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Abstract We study the causal structure of the quark prop-
agator with the spectral DSE. The spectral gap equation is
solved with the input of the spectral representation of the
gluon and a causal STI-construction for the quark-gluon ver-
tex. The latter includes a potential infrared enhancement
of the vertex strength of the classical tensor structure that
accommodates for the physical strength of chiral symme-
try breaking. We find a critical vertex strength, below which
the quark has a Källén–Lehmann representation. While the
nature of the first singularity does not change above the crit-
ical strength, we find that the quark propagator features at
least two additional pairs of complex conjugate poles that
are located approximately at the sum of quark pole mass
and peak position of the quark-gluon coupling. These addi-
tional poles lead to violations of causality, if they persist in
S-matrix elements. While the vertex strength of the classical
tensor structure in full QCD is below the critical one, that
of commonly used vertex models, which rely solely on the
classical vertex structure, is typically above it. Finally, we
discuss how these additional poles could be avoided in full
QCD, where part of chiral symmetry breaking is generated
by the other tensor structures in the quark-gluon vertex.

1 Introduction

The study of dynamical processes in QCD, such as bound-
state formation, transport properties of the quark-gluon
plasma, or the calculation of form factors and scattering
amplitudes, requires access to fully non-perturbative real-
time correlation functions. A direct computation of these
quantities requires non-perturbative approaches to real-time
quantum field theory such as real-time functional approaches
based on Dyson–Schwinger equations (DSE) and the func-
tional renormalisation group. The diagrammatic relations
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in these approaches are governed by the propagators of
the elementary and emergent degrees of freedom. More-
over, in bound state computations, e.g. with Bethe–Salpeter
equations (BSE) or Faddeev equations, the propagators, and
specifically their causal structure, play a pivotal rôle and have
to be used self-consistently. For a respective review, see [1].

In the present work, we discuss the causal structure of
the quark propagator with a focus on its qualitative change
with the interaction strength of the classical tensor struc-
ture in the quark-gluon vertex. In particular, we will show
that beyond a critical interaction strength, the quark propa-
gator features an additional pair of complex conjugated (cc)
poles, qualitatively changing its causal structure. The vertex
strength of the full QCD vertex is safely below the critical
one. Moreover, subject to a spectral representation of the
combination of the gluon propagator and quark-gluon ver-
tex, the quark propagator has no cc poles at all. In contrast,
that of commonly used vertex models typically lies above
the critical one. These additional cc poles are a stable prop-
erty in the latter approaches and are directly related to the
over-enhancement and shape of the Euclidean dressing of the
classical tensor structure that defines the quark-gluon avatar
of the strong coupling. In conclusion, the over-enhancement
of the vertex that is required in the absence of further tensor
structure, see e.g. [2–6], may trigger acausal structures in the
system. In turn, in computations with the full quark-gluon
vertex, the vertex strength of the classical tensor structure is
below the critical one, and part of the full strength of sponta-
neous chiral symmetry breaking is stored in the non-classical
tensor structures. It is suggestive that this combination may
avoid the additional cc poles and the related causality prob-
lems.

Our analysis is done within the spectral Dyson–Schwinger
equation (DSE) [7] for the inverse quark propagator. The gap
equation for the quark propagator is solved with the input
of a spectral gluon propagator [8,9] and a quark-gluon ver-
tex derived from its STI. In particular, this vertex does not
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introduce unphysical poles or cuts in the complex plane. It
is modelled such, that it reproduces the peak position of a
physical quark-gluon coupling in the infrared, and we track
qualitative changes in the causal structure of the quark prop-
agator depending on the strength of the vertex, i.e., the height
of the peak.

In Sect. 2, we introduce the spectral Dyson–Schwinger
equation for the inverse quark propagator and discuss the
causal structure for the input correlation functions. We then
discuss the emerging complex structure of the solution of the
gap equation in Sect. 3. It is evaluated under which conditions
the quark propagator has a Källén–Lehmann representation
and how additional complex conjugate poles emerge when
we enhance the strength of the quark-gluon vertex. Finally,
we argue that our results suggest the existence of a Källén–
Lehmann representation of the quark propagator in full QCD
and discuss the impact on phenomenological applications in
Sect. 4.

2 The spectral quark gap equation

The framework of spectral Dyson–Schwinger equations
allows for a self-consistent numerical computation of the
quark self-energy in the full complex frequency plane. It has
been developed in [7] and put to use in [10–12] for Yang–
Mills theories. For further applications and extensions of the
framework to the functional renormalisation group (fRG)
see [13–16]. Complementary approaches and earlier real-
time computations in a variety of fields with the fRG can
be found in [17–35]. For further real-time computations in
QCD or QED utilising (generalised) spectral representations
see e.g. [36–40], for related work using contour deformations
see e.g. [41–43].

The full inverse quark propagator is uniquely parametrised
by

�(qq̄)(p) = Zq(p)
[
i/p + Mq(p)

]
, (1)

with the quark wave function Zq (p) and the quark mass func-
tion Mq(p). The subscript q of the dressing functions refers
to the light and strange quark flavors l and s respectively.
The (inverse) propagator is diagonal in flavor space, and we
focus on the light quarks with (2 + 1) flavor input in this
work. We use Euclidean conventions for gamma matrices
and momenta, i.e. {γμ, γν} = 2δμν and p2 = p2

0 + �p 2. Real
frequencies will be denoted by ω to distinguish them from
their Euclidean counterparts. The inverse propagator satisfies
a one-loop exact Dyson–Schwinger equation

�(qq̄)(p) = iZ2 /p + Zmmq + �q(p). (2)

Fig. 1 Dyson–Schwinger equation for the inverse quark propagator.
Big blue blobs denote full n-point functions, while classical n-point
functions are represented by small dots with n legs attached. Full prop-
agators are denoted by straight (quarks) and spiralling (gluons) lines

The self energy �q(p) in (2) comprises the quantum fluctua-
tions of the quark propagator, for a diagrammatic representa-
tion, see Fig. 1. The renormalisation constants Z2 and Zm are
the wave function and mass renormalisation constants that
appear in the renormalised classical action. The self-energy
has a diagrammatic representation in terms of full correlation
functions and the classical quark-gluon vertex igsγμ1 with
the gauge coupling gs, and 1 is the unity in flavor and color
space. Then, the unrenormalised self energy takes the rather
simple form

�q(p) = gsC f Z1(iγμ)

∫

q
Gμν

A (q)Gq(p + q)�ν(q, p),

(3)

where we have omitted flavor and color indices as the gap
equation is color and flavor diagonal and the loop integral is

abbreviated as
∫
q = ∫ d4q

(2π)4 . Equation (3) depends on the

full quark and gluon propagators Gq(p+ q) and Gμν
A (q), as

well as the full quark-gluon vertex �ν(q, p). The Casimir of
the fundamental representation C f [SU (3)] = 4/3 and the
vertex renormalisation constant Z1 enters the gap equation
as a prefactor.

2.1 Spectral structure of quark and gluon propagators

We solve the Dyson–Schwinger equation in the full complex
frequency plane by utilising spectral representations of the
full correlation functions involved. This allows for an ana-
lytic computation of the momentum integrals of a given loop
including the renormalisation, and reduces the computation
to a finite spectral one.

The quark propagator Gq(p) has a scalar and Dirac part
with

Gq(p) = −i/p Gd
q(p) + Gs

q(p) = −i/p + Mq(p)

Zq(p)
[
p2 + M2

q (p)
] .

(4)

Both parts have a generalised Källén–Lehmann represen-
tation that also accommodates possible additional complex
conjugate poles and cuts, induced by non-analyticities away
from the real frequency axis. In the absence of the latter, the
spectral representation of the quark propagator takes a very
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compact form [36]

Gq(p) =
∫ ∞

−∞
dλ

2π

ρq(λ)

i/p + λ
, (5)

where the spectral functions of the scalar and Dirac part of
the quark propagator ρ

(s/d)
q are given by the antisymmet-

ric and symmetric parts of the quark spectral function ρq ,

respectively. They are defined via the imaginary part of the
retarded propagator on the real frequency axis as

ρ(d)
q (ω) = 2ω ImGd

q(p0 → −iω+),

ρ(s)
q (ω) = 2 ImGs

q(p0 → −iω+), (6)

with real frequencies ω, and ω+ = ω + i0+ denotes the
retarded limit.

In general, the spectral functions feature delta functions or
peaks with a given width and a continuous part that decays for
large spectral values. The latter part arises from branch point
singularities and continuous cuts and relates to a continuum
of scattering states. The former part originates from isolated
poles, related to (quasi) particle excitations with or without
a decay width. In the following, we choose the Ansatz of a
single pole and a scattering continuum for the quark spectral
functions,

ρ
(d/s)
q (λ) = πR(d/s)

q δ
(
λ − mq,pole

) + ρ̃
(d/s)
q (λ), (7)

which anticipates the following analytic structure of the
quark self energy: firstly, a zero crossing of the real part
of the inverse propagator at the pole mass mq,pole. Sec-
ondly a branch cut starting at λscat ≥ mq,pole, with the addi-
tional constraint that the imaginary part of the mass function
approaches zero for ω → mq,pole. Note, that although the
emergence of complex conjugate poles for certain parameter
values violates the spectral representation (5), the spectral
functions as defined in (6) from the cuts on the real axis,
does not deviate from the pole-scattering split (7). The spec-
tral representation (5) entails the sum rules

∫

λ

ρ(d)
q (λ) = lim

p2→∞
1

Zq(p)
,

∫

λ

λ ρ(s)
q (λ) = 0, (8)

with
∫

λ

=
∫ ∞

0

dλ

π
. (9)

The sum rules (8) can be deduced from the asymptotic
behaviour of the propagator, for details see [10]. Note, that
the mass function Mq(p) decays logarithmically for large
momenta for finite current quark masses, while it decays
polynomially with 1/p2 in the chiral limit. In both cases, the
scalar sum rule in (8) holds true.

For the gluon propagator in (2+1)-flavor QCD, we use
the spectral one obtained with a spectral reconstruction in
[8,9]. In these works, a Källén–Lehmann representation for
the gluon propagator in the Landau gauge was assumed,

Gμν
A (q) = �μν(q)GA(q) �μν(q) = δμν − qμqν

q2 , (10)

with

GA(q) =
∫

λ

λρA(λ)

q2 + λ2 ,

∫

λ

λρA(λ) = 0. (11)

The sum rule in (11) is the Oehme–Zimmermann super-
convergence relation [44–46] in the Landau gauge.

For the generality of the analysis of the causal structure of
the quark propagator done below, it is important to also dis-
cuss the impact of potential cc poles in the gluon propagator,
as they have been observed in multiple reconstructions, see
e.g., [47–49]. In the present truncation for the quark-gluon
vertex, they lead to complex conjugate cuts in the quark self
energy, with an onset located at the sum of the quark threshold
and the location of the cc pole. As the real part of potential
complex poles in the gluon propagator would take a value
related to the gluon mass scale, the associated cc cuts would
be safely away from the quark threshold and their inclusion
would not alter the qualitative behaviour of the quark spectral
function close to the threshold. In conclusion, the structural
results of this work do not depend on the existence or absence
of cc poles in the spectral representation of the gluon.

2.2 A causal quark-gluon vertex

The quark-gluon vertex is the pivotal ingredient in the gap
equation and hence for the dynamics of chiral symmetry
breaking. It has been thoroughly studied in the literature,
see e.g. [2–6,50]. It can be decomposed into twelve Dirac
structures,

�μ(p, q) =
12∑

i=1

λ(i)(p, q) T (i)
μ (p, q), (12)

of which four can be chosen purely longitudinal and hence
do not enter the gap equation in the Landau gauge, for basis
choices and more details we refer to [2,5,6,50,51]. While
we only use the classical tensor structure in the explicit com-
putation, our analysis uses the basis in [51]. We count all
momenta as incoming, and p and q are the incoming gluon
and antiquark momenta, respectively. The dominant trans-
verse structures are given by

T (1)
μ (p, q) = i γμ, T (4)

μ (p, q) = i σμν pν,

T (7)
μ (p, q) = 1

3

[
σαβγμ + σβμγα + σμαγβ

]
k+
α k

−
β , (13)
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where σμν = i/2[γ μ, γ ν] and k± = (p ± q).

While the classical tensor structure is the dominant one,
T (4,7) also have a major impact on the size of chiral sym-
metry breaking. Specifically, the chiral symmetry breaking
tensor structure T (4) plays a sizeable rôle in the generation of
the constituent quark mass in the chirally broken regime. Its
impact on the causal structure will be studied in a forthcom-
ing work, but here we focus on the analytic structure induced
by the overall strength of the classical Dirac structure. Apart
from being the dominant effect and hence deserves to be
studied first, respective vertices have been and are used in
manifold applications in low energy QCD, and are common
place in bound state studies: roughly speaking, in all these
applications one drops T (4,7) and emulates the missing fluc-
tuations by increasing the infrared strength of the dressing
λ(1) of the classical tensor structure.

Hence, we proceed likewise here by only using the first
tensor structure, where we identify the corresponding form
factor with the ghost dressing to capture the UV running and
peak position of the quark-gluon vertex. This dressing can
be inferred by the Slavnov–Taylor identity and resembles
a simplified variant of the Ball–Chiu vertex [52]. The STIs
can also be used to construct a fully gauge-consistent causal
vertex, see Appendix A. For a comparison of STI vertices
with the full ones, see e.g. [6]. The vertex is then given by

�μ(p, q) = i γμλ1(p
2), (14a)

with

λ1(p
2) = η gs(μr )

Zq(μ
2
r )

Zc(p2)
. (14b)

The form factor λ1(p2) contains an additional factor Zq(μr )

with the renormalisation group scale μr for RG-consistency
and a global strength factor η. Note, that the global strength
factor η accommodates two qualitatively different contribu-
tions: firstly, it compensates for the additional terms in the
STI that have been dropped for the sake of convenience and
numerical simplicity in the construction (14b). Second, it
compensates for dropping the fluctuation effects from the
other vertex structures, and in particularT (4,7).For other con-
structions of the quark-gluon vertex in the context of bound
state studies and the Dyson–Schwinger equation, see [53–
64].

With the construction (14), the STI for the quark-gluon
vertex is only satisfied approximately. While this is not a
problem for Euclidean solutions (including the absence of
quadratic divergences), it may leave a trace in the com-
plex structure of the gluon propagator. This is well-known
from QED, where a classical electron-photon vertex leads to
complex-conjugated poles in the photon propagator, while
a WTI-compatible construction leads to a Källén–Lehmann

spectral representation for the photon. A respective analysis
in QCD is work in progress and will be published elsewhere.

In the present work, we use the spectral representation
of the ghost dressing function in (14b). It has been calcu-
lated directly in [11] and this computation reveals its spectral
structure. This facilitates and constrains its spectral recon-
struction from Euclidean precision data, as done in [8,9].
Since the ghost propagator contains a massless pole, the
spectral function has to contain a delta function at zero.
The spectral representation of the ghost dressing function
1/Zc(p2) = p2Gc(p) reads

1

Zc(p2)
= 1

Zc(0)
+ p2

∫ ∞

0

dλ

π

λ ρc(λ)

p2 + λ2 . (15)

While the residue of the massless pole is determined by
the value of the ghost dressing function at zero, the spec-
tral function ρc(λ) can be quantitatively described by a
rather simple functional form as discussed in [11]. The ghost
dressing function and the corresponding spectral function
are shown in Fig. 2b. It enters the gap equation only as
the product of the ghost dressing and the gluon propagator
Ḡ A(p) = GA(p)/Zc(p), with

Ḡ A(p) =
∞∫

0

dλ

π

λ ρ̄A(λ)

q2 + λ2 . (16)

The spectral function ρ̄A(p) is shown in Fig. 2a in compar-
ison to that of the gluon, ρA(p). As input for the gap equation,
we use spectral reconstructions of the lattice decoupling-type
solutions from [9] for the gluon propagator and the ghost
dressing.

We also note in passing, that due to its well-understood
spectral form one may simply use the fitting form of the
ghost spectral function devised in [11]. This can be used
to model the form factor of the classical tensor structure,
although a cautious monitoring of the complex structure of
the model is required for minimising the impact of unphysical
approximation artefacts.

In summary, the STI construction in (14) allows us to
reproduce the form of the quark-gluon coupling in the IR.
This coupling is defined via the exchange process of a gluon
between two quarks projected on the classical tensor structure
of the vertex on the symmetric point,

αs( p̄) = 1

4π

(
λ(1)( p̄)

)2

Zq( p̄)2ZA( p̄)
, p̄2 = 1

3

3∑

i=1

p2
i . (17)

We will use results for (17) from quantitative functional com-
putations in [5,6,51] as a point of reference, as they have been
computed in the renormalisation scheme also employed here:
In our computation, both the gluon and ghost dressings are
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Fig. 2 Input for the spectral gap equation from the reconstructed glue sector

Fig. 3 Couplings αη(p) and light quark dressings Ml (p), 1/Zl (p) for different enhancement factors

fixed by the inputs; see Fig. 2a and b. Accordingly, (17) only
depends on the global strength factor η introduced in (14b)
and the η-dependent quark dressings. To compare against the
physical coupling, we define the respective peak values as

αphys = max
p̄

αs( p̄), αη = max
p̄

αη
s ( p̄). (18)

For the physical coupling, we use the result of the quanti-
tative computation in [51]. The superscript η indicates the
dependence of the coupling used in the present work on the
global enhancement factor η. This dependence comes explic-
itly from the vertex dressing (14b) and implicitly from the
quark dressing function, which we determine dynamically
from the gap equation for a given value of η. We will use the
ratio αη/αphys to quantify the enhancement of the coupling
due to the global strength factor η. The couplings and the

Euclidean quark dressing functions are given in Fig. 3a and
b respectively. In Fig. 3a we show the exchange coupling for
various global strength factors η ∈ {0.553, 0.742, 0.883} in
comparison to the physical value. The corresponding rations
of the peak are αη/αphys ∈ {0.601, 1.038, 1.369}. We note
that the approximate vertex (14) reproduces the qualitative
features of the exchange couplings well, in particular the
peak position: it is located at about ppeak

glue ≈ 0.6 GeV, close
to that of the full solution in [5,6,51]. The physical amount
of chiral symmetry breaking requires a strong enhancement
of the coupling with αη/αphys ≈ 1.4. However, part of this
enhancement is also related to the details of the coupling. For
the total amount of chiral symmetry breaking, it is rather the
integrated coupling that is relevant. This includes in partic-
ular also the steepness of the coupling on both sides of the
peak, which is not captured by our vertex construction.
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Fig. 4 Spectral functions ρ
(d,s)
l of the quark propagator (left), and its mass function Ml for real frequencies (right)

3 The causal structure of the quark propagator

The spectral gap equation is solved numerically with the
input discussed in the last section. Inserting the quark-gluon
vertex (14) in the gap equation (3) and using the spectral
representations of the quark propagator (5) and that of the
scattering kernel GA(p)/Zc(p) in (16), we arrive at

�q(p) = g2
s C f Z1

∫

λq ,λA

λA ρ̄A(λA)ρq(λq)I (λq , λA, p), (19)

with

I (λq , λA, p) =
∫

q

γμ�μν(q)
(−i(/p + /q) + λq

)
γν

(
q2 + λ2

A

) (
(p + q)2 + λ2

q

) . (20)

The loop integral Eq. (20) is computed in dimensional regu-
larisation, and the whole self energy is renormalised within
a BPHZ subtraction scheme,

�ren
q (p) = �q(p) − �q(μr ), (21)

where the subtraction implicitly determines the renormalisa-
tion constants Z2 and Zm in Eq. (2). This procedure not only
removes the explicitly divergent terms of the loop integral
Eq. (20), but also the remaining divergences from the spec-
tral integral. For details on the spectral renormalisation, see
[7] and for the explicit implementation in the present work,
see Appendix B.

The spectral function of the scattering kernel ρ̄A(λ) is
shown in Fig. 2a. Since the vertex dressing does not diverge in
the infrared, the combined spectral function still approaches
zero at the onset of the scattering continuum fast enough and

Ḡ A remains finite at the origin. Moreover, the imaginary part
of both, the Dirac and scalar part of I (λq , λA, p) in (20), con-
tains only terms proportional to either

√
w − λq − λA �(w−

λq−λA) or (ω−λq)
3 �(w−λq), see Appendix B for details.

Consequently, the imaginary part of the self energy vanishes
at its onset with a power law. Hence, the self-consistent iter-
ation converges towards a solution with a first zero crossing
in w − Re Ml(w) that coincides with a vanishing imaginary
part of the mass function. This leads to a real pole as the first
singularity of the quark propagator in the complex plane,
which is discussed in detail in the following Sect. 3.1. In
Sect. 3.2 we complete the discussion of the causal structure
of the quark propagator with that on the emergence of cc
poles, in addition to the real one, for large coupling strength.

3.1 The real pole of the quark propagator

For the evaluation of the qualitative change of the causal
structure, we scan the strength parameter η in the vertex (14)
in the interval [0.553, 0.883]. This corresponds to a relative
coupling strength αη/αphys in the interval [0.601, 1.36941].
Technically, it is convenient to solve the spectral DSE first
for the smallest value of η considered here and use the result
iteratively as the input for the first iteration of the gap equation
for the next bigger η-value.

We exemplify our results for the spectral functions
in Fig. 4a, where ρ

(s,d)
l of the light quarks are shown

(left panel) for two different values of the vertex strength
η = 0.829, 0.872 with different causal structures. These
η’s correspond to relative coupling strengths αη/αphys =
1.245, 1.344. The real pole at w = mpole is indicated by
a delta peak in the spectral functions in Fig. 4a. The cut,
induced by the gluon exchange, starts at the pole, but is van-
ishing there. The imaginary parts of mass function and wave
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function both approach zero at the onset, see Fig. 4b for
the mass function. We would like to emphasise that a real
pole in the quark propagator does not correspond to a phys-
ical, asymptotic particle state that could be observed in the
experiment. For larger values of the spectral parameter, the
spectral functions are predominantly negative. This positiv-
ity violation is necessary for satisfying the spectral sum rules
in (8). In the right panel, Fig. 3b, we show the mass function
Ml(ω) for the larger value αη/αphys = 1.344: the real part
of the mass function crosses the line f (ω) = ω, indicating
the emergence of additional pairs of cc poles, which will be
discussed in Sect. 3.2.

The most prominent common feature of the spectral func-
tions for all tested coupling strengths is the emergence of a
real pole as the first singularity in the complex plane at the
onset of the scattering continuum. Evidently, we cannot draw
fully conclusive statements about the nature of the first sin-
gularity in the complex plane, as the vertex is not computed
self-consistently. Instead, we use an STI-compatible vertex
model. However, the mechanism that underlies the occur-
rence of the real pole is rather generic. It is simply based on
two properties of the product of the gluon propagator and
the vertex, which we expect to hold in full QCD in the Lan-
dau gauge. We shall discuss these properties by comparing
our result with the results of direct real time computations in
the literature: in most cases, including the present work, the
effective quark-gluon interaction is modelled by an effective
gluon exchange that combines the gluon propagator and the
vertex,

GA(q)�μ(p, q) ∝ γμ

αeff
s (q)

q2 . (22)

The first property is the finiteness of (22) in the soft gluon
limit. A singularity such as a pole, a branch-cut singular-
ity, or a logarithmic divergence, signalled by a finite value
of a cut at vanishing gluon momentum, possibly shifts the
first singularity into the complex plane. Previous results that
show a complex first singularity can be found in [41,42,65]
for QCD-like models in four dimensions and [66] in QED3.

While the details of these vertex models differ, the combina-
tion of the gluon propagator and vertex diverges in the soft
gluon limit. In [41,66], the effective coupling αs

eff stays finite
in the soft gluon limit, effectively leading to the implemen-
tation of a massless gluon (or photon) propagator. The same
holds true for [65], where the authors use a similar construc-
tion to that of the present work, only that the dressing function
λ1 is proportional to 1/Zc(p)2. This leads to an αeff

s that is
proportional to the Taylor coupling, which acquires a finite
value on the scaling solution. The confinement term in [42]
even contains a delta function at the origin. In full computa-
tions, the product of the gluon propagator and the vertex stays
finite in the soft gluon limit, see [2–6]. Note in this context,

that this property is fulfilled in full calculations even if con-
sidering explicitly the dynamical generation of confinement
by means of the Schwinger mechanism, see e.g. [67–70],
or the quartet mechanism, see e.g. [71]. We discuss this at
the example of the Schwinger mechanism. There, the confin-
ing mass gap of the gluon in the Landau gauge is related to
the occurrence of a massless bound state in the longitudinal
glue sector of the theory. While this massless bound state is
mirrored in the longitudinal part of the quark-gluon vertex,
the transverse quark-gluon vertex does not contain a pole at
vanishing gluon momentum.

The second assumption that appears to be crucial for our
analysis to hold, is the existence of a Källén–Lehmann rep-
resentation for the product of the gluon propagator and the
vertex. While the standard Rainbow-Ladder kernel [72] does
not have a singularity in the origin, it also does not admit
a spectral representation due to the finite width representa-
tion of δ(q). The latter implements the necessary infrared
enhancement of the vertex but also carries an essential sin-
gularity at complex infinity. The nature of the first singularity
in the complex plane for such models depends on the explicit
parameters and has been studied in, e.g., [43,73], where the
dependence of hadron masses on the position of the first pole
is found to be mild in the latter.

Further studies that link the absence of a real pole to con-
finement, such as [74,75], only deduce the possibility of cc
poles from the positivity violation of the Schwinger function,
which does not rule out a real pole, whereas the reconstruc-
tions in [76,77] indicates the existence of a dominant singu-
larity on the real axis. The scenario of a real pole was also
found in [39] for a vertex model that resembles a massive
gluon with the mass mglue, i.e., where the cut of the quark
self energy starts only at mpole +mglue, different to our con-
struction. Moreover, the authors also report the emergence
of additional cc poles for certain parameter choices, without
giving a detailed analysis of the underlying mechanism.

3.2 Additional cc poles for large vertex strength

Having a real pole established as the first singularity of the
quark propagator in our approximation, we proceed with
the analysis of the remaining causal structure. The current
approximation reproduces DχSB quantitatively, subject to
an appropriate choice of the strength parameter η. The phys-
ical constituent quark mass is obtained for

Ml(0) ≈ 350 MeV, ηconst = 0.882 : αη

αphys
≈ 1.39, (23)

see Fig. 5a. The ratio αη/αphys in (23) is the enhancement of
the peak coupling for a given ηconst. This is a good measure
for the overall enhancement of the vertex strength. We shall
see that in this case the quark propagator has no Källén–
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Fig. 5 Emergence of the complex conjugate poles for larger vertex strengths

Lehmann representation but contains at least two cc poles in
addition to the real one.

In turn, using the vertex strength with the physical peak
height of the coupling, the respective constituent quark mass
is given by

Ml(0) ≈ 60 MeV, ηphys = 0.741 : αη

αphys
≈ 1, (24)

see Fig. 3. This compares well with the solution of the gap
equation by using the full dressing λ(1) in [6] with Ml(0) ≈
80 MeV, the difference can be attributed to the slightly differ-
ent shape of the vertex functions, as the width and ultraviolet
decay of λ(1) have a sizeable impact on the strength of chiral
symmetry breaking. In any case, this illustrates impressively
the importance of the other tensor structures, see e.g. [2–6],
see also the review [1]. The full constituent quark mass is
obtained with the physical vertex strength if also T (4,7) are
taken into account, a rather comprehensive analysis is given
in [6].

In short, while the constituent quark mass is significantly
smaller than the physical one for the physical vertex strength
with ηphys, the corresponding quark propagator has a Källén–
Lehmann representation. This has to be contrasted with the
results for ηconst with the physical constituent quark mass,
where we end up with cc poles.

We proceed by dissecting the emergence of these cc poles,
including a preliminary assessment of the situation and pos-
sible causal structure of the quark propagator in full QCD,
where we take into account the additional tensor structures
of the quark-gluon vertex:

In Fig. 5a, we show the constituent quark mass as a func-
tion of the strength factor η, or rather the respective ratio
αη/αphys. The respective (2+1)-flavor quark-gluon coupling

is taken from [51]. Our computation shows the existence of
a critical value of the vertex strength,

η∗ ≈ 0.846, ←→ αη∗

αphys

≈ 1.283. (25)

For η < η∗, the quark propagator has a Källén–Lehmann
representation, and the physical vertex strength is located
in this regime. For η > η∗, we keep the real pole as the
first singularity in the complex plane, but additional com-
plex conjugated poles emerge. The enhancement of the ver-
tex strength required to obtain the physical constituent quark
mass Ml(0) ≈ 350 MeV in the current approximation is
given by αη/αphys ≈ 1.39 and is deep in the regime with
cc poles. It is indicated by the vertical straight grey line in
Fig. 5a.

It is left to assess the origin of the cc poles, which allows
us to discuss its presence or absence in full QCD. The occur-
rence of the cc poles originates in the analytic structure of
the mass function and is connected to the height and width
of the effective coupling. The peak structure imprints itself
on the imaginary parts of the mass function, see Fig. 4b,
and leads to a peaked structure with zero crossing in the real
part. The cc poles emerge, when the peak of the real part
crosses the line f (ω) = ω, i.e., when Re M(ω) − ω = 0,

see Fig. 5b. In comparison to the computation with a con-
stant vertex dressing in [12], this novel feature is connected
to the non-trivial momentum dependence of the quark-gluon
vertex. This dynamical property shifts the peak of the effec-
tive coupling relevant for the solution of the gap equation to
a more realistic value. The peak position in the full calcula-
tions are approximately 590 MeV for two flavors, see [5] and
670 MeV, [51] for (2+1) flavors. The boundary of the regime
with cc poles certainly depends on the details of the vertex.
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Fig. 6 Propagators in the Euclidean domain for different enhancement
factors. The spectral representation is fulfilled up to the permille level
for all coupling strengths, where the higher enhancement factor already
has cc poles

However, it is dominantly sensitive to the position, width,
and height of the quark-gluon coupling, as these properties
influence the height and position of the peaked structure in
the real part of the mass function significantly. Our results
suggest, that for physical peak position of the coupling in
two- or (2 + 1)-flavor QCD, cc poles are easily introduced
by an enhancement of the vertex.

In summary, it is suggestive that the absence of cc poles
seen for a physical vertex strength in the present approxima-
tion persists in full QCD: the inclusion of the other tensor
structures may change the peak structure of the mass func-
tion, leading to the absence of cc poles. Indications for this
scenario are present in the full vertex solutions, e.g., [5,6].
There, the different momentum running of the dominant cou-
plings λ(4) and λ(7) lead to different peak positions in the
associated effective couplings. Hence, the inclusion of these
contributions might simply lead to a broadened structure of
the imaginary part of the mass function and allows for a larger
constituent quark mass without the emergence of cc poles.
Note, that while we consider the above scenario as the likely
one, we can not make a definite statement about the causal
structure with a full vertex prior to a direct computation. This
matter will be resolved in a forthcoming work, where a com-
putation with the physical quark-gluon vertex with the tensor
structures T (1,4,7) is performed.

We close this section with a discussion of the relevance of
the findings above for existing bound state studies. To that
end, we remark, that the additional cc poles seem to only
have a mild influence on the Euclidean correlation functions.
As can be seen in Fig. 6, the Källén–Lehmann spectral rep-
resentation holds true up to the permille level also for cou-
pling strengths where the cc poles are present in the system.
The two pairs of complex poles have residues of opposite
signs, see Fig. 5b, what leads to cancellations. This is particu-

larly interesting for the applications to hadron physics. There,
most numerical and direct analytical continuation methods
rely on simple causal structures, and the presence of cc poles
could have serious consequences for the validity of expan-
sion schemes or spectral representations. With such applica-
tions in mind, we would like to emphasise, that the cc poles
are, if present, rather far away from the real frequency axis.
Their location is tied to the peak-position of the imaginary
part of the mass function. Moreover, the absolute distance
of the cc poles to the origin is between 0.6–1 GeV or even
larger. This originates in the fact that their location in the
quark mass function is approximately given by the sum of
the quark pole mass and the peak position of the gluon dress-
ing, mpole + ppeak

glue . For applications that do not probe this
region in the complex frequency plane, as for example the
computation of light hadron properties, the effects of these
cc poles may even be negligible.

4 Conclusion

In the present work, we have studied the causal structure of
the quark propagator within the spectral DSE. In contrast to
the previous work [12], we made a significant step towards its
solution in full QCD: instead of a constant quark-gluon vertex
we have used an STI-construction for the vertex, that includes
a fully momentum-dependent dressing for the classical tensor
structure, see Sect. 2.2. This allowed us to study the complex
structure of the quark propagator by solving the spectral gap
equation.

Specifically, we have shown in Sect. 3 that the quark prop-
agator has a Källén–Lehmann representation for the physical
vertex strength of the classical tensor structure, but fails to
generate the correct strength of spontaneous chiral symme-
try breaking. In turn, enhancing the quark-gluon coupling
above the physical value with a factor 1.39 leads to the cor-
rect amount of chiral symmetry breaking. This procedure is
the commonly used one for DSE and bound state studies,
but introduces cc poles to the quark propagator in addition
to the mass like poles that are associated with the first sin-
gularity in the complex plane. The nature of the latter can-
not be answered conclusively without a direct computation
with a fully frequency dependent vertex. However, we have
discussed the relevant properties of common vertex approx-
imations that decide about a real or complex pole scenario
in Sect. 3.1. Independent of the nature of the first pole, our
discussion in Sect. 3.2 reveals that the use of vertex models
with an over-enhancement of the vertex generically lead to
additional cc poles. Importantly, our results also entail that,
although current vertex models used in DSE and bound state
applications lead to cc poles in the quark propagator, the con-
tribution of the latter to the propagator is negligible. Hence,
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effectively the quark still has a Källén–Lehmann representa-
tion.

A dissection of the mechanisms suggests that in full QCD,
the additional relevant tensor structures in the quark-gluon
vertex may lead to the full strength of chiral symmetry break-
ing without the additional cc poles. This assessment is based
on the absence of these cc poles for the physical vertex
strength of the classical tensor structure and the momentum
dependence of these dressings, see e.g., [5]. The full compu-
tation including the additional tensor structures is the subject
of ongoing work, and we hope to report on the respective
results in the near future.
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Appendix A: The spectral STI-vertex

The Slavnov–Taylor identity (STI) of the Quark-Gluon ver-
tex reads

kμ�
μ
q̄q A(k, p) = g

1

Zc(k)
ta

×
[
G−1

q (p + k)H(k, q) − G−1
q (p)H̄(−k, p + q)

]
,

(A1)

with the quark-ghost scattering kernels H and H̄. For a
derivation, see, e.g., [5]. The inclusion of non-trivial scatter-
ing kernels goes beyond the scope of the present work. We
drop it in an Abelian approximation of the STI,H(k, q) = 1,

and only keep the prefactor gta on the right-hand side
together with the overall ghost dressing function 1/Zc(k).
The latter leads to an enhancement of the vertex in the IR. For
a non-abelian computation see [63]. The inverse quark prop-
agators are cancelled by multiplying (A1) from both sides
with the respective quark propagator, also using their spec-
tral representation,

kμGq(p + k) �
μ
q̄q A(k, p)Gq(p)

= gs
1

Zc(k)
ta

[
Gq(p + k) − Gq(p)

]

= −igs
1

Zc(k)
ta

∫

λ

ρq(λ)
1

i(/p + /k) + λ
/k

1

i/p + λ
. (A2)

Equation (A2) admits the simple solution,

Gq(p + k)�μ
q̄q A(k, p)Gq(p) ≈ −igs

1

Zc(k)
taKμ(k, p)(p),

with

Kμ(k, p) =
∫

λ

ρq(λ)
1

i(/p + /k) + λ
(γ μ)

1

i/p + λ
. (A3)

Equation (A3) is unique up to general transverse functions.
For a QED version of this vertex, see [36,37].

Appendix B: Self-energy calculations

In Appendix we collect the results of the momentum inte-
grals for the quark self energy contributions. The momentum
integral (20) has been computed in [12] within dimensional
regularisation, and we arrive at

I1(p, λA, λq) =
∫

q
γ μ �μν(q)(−i(/p + /q) + λq)

(q2 + λ2
A)((p + q)2 + λ2

q)
γ ν

= λq I
(s)
1 (p, λA, λq) + i/p I (d)

1 (p, λA, λq),

(B1a)

with the scalar and Dirac parts of the integrals

I (s)
1 (p, λA, λq) = 3λq

(4π)2

(
1

ε
+ log μ2

r − f0

)
,

I (d)
1 (p, λA, λq) = −1

(4π)2

[(
1

ε
+ log μ2

r

) 3∑

i=0

α1
i + β1

i

i + 1

−
3∑

i=0

(
αi

1 fi + β i
1gi

)]
. (B1b)
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The functions fi and gi are given by the weighted Feyn-
man integrals over the logarithms of the cut function
�(λ1, λ2, x, p2) = x (1 − x) p2 + x

(
λ2

2 − λ2
1

) + λ2
1,

fi =
∫ 1

0
dx xi log

(
�(λA, λq , x, p

2)

)
,

gi =
∫ 1

0
dx xi log

(
�(0, λq , x, p

2)

)
(B2)

and the respective prefactors ai1 and bi1 read in the Landau
gauge

α0
1 = −2, α1

1 = 4 − p2 + λ2
q

λ2
A

, α2
1 = 3p2

λ2
A

,

β0
1 = 0, β1

1 = p2 + λ2
q

λ2
A

, β2
1 = −3p2

λ2
A

. (B3)

The Dirac part of the momentum integral is finite, which
reflects the fact that the one-loop anomalous dimension van-
ishes in the Landau gauge,

3∑

i=0

α1
i + β1

i

i + 1
= 0. (B4)

Note that the loop integral is not finite beyond the one-loop
approximation, and the respective divergence is carried by
the spectral integral. This divergence and the one of the
scalar part are cancelled by the BPHZ-subtraction in Eq. (21),
using the spectral BPHZ-scheme introduced in [7]. Within
this scheme, the renormalised self energy follows as

�ren
q (p) = g2

s C f Z1

∫

λq ,λA

λA ρ̄A(λA)ρq(λq)

×
[

i/p
[
I (s)
1 (p, λA, λq) − I (s)

1 (μr , λA, λq)
]

+ λq

[
I (d)
1 (p, λA, λq) − I (d)

1 (μr , λA, λq)
]]

,

(B5)

with

I (s)
1 (p, λA, λq) = − 3

(4π)2 f0,

I (d)
1 (p, λA, λq) = 1

(4π)2

3∑

i=0

(αi
1 fi + β i

1gi ). (B6)

The inverse Wick rotation is done analytically and the imag-
inary parts of the self energy read

Im I (s)
1 (−iω+, λA, λq) = sign(w)3λq

16π
θ(ω − λA − λq)

ξcut

ω2 ,

Im I (d)
1 (−iω+, λA, λq) = sign(w)

16π

×
[
θ(ω − λq)

(
λ2
q − ω2

)3

2λ2
Aω4

+ θ(ω − λA − λq)
ξcutl1

2λ2
Aω4

]
,

(B7)

with

ξcut =
√

(ω2 − (λq + λA)2)(ω2 − (λq − λA)2),

l1 =
(

λ4
q − 2λ4

A + λ2
Aω2 + ω4 + λ2

q(λ
2
A − 2ω2)

)
.

Appendix C: Numerical implementation

In this Appendix, we discuss the numerical solution of the
spectral gap equation. All numerical calculations have been
carried out in Julia 1.10.4 [79]. Numerical integrations are
based on q-adaptive quadrature (QuadGK.jl) and cubature
rules (HCubature.jl) for one and two-dimensional integrals,
respectively. The computation of the self-energy simplifies
by using its analytic properties and causal structure. In par-
ticular, the Kramers–Kronig relations entail that the real part
of the self-energy is up to a constant given by a principal
value integral over its imaginary part and vice versa. Hence,
we only compute the finite imaginary parts of the self-energy,
see (B5) and, (B7), and use the subtracted Kramers–Kronig
relations,

Re �d/s(ω) − Re �d/s(iμr )

= PV
∫ ∞

0
dt

2t

π

(μ2
r + ω2)Im �d/s(t)

(t2 + μ2
r )(t

2 − ω2)
. (C1)

In (C1) we imposed the Euclidean renormalisation condi-
tion at iμr . For the numerical integration, we use a fixed
but non-linear grid in the variable log10[(w − mpole)/GeV]
in the range [−3, 2]. It is constructed by choosing a grid-
spacing of polynomial form with a cubic and linear term to
achieve a higher resolution around the peaked structure of the
self energies induced by the peak of the effective coupling.
The non-linear transformation of the grid is easily inverted
for applying standard cubic interpolation methods on a lin-
early spaced grid, and we use 400 points in frequency direc-
tion for the imaginary part of the self energy. The numerical
implementation of the Kramers–Kronig relations require an
extrapolation of the imaginary parts beyond the grid points.
A discontinuity of the integrand at the boundaries of the inte-
gration domain leads to a logarithmic divergence of the Prin-
cipal Value integral at the same scale. For the extrapolation,
we use a power-law form. To solve the gap equation, we
have employed a fix-point iteration procedure. For an initial
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enhancement factors η0 = 0.601 with a small size of chiral
symmetry breaking we initialise the iteration with a classical
spectral function

ρq(λ > 0) = πδ(λ − mq), (C2)

and iterate until convergence. For successively larger values
of ηconst, we use the converged solution obtained for the next
smaller value of ηconst as the input. This leads to a rapid
convergence of the iteration scheme and starts the iteration
in the basin of attraction of the chirally broken solution. Using
(C2) in the presence of a large dynamical chiral symmetry
breaking may destabilise the iteration, and we may not start
in the basin of attraction of the chirally broken solution.

The onset of the scattering continuum starts exactly at the
pole mass. Therefore, a mismatch of pole mass and onset
is always present for iteration steps which shift the latter to
higher values. This mismatch is regularised by introducing
a small shift of the imaginary parts of the self energies at
spectral values above the new pole mass. This shift is imple-
mented by cutting off the remnants of the pole at mpole + γ,

where the width γ is given by the absolute value of the imag-
inary part of the mass function on the pole. The final spectral
function is then approached in the limit γ → 0.
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