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Abstract We study real-time scalar φ4-theory in 2+1

dimensions near criticality. Specifically, we compute the

single-particle spectral function and that of the s-channel

four-point function in and outside the scaling regime. The

computation is done with the spectral functional Callan–

Symanzik equation, which exhibits manifest Lorentz invari-

ance and preserves causality. We extract the scaling exponent

η from the spectral function and compare our result with that

from a Euclidean fixed point analysis.

1 Introduction

We set up a real-time computation of the critical physics

of the three-dimensional scalar φ4-theory. In this regime,

the physics is governed by the universality class of the the-

ory, which corresponds to that of the three-dimensional Ising

model described by the Wilson–Fisher fixed point. We envis-

age applying this setup to QCD within the functional renor-

malisation group (fRG) approach in order to explore the

vicinity of its critical end point (CEP) at finite density. In

that context, the present real-time approach can be used to

study the transport properties of QCD near its CEP.

For the direct real-time access to critical physics, we

employ the spectral fRG developed in [1–3]. As a renor-

malisation group technique, it enables us to study scaling

and critical phenomena while simultaneously utilising the

Källén–Lehmann representation that provides direct access

to correlators in Minkowski space. For recent spectral com-

putations within other functional approaches, see [4–10] for

Dyson–Schwinger equations, and [11] for Bethe–Salpeter

equations.

In this work, we extend the real-time analysis presented

in [3] to the scaling regime and solve the system close to the

phase transition signalled by a vanishing pole mass. Within
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sophisticated approximation schemes the fRG approach

yields quantitative results for scaling exponents, see, e.g.,

[12–14] and the review [15]. These results compares well

with those obtained via the conformal bootstrap; see, e.g.,

[16,17]. The wealth of results for scaling coefficients derived

from Euclidean flows, or more precisely, from fixed point

equations, allows us to benchmark the present real-time

approach. Accordingly, this regime serves as an ideal test-

ing ground for fRG approximation schemes and regulators.

Moreover, further real-time applications of the fRG in a broad

variety of research fields provide further benchmarks and

technical overlap, see e.g., [2,18–43].

In Sect. 2, we briefly describe the underlying theory as well

as the properties of the scaling regime. We introduce the flow

equation for the two-point function and present its spectral

representation. In Sect. 3, we present results for the spectral

function of the propagator in the scaling regime and compare

the extracted critical exponents with Euclidean benchmark

results. We summarise our findings in Sect. 4.

2 Spectral flows in the φ4-theory

We investigate the phase transition and the associated real-

time dynamics of a 2+1-dimensional scalar φ4-theory. It is

defined by the classical action

S[ϕ] =
∫

d3x

{

1

2
ϕ
(

−∂2 + m2
φ

)

ϕ + λφ

4! ϕ4

}

, (1)

with the fundamental field or field operator ϕ. The cor-

responding mean field in a given background (current) is

denoted by φ = 〈ϕ〉. Equation (1) depends on the classical

coupling λφ and the mass m2
φ . The ratio λφ/mφ is the only

dimensionless parameter of the theory and determines the

strength of correlations in the system. This theory exhibits a

second order phase transition of the Ising universality class,
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given by the Wilson–Fisher fixed point of the renormalisation

group. It exhibits two independent critical scaling exponents,

that are carried by the propagator G(p) of the theory,

G(p)(2π)3δ(p + q) = 〈ϕ(p)ϕ(q)〉c, (2)

where the subscript c indicates the connected part. The prop-

agator can be parametrised by

G(p) = 1

Zφ(p)
(

p2 + m2
pole

) , (3)

where the mass mpole in (3) is the pole mass. The wave

function Zφ(p) carries the non-trivial part of the momen-

tum dependence. We shall use an on-shell renormalisation

scheme for which the pole mass is simply the classical mass

parameter, mφ = mpole, see (11) and the discussion there.

Within this physical renormalisation scheme the phase tran-

sition is approached with m2
φ = mpole → 0, or equivalently

λφ/mφ → ∞ as discussed in [11].

At the phase transition the correlation length diverges,

ξ → ∞, and the propagator exhibits an algebraic decay or

scaling with the critical exponent η,

G(p) ∝ 1

(p2)1−η/2
, −→ Zφ(p) ∝ (p2)−η/2, (4)

with the Ising critical exponent η ≈ 0.036. In the present

work, we compute this scaling within the real-time setup. To

that end we use the spectral Callan–Symanzik (CS) equation

put forward in [1,2], which has been implemented for the

φ4-theory in [3]. We identify the CS-regulator with the mass

parameter of the theory,

m2
φ = Zφ k2, (5)

which readily leads to k = mpole. The parameter Zφ is the

on-shell wave function of the field,

Zφ = Zφ(p2 = −mpole). (6)

This choice is natural for the on-shell renormalisation

scheme (11) used in the present work. It entails that k is

precisely the pole mass and Zφ is the wave function of the

asymptotic 1-particle state, i.e., the residue of the propagator

on the mass pole.

2.1 Renormalised Callan–Symanzik equation

We set up the theory for a sufficiently large mass, λφ/mφ →
0, where the theory is perturbative. In this limit, the quan-

tum effective action Ŵ[φ] is approaching the (convex hull of

Fig. 1 Flow of the inverse two-point function with the scale k. Blue

vertices denote full 1PI n-point functions and the crossed vertex denotes

the derivative of the CS-regulator ∂t m
2 = Zφk2(2 − ηφ)

the) classical action, Ŵ[φ] → S[φ]. The flow of the quan-

tum effective action with an infinitesimal change of the mass

mφ towards smaller masses is provided by the renormalised

functional Callan–Symanzik equation [1,2],

∂tŴ[φ] = 1

2

(

2 − ηφ

)

Zφk2 Tr
[

G[φ] + φ2
]

− ∂t Sct[φ],
(7)

where G[φ] is the full field-dependent propagator

G[φ] = 1

Ŵ(2)[φ] , Ŵ(n)[φ] = δnŴ[φ]
δφn

. (8)

The propagator G(p) in (3) is obtained by evaluating G[φ]
on the solution φ0 of the (constant) equation of motion. The

(negative) RG-time t = log(k/kref) in (7) is measured rela-

tive to a suitable reference scale. The anomalous dimension

ηφ in (7) is that on the pole,

ηφ = −∂t Zφ

Zφ

. (9)

The critical exponent η at the Wilson–Fisher fixed point is

obtained directly from the wave function Zφ(p) for mpole =
0, see (4). We can also extract it from the zero mass limit of

the anomalous dimension ηφ with

η = ηφ

(

mpole → 0
)

. (10)

The renormalised CS flow (7) is manifestly finite [1]: it is

derived as the CS-limit of UV-regularised finite flows, and

all terms with positive UV power-counting dimensions can-

cel out by further ones that are induced by the change of the

UV-regularisation scale. The remainder of this procedure is

the flow of the counter-term action ∂t Sct[φ], which specifies

the renormalisation condition for all UV-relevant parameters.

In this work, we will make direct use of the real-time nature

of our approach and choose an on-shell renormalisation con-

dition for the inverse propagator,

Ŵ(2)[φ0]
∣

∣

∣

p2=−k2
= 0, (11)

evaluated on the equation of motion. For further details on the

renormalisation condition both in the symmetric and broken

phase see [3]. The phase transition can be approached from
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both sides, and we choose to resolve the spectral flow in

the symmetric phase with φ0 = 0 for numerical simplicity.

Equation (11) straightforwardly translates into a condition

for the flow equation of the inverse propagator

∂tŴ
(2)(p) = −1

2

(

2 − ηφ

)

Zφk2 Dtad(p)

+
(

2 − ηφ

)

Zφk2 − ∂t S
(2)
ct . (12)

With φ0 = 0, the diagrammatic part of the flow contains

only the tadpole diagram Dtad(p), for a diagrammatic rep-

resentation see Fig. 1. The flow of the counter-term action

∂t S
(2)
ct is fixed by the total t-derivative of the renormalisation

condition (11),

∂tŴ
(2)

∣

∣

∣

∣

p2=−k2

= 2Zφk2. (13)

For the final flow equation see (26).

2.2 Spectral flows of correlation functions

The derivation in Sect. 2.1 holds true for any regulator func-

tion, and we have chosen the CS regulator as it preserves

two important properties of the theory: Lorentz invariance

and causality, see [1]. The third one, ultraviolet finiteness,

is guaranteed by the functional renormalisation procedure

defined in [1]. This allows us to use spectral representations

for propagator and vertices and gives us direct access to real-

time physics.

2.2.1 Two-point function

The flow of the (inverse) two-point function in the full

complex frequency plane is obtained by using the Källén–

Lehmann representation of the propagator,

G(p) =
∫

λ

ρ(λ)

λ2 + p2
, (14)

with the spectral function

ρ(ω) = 2ImG
(

p0 → −i(ω + i0+), �p = 0
)

. (15)

Owing to Lorentz invariance, the propagator is fully deter-

mined by its values at vanishing spatial momentum. The

spectral function (15) satisfies the spectral sum rule,

∫

λ

ρ(λ) = 1,

∫

λ

=
∫ ∞

0

dλ2

2π
. (16)

The spectral sum rule entails that the total spectral weight

is unity, which is in one-to-one correspondence to canonical

commutation relations for the field as well as normalised

one-particle states.

The propagator spectral function has the form

ρ(λ) = 2π

Zφ

δ
(

λ2 − m2
pole

)

+ θ(λ − mscat)ρ̃(λ). (17)

It contains a δ-function peak for the one-particle state and a

scattering continuum. The onset of the latter in the symmetric

phase is given by that of the 1 → 3 scattering. It is medi-

ated by the four-point scattering vertex, and the momentum

dependence of the latter is a crucial ingredient for the spectral

flow in the symmetric phase. In the present work, we use an

s-channel approximation, where the vertex only depends on

s with

s = r2, r = p + q, (18)

with the loop momentum q and the incoming momentum p

in Fig. 1. This leads to the following parametrisation of the

full four-point function,

Ŵ(4)(r) = λφ + Ŵ
(4)
dyn(r), Ŵ

(4)
dyn(r) =

∫

λ

ρ4(λ)

λ2 + r2
, (19)

where λφ is the momentum-independent part of the vertex.

The remaining momentum-dependent part Ŵ
(4)
dyn(p) in (19)

admits a spectral representation. Its diagrammatic form and

spectral computation is discussed in Sect. 2.2.2. Here we only

remark that the s-channel spectral function in (19) can be

extracted similar to that of the propagator by

ρ4(ω) = 2 Im Ŵ
(4)
dyn

(

p0 = −i(ω + i0+), �p = 0
)

. (20)

With the spectral representations of the propagator (14) and

four-point vertex (19), the momentum-dependent part of (12)

follows as

D
dyn
tad (p) =

∫

q

G2(q)Ŵ
(4)
dyn(p + q)

=
∫

λ,q

ρ(λ1)ρ(λ2)ρ4(λ3)

(λ2
1 + q2)(λ2

2 + q2)(λ2
3 + (p + q)2)

, (21)

with

∫

λ,q

=
∫

λ1

∫

λ2

∫

λ3

∫

q

,

∫

q

=
∫

d3q

(2π)3
. (22)

The momentum integration in (21) can be performed ana-

lytically, and the result is provided in (G1) in Appendix G

1. The remaining spectral integrations are performed numer-

ically, and the non-perturbative information is completely
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carried by the spectral functions. Finally, we use (15) to

extract the spectral function ρ(ω) from the integrated flow

of the inverse propagator (12). Importantly, the analytic fre-

quency dependence in (G1b) allows us to perform the limit

p0 = −i(ω + i0+) analytically. With the following discus-

sion of the four-point function, this completes the setup for

the computation of ρ(ω).

2.2.2 Four-point function

We close the system of coupled equations for correlation

functions with that of the four-point function. We follow [1,

3,6,11] and use the inhomogeneous Bethe–Salpeter equation

with a classical scattering kernel. This amounts to a bubble

resummation of the four-point function in the s-channel,

Ŵ(4)(p) = λφ

1 + λφ

2
Dfish(p)

, (23)

and hence the momentum-dependent part Ŵ
(4)
dyn(p) of the

four-point function (19) is given by

Ŵ
(4)
dyn(p) = λφ

Dfish(p)

2
λφ

+ Dfish(p)
. (24)

The fish diagram Dfish(p) in (23) and (24) is given by

Dfish(p) =
∫

q

G(q)G(q + p)

=
∫

λ,q

ρ(λ1)ρ(λ2)

(λ2
1 + q2)(λ2

2 + (q + p)2)
. (25)

The computation of the fish-diagram (25) is very similar

to the computation of the momentum-dependent part of

the tadpole (21). The momentum integration can be per-

formed analytically as well, and the result is provided in (G2)

in Appendix G 1. The remaining spectral integrals are inte-

grated numerically. We use (20) for the extraction of the spec-

tral function ρ4(ω). As for the propagator, the analytic fre-

quency dependence in (G1c) allows us to perform the limit

p0 = −i(ω + i0+) analytically. This completes the setup for

the computation of ρ4(ω).

2.2.3 Wrap-up

With the split (19), the tadpole contribution in (12) splits

into a momentum-independent part and the contribution of

D
dyn
tad (p) in (21). The momentum-independent part is can-

celled by the counter term S
(2)
ct in (12) due to the renor-

malisation condition (11). This condition also eliminates the

(flowing) contribution of D
dyn
tad (p) to the pole mass. With

these cancellations, we are led to the final form of the flow

equation (12) in the symmetric phase,

∂tŴ
(2)(p) = 2Zφk2 − 1

2

(

2 − ηφ

)

Zφk2

×
[

D
dyn
tad (p) − D

dyn
tad (p2 = −k2)

]

. (26)

The first term on the right-hand side of (26) comprises the

tree-level flow of the pole mass mpole = k. The term in

the second line includes the momentum-dependent quantum

fluctuations that are induced by the change of the pole mass.

The current approximation takes into account a momentum-

dependent four-point function, but the respective effective

potential

Veff(ρ) = Ŵ[ρ]
V3

, ρ = φ2

2
, (27)

does not include higher order couplings, i.e., V
(n>2)
eff (0) ≡ 0

with V
(n)
eff = ∂n

ρ Veff. We consider constant ρ in (27), and

V3 =
∫

x
is the three-dimensional volume. Moreover, we have

V
(2)
eff (0) = Ŵ(4)(p = 0) = λφ

1 + λφ

2
Dfish(0)

. (28)

We close this section with the remark, that the spectral fRG

also allows for the inclusion of a full effective potential. Such

an approximation takes into account scatterings to all orders.

This includes implicitly also t- and u-channel contributions,

and will be the subject of future work. We outline the pro-

cedure towards the inclusion of the full effective potential

in Appendix H.

3 Results

In this section, we discuss our results for the spectral func-

tions of the propagator and the four-point function. Apart

from obtaining the full momentum dependence of these cor-

relation functions, we also extract the critical exponent η

from our computations in three different ways: (1) the scal-

ing behaviour of the spectral function of the propagator

(Sect. 3.1.1), (2) the scaling behaviour of the four-point func-

tion (Sect. 3.1.1 and Appendix B), and (3) the cutoff scaling

of the wave function on the pole (Sect. 3.1.2).

We start with a brief survey over commonly used approx-

imation schemes for critical physics and beyond. A stan-

dard approximation scheme used for the analysis of criti-

cal phenomena in scalar theories is the derivative expan-

sion, see e.g., [12–14] and the review [15]. In the low-

est order, the zeroth order or local potential approximation

(LPA), only momentum-independent quantum corrections

123



Eur. Phys. J. C           (2025) 85:950 Page 5 of 18   950 

Fig. 2 Propagator and vertex spectral function in the scaling regime: The different curves correspond to spectral functions at different pole masses

mpole = k, varied over two and seven orders of magnitude respectively. We measure the spectral parameter in units of the classical coupling λφ

are taken into account. Then, successively higher momen-

tum orders are incorporated within an expansion in p2/k2.

At higher orders, including the fourth and in particular the

sixth order, this expansion leads to quantitative precision.

In turn, full momentum dependences of correlation func-

tions are commonly used in QCD as they carry the infor-

mation on confinement, as well as a crucial dynamical part

of the chiral phase transition. This starts with [44,45], see

also [46–51], see also the review [15] and [52]. In scalar

models, momentum dependences can be incorporated with

the BMW-approximation [53–55], for applications see [15].

The BMW-approximation requires the computation of the

two-dimensional dressing function of the two-point function

in terms of momenta p and constant fields. A further approx-

imation scheme with full momentum and field dependence

and qualitatively reduced computational costs is provided

by the scheme that underlies parts of the present work and

has been put forward in [56]. There it was also shown in a

Yukawa model, that pole masses and further observables are

already captured well on the percent level within a simple step

beyond LPA by including a cutoff-dependent but momentum-

independent wave function, the LPA′ approximation. Note

however that in the present scalar model this can only poten-

tially work well in the broken regime. In the broken phase

this approximation lacks any momentum dependence for the

propagator and has a trivial wave function Zφ = 1.

In conclusion, the present approximation carries the min-

imal necessary ingredients for capturing the full dynamics.

We present a comparison between the results from fully

momentum-dependent spectral propagators in this work and

from LPA′ in different truncations in Sect. 3.2. Further details

are provided in Appendix E.

3.1 Critical scaling

The scaling form of the propagator (4) carries over to the

single-particle spectral function,

ρ(λ) ∝ λ−2+η. (29a)

The exponent in (29a) is the critical exponent η ≈ 0.036

of the three-dimensional Ising model, if no approximation

is applied. The s-channel spectral function ρ4 in (20) of the

four-point scattering vertex shows the scaling

ρ4(λ) ∝ λ1−2η. (29b)

The scaling (29b) follows readily from (19) and (24), and

specifically from the scaling behaviour of the fish diagram,

for more details see Appendix B. We remark that the sum

rule (16) enforces

lim
λ→∞

ρ(λ) <
1

λ2+ǫ
, (30)

for pole masses mpole > 0 and infinitesimal positive ǫ.

Hence, the sum rule is k-independent, and (29a) cannot hold

true for asymptotically large spectral values.

3.1.1 Spectral scaling

We proceed with a discussion of the spectral functions ρ(λ)

and ρ4(λ) as well as the respective critical exponents defined

by the methods (1,2), discussed at the beginning of Sect. 3.

Our numerical results for the spectral functions are shown

in the doubly logarithmic plots in Fig. 2. The emergence
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Fig. 3 Sliding scaling exponents ηi (λ) with i = ρ, ρ4 as functions of λ/λφ . The scaling regime emerges for λ/λφ � 10−2. We also depict the

quantitative reference results by the thick black line: conformal bootstrap, η = 0.03631(3), [17], and fRG, η = 0.0361(3) from [13]

of an increasing scaling window in the spectral regime

λ/λφ � 10−2 with power law decays (29) for successively

smaller pole masses is clearly visible. The respective critical

exponents can be extracted from Fig. 3a, b, where we show

the sliding scaling exponents ηi (λ) with i = ρ, ρ4. These

sliding scaling exponents are defined by logarithmic spec-

tral derivatives of the logarithms log ρ, log(−ρ4). We also

subtract the canonical scalings, to wit,

ηρ(λ) := 2 + λ

ρ(λ)

∂ρ

∂λ
, (31a)

and

ηρ4(λ) := 1 − λ

ρ4(λ)

∂ρ4

∂λ
. (31b)

For the scaling spectral functions (29), the sliding scaling

exponents ηi (λ) reduce to the critical exponent η and 2 η,

respectively. We define the critical exponent ηi by the plateau

value of ηi (λ) in Fig. 3 when taking the limits k → 0 and then

λ → 0. Both plateaus extend successively into the infrared

in the scaling limit with λφ/mφ → ∞.

The upper boundary of the plateaus stays constant: the s-

channel resummation for the four-point function in the cur-

rent approximation leads to a decaying momentum depen-

dence of the flow of the two-point function. This is related

to the UV behaviour of the four-point function, which

approaches the classical coupling λφ at high momenta due to

the decay of the loop term in (23). This behaviour ensures the

sum rule as already discussed below (29). Note also that the

intrinsic scale, at which the four-point function loses scal-

ing, depends on the initial condition, i.e., the initial classi-

cal coupling λφ . For a detailed discussion see Appendix B.

This freezing of the flow explains the position of the upper

boundary. The elimination of the intrinsic scale requires the

feedback of non-trivial momentum dependencies of the four-

point function as well as a more sophisticated initial condi-

tion. For a respective discussion see Appendix H.

In conclusion, we compute the critical exponents in the

frequency regime in which the single-particle and s-channel

vertex spectral functions approach a scaling form. The critical

exponents ηi are readily extracted from the plateau values of

ηi (p), see (31) and Fig. 3, for λ/λφ � 10−3. These plateaus

extend towards λ → 0 for mφ/λφ → 0. To estimate the value

of the anomalous dimension η at the fixed point, we perform

an extrapolation of ηρ and ηρ4 to k = 0 and subsequently to

λ = 0; see Appendix D for details. The results are given by

ηρ = 0.101+0.004
−0.028, (32a)

and

ηρ4

2
= 0.077+0.002

−0.003. (32b)

The two values agree within the error bars. The momentum

dependence of the four-point function is entirely determined

by the scattering tail of the spectral function of the propa-

gator. Thus, this tail is the only possible source of scaling

in ρ4. As shown in Fig. 4, the pole contribution still carries

approximately half of the spectral weight at k/λφ ≈ 10−6,

and therefore contributes significantly to ρ4. Note that the

flow induced solely by the pole of the propagator does not

contribute to ηρ4 , as can be seen from the black dashed line

in Fig. 3b. This analysis suggests that the result (32b) is lower

than the actual value for η. The critical exponent ηρ4 of the

four-point spectral function should therefore be interpreted

primarily as a consistency check and a lower bound for the

critical exponent ηρ of the propagator. In turn, the latter pro-

vides a more accurate estimate of the anomalous dimension

of the theory.
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The agreement between these two values further validates

the computation of scaling spectral functions using the spec-

tral Callan–Symanzik flow in ϕ4 theory. Our results are con-

sistent with those obtained using spectral Dyson–Schwinger

equations in a comparable truncation in the broken phase

(η ≈ 0.11 in [11]), and with functional renormalisation group

(fRG) results on the Keldysh contour (η = 0.0988 in [38]).

We conclude the first part of this section with a brief dis-

cussion of the results in (32) in light of the critical expo-

nent η ≈ 0.036 for the three-dimensional Ising model. Ref-

erence values include the conformal bootstrap result η =
0.03631(3) [17], and the fRG result η = 0.0361(3) [13]. A

significant part of the deviation from these benchmark val-

ues can be attributed to the φ4 approximation of the effective

potential. This will be illustrated through a comparison of

critical exponents in LPA′ in Sect. 3.2. This deficiency is read-

ily resolved by implementing a full effective potential along

the lines of [56]. For a respective discussion see Appendix

H.

3.1.2 Cutoff scaling

With (32a) and (32b) we have obtained η with the methods

(1,2), discussed at the beginning of Sect. 3. The third method

consists of using the k-scaling of the wave function at the

pole as a proxy for the momentum and spectral scaling. The

result for Zφ,k = Zφ,k(p2 = −k2) as a function of the pole

mass mpole = k is depicted in Fig. 4. For large pole masses,

k → ∞, the wave function Zφ approaches unity: it is a

UV-irrelevant coupling, and accordingly its flow dies out.

Moreover, the theory approaches the classical one, and the

full spectral weight is carried by the pole, while the scattering

tail vanishes throughout. This corresponds to the perturbative

limit, see Appendix F 2.

In the limit of vanishing pole masses, k/λφ → 0, the

theory approaches the scaling regime around the phase tran-

sition. Signals for scaling can be found for k/λφ � 10−2,

where the wave function enters a power-law regime. This is

rather similar to the scaling regime in the spectral functions

ρ, ρ4 with λ/λφ � 10−2, see Fig. 2a, b. For k/λφ → 0,

the theory is increasingly dominated by scattering processes,

and the spectral weight 1/Zφ of the pole contribution is suc-

cessively suppressed and vanishes for k = 0. As the spectral

weight of the scattering tail is increasingly dominated by the

scaling part, the wave function Zφ at the pole has to scale

with k−η. Similar to (31a) and (31b), we define

ηφ,k = −∂t Zφ,k

Zφ,k

. (33)

We remark that ηφ,k differs from the standard anomalous

dimension used in fRG studies: the latter is typically defined

Fig. 4 Flow of the spectral weight 1/Zφ of the pole contribution as

a function of the pole mass mpole = k. For large pole masses with

k/λφ → ∞, Zφ approaches unity, which reflects its UV-irrelevance.

For k/λφ → 0, the tail successively carries more of the spectral weight,

and the pole contribution vanishes with a power law. The inset shows

the anomalous dimension ηφ , (33), as a function of the pole mass. For

k → 0 it approaches the critical exponent η

as the total t-derivative at a fixed momentum,

ηφ(p) = −∂t Zφ(p)

Zφ(p)
, (34)

often evaluated at p = 0. In turn, (33) is given by

ηφ = ηφ(p) − p∂p Zφ(p), evaluated at p2 = −k2.

The anomalous dimension ηφ is depicted in the inset

of Fig. 4 as a function of the pole mass mpole = k. Figure 4

also shows Zφ , and the scaling limit is visible in both quan-

tities. We read off the critical exponent η as the limit k → 0,

with

η = lim
k→0

ηφ = 0.095(9). (35)

Equation (35) agrees well with the critical exponent obtained

from the single-particle spectral function, (32a). In order to

appreciate its accuracy, it should be contrasted with similar

approximations in the derivative expansions, which is done

in the next section.

3.2 Benchmarks and extensions

We close this section with a discussion of the systematics of

the present approximation, its embedding into the landscape

of existing results, and of systematic improvements:

In the present work we aimed at the computation of fully

momentum-dependent real-time correlation functions with

an emphasis on the approach to the scaling regime around a

second order phase transition. The respective critical expo-

nent η is one of the outcomes of this analysis, but it was not

the primary target. Still, we will embed the present results
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and the underlying approximation in the landscape of ded-

icated fRG computations of critical exponents. Typically,

these computations are done within a fixed point analysis

of the fRG which allows for the most direct access to critical

physics but does not cover the interface to the non-universal

regime. These results have mostly been achieved within the

derivative expansion, for an overview see the review [15].

In terms of comparability, the current approximation with

momentum-dependent but field-independent dressings fits to

the LPA′ approximation (effective potential and cutoff depen-

dent wave function) that lies in between the 0th order of the

derivative expansion (with an effective potential (LPA)), and

the first order (effective potential and field-dependent wave

function).

In contradistinction to LPA′ we have included fully

momentum-dependent propagators and and s-channel ver-

tices, but only considered the effective potential up to the

order φ4. Moreover, we have approached the scaling regime

from the symmetric regime. However, the fixed point anal-

ysis reveals a finite dimensionless expectation value of the

field with the fixed point value ρ̄∗ �= 0 and ρ̄ = Zφφ2/(2k),

see (E3) in Appendix E. This suggests that scaling proper-

ties converge faster in the broken regime. Furthermore, we

have already mentioned before that a comparison between

LPA′ and the present approximation scheme, or rather the

specific order of this scheme used here, has been done for

a Yukawa model in [56], concentrating on non-universal

physics. There it was found, that pole masses and further

observables agreed very well on the percent level, if fully

momentum-dependent computations and LPA′ computations

with full effective potentials are compared. We expect that

this agreement worsens in the scaling regime with its alge-

braic (non-local) momentum decays. In any case, LPA′ can

be embedded in the present approximation as a lower order

approximation.

Finally, the present computation uses the on-shell renor-

malisation scheme instead of the standard one: With on-shell

renormalisation all quantities are measured directly in the

physical correlation length ξ ∝ 1/k with the pole mass

mpole = k in contradistinction to ξ ∝ k−η in the standard fRG

renormalisation scheme. This scheme, the MOM2-scheme

has similarities to a MOM-scheme commonly used in per-

turbation theory and Dyson–Schwinger equations, but also

carries some differences, see [57]. In any case we expect

different convergence pattern for both schemes.

Bearing these differences and similarities in mind, we

compare the present results to LPA′ results of a fixed point

analysis within a Taylor expansion of the full effective poten-

tial. The respective computations in LPA′ within the standard

RG scheme for different regulators can be found in the liter-

ature, see the review [15]. We start the discussion with the

comparison of the present truncation with V
(n>2)
eff ≡ 0 to a

standard Euclidean fixed point analysis in LPA′ with stan-

Table 1 Critical exponent η from different correlation functions in the

present work. The four-point function result should be interpreted as a

cross-check to the propagator one. The deviation of less than 1σ renders

it fulfilled. We also list benchmarks from LPA′ with the CS-regulator.

Here, V
(n)
eff = ∂n

ρ Veff, see (27) and below. The LPA′ results are obtained

within the fixed point analysis, see also Appendix E where we also

studied the convergence of the Taylor expansion in Table 2

Correlation function η

This work Propagator 0.101+0.004
−0.028

Four-point function 0.077+0.002
−0.003

Flow of Zφ 0.095(9)

LPA′ Benchmarks V
(n>2)
eff = 0 0.16

V
(n>9)
eff = 0 0.0802

dard and on-shell renormalisation in the same order of the

Taylor expansion. The computation is deferred to Appendix

E. We are led to the critical exponent

ηLPA′ = 0.1600. (36)

Equation (36) has to be compared with η ≈ 0.1 from (32)

and (35), see Table 1. Evidently, the inclusion of full

momentum or spectral dependences yields significantly bet-

ter results, even though the fixed point analysis is bound to

have the better convergence due to expanding about the fixed

point value of the field with ρ̄∗ > 0. The inclusion of higher

order scatterings in the effective potential leads to a quick

convergence for the critical exponent of the fixed point analy-

sis in LPA′ with the CS-regulator: η = 0.0802, see Appendix

E for details.

The large improvement upon including the momentum

dependence is expected for the CS-regulator from functional

optimisation theory, see [58–62]: the CS-regulator is not opti-

mised in terms of a convergence of an expansion in momen-

tum dependences as it collects contributions in the full (loop)

momentum regime. Accordingly, we expect better approxi-

mations of the full momentum dependence to lead to size-

able improvements. In turn, regulators that are optimised for

approximation schemes relying on expansions in momen-

tum dependences, such as the derivative expansion, lead to

a more rapid convergence. This is evident within a compari-

son to LPA and LPA′ results with the flat or Litim regulator,

[58–60], which is the optimised one for LPA but not beyond

[61]. With the same approximation to the effective potential

as used here, we obtain

ηflat = 0.0546, (37)

and with a full effective potential, we obtain η = 0.0443.

The results with the flat regulator point at a huge quan-

titative advantage of the optimal choice of the regulator in
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low orders of the derivative expansion. However, the CS-

regulator allows for the use of the on-shell renormalisation

scheme, whose implementation for momentum-dependent

regulators is intricate. Moreover, this intricacy is even more

challenging for non-analytic regulators such as the flat

one. It is very suggestive that the on-shell renormalisation

scheme (11) with mpole = k leads to a far better convergence

of observables and undoes at least part of the momentum

non-localities. This will be discussed elsewhere.

4 Conclusion

We have investigated the real-time scalar φ4 theory in 2+1

dimensions in and outside the scaling regime close to the

phase transition. Our method of choice was the spectral

Callan–Symanzik equation, and the present setup can be

readily used within the mesonic sector of full functional QCD

within the fRG approach. In particular, we have computed the

single-particle spectral functions and that of the four-point

function in the s-channel, see Fig. 2 in Sect. 3 and Fig. 2b

in Appendix B. The results indicate that the scaling regime

is reached for ratios of the pole mass mpole and the clas-

sical coupling λφ with mpole/λφ � 10−2, which signals a

very small scaling regime. This result agrees well with the

respective findings in Euclidean computations.

In the scaling regime, these results also allow us to com-

pute the critical exponent η of the Ising universality class,

see Table 1. We have discussed in Sect. 3.2, how these results

compare to further ones, mostly obtained within the deriva-

tive expansion but also within approximations related to the

one used here.

Further improvements are work in progress, ranging from

the inclusion of the full effective potential to the extension

to the quark-meson sector of QCD with physics-informed

flows, [63,64]. We hope to report on respective results soon.
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Appendix A: Anomalous dimension ηφ

In this Appendix, we provide the relation used for the deter-

mination of the anomalous dimension ηφ defined in (9).

We start with the parametrisation of Ŵ(2)(p) that follows

from (3),

Ŵ(2)(p) = Zφ(p)
(

p2 + m2
pole

)

, (A1)

where we use Euclidean momenta p2. Throughout the deriva-

tion, we use the on-shell renormalisation condition (11), lead-

ing to m2
pole = k2. The on-shell wave function is given by

Zφ = Zφ(p2 = −k2), which can be computed from the

p2-derivative of Ŵ(2)(p),

Zφ = ∂Ŵ(2)(p)

∂ p2

∣

∣

∣

∣

∣

p2=−k2

. (A2)

The t-derivative of (A2) hits both the explicit k-dependence

of Ŵ(2) and the k-dependence of the momentum argument.

This leads us to an explicit expression for ηφ ,

ηφ = 1

Zφ

[

∂

∂ p2
∂tŴ

(2)(p) − 2k2 ∂2Ŵ(2)(p)

(∂p2)2

]

p2=−k2

. (A3)

The second term in (A3) can be expressed in terms of the

spectral representation (14) of the propagator (3). To that

end, we use that

∂2
p2Ŵ

2(p) = (p2 + k2)∂2
p2 Zφ(p) + 2 ∂p2 Zφ(p). (A4)

The first term in (A4) vanishes on-shell with p2 = −k2. For

the second term, we use that

∂ Zφ(p)

∂p2
= − Z2

φ(p)
∂

∂p2

[

1

Zφ(p)

]

= − Z2
φ(p)

∂

∂p2

[

(p2 + k2) G(p)
]

. (A5)
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Fig. 5 Logarithmic derivatives ηρ and ηρ4 at different spectral parameters λ (see (31a) and (31b)) as a function of the pole mass mpole = k. We

extrapolate towards k = 0. ηρ is extrapolated with a parabola and ηρ4 with a fifth-order polynomial. For details, see Appendix D 1. The limit k → 0

is shown in Fig. 7

With the spectral representation (14) of the propagator

and (17) we split the propagator in its pole and tail con-

tributions,

∂ Zφ(p)

∂p2
= −Z2

φ(p)
∂

∂p2

[

1

Zφ

+ (p2 + k2)

∫

λ

ρ̃(λ)

λ2 + p2

]

.

(A6)

The on-shell residue 1/Zφ is momentum-independent. Hence,

the one-particle pole of the propagator does not contribute to

∂p2 Z(p). Going on-shell, we arrive at

∂ Zφ(p)

∂p2

∣

∣

∣

∣

p2=−k2

= −Z2
φ

∫

λ

ρ̃(λ)

λ2 − k2
. (A7)

Note that the pole of the integrand lies outside the support of

ρ̃(λ). Putting these results together, we get

ηφ = 1

Zφ

∂

∂ p2
∂tŴ

(2)(p)

∣

∣

∣

∣

p2=−k2

+ 4k2 Zφ

∫

λ

ρ̃(λ)

λ2 − k2
.

(A8)

The first term in (A8) is readily derived from the spectral form

of ∂tŴ
(2)(p) in (26) with an analytic p2-derivative. How-

ever, (26) also depends on ηφ , and a respective resummation

leads us to the final relation,

ηφ =
−k2 ∂ Dtad

dyn(ω)

∂ω2 + 4k2 Z2
φ

∫

λ
ρ̃(λ)

λ2−m2
pole

1 − k2

2

∂ Dtad
dyn(ω)

∂ω2

∣

∣

∣

∣

∣

∣

∣

∣

ω2=m2
pole

. (A9)

Note that the frequency derivatives can be taken analytically.

For the analytic expressions of the diagrams see Appendix G.

This avoids any instabilities introduced by numerical deriva-

tives.

Appendix B: Scaling of ρ4(λ)

In this Appendix, we discuss the scaling limits of the s-

channel spectral function of the four-point scattering vertex.

The respective numerical results are shown in Figs. 2b and

3b. The first possible scattering is 2 → 2 scattering, lead-

ing to an onset at mscat = 2mpole, as is visible in Fig. 2b. For

small momenta or spectral values, both Ŵ(4) and ρ4 approach

a power law, described by (29b). Notably, both the prefactor

and the exponent of these power laws are independent of λφ .

For very large momenta, the four-point function approaches

its classical limit Ŵ(4)(ω → ∞) = λφ . In turn, the spec-

tral function decays with ω−1, see Fig. 2b. This decay is

produced by the sub-leading one-loop behaviour of Ŵ(4) for

large momenta. The large momentum behaviour entails that

ρ4(λ) approaches the respective one-loop spectral function

for λ → ∞: For illustration we compute the one-loop result

with classical spectral functions in Dfish in (25) with a van-

ishing mass, ρ(λ) = 2πδ(λ2) in (17). Then, Ŵ(4) reduces

to

Ŵ(4)(ω) = λφ

1 + i
λφ

16ω

, (B1)

and the s-channel spectral function ρ4 reads

ρ4(ω) = λφ

16ω
λφ

+ λφ

16ω

. (B2)
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In the scaling limit, the propagator has the form G(p) ∝
(p2)−(1−η/2), (29a). Inserting (29a) into the fish diagram

Dfish in (25), leads us to

Dfish(ω) ∝ (ω2)−1/2+η , (B3)

and the scaling law (29b) for ρ4 with the exponent 1 − 2η.

In Fig. 3b we show ηρ4(λ) for different pole masses

mpole = k together with the one-loop result from (B2), the

back dashed line. Both, the scaling limit for small masses and

λ/λφ � 10−2 as well as the one-loop limit for λ/λφ � 10−2

are clearly visible. Moreover, the scaling limit grows for

smaller pole masses towards λ = 0.

The convergence of the plateau towards the scaling expo-

nent ηρ4 is discussed in Appendix D. In short, ηρ4(λ, k)

converges towards a value η for k → 0 and λ → 0, but

at k/λφ = 10−7, this limit is not reached yet. We extract

the limit η from an extrapolation towards k = 0 and subse-

quently λ → 0. The respective uncertainty informs our error

estimate.

Appendix C: Comment on the critical exponent ν

Equilibrium second order phase transitions are governed by

two independent critical exponents. A common choice for

one of them in RG studies is η. It governs the scaling on the

fixed point and is also computed in the present work. The

other independent critical exponent governs the approach to

the fixed point, and in fRG studies commonly ν is taken, the

scaling of the correlation length,

ξ ∝ m−1
pole ∝ τ−ν . (C1)

Here τ is the external tuning parameter, for example the tem-

perature T , the magnetic field B or simply the classical mass

parameter of the theory. In the fRG approach, a further tun-

ing parameter is introduced, the infrared cutoff scale k. How-

ever, on-shell renormalisation identifies the pole mass with

the cutoff scale (for all regulator functions) and hence we

have ξ ∝ 1/k. This is part of the optimisation of an on-shell

expansion scheme, see the discussion in Sect. 3.2. Hence, it

should be regarded as a feature not a bug. Still, it prevents

the simple access to this critical exponent via the k-scaling.

It can be extracted directly from the scaling with standard

tuning parameters such as T, B. Moreover, it is also hidden

in the flow of the counter term: the counter-term flow imple-

ments the flow of the on-shell renormalisation condition and

hence the map from the standard tuning parameter k to the

trivial on-shell tuning parameter. We shall discuss the extrac-

tion of all critical exponents via physical tuning parameters,

as well as clarifying of the on-shell tuning parameter and the

standard one in a future work.

Appendix D: Extrapolation of η from spectral scaling

Extracting the value of the anomalous dimension η from the

spectral functions is not straightforward. While at the scale

k/λφ = 10−7 the plateaus in Fig. 3 seem to be settled at a

constant value, a more careful consideration of the height

of said plateau as a function of the scale shows that this

is not the case everywhere. Figure 5 shows the evolution of

the logarithmic derivatives ηρ and ηρ4 as defined in (31a)

and (31b) at different points in the respective plateaus.

D 1 Extrapolation towards k = 0

As expected, at k/λφ = 10−7 the value for the logarith-

mic derivative is not fully settled, especially at lower spec-

tral parameters. To extract the limit k → 0 we perform an

extrapolation. We fit a polynomial of degree Nmax in k to the

logarithmic derivative at several spectral parameters λ that lie

in the respective scaling regions. For the fit region we choose

150 points between log10(k/λφ) = −6.25 and −7.

To gauge the quality of the extrapolation, we perform it

with varying polynomial orders. For these fits we extract

the limit k → 0, which is given as the constant coeffi-

cient of the polynomial, as well as its error, which corre-

sponds to the square root of the first entry in the covariance

matrix. Additionally, we compute the reduced χ -square value

(χ2
red). Both are shown in Fig. 6, exemplary for the point

at log10(λ/λφ) = −4.5 in the propagator spectral func-

tion. As can be seen in Fig. 6a, the extrapolation error of

the limit k → 0 of the sliding scale exponent ηρ grows

rapidly for polynomial degrees of Nmax > 2. In addition,

we observe large fluctuations of the respective coefficient

above Nmax � 10. Together with the very small χ2
red value

of ∼ 10−4, these fluctuations are an indication of overfitting.

We conclude that a parabolic fit of the data provides the best

results in limit k → 0. For different spectral parameters, the

Nmax-dependence of the constant coefficient of the polyno-

mial and the χ2
red value is very similar: we find Nmax = 2 to

be optimal. In contradistinction, the best fit of the values of

the logarithmic derivative of the four-point function is given

by a fifth-order polynomial.

We show results of the extrapolation with the optimal order

of the polynomials in Fig. 7. Since we extract the scaling

exponent by fitting a slope to an extended area of the loga-

rithmic derivative of the spectral function, we cannot get the

limit k → 0 with finer spacing in the spectral parameter λ

without neighbouring points being correlated.

For lower spectral values in ρ, numerical errors in the

computation of the spectral functions lead to an increased

error in the logarithmic derivative and thus its limit. This can

be seen in Fig. 7a, where the error grows with smaller spectral

values. For the four-point function, the opposite is the case.

It is computed by integrating over the spectral function of the
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Fig. 6 Dependence of the extrapolation k → 0 of the logarithmic

derivative of the spectral function ηρ on the order Nmax of the polyno-

mial used as fit function. We show the fits for log10(λ/λφ) = −4.5, but

the data sets for different λ show a similar fitting behaviour. Very high

order polynomials lead to highly fluctuating limits with large errors and

very low χ2
red, indicating overfitting. The optimal fitting function is a

polynomial with Nmax = 2

Fig. 7 Limit of the extrapolation k → 0 of the logarithmic derivatives

ηρ and ηρ4 at different spectral parameters λ. In Fig. 5 we show explic-

itly the scaling exponents as a function of k. To get the error at λ = 0,

we extrapolate as explained in Appendix D 2. The scaling exponent of

the propagator only shows signs of convergence in the last three points

while the scaling exponent of the four-point function shows conver-

gence throughout. This makes the error of the limit of ηρ significantly

larger

propagator, so it is numerically more stable and the numerical

errors depend only mildly on λ. This is also visible in Fig. 7b,

where all error bars are of approximately the same size.

D 2 Extrapolation towards λ = 0

Even for the smallest cutoff scale k considered here, the scal-

ing exponents still show a λ-dependence. Thus, to get a value

for the (constant) anomalous dimension, we now have to take

the limit λ → 0.

The last three points of the limit k → 0 of the scaling

exponent ηρ of the propagator spectral function (see Fig. 7a)

show the emergence of convergence, and it is expected that

the values settle into a plateau. The plateau value is obtained

by an extrapolation. For the respective systematic error esti-

mate we consider three different extrapolations: once with

a linear function as fit function, once with a quadratic poly-

nomial and once with a constant plus power law. The three

extrapolations are shown in Fig. 7a. We do not embark on

a full systematic error determination and simply -roughly-

estimate the error by taking the extremal points of the family
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of curves of these functions which still fit through the error

bars.

To get a value for ηρ we take the average of the extrapo-

lated values. This results in

lim
λ→0

lim
k→0

ηρ = 0.101+0.004
−0.028. (D1)

For the scaling exponent of the four-point function, we

use similar extrapolations. Here, however, the whole range

shows convergence. Fitting a constant plus power law shows

good agreement with the data. The extrapolation is shown

in Fig. 7b together with an extrapolation error. This results in

lim
λ→0

lim
k→0

ηρ4

2
= 0.077+0.002

−0.003. (D2)

Since ρ4 is derived from ρ and Zφ , the scaling of the propa-

gator is the only possible source of scaling for the four-point

function. Hence, this value should be interpreted as a mere

cross-check, see also the discussion below (32b). The two

values, (D1) and (D2), agree within their error bars.

Appendix E: Computation of the LPA′ benchmark

In this Appendix, we provide some details on the fixed point

analysis in LPA′, that is used as a benchmark in Sect. 3.2.

The flow of the dimensionless effective potential in the three-

dimensional scalar theory with a CS-regulator is given as

[

∂t − (1 + ηφ)ρ̄ ∂ρ̄

]

u(ρ̄) + 3 u(ρ̄)

= −2 − ηφ

8π

√

1 + µ(ρ̄) − µ̇ct ρ̄, (E1)

where the t-derivative in (E1) is performed at fixed ρ̄. The

field-dependent dimensionless mass function µ(ρ̄) in (E1)

reads

µ(ρ̄) = u′(ρ̄) + 2ρ̄ u′′(ρ̄). (E2)

The dimensionless potential u and field ρ̄ are defined by

rescaling the dimensionful quantities by appropriate powers

of the cutoff scale k,

u(ρ̄) = v(ρ̄) − ρ̄, v(ρ̄) = Veff(ρ)

k3
, ρ̄ = Zφ

ρ

k
. (E3)

Equation (E3) follows the standard fRG convention: the cut-

off term is subtracted from the effective action. Keeping this

standard convention allows for a straightforward compari-

son.

The term −µ̇ct ρ̄ is a part of the flow ∂t Sct of the counter

term action in the renormalised CS-equation (7). The rest

of ∂t Sct ensures the manifest finiteness of the renormalised

Table 2 Anomalous dimension η from the LPA′ computation with the

CS-cutoff for different maximal power ρ̄n in the effective potential

u. (E3)

n 2 4 6 8 9

η 0.1600 0.0829 0.0804 0.0802 0.0802

CS-equation, see [1], while the choice of µ̇ct adjusts for the

renormalisation condition,

∂t Sct ≃ µ̇ct

∫

d3x ρ̄. (E4)

Note also that the standard fixed point analysis uses the CS-

regulator RCS = +Zφk2 in the symmetric phase, despite the

fixed point potential being in the broken phase. Finiteness

in the three-dimensional theory is achieved by studying the

flow of the ρ̄-derivative of u, that is ∂t u
′. This translates into

a flowing counter term action with µ̇ct = 0 in (E1). We note

in passing, that µ̇ct also accommodates flowing renormali-

sation conditions for momentum-dependent regulators, see

[1] which can be used for an optimisation of the convergence

properties of a given expansion.

The fixed point equation for the effective potential follows

from (E1) with ∂t u ≡ 0. Note that the split (E3) into potential

and regulator contribution is necessary for this fixed point

condition. The full dimensionless effective potential v(ρ̄)

includes the trivial running of the regulator term ρ̄. The cor-

responding fixed point equation reads ∂tv(ρ̄) = −(1 + η)ρ̄.

For the iterative solution of the fixed point equation, we use

the Taylor series representation of u within an expansion

about the t-dependent minimum κ ,

u(ρ̄) =
∑

n≥2

λn

n! (ρ̄ − κ)n , (E5)

valid for κ > 0 with

∂u(ρ̄)

∂ρ̄

∣

∣

∣

∣

ρ̄=κ

= 0. (E6)

The λn are the dimensionless and RG-invariant scattering

couplings of the φ4-theory. The classical potential is given

by (E5) with

λ2 = 2

3
λφ, λn �=2 = 0. (E7)

The critical scaling on the phase transition is obtained by

evaluating (E1) on the fixed point u∗ with

∂t u
∗(ρ̄) = 0. (E8)
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This leads us to the fixed point equation

3 u∗(ρ̄) − (1 + ηφ)ρ̄ u∗′
(ρ̄)

= −2 − ηφ

8π

√

s± + µ∗(ρ̄) − µ̇ctρ̄. (E9)

This equation is complemented by the algebraic relation for

ηφ ,

ηφ = 2λ2µ0

λ2µ0 + 8πaη

,

aη =
(

4 + 4
√

1 + µ0 + µ0

(

5 + µ0 + 3
√

1 + µ0

))

,

(E10)

with µ0 = µ(κ) in (E2), evaluated on the solution κ of the

equation of motion (E6).

We have computed the anomalous dimensions η on the

fixed point for different truncations of the effective potential.

The truncation best suited for comparison with the spectral

flow is one where we only used the terms up to ρ̄2 in the

effective potential. To analyse the improvement of the results

with higher orders, we went up to ρ̄9, see Table 2. The results

are discussed in Sect. 3.2.

Appendix F: Technical details and numerics

In this Appendix, we provide technical details on the numer-

ical solution of the spectral flow equation.

F 1 Numerical implementation

The numerical implementation uses Julia [65]. The two-point

function (and therefore the spectral function) was calculated

on a logarithmic momentum grid, which over the course

of the flow was expanded to include lower momenta. To

interpolate the values between the grid points, we used a

third order spline on the logarithm of the computed values

above the onset. The integrals over the spectral functions

were solved using Gaussian quadrature with a logarithmic

substitution, because the prominent features of the spectral

functions were several orders of magnitude smaller than the

integration region. Integrable singularities of principal value

integrals were subtracted and solved analytically.

We solved the flow equation (7), more specifically (26),

using a Runge–Kutta method of third order with a step size

� log10(k/λφ) = 0.005. Flowing in log10(k) allowed us to

keep a constant step size over the whole flow.

F 2 Initial condition

At a sufficiently high renormalisation scale �, we can

approximate Ŵ(2) using perturbation theory. The first rele-

vant diagram is the sunset diagram with classical propaga-

tors and vertices at two-loop-level, since the constant tadpole

is absorbed in the renormalisation condition. Therefore, the

initial condition for the two-point function Ŵ
(2)
� is

Ŵ
(2)
� (ω) = m2

pole − ω2 −
λ2

φ

6

[

Dsun(ω) − Dsun(mpole)
]

,

(F1)

with the sunset diagram on two-loop level

Dsun(ω) = 1

Z3
φ,�

1

(4π)2

[

1

2
log

(

1

(3mpole)2 − ω2

)

− 3mpole

ω
arctanh

(

ω

3mpole

) ]

(F2)

This formula is taken from [6]. To achieve RG-consistency,

and hence avoid potential cusps or discontinuities in the solu-

tion, we use an RG-improvement by computing the initial

residue 1
Zφ,�

iteratively from the sum rule.

F 1 Sum rule

The frequency dependent two point function can be written

as

Ŵ(2)(ω) ≡ k2 − ω2 + �k(ω), (F3)

where �k(ω) is the loop induced self energy. In the deep

IR, the finite numerical precision leads to small, numerical

deviations from the sum rule, which, if not corrected, can

build up to destabilize the flow. To ensure that the sum rule is

always fulfilled, we rescale the spectral tail of the propagator

by a factor

r =
1 − 1

Zφ
∫

λ
ρ̃(λ)

. (F4)

This leads to a change in �k by

�k(ω) →
(

1

r
− 1

)

(k2 − ω2) + 1

r
�k(ω). (F5)

Appendix G: Computation of diagrams

In this Appendix, we derive the analytic expressions for the

diagrams (21) and (25), resulting from the momentum inte-

grations. More details concerning these computations, in par-
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ticular the finiteness and commutativity of the momentum

and spectral integrations can be found in [1,3,6,11].

G 1 Spectral diagrams

Performing the momentum integral in the tadpole dia-

gram (21) leads to

D
dyn
tad (p) =

∫

λ

ρ(λ1)ρ(λ2)ρ4(λ3)Ipol(λ1, λ2, λ3, p). (G1a)

with the analytic result of the momentum integration in

Ipol(λ1, λ2, λ3, p)=
∫

q

1

(λ2
1 + q2)(λ2

2 + q2)(λ2
3 + (q + p)2)

= −1

λ2
1 − λ2

2

[

Ĩpol(λ1, λ3, p) − Ĩpol(λ2, λ3, p)
]

. (G1b)

and

Ĩpol(λ1, λ2, p) =
∫

q

1

(λ2
1 + q2)(λ2

2 + (q + p)2)

Ĩpol(λ1, λ2, ω) = 1

4πω
arctanh

(

ω

λ1 + λ2

)

. (G1c)

The ω dependence in the last line indicates the evaluation

on the real frequency axis. Note, that we use the conven-

tion Im(arctanh(x > 1)) = +π
2

, which corresponds to

approaching the branch cut from above, i.e., the retarded limit

p0 → −i(ω + i0+). Performing the momentum integral in

the fish diagram (25), we arrive at

Dfish(p) =
∫

d3q

(2π)3
G(q)G(q + p)

=
∫

λ

ρ(λ1)ρ(λ2) Ĩpol(λ1, λ2, p), (G2)

with Ĩpol in (G1c). Crucially, the analytic dependence of Ĩpol

on p allows us to evaluate all diagrams in the full complex

frequency plane. All non-perturbative information about the

propagators is then accounted for by the spectral integrals,

which are computed numerically.

G 2 Speeding up the numerical computation of the spectral

integrals

While the representation of the tadpole diagram in (G1) is

perfectly valid, the numerical evaluation of the spectral inte-

grals is the bottleneck of our computation. It is computation-

ally convenient to use a spectral representation of the squared

propagator,

G2(p) =
∫

λ

ρ2(λ)

p2 + λ2
, (G3a)

which is guaranteed to exist, if the spectral representation

of the propagator does. Given the propagator spectral func-

tion (17), the corresponding spectral function of the squared

propagator reads

ρ2(ω) = 2Im[G2(p = i(ω + i0+))]

= 2π

Z2
φ

∂ω2δ(m2
pole − ω2)

+ 4π

Zφ

δ(m2
pole − ω2)

∫ ∞

mscat

dλ
λ

π

ρ̃(λ)

λ2 − m2
pole

− 2

Zφ

ρ̃(ω)

ω2 − m2
pole

−
∫ ∞

mscat

dλ
2λ

π

ρ̃(λ)ρ̃(ω)

ω2 − λ2
.

(G3b)

The last two terms contain no delta poles, and we refer to

them as ρ̃2(ω). This reduces the maximal dimensionality of

the spectral integrands by one. The respective expression for

the tadpole diagram reads

D
dyn
tad (p) =

∫

λ

ρ2(λ1)ρ4(λ2) Ĩpol(λ1, λ2, p). (G4)

The remaining two-dimensional integrals can be further sim-

plified using convolutions. For that, we observe that Ĩpol only

depends on λ1 +λ2 and ω. This allows for the following sub-

stitution:

∫

dλ1dλ2
λ1λ2

π2
ρi (λ1)ρ j (λ2) Ĩpol(λ1, λ2, p)

=
∫

dλ1dν
λ1(ν − λ1)

π2
ρi (λ1)ρ j (ν − λ1) Ĩpol(ν, 0, p)

=
∫

dν

π2
(ρ′

i ∗ ρ′
j )(ν) Ĩpol(ν, 0, p) (G5)

with ρ′
i (λ) = λρi (λ). This reduces the numerical complexity

of the two-dimensional integral to that of two consecutive

one-dimensional ones on separate one-dimensional grids. In

doing so, it arranges for the non-analyticities to be resolved

in only one dimension, significantly reducing the number of

numerical evaluations.

Appendix H: Systematic improvements

In this Appendix, we discuss two straightforward system-

atic improvements of the present approximation: the first
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improvement concerns the effective potential, that has only

been considered here in a low order of the Taylor expansion.

The full effective potential is readily included by a straight-

forward extension of the present approximation, using com-

putational methods that have been already set up and tested

in similar situations. This is discussed in Appendix H 1. The

second improvement concerns the momentum dependence of

the four-point function. In the present work, we used the s-

channel resummation, and lifting it is discussed in Appendix

H 2. Apart from the quantitative improvement, this is also

relevant for obtaining the scaling laws for all momenta and

spectral values on the fixed point.

H 1 Full effective potential and the broken regime

To achieve quantitative precision for scaling exponents, the

resolution of higher order scatterings is crucial, as discussed

in detail in Sect. 3.2. This can be accommodated for by cou-

pling the flow of the propagator to that of the effective poten-

tial. The latter can be treated either by a converging order of

the Taylor expansion around the minimum or by solving the

full partial differential equation for the effective potential. An

iterative scheme for solving the coupled set of momentum-

dependent equations and the flow of the full effective poten-

tial has been set up in [56]. Apart from this simple scheme

we aim to use a comprehensive scheme that builds on the

numerics advances reported on in [50,66–73]. Finally, we

will extend the current analysis to the broken regime, see

[3,11]. We hope to report on respective results in the near

future.

H 2 Momentum dependence of the four-point function

The four-point function only appears in the tadpole-diagram,

which only depends on the momentum configuration

Ŵ(4)(p, q,−q,−p). Here, p is the external momentum and

q the loop momentum. In this specific momentum con-

figuration, the s- and u-channels contribute equally. The

t-channel is evaluated at t = 0 and only contributes

an additive constant in such a configuration. Accordingly,

Ŵ(4)(p, q,−q,−p)only depends on s, u and the angle θ with

cos θ = pµqµ/
√

s t . This angle is integrated over in the loop

integration and hence the angular dependence is averaged

out, for a respective analysis for four-quark scatterings QCD

see [51]. Consequently, we can consider this dependence to

be subleading and, in a first step, resort to a two-channel

approximation with Ŵ(4)(p, q,−q,−p) → Ŵ(4)(s, t).

The inclusion of Ŵ(4)(s, t) improves the quantitative preci-

sion in comparison to the present computation. Moreover, the

constant contribution of the channels shifts the intrinsic scale

of the four-point function to higher momenta. To illustrate

this, we consider our s-channel approximation. Its UV-limit

is given by the classical coupling, as the loop integral decays.

To accommodate for the t-channel contribution in the resum-

mation, we have to replace the classical coupling in (24) by

an effective coupling λeff = λφ +
∫

dk
k

flowconst. The sec-

ond term comprises the diagrams of the flow of the 4-point

function, which do not depend on the s-channel momen-

tum. These terms in the flow are proportional to λ2
φ . The

dimensionality of the four-point function hence requires that

they are roughly proportional to 1/k which is the only other

scale in the theory. This shifts the UV-boundary of the scal-

ing region to higher momenta when integrating towards the

phase boundary at k = 0. In combination with the fine-tuning

of the initial condition, this potentially removes all intrinsic

scales in the computation and allows to approach the uniform

scaling limit. We shall report on these advances in the near

future.
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