptonic
parts do not interfere with each other, the contribution to
the differential rate (for each combination of flavors) can be
written in terms of the contraction between the lepto-
nic tensor Lαβðpl; pνÞ ¼ 4

�
pα
lp

β
ν þ pβ

lp
α
ν − gαβpl · pνþ

iϵαβγδðplÞγðpνÞδ
�
and the hadronic tensor.

Hμνðp;ωÞ ¼
ð2πÞ4
2mDs

hDsðpÞjJ†μð0Þδ4ðP − ωÞJνð0ÞjDsðpÞi;

ð1Þ

whereP is theQCD four-momentumoperator.Using special
relativity,H can be decomposed in terms of five independent
spectral-densities form factors which, in the reference frame
of theDs meson, are functions of ω0 and ofω2. From these,
one can construct three linear combinations, Zð0Þ, Zð1Þ, and
Zð2Þ, that enter the expression of the differential decay rate
integrated over the lepton energy. Denoting the upper
integration limit for ω0 as ωmax, one has

1

Γ̄
dΓ
dω2

¼ 1

Γ̄

X2

p¼0

dΓðpÞ

dω2

¼
X2

p¼0

jωj3−p
Z

ωmax

0

dω0ðωmax − ω0ÞpZðpÞðω0;ω2Þ;

ð2Þ

where Γ̄ ¼ m5
Ds
G2

FSEW=ð48π4Þ, GF ¼ 1.1663788ð6Þ ×
10−5 GeV−2 [47] is the Fermi constant and SEW ¼ 1.013
accounts for the logarithmic electroweak correction [48] and
for QED threshold corrections [49,50].
It is convenient to express the integral of Eq. (2) as

lim
σ↦0

Z
∞

0

dω0Θ
ðpÞ
σ ðωmax − ω0ÞZðpÞðω0;ω2Þ; ð3Þ

where the kernels ΘðpÞ
σ ðxÞ ¼ xpΘσðxÞ are obtained by

introducing a “smoothed” version of the Heaviside function
θðxÞ, depending on a smearing parameter σ and such that
limσ↦0ΘσðxÞ ¼ θðxÞ. Indeed, the hadronic tensor of
Eq. (1), and therefore, its linear combinations ZðpÞðω0;ω2Þ,
cannot be directly computed on the lattice. It is possi-
ble, instead, to compute the (amputated) correlator
hDsðpÞjTfJ†μðt; xÞJνð0ÞgjDsðpÞi at discrete values of the
Euclidean times t ¼ an, where a is the lattice spacing. From
this [24,44], by taking the required linear combinations, one
gets the three correlators,

FIG. 1. Kinematics of the inclusive semileptonic decays of the
Ds meson analyzed in this work.
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ẐðpÞðt;ω2Þ ¼
Z

∞

0

dω0 e−mDsω0tZðpÞðω0;ω2Þ; ð4Þ

which are in fact the Laplace transform of the ZðpÞðω0;ω2Þ
distributions. The calculation of the Ds inclusive decay
rate Γ is then reduced to the problem of establishing a
connection between Eqs. (3) and (4).
The problem can be addressed in a mathematically

well-defined, systematically improvable way through the
Hansen-Lupo-Tantalo (HLT) method of Ref. [21]. The
basic idea consists in relying on the Stone-Weierstrass
theorem to represent the smooth kernels of Eq. (3) accord-
ing to

ΘðpÞ
σ ðωmax − ω0Þ ¼ lim

N↦∞

XN

n¼1

gðpÞn ðNÞe−amDsω0n; ð5Þ

i.e., on the basis-functions given by the exponentials
appearing in Eq. (4) with coordinates given by the vector
of the coefficients gðpÞ. These coefficients are fixed by
minimizing a linear combination of the so-called “norm”
and “error” functionals. The norm functional measures the

distance between the exact kernel ΘðpÞ
σ ðωmax − ω0Þ and its

approximation according to the rhs of Eq. (5) at finite N.
The error functional, originally introduced by Backus and
Gilbert [34], is defined in terms of the covariance matrix of
the correlators ẐðpÞ evaluated at finite lattice spacing. Thus,
the HLT algorithm improves on the classical Backus-
Gilbert method by using a desired smearing kernel as
input, and is designed to provide an optimal trade-off
between the “accuracy” and the “precision” of the numeri-
cal solution to the problem.
By using the coefficients gðpÞ obtained through the HLT

algorithm, the differential decay rate can be obtained
according to

1

Γ̄
dΓ
dω2

¼
X2

p¼0

jωj3−p lim
σ↦0

lim
N↦∞

XN

n¼1

gðpÞn ðNÞẐðpÞðan;ω2Þ: ð6Þ

Similar formulas can be introduced for the leptonic
moments Mn (defined by weighting the differential decay
rate with the nth power of the lepton energy and normal-
izing by the total rate) and the associated differential
quantities dMn=dω2 (see Sec. IV of Ref. [44]).
We have computed the relevant Euclidean correlators on

a set of ensembles of lattice QCD gauge field configu-
rations produced by the Extended Twisted Mass
Collaboration (ETMC) [51–54]: they were generated
including the dynamical effects of two (mass-degenerate)
light quark flavors, the strange quark, and the charm quark,
using the Wilson-Clover twisted-mass discretization for
fermionic fields [55–57], at four values of the lattice
spacing (a ≥ 0.049 fm) and three values of the physical
volume (L ≤ 7.6 fm).

In the companion paper [44] we provide a detailed
description of all the steps of the numerical calculation,
including a thorough discussion of the specific implemen-
tation of the HLT algorithm. Here, before discussing the
phenomenological implications of our results, we illustrate
in Fig. 2 the quality of the data we use for the continuum
and σ ↦ 0 extrapolations of Γ̄−1dΓð0Þ=dω2 in the dominant
c̄s channel at jωj ¼ 0.28. The top panel shows results for
σ ¼ 100 MeV=mDs

at four values of the lattice spacings
(black points) and the continuum-extrapolated value (red
point), obtained by combining multiple fits using the
Bayesian model average approach in Ref. [44]. The bottom
panel demonstrates the σ ↦ 0 limit for two different
definitions of the kernel ΘσðxÞ (blue and orange points),
which coincide as σ ↦ 0. The red point is the result of a
combined σ ↦ 0 fit guided by the theoretical asymptotic
formulae derived in Ref. [44].
Results—The total decay rate Γ is obtained by adding the

integrals over ω2 of the differential decay rates obtained in
the different flavour channels. In the companion paper [44],
we have computed the Γūs contribution to the total rate and
shown that, at the present level of accuracy, it is negligible
with respect to the statistical uncertainties of the

FIG. 2. Examples of continuum (a ↦ 0), and σ ↦ 0 extrap-
olations of Γ̄−1dΓð0Þ=dω2 in the c̄s channel at jωj ¼ 0.28. Top:
data at four lattice spacings (black points) for σmDs

¼ 100 MeV
and the continuum-extrapolated value (red). Bottom: the red point
represents the result of the σ ↦ 0 extrapolation based on a joint
fit of the continuum limit results obtained using the so-called
“sigmoid” (blue points) and “error-function” (orange points)
representations of ΘσðxÞ, defined at the beginning of Sec. VII of
the companion paper [44]. For details on the procedures used to
perform the two limits, see Sec. VIII A of Ref. [44].
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dominating Γc̄s and Γc̄d contributions. We have also
discussed how to interpolate and integrate the results for
the c̄s and c̄d flavor channels that are shown in Fig. 3
together with the associated error budgets. The calculation

of the first two leptonic moments is carried out in a
similar way.
Our final results are reported in Table I and, by using the

PDG [47] values jVcsjPDG ¼ 0.975ð6Þ and jVcdjPDG ¼
0.221ð4Þ, we get

Γ¼jVcsj2Γc̄sþjVcdj2Γc̄d¼8.72ð47Þð31Þ½56�×10−14GeV;

M1¼
ΓM1;c̄s

Γc̄s
þjVcdj2

jVcsj2
ΓM1;c̄d

Γc̄s

1þjVcdj2
jVcsj2

Γc̄d
Γc̄s

¼0.456ð19Þð11Þ½22�GeV;

M2¼
ΓM2;c̄s

Γc̄s
þjVcdj2

jVcsj2
ΓM2;c̄d

Γc̄s

1þjVcdj2
jVcsj2

Γc̄d
Γc̄s

¼0.227ð9Þð5Þ½10�GeV2: ð7Þ

Our results can be compared with experimental mea-
surements from the CLEO [45] and BES-III [46]
Collaborations, as well as their combined average [47],

ΓCLEO ¼ 8.56ð55Þ × 10−14 GeV; ð8Þ

ΓBES−III ¼ 8.27ð22Þ × 10−14 GeV; ð9Þ

Γaverage ¼ 8.31ð20Þ × 10−14 GeV; ð10Þ

which are in excellent agreement with our theoretical
prediction in Eq. (7), as shown in the left panel of
Fig. 4. For the first two leptonic moments, the experimental
results by the CLEO and BES-III Collaborations are

MCLEO
1 ¼ 0.456ð11Þ GeV; ð11Þ

MBES−III
1 ¼ 0.439ð9Þ GeV; ð12Þ

Maverage
1 ¼ 0.446ð7Þ GeV; ð13Þ

for M1, and

MCLEO
2 ¼ 0.239ð12Þ GeV2; ð14Þ

MBES−III
2 ¼ 0.222ð5Þ GeV2; ð15Þ

FIG. 3. Top: contributions to the differential decay rate of the
dominant c̄s and c̄d channels (multiplied by the squared moduli
of the corresponding CKM elements), shown together with a
cubic-spline interpolation to the simulated momenta. Middle and
Bottom: error budgets for the c̄s and c̄d channels, respectively.
Red and blue points represent the total (Δtot) and statistical (Δstat)
errors, while the green, purple, yellow, and black points represent
the error associated with the infinite-volume (ΔL), continuum-
limit (Δa), σ ↦ 0 (Δσ) extrapolation, and with the HLT-
reconstruction (ΔHLT), respectively. The dominant source of
error is statistical.

FIG. 4. Comparison between the experimental results from
Refs. [45–47,58] and our theoretical prediction (red points), for
the decay rate (left-panel) and for the first (middle-panel) and
second (right-panel) lepton moment.
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Maverage
2 ¼ 0.2245ð46Þ GeV2; ð16Þ

forM2. We have obtained these results by repeating also in
the case of the BES-III data the analysis performed in
Ref. [58] in the case of the CLEO results. Like for the decay
rate, the agreement of our theoretical predictions of Eq. (7)
with the experimental results is excellent, as the middle-
and right-panel of Fig. 4 show.
A complementary analysis that can be carried out is to

convert the comparison between lattice and experiments
into a determination of the CKM matrix elements. In
principle, the relations in Eq. (7) about M1 and M2, after
setting the left-hand side, respectively, to Maverage

1 or
Maverage

2 , can be solved for the ratio jVcdj2=jVcsj2.
However, since for both l ¼ 1, 2 the ΓMl;c̄s=Γc̄s contribu-
tion alone (which is CKM-independent) already agrees
with the experimental result Maverage

l within uncertainties
(see Table I), there is essentially no remaining “room” for
extracting jVcdj2=jVcsj2 at better than the 100% level of
precision. In other words, the measured moments are
entirely saturated, within errors, by the CKM-independent
part of the theoretical predictions. This also implies that,
currently, the comparison between lattice and experiments
for these two observables remains essentially unaffected by
moderate variations in the CKM parameters. Therefore,
since this is the very first time that lattice QCD confronts
experiments on these quantities, the observed agreement is
remarkable.
As for the total decay rate in Eq. (7), we have solved

Eq. (7) by setting its left-hand side to Γaverage while fixing
jVcdj to jVcdjPDG. This allows us to extract jVcsj, for which

we obtain

jVcsj ¼ 0.951ð35Þ; ð17Þ

in very good agreement with jVcsjPDG ¼ 0.975ð6Þ. The
determination of jVcsj obtained this way is largely inde-
pendent on the specific value of jVcdj used. Varying jVcdj2
even by 50% relative to its PDG value changes jVcsj by less
than 0.5σ. The current accuracy of our jVcsj determination
is at the level of ≃3.5%, which has not yet reached the
precision found in exclusive semileptonic decays. The
larger uncertainties stem from both the lattice computation
(mainly statistical errors, see Fig. 3) and, to a slightly
smaller extent, experimental measurements. Both of them
can [59] (and will) be significantly improved in the coming
years: the 1% precision goal in isospin symmetric QCD is
well within reach.
We conclude this section with another interesting obser-

vation. In the c̄d channel, we can compare our (fully
inclusive) result Γc̄d ¼ 0.62ð5Þ × 10−14 GeV with the sum
of the available exclusive-channel measurements, to check
for potentially missing contributions. Measurements
of the branching fractions exist for Dþ

s ↦ K0eþνe and

Dþ
s ↦ K�0eþνe [60,61], yielding ΓK0þK�0

c̄d ¼ 0.722ð66Þ×
10−14 GeV. This result is compatible, at the 1.2σ level, with
our inclusive result, indicating that at the current level of
accuracy, the K0 and K�0 contributions saturate the inclu-
sive rate Γc̄d.
Conclusions—In this Letter, and the companion paper

[44], we presented standard model predictions for the
inclusive semileptonic decay rate of the Ds meson and
its first two lepton-energy moments. Our ab initio approach
starts from the SM Lagrangian, includes the dominant
higher-order electroweak corrections, and treats QCD
nonperturbatively on the lattice, without any uncontrolled
approximation. By combining recent formal advances to
deal with the large number of hadronic final states involved
[24] and state-of-the-art spectral-reconstruction techniques
[21], we successfully computed these observables by taking
into accout all sources of systematic errors. Furthermore,
for the first time in the case of inclusive semileptonic

TABLE I. Our final determinations of the decay rate and the
first two lepton-energy moments for the two dominating chan-
nels. The covariance matrix associated with these results is given
in Table II.

f̄g c̄s c̄d

1014 × Γf̄g (GeV) 8.53ð46Þð30Þ½55� 12.60ð79Þð49Þ½93�
ΓM1;f̄g=Γc̄s (GeV) 0.453ð21Þð11Þ½24� 0.731ð53Þð30Þ½61�
ΓM2;f̄g=Γc̄s (GeV2) 0.223ð9Þð6Þ½11� 0.416ð37Þð22Þ½43�

TABLE II. Covariance matrix of the results given in Table I. All the numbers in the table are multiplied by 102.

1014 × Γc̄s 1014 × Γc̄d ΓM1;c̄s=Γc̄s ΓM1;c̄d=Γc̄s ΓM2;c̄s=Γc̄s ΓM2;c̄d=Γc̄s

1014 × Γc̄s 30.783 23.542 0.139 −0.890 −0.004 −0.505
1014 × Γc̄d 23.542 85.857 −0.037 3.044 −0.067 1.689
ΓM1;c̄s=Γc̄s 0.139 −0.037 0.055 −0.002 0.019 0.003
ΓM1;c̄d=Γc̄s −0.890 3.044 −0.002 0.378 0.003 0.233
ΓM2;c̄s=Γc̄s −0.004 −0.067 0.019 0.003 0.011 0.006
ΓM2;c̄d=Γc̄s −0.505 1.689 0.003 0.233 0.006 0.181
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decays, we performed a comparison between first-princi-
ples lattice QCD predictions and experimental results.
By using the PDG [47] values of the CKM matrix

elements, our final results for Γ, M1, and M2 in Eq. (7) are
in very good agreement with experiments. At the same
time, we observe that at the current level of theoretical and
experimental accuracy, this channel is not sensitive to
moderate variations of jVcdj. Therefore, we used our
theoretical predictions and jVcdjPDG to obtain a determi-
nation of jVcsj with Oð3%Þ total accuracy, in perfect
agreement with the current PDG determination. In fact,
at present, the inclusive Ds ↦ Xlν̄l channel is not com-
petitive with more precise exclusive determinations of
jVcsj. On the other hand, since our theoretical error is
dominated by the statistical uncertainty and the experi-
mental errors can likely be reduced [59], the situation will
certainly improve in the future.
As an extension of the present Letter, one obvious choice

would be to carry out a similar analysis for B mesons.
Indeed, the results presented in this letter and in the
companion paper [44] demonstrate that inclusive semi-
leptonic decays of heavy mesons can now be studied on the
lattice from first-principles at a phenomenologically rel-
evant level of accuracy. We are going to exploit the
implications of this exciting new perspective in a
future work.
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