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The pepper-pot method is a widely used technique, originally proposed for measuring the emittance of
space-charge-dominated electron beams from radio-frequency photoinjectors. With recent advances in
producing high-brightness electron beams via laser-wakefield acceleration (LWFA), the method has also
been applied to evaluate emittance in this new regime. Here, the limitations of this method for measuring
the emittance of LWFA electron beams are investigated, particularly in parameter regimes where the true
beam emittance is overestimated. Conducting an experiment at the JETi200 laser system, we measured an
upper bound for the geometric beam emittance of (26.2 4+ 7.3) pmmrad using the pepper-pot method.
This result is consistent with Geant4 Monte Carlo simulations of the pepper-pot diagnostic, with an input
beam—emittance parameter that matches both PIC simulations of the laser—plasma accelerator and an

independent measurement using the transient optical grating method.
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I. INTRODUCTION

Small source sizes and extraordinarily high-quality
electron beams are fundamental requirements for driving
the new generation of advanced light sources, including
free-electron lasers (FELs) [1-4] and Thomson sources
[5,6] as well as electron-positron particle colliders [7-10].
These applications demand normalized transverse emittan-
ces at the pm mrad level, for example, some FEL facilities
require slice emittances as low as 100 — 200 pm mrad to
achieve optimal performance [11]. An increasingly attrac-
tive alternative to radio-frequency (rf) accelerators for
producing such high-quality beams is particle wakefield
accelerators, including laser-driven plasma wakefield
acceleration (LWFA) [12-15] and particle-driven plasma
wakefield acceleration (PWFA) schemes [16,17]. A laser-
wakefield accelerator generates longitudinal electric fields
with gradients exceeding 100 GV/m, approximately 3
orders of magnitude higher than rf accelerators. This
exceptional capability enables the generation of GeV
beams with normalized transverse emittances below
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0.5zmmmrad [18-20] on a centimeter scale, whereas rf
accelerators require close to 100 m [21].

The quality of electron beams can be characterized by
the brightness parameter B,, as described in Ref. [22]:

B o1 )

enx €n

v

which is a function of the beam current / and the transverse
normalized emittances €, and ¢, in the x and y directions,

respectively.

To achieve a high-brightness beam, one can either
increase the beam current / or decrease the emittance of
the particle beam. In this study, we specifically focus on the
transverse emittance parameter, a critical property of the
beam describing how well the particles are confined within
its transverse phase space. High-brightness beams can be
achieved by methods such as laser-wakefield acceleration
or plasma photocathodes which exhibit brightness above
10" A/m?/0.1% [23,24]. Therefore, accurate methods to
measure the emittance of a beam are required to correctly
determine the brightness of a particle beam.

While scanning methods such as quadrupole and
solenoid scans are widely used to characterize the trans-
verse emittance of electron beams on the order of a few mm
mrad, it is important to note that these methods cannot
provide shot-to-shot information [18,25,26]. They require
multiple shots to construct a complete picture of the beam’s
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emittance, which can be problematic for systems with
significant shot-to-shot variations.

In contrast, single-shot techniques such as transverse
deflecting structures [27-33], Shintake monitors [34,35],
and laser gratings [36,37] can capture emittance informa-
tion for each individual electron bunch, making them more
suitable for characterizing beams with high variability or
for applications requiring real-time feedback. However,
these methods introduce additional complexity to the
emittance diagnostics, such as requiring extra magnets
and optics in the setup.

To enable real-time measurements while minimizing
diagnostic complexity, the pepper-pot (PP) method has
been used for evaluating the emittance of laser-wakefield
acceleration (LWFA) beams. Its simplicity lies in requiring
only a single pepper-pot mask, typically a few square
millimeters in size, placed in the beam path of the experi-
ment, with a scintillating screen positioned a few tens of
centimeters downstream of the PP mask [38-42].

Initially, the pepper-pot method was primarily designed
and extensively utilized to characterize the phase space of rf
photoinjectors. These photoinjectors typically feature elec-
tron beams with a few-MeV energy and a large beam waist,
resulting in low divergence [43—46]. Such beams are often
dominated by space-charge effects.

The propagation of an electron beam can be character-
ized as either space-charge-dominated or emittance-domi-
nated. To classify the regime, we can compare the terms of
the root mean square (rms) beam envelope equation in a
drift space [22,45,46],

, €2 1

o, = + ,
* 725x 7310(0,\: + 0}')
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where / is the peak beam current, I, = 17 kA is the Alfvén
current, €, is the normalized emittance of the beam, and o,
and o, are the rms beam waist, also known as the source
sizes, in the x and y directions.

By taking the ratio R of the two terms on the right-hand
side of Eq. (2), and assuming a round beam, i.e.,
0y = 6, = 0, we obtain [45],

=2 ®
0Y€n

which can be used to determine whether the electron beam
is space-charge- or emittance-dominated.

A beam is said to be space-charge-dominated when its
ratio R > 1. Beams generated by rf photoinjectors, for
example, easily fall into this category due to their diver-
gence of a few mrad, energy of about 5 MeV, and typical
rms waist sizes of approximately 0.5 mm [47]. In contrast,
LWFA electron beams [48,49] can achieve higher energies
in the order of hundreds of MeV and beyond at the output of
the first stage, with much smaller beam waists on the order

of a few pm while maintaining their divergence similar
to radio-frequency- accelerated beams of a few mrad.
This combination of parameters leads LWFA beams to
have an R ~ 0.07 < 1, indicating that they are emittance-
dominated.

In this work, we investigate the properties of the pepper-
pot method for diagnosing the emittance of laser-accelerated
electron beams, focusing on how accurately it can infer the
beam’s transverse emittance and waist. We also investigate
the range of applicability of the pepper-pot technique in
inferring the emittance of LWFA electron beams.

The paper is organized as follows. We briefly introduce
the theory of beam emittance in Sec. IT A and the pepper-pot
mask technique in Sec. II B. We then benchmark the pepper-
pot method using Monte Carlo simulations in Sec. III and
show the limitations of the method in Sec. IV. Next, we
present experimental results in Sec. V that support our
findings. Finally, we end with conclusions in Sec. VI.

II. THEORY

In this section, we briefly introduce the definition of
beam emittance and then the theory that underlies the
method used to estimate the rms emittance using pepper-
pot masks.

A. Beam emittance

The emittance of a beam is defined as its volume occupied
in phase space. For a beam without accelerating forces
acting upon it, the emittance remains constant during its
propagation (assuming ideal magnets and quadrupoles and
neglecting radiation reaction). This conservation follows
from Liouville’s theorem, which states that phase space
density is preserved in Hamiltonian systems with
conservative forces. Ideal magnetic elements satisfy this
condition because magnetic forces are always perpendicular
to the particle’s direction of motion. Since perpendicular
forces perform no work on the particles, they can only
change the particle’s direction, never its speed or energy,
clearly making the system conservative. Neglecting radia-
tion reaction is crucial because radiation emission would
introduce energy loss and nonconservative forces, violating
the conditions required for emittance conservation.

Let us consider the electron beam propagates along the z
axis and restrict the discussion to one transverse spatial
dimension. The transverse phase space ellipse of a particle
beam can be expressed by the symmetric beam matrix:

2 /
X xx
o = < ,> < /2> , (4)
() ()
such that (u'e~'u) =1, with the particle’s coordinate
vector u = (x,x"), where x represents the particle’s posi-
tion, x' denotes its divergence, and the notation () repre-

sents the average of the quantity within the brackets.
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The phase space area is bounded by the density dis-
tribution of the particles ¢(x,x') = o(u' 6 ' u),

(X2)x2 = 2(xx)x x' + (x2)x”

2deto ’

(&)

o(x,x") xexp |—

assuming a Gaussian distribution. The 1/7 area occupied
by the distribution above in Eq. (5), i.e., the rms emittance
of the electron beam, is then defined as

€2 = dete = (x?)(x?) — (xx')? = 62 62, (6)

defining the rms source size o, = /(x?) and divergence

0, = /(x”?). The subscript x denotes the transverse axis
along which the beam waist and divergence are evaluated.
The approximation in Eq. (6) of neglecting the correlation
term (xx’)? is applicable to the laser-plasma accelerator
used in this work, as its value is more than 2 orders of
magnitude smaller than the leading term (x?)(x’?) at the
plasma-vacuum interface, as shown by our particle-in-cell
(PIC) simulations (see Appendix A for details) under the
experimental conditions of the plasma-accelerator stage as
shown later in Sec. V.

An ideal beam, often called quasilaminar, consists of
particles traveling at very small transverse angles relative to
the beam axis, with trajectories that do not intersect. Such a
beam occupies minimal area in phase space and thus
exhibits very low emittance.

On the other hand, a broadband particle beam is
composed of particles with different energies and, con-
sequently, the rms emittance given in Eq. (6) does not
remain constant throughout the propagation of the beam
due to the chromatic emittance growth [50,51]. To account
for such effect, one can normalize the rms emittance given
in Eq. (6) with respect to the energy of the particles within
the beam, here represented by the average Lorentz factor
(y) of the particles. The normalized emittance ¢, is then
evaluated as [52]

& =02 (E) e ran) o

where the term o5 /FE is the energy spread of the beam,
given as

() - )= prr .

E (r)?

As the beam envelope is assumed to be at its waist at the
plasma-vacuum interface, its transverse size increases due
to free expansion during subsequent drift [52]. Hence, for a
sufficiently long propagation length in vacuum after the
beam exits the plasma, one can express Eq. (7) as [50,52]

a-0r|(%) drea) O

where the dependence on the drift length L is now
explicitly included, such that the average rms beam size
is given by (x?) =@2L? and the average rms beam
divergence as (x”?) = 6-.

B. The pepper-pot mask technique

The pepper-pot method was initially developed to
diagnose space-charge-dominated beams by transforming
the beam into beamlets that possess sufficient charge but
are not significantly defocused due to space-charge effects,
i.e., emittance-dominated beamlets. The pepper pot con-
sists of a high-density material with a grid of holes or slits
oriented perpendicular to the propagation axis of the
electron beam. This mask samples the test electron beam
into smaller, emittance-dominated beamlets, which then
propagate toward a scintillation screen positioned down-
stream. The screen is then imaged using a high-resolution
imaging system. Finally, the emittance of the electron beam
is determined by analyzing the sizes and positions of the
beamlets, as well as the hole diameter, pitch, and alignment
of the mask in the experimental setup, following the
mathematical framework introduced in Ref. [53].

In this section, we briefly introduce the method and
algorithm that we use to reconstruct and retrieve the rms
emittance of the test electron beams utilizing pepper-
pot masks.

1. Pepper-pot mask design constrains

The defining properties of a pepper-pot mask are the
diameter d of the holes, the distance pitch A between their
centers, the mask thickness Az, and its high-Z material. The
material of the mask should be selected such that the
particles propagating through it are absorbed or scattered at
large angles; for example, tungsten, which has a high
stopping power. The thickness Az of the mask must be
chosen such that it is larger than the radiation length of the
material used, Az > X,. The radiation length X, is approxi-
mated as [45,46],

E E (MeV)
Xyg=-—=~ , 10
0 1.5(MeVem? g Hp (g/cm?) (19)

T dE
dz

where E is the energy of the incident beam, and p =
19.3 g/cm? is the density of tungsten.

The next design rule regards the distance in which the
screen should be placed downstream from the mask, L g;s.
To avoid overlap between the beamlets on the screen, the
distance Ly should be chosen such that the condition
40, Lysr < A s fulfilled [45].

Finally, the imaging system of the electron beam
diagnostic should be capable of resolving the angular
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spread of the beamlets on the screen. Therefore, the
position and angular resolution of the imaging system
should be comparable, 6,/A = L0,/ r;, Where o, stands
for the size of the beam and r; is the resolution of the
imaging system given in um/pixel.

These conditions are easily fulfilled for RF photoinjector
beams, which typically have beam waists around 0.5 mm
and an rms divergence of the same order of magnitude,
approximately 0.5 mrad. For instance, such beams have
been adequately sampled by pepper-pot masks with
d =100 pm, A =200 pm, and a screen placed approx-
imately 60 cm from the mask [46].

In contrast, LWFA beams hardly satisfy all these design
criteria simultaneously. Consequently, the precision of the
emittance measurement of LWFA electron beams is an
open question. In the following sections, we investigate the
pepper-pot method with respect to LWFA parameters and
show the limitations of the method in resolving the
emittance of this class of electron beams.

2. Evaluating the beam emittance

After the interaction of beamlets with the screen, the
emitted scintillation light is imaged, and the signal is
integrated over the x and y axis. The integrated signal is
then used to evaluate the rms emittance of the electron
beam by applying the following equation which uses the
second central moment of the particle distribution (x2),
(x"?), and (xx) previously introduced in Eq. (6) [40,53],

g[St
[ZI: 0% + —x)z]]
S

2
[ —Nxx] }, (11)

where N = Zf:l n;, with n; is the number of electrons
propagating within the jth beamlet, and p as the total
number of beamlets. Furthermore, x; is the centroid
position of the jth beamlet (in the slit plane, i.e., the
location of the jth hole), and x = Y7 1 X x;/N is the mean
position of all beamlets. The rms divergence of the jth
beamlet is given by ¢’ v x; = (Xj = x;)/Lasg is the mean
divergence of the ]th beamlet, where X; is the mean
position of the jth beamlet on the screen, here determined
by the mean value of the Gaussian fit to the beamlet with
rms size of Obeamlet,» and X’ is the mean divergence of all
beamlets.

The angular spread contribution exclusively from the
emittance of the beam, 6/2 must be deconvolved in
quadrature from the beamlet distribution as [40,46]

(dM/\/—)

2
L drift

n abeamlet
o, —
Y

(12)

where the term (dM/+/12) is the rms of the magnified
beamlet diameter when considering it being a transversal
flattop distribution, where M = 1 + Lgyg/ Ly, is the geo-
metrical magnification constant, with Ly, as the distance
between the source and the mask and L 45 as the distance
between the mask and scintillation screen (detector posi-
tion). The term Obeamlet, is given by the measurement of the

rms size of each beamlet at the scintillation screen during
the experiment.

III. TESTING THE PEPPER-POT METHOD

Now that we have specified the design parameter for the
pepper-pot mask and the procedure for calculating the
beam rms emittance, we use Monte Carlo simulations to
benchmark the emittance evaluation, enabling us to later
investigate the limitations of the method.

A. Geant4 simulation setup

To evaluate the method and identify its limitations—with
an emphasis on parameters typical of LWFA beams—we
conducted Geant4 Monte Carlo simulations [54-56] to
generate synthetic data used to retrieve the emittance
and compare it with the input beam. The choice of
Geant4 for simulations is motivated by the need to accurately
model the diagnostic response under experimental con-
ditions. This includes not only the electron beam signal at
the scintillation screen but also background contributions
from scattered particles and x-rays, which can influence
both the signal and data analysis. Particle codes such as
PARMELA, GPT, OPAL, and ELEGANT [57-60] are unable to
account for secondary particles generated by interactions
between electrons and the high-Z material of the pepper-
pot mask.

The parameters for the simulation are derived from the
experiment, with Ly, = 181 mm and L4z = 1269 mm.
The geometrical magnification of the experimental layout is
therefore M = 1 + 1269/181 = 8. Several virtual screens,
used for numerical evaluation only, were placed throughout
the simulation volume to record the parameters of the
propagating electrons.

A total of 3 x 10% primary electrons were generated at
the source point, with parameters equivalent to those
analyzed in the LWFA experiment and PIC simulation,
both discussed later. Consequently, the energy spectrum of
the primary beam in the simulations was characterized by a
Gaussian distribution, with a mean energy of 72 MeV and
an rms value of 6y = 50 MeV, corresponding to an energy
spread of approximately (oy/E) ~52%. Additionally,
the rms divergence of the electron beam was set to
0, = 1.85 mrad. These parameters remained constant

022801-4



LIMITATIONS OF EMITTANCE AND SOURCE SIZE ..

PHYS. REV. ACCEL. BEAMS 29, 022801 (2026)

throughout all simulations presented here, while the emit-
tance of the beam was varied by varying the source size.

The pepper-pot method was tested numerically by
calculating the emittance using the parameters obtained
from recorded electrons (position, momentum, and energy)
at the virtual screen positioned at the same position as the
experimental detector screen. The electrons that propagated
through the scintillation screen were binned with a reso-
lution of 18 pum/pixel, similar to the experiment. The
baseline, visible in the integrated signals, was removed
to enhance the signal-to-noise ratio. This background was
caused by large-angle scattered particles and x-rays pro-
duced via bremsstrahlung in the mask.

Finally, an algorithm for calculating the rms emittance
using Eq. (11) was applied to the baseline-corrected
integrated signals. The emittance was then retrieved
through the following steps: (i) identification of peaks
representing the centers of each beamlet signal; (ii) fitting
individual Gaussian distributions to each beamlet signal
and using their respective values of 7; and Gpeqmiej; and
(iii) calculation of the deconvolved beamlet angular spread
6; , using Eq. (12); and (iv) evaluation of the rms emittance

of the beams using Eq. (11).

The common approach of fitting a Gaussian distribution
[40] presumes that the size of each beamlet on the screen is
dominated by its emittance, i.e., that the beamlet size is
much larger than the point projection image of the hole.
Note that if the signal at the screen is integrated vertically,
i.e., in the y direction, the emittance evaluated corresponds
to the emittance in the x direction. Similarly, integrating the
beamlet signal in the x direction results in the emittance in
the y direction.

B. Beam emittance for various source sizes

With the simulation setup and parameters established,
multiple simulations were conducted for various source

sizes but constant beam divergence, leading to different rms
emittances. Additionally, masks with various hole diameters
were employed to evaluate the performance of the pepper-
pot method. The rms emittance of the primary electron beam
in the simulations was altered solely by modifying the
beam’s source size. The beam’s emittance was then inferred
using the algorithm steps described above.

The simulation results for two different geometries are
shown in Fig. 1. The left panel compares the input
emittance of the primary electron beam in Geantd, € ins
with the calculated emittance €, Obtained from the
simulated beamlet projections on the virtual screen using
the algorithm in Sec. IIT A, for a pepper-pot mask with a
120 pm hole pitch with hole diameters of 20 — 50 pm in
steps of 10 pm. The center panel shows the same com-
parison for a mask with a 150 pm hole pitch.

The calculated emittance values can be fitted well by
using the following model function:

€§ns,calc = 920)26 + €gms,in ~ (Q2 + 6)26)6)2(7 (13)

as also depicted in Fig. 1. Here, €,,;, = 6,0,, where the
divergence 6, is given in mrad and the source size o, in pm
as in the emittance definition in Eq. (6). The constant
parameter Q depends only on the geometric parameters of
the experiment, as we will examine in the next section. The
best fit values of the € parameters for the different curves in
Fig. 1 are provided in Appendix B.

From the simulation results, three regions—labeled I, II,
and III—can be identified in each plot in Fig. 1. Region I
occurs at low-emittance values (<10 pm mrad), where the
beam emittance is no longer resolved, leading to an
overestimation of the true value. Region II appears at high
emittance values (>35 pmmrad), where the emittance is
underestimated. Region III lies between these limits, where

- 7]

3 (a)Pitch = 120 pm (b) Pitch = 150 um ¢ (c) Pitch = 150 um (close-up) %

— / ™ 20<

€ 60 7 vu.| 60] .

g pAIRE *

= (I Ys.ve ! 154 |

£40 RN 40 5 i

w 101

gl 1]

8 20 20 Mask Hole Diameter

r—; Mask Hole Diameter Mask Hole Diameter 51 7 B 20pm K ggnltnrqnbra

o m 20um e 40pum m 20pum e 40pum vl 50 pm 50 um

r_u ¢ 30pum 50 pm 5 & 30 pum 50 um s ® penumbra

O . ; < . : ; < - . . :
40 60 20 40 60 5 10 15 20

Input €rms (UM mrad)

Input €rms (UM mrad)

Input €ms (UM mrad)

FIG. 1. Calculated emittance from Geant4 simulations for pepper-pot masks with pitches of (a) 120 pm and (b) 150 pm across different
hole diameters. Panel (c) shows results from the penumbral deconvolution method for the 150 pm pitch at low emittance. Uncertainties
were below 5% and thus omitted. Curves following €7« ... = Q%63 + €2 were fitted to the data, with the black dashed line marking
the diagonal. The fitted values of  are shown in Appendix B. Additionally, region I marks where the emittance is overestimated, region

IT where it is underestimated, and region III where it is recovered with less than 10% error from the input rms emittance.
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the source size is accurately retrieved. These regions are
discussed in detail in the following sections.

IV. LIMITATIONS OF THE
PEPPER-POT METHOD

Based on the benchmark simulations presented previ-
ously in Sec. III, this section investigates the limitations of
the pepper-pot technique. The simulation results in Fig. 1
can be divided into three different regions, each of which is
analyzed in detail in the following subsections.

A. Challenges of resolving low-emittance values

In the first region of interest in Fig. 1 (region I), the
angular spread of the beamlets is dominated by the point
projection of the mask’s holes. The finite source size is
visible in the penumbral broadening of the individual
beamlets on the screen as seen in Fig. 2. Consequently,
the Gaussian distributions fitted to each beamlet are poorly
matched to the beamlet shape. The data analysis method
previously mentioned in Sec. IIB2 then incorrectly
assumes the angular spread oy, to be due to emittance
only and returns a value comparable in magnitude to the

term (dM/+/12) given in Eq. (12). Hence, the angular
spread inferred by the Gaussian fit tends towards a constant
(sometimes even a negative) value. With an increase in
beam waist, the Gaussian fit returns a good estimate of the
beamlet angular spread, as the spread due to emittance now
exceeds the point projection contribution. This issue is
illustrated in Fig. 2, where various Gaussian fits on
beamlets from different source sizes but with fixed diver-
gence are shown. For small source sizes, i.e., 6, < 10 pm,

Orms = 0.1 pm Orms = 1.0 um

~12
210
2

508
0 0.6
So4
=

502
1S

Eoo

Orms = 10 pm Orms = 25 ym

~12
21.01(c) (d)
2

508
0 0.6
So4
E=

502
€

Eoo

7

—400 —200 0 200 400
Beamlet size at screen (um)

400 -200 0 200 400
Beamlet size at screen (um)

——— Simulated single beamlet = = Gaussian fit + Penumbral convolution

FIG. 2. Comparison of the fit model for the beamlets depending
on the source size of the electron beam. Gaussian fit (red dashed
line) and penumbral convolution (blue dotted line) between a
Gaussian source and the mask holes fitted to the simulated

beamlet image (solid gray line) for various beam waists o,y
while maintaining a fixed beam divergence of 1.85 mrad.

the Gaussian fit does not represent the data well, and the
value of the deconvolved angular spread in this range
is ~60 prad.

In the absence of scattering, the integrated shape of
beamlet i(x), as imaged during the experiment, can be
accurately described by an integral over the transverse axis
(here, the y direction) of the two-dimensional convolution
of the source with the hole and the imaging system, as
described in [61,62]:

i(x) = /h(x, y) *s(x,y) * PSE(x,y)dy,  (14)

where s(x, y) represents the source distribution before the
pepper-pot (PP) mask, assumed to follow a Gaussian profile;
h(x,y) describes the hole geometry; and PSF(x,y) is the
point spread function (PSF) of the imaging system.

One can deconvolve the signal i(x) to obtain s(x, y) using,
for example, Wiener filters [61], or by solving a minimi-
zation problem to fit the best source size, assuming that the
source function follows a Gaussian distribution. We opted
for the latter method, which we will demonstrate later.

In our case, the function i(x) is obtained by integrating the
signals of the beamlets on the screen. The function A (x, y) is
assumed to be a top-hat function representing the magnified
hole of the mask, and the PSF is determined through
calibration of the imaging system. Here, we assume a
Gaussian-like PSF with an rms value of 6, ~ 6 pm.

The results of the analysis performed for source sizes of
0.1 and 1.0 pm are shown in Figs. 2(a) and 2(b). From these
results, we observe that the convolution provides a better fit
instead of a Gaussian function. Consequently, the inferred
source sizes o, for these small emittance beams are also
reduced, as seen in Fig. 1(c).

When analyzing the Geant4 simulation results using the
alternative method of the penumbral convolution, the
constant parameter Q given in Eq. (13) is reduced from
values between 3.3 and 4.5 pm to smaller values: Q=
2.0 pm for the pepper pot with a hole diameter of 50 pm,
and ~0.9 pm for the pepper pot with a hole diameter of
20 pm. Therefore, despite reducing the calculated emit-
tance obtained by applying the deconvolution method to
the penumbra of the beamlet projected onto the screen, the
pepper-pot method still fails to resolve very small emittance
values.

Hence, as the beam emittance of the input electron beam
decreases such that e, ;, — 0, the minimum calculable
rms emittance approaches € cac & 6,, where Q can be
obtained from Eq. (14) as

2 1 LSP 2 2 2
@ =5l (d* + 0%y). (15)
rift

which is a constant determined solely by the geometric
parameters of the experiment. The factor 1/12 arises from
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the rms width of a top-hat function representing the hole and
the PSF. For geometric magnifications M > 1 and d > o,

Eq. (15) can be approximated as Q ~ d/(v/12M).

For the Geant4 simulation parameters used in this work,
the minimum achievable € ¢y With a mask of 150 pm
pitch is approximately 1.6 pm mrad for a hole diameter of
20 pm, and 3.8 pmmrad for holes of 50 pm diameter.
These values agree with those obtained from the fit
functions of the deconvolved data using the penumbral
method as shown in Appendix B.

To mitigate the limitations of the pepper-pot method in
resolving small emittance values, several options can be
considered. For example, one could reduce the pitch
distance or the diameter of the mask holes. However,
reducing the hole diameter decreases the number of
particles propagating through it, making it challenging to
achieve a signal-to-noise ratio at the screen much greater
than one. In addition, this presents challenges with the
current technology available for machining tiny holes in
pepper-pot masks. The common method involves laser
drilling, which is limited by the thickness of the mask in
terms of the hole diameters it can produce. If smaller holes
are required, the thickness of the mask must also be
reduced. However, reducing the mask thickness results
in fewer electrons being scattered at larger angles or being
stopped, leading to increased background noise that can
reduce the accuracy of the emittance measurement.

Another possible solution is to increase the setup geom-
etry distances so that the ratio (L, ) is small enough to
minimize the parameter €, regardless of the pepper-pot hole
size and the imaging system response. However, in doing so,
the pepper-pot mask cannot be placed too close to the LWFA
target to prevent damage from the laser beam, and the
diagnostic screen should not be positioned too far from the
pepper-pot mask to ensure a high signal-to-noise ratio of the
beamlets. This results in an excessively long setup, making it
impractical due to the large distances involved.

For example, for our electron beam with a divergence of
1.85 mrad, measuring emittances below 1 pmmrad, i.e., a
constant of Q < 0.54 pm, would require, assuming the
pepper-pot mask design and imaging system characteristics
remain unchanged and the distance Ly, is fixed at about
180 mm to avoid laser damage to the pepper-pot mask, a
minimum drift length of 4873 mm. This large drift length,
required to detect such low emittance, defeats the purpose
of using the pepper pot for compact diagnostics.
Additionally, the signal-to-noise ratio, assuming a constant
beam charge, would be reduced by a factor of approx-
imately 12, making it more difficult to detect the beamlets
on the scintillating screen.

B. Underestimating large emittance values

For values above 35 pmmrad, the emittance values are
underestimated for large source sizes, as identified as
region II of the plots in Fig. 1. The reason why the method

fails to infer correctly the emittance values in this region is
better understood by examining the trace space of the beam
after its interaction with the mask and at the detection plane,
as shown in Fig. 3.

The sampling of the beam into beamlets in the pepper-
pot mask is represented by the trace space shown in Fig. 3.
As the beamlets propagate from the mask to the detection
screen, the trace space of each individual beamlet rotates,
and the beamlets rapidly spread due to their angular
divergence. As the overlap intensifies, the baseline of
the integrated signal (in the angular direction) also elevates,
since the beamlets now start to overlap each other,
diminishing the signal-to-noise ratio of the individual
beamlets during postprocessing of the data. The beamlet
overlap can be minimized during data evaluation through
the implementation of baseline correction. However, apply-
ing baseline correction during data analysis also reduces the
height n; and rms spread Obeamlet, of the beamlets, resulting
in an underestimation of the calculated emittance
using Eq. (11).

To effectively mitigate these overlapping effects, a larger
distance between the pepper-pot holes A can be utilized.
A comparison between the integrated signal obtained from
different masks with pitches of 120 and 150 pm is shown in
Fig. 4. For the simulations employing a large pitch distance
in the pepper-pot, the beamlets for large source sizes have a
reduced overlap (see the right panel of Fig. 4), contrasting
with the integrated signals of the smaller pitch pepper-pot
mask shown in the left panel of the same figure. This
improvement is also noticeable in the results depicted in
panels (b) and (c) of Fig. 1. Increasing the pitch distance
of the pepper-pot mask reveals that the region where
overlap occurs is situated at higher emittance values, in
our case above 35 pmmrad. Consequently, the method
becomes capable of characterizing a broader range of beam

After the pepper pot

: 102 -
B 2
_

g 0 0
= 100 <
@ S
-3 S
o

— 100

-05 0.0 05 1.0
x-position (mm)

-1.0

FIG. 3. Simulated trace space of an electron beam with a 40 pm
source size and a beam emittance of 74 pm mrad [from Fig. 1(a)]
after its interaction with a pepper-pot mask with d = 50 pm and
A = 120 pm. The trace space of the beam is sampled in beamlets,
and background noise arises due to electrons that are scattered at
large angles.
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FIG. 4. Integrated signals (summation over the y axis to
investigate €,) from simulation results of the beamlet signal at
the screen for a pepper-pot mask with a hole diameter of 50 pm
and a A = 120 pm (left) and 150 pm (right). The increased pitch
size A leads to a lower overall baseline.

emittances. This adjustment in the pepper-pot mask design
enables the method to diagnose beams with large emittan-
ces and source sizes.

To determine the minimum pitch distance to avoid
overlap on the screen at the 1/e level of the angular
spread of the beamlets, a modified version of the condition
given in Ref. [63] can be used:

A> \fz[zam <1 —ﬁ> + d], (16)

drift

where d is the hole diameter of the mask, and o, is the
source size of the electron beam. The condition given in
Eq. (16) depends on the distance between the electron beam
source and the mask, L, and the screen distance from the
pepper-pot, Lg.s. For larger distances of Lggg, the pitch

between the mask holes should also be increased. The /2
term arises from the conversion of a top-hat function to the
beam waist of a Gaussian.

To verify this condition, it can be applied to the
simulation data shown in Fig. 1. For example, for an input
Geant4 rms emittance of 40 pm mrad and a mask with holes
of diameter d = 50 pm, the minimum pitch required for
imaging the beamlets on the screen (for the simulated
setup) is A > 120 pm. By analyzing the simulation results,
we observe that with a pitch of 120 pm, the mask with
50 pm holes starts to fail in resolving emittances around

JETi200 laser beam

l

Main OAP Pepper-pot mask e
4
— ;
Splitti )
I;\/lli::)gr Gas jet ﬁ
nozzle ]
Detection

-

FIG. 5.

40 pmmrad as predicted by Eq. (16), corresponding to a
source size of ~22 pm. On the other hand, when the pitch is
increased to 150 pm, the pepper pot with the same hole
diameter successfully resolves the emittance of the electron
beam with the same source size.

C. Pepper-pot operating regime

For values in the range between 10 and 35 pm mrad, the
pepper-pot method accurately resolves the beam emittance
for our conditions. This range is shown as region III in
Fig. 1. In contrast to the other limiting regions described
previously, here the overlap between the beamlets is
minimal, enabling the correct retrieval of their individual
spreads and heights after the removal of background noise
(baseline).

For these intermediate emittance values, the Gaussian fit
on the integrated beamlet signals can well represent the
integrated signal of the beamlets on the virtual screen at
the detector plane, as seen in Figs. 2(c) and 2(d) allowing
the emittance to be calculated using the method described
in Sec. II B 2.

The application regime of the mask is identified by the
angular spread of the beamlets and the source sizes being
significant enough that the second term on the right-hand
side of Eq. (13) predominates over the constant term Q.
Consequently, the dependence on the experimental layout
of the setup is minimized such that Q60, < €5y, and the
emittance is approximated by the beam parameters
as €rmg cale ¥ 6x6x~

V. EMITTANCE MEASUREMENT OF ELECTRON
BUNCHES OF AN LWFA

A. Experimental setup

The JETi200 laser system provides laser pulses with an
energy of 4.6 J centered at 800 nm and a pulse duration of
23 fs. The experimental setup is illustrated in Fig. 5. The
layout of the experiment was similar to the geometry used
in the Monte Carlo simulations discussed earlier.

In the experiment, the beam was reduced from its
original size of 120 mm to a smaller diameter of 60 mm
by a splitting mirror, resulting in a total beam energy of
1.15 J. The laser beam was focused by an off-axis parabolic

Light-shieldI

screen

Experimental layout for emittance measurements using the pepper-pot mask.

022801-8



LIMITATIONS OF EMITTANCE AND SOURCE SIZE ..

PHYS. REV. ACCEL. BEAMS 29, 022801 (2026)

mirror (f-number = 16.7) to a spot with (23.7 £ 1.8) pm at
full width at half maximum with approximately 38% of the
pulse energy within the FHWM, resulting in a peak
intensity of 7 x 10'® Wcem™2. The focused laser beam
impinged on a supersonic gas jet (mixture of 95% He
and 5% N,) generating a plasma with an electron density
of 1.1 x 10" cm™,

In the experiment, the distance between the exit of
the gas jet nozzle and the mask was about L, =
(180 + 1) mm. Finally, the distance from the mask to
the YAG:Ce scintillating screen was approximately
Lgire = (1269 + 1) mm. The geometrical magnification
of the setup was M = (L, + Lasist)/Lp ~ 8.

The pepper pot used in this experiment has a square
grid of 33 x 33 holes of d ~ 50 pm diameter with a pitch
length of A =120 pm. The mask is 200 pm thick and
made of tungsten (density of 19.3 g/cm’ and collision
stopping power of about 1.4 MeVcm?g~! for 73 MeV
electrons [64]).

As the beam propagates through the mask, the trans-
mitted beamlets travel toward a YAG:Ce scintillation screen
(detection plane) of 100 nm thickness, emitting a broad
spectrum with a peak wavelength at 1 = 550 nm, and are
imaged by an Andor Marana camera (16-bit, quantum
efficiency ~95% at 550 nm) [65] with an optical resolution
of r; ~ 18.5 pm/pixel. To suppress background noise in the
electron signal caused by scattered laser light, an aluminum
foil of approximately 100 um thickness was placed about
10 mm in front of the screen to light-shield the diagnostic.

B. Electron beam characteristics

The LWFA electron beam had a maximum energy of
about 120 MeV with a total charge of approximately
(5.6 +£0.7) pC. The electron energy distribution has a
weighted average of approximately 73 MeV, equivalent
to (y) ~ 143, and a weighted average energy spread
of (6g/E) = (27.3 +4.8)%.

The rms divergence of the beam in the x direction
obtained during the experiment was evaluated to be
0, ~ (1.8 +£0.3) mrad. To determine its value, the pep-
per-pot mask was removed from the beam path and
recorded the beam profile on the detection screen. For
each captured beam profile, a two-dimensional Gaussian
was fitted to obtain their respective rms spread. Finally, the
beam divergence was calculated by averaging all evaluated
spreads, with the error determined by their standard
deviation.

For more information on the electron beam, see
Ref. [37].

C. Emittance measurement using pepper-pot mask

Figure 6 shows an example of pepper-pot beamlets
imaged on the YAG:Ce screen. From this beamlet images,
an average distance between beamlets of (953.6+15.2)pm

1.0
m
=
—_ [
© =]
o S
0.5 ©
£ 8
>
>
3L
s}
0.0

-4 =2 0 2 4
6, (mrad)

FIG. 6. Example of beamlets imaged using a scintillation
screen. The coordinates 6,, 6, represent the beam divergence
in the horizontal and vertical directions, respectively.

was obtained. To calculate the emittance using Eq. (11), we
used the same postprocessing chain and algorithms
described previously in Sec. III.

After analyzing 100 shots using the standard evaluation
method, which uses Eq. (11), we measure an average
geometrical emittance of €,y exp = (26.2 = 7.3) pmmrad
for the pepper-pot mask with 50 pm hole size and 120 pm
pitch, where the uncertainty is given by the standard
deviation of all analyzed shots.

By comparing our measurement with Geant4 Monte Carlo
simulations of the pepper-pot diagnostic for our experi-
mental setup (purple symbols and fit curve in Fig. 7), we
determine that our measurement is located in region I (as
defined in Sec. III B, see also Fig. 1), where the pepper-pot
method overestimates the true beam emittance. From this
alone, we can only determine that the true beam ¢, is
smaller than approximately 30 pm mrad.

Moreover, Fig. 7 shows that our PP setup can resolve
emittances with less than 10% error only within a narrow
window between 35 and 42 pmmrad, highlighted by the
gray shaded area (region III).

The PIC simulations performed with the same exper-
imental parameters (see Appendix A) yield an expected rms
beam emittance of about 12.7 pm mrad (dark green shaded
region in Fig. 7). In addition, we have an independent
experimental inference of the beam emittance for the
same LWFA setup using the laser grating method [36]
of (13.8 +2.8) pmmrad [37] (light green shaded region in
Fig. 7), which is very close to the PIC simulation result.
Taking those values as input for the Geant4 simulation of the
diagnostic, the emittance €., determined from the
synthetic diagnostic agrees with the experimentally mea-
sured value €y oxp Within the experimental uncertainty (red
diamond).

We conclude that the limitations of the pepper-pot
method prevented a proper determination of the true beam
emittance in this case. However, our Geant4 simulations of
the diagnostic establish a consistent picture with those
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FIG. 7. Comparison of experimental and simulated emittance

for our setup. The PP measurement yields (26.2 + 7.3) pm mrad
(blue region, red diamond). Geant4 simulations of the PP diag-
nostic (purple symbols and fit) indicate that the measurement lies
in region I, where the PP method overestimates the true
emittance. Region III (gray) denotes the range in which the
PP setup achieves better than 10% accuracy. The green vertical
shaded regions represent the expected beam emittance from PIC
simulations and from the laser grating diagnostic of Ref. [37].
Using these expected (true) values in the Geant4 simulation of the
PP diagnostic yields results consistent with the PP measurement.

emittance values obtained via better-suited low-emittance
diagnostic methods and PIC simulation results.

For completeness, the averaged normalized emittance
was evaluated using Eq. (9) for the experimental data,
resulting in €, ~ 158.8 z mmmrad. The large normalized
emittance value arises due to the large energy spread of the
electron beam, resulting in different phase space rotation
speeds of the particles while freely drifting toward the
screen. This large value can also be understood by examin-
ing Eq. (9). Due to the substantial energy spread and drift
length, the first term on the right-hand side is much
larger than the rms emittance term, (oz/E)*@L > €2,
Consequently, the normalized emittance is dominated by the
growth of the transverse distribution of the beam.

Our normalized emittance is found to be larger than the
values reported in the literature for LWFA beams, such as in
Refs. [38-42]. The discrepancy arises because we calculate
the normalized emittance taking into account the broad-
band energy spectrum of our electron beam, a consideration
that is not accounted for in the cited literature, which
considers their energy spread to be negligible, as is
typically the case in rf accelerators.

VI. CONCLUSIONS

The pepper-pot method has been used to measure the rms
emittance of electron beams, however, it has limitations that

affect its accuracy, particularly when resolving very
low-emittance values from electron beams generated by
LWFA accelerators. In the low- emittance regime, below
10 pm mrad, the method struggles due to the dominance of
the point projection image over the actual angular spread of
the beamlets. This leads to an overestimation of the
emittance when applying Eq. (11) with input values based
on fitted Gaussian distributions. One opportunity to extend
the accuracy of the pepper-pot technique for small source
sizes relies in using penumbral deconvolution techniques.
While this improves the accuracy of the calculated and
measured source sizes for small emittance beams, it still
does not allow for accurate resolution of the emittance due
to the small effects of the source size on the overall
beamlet size.

For large emittance values, above 35 pmmrad for our
parameters, the method underestimates the emittance
due to significant beamlet overlap and the resulting
elevated baseline of the integrated signal. Adjustments
such as increasing the pitch distance between the holes in
the pepper-pot mask help to mitigate these effects, enabling
the method to better characterize beams with large
emittance.

In the intermediate range (from 10 to 35 pm mrad for our
parameters), the pepper-pot method accurately resolves the
beam emittance. Here, the beamlets’ angular spread and
source sizes are sufficiently large, reducing the influence
of the experimental setup’s geometric parameters and
allowing reliable emittance measurements.

An experiment performed at the JETi200 laser system to
measure the emittance of laser-accelerated electron beams
using the pepper—pot method demonstrated the limitations
of this technique. The measured value of the rms emittance
of (26.2 +7.3) pmmrad is larger than expected for LWFA
accelerators, but it is consistent with the limited resolution
predicted by Monte Carlo simulations for the pepper-pot
diagnostic. The input beam emittance for these simulations
agrees with the rms emittance of 12.7 pmmrad obtained
from PIC simulations of the same laser-plasma accelerator,
as well as with an independent emittance measurement of
(13.8 £ 2.8) pmmrad previously reported using the laser
grating method [37].

In conclusion, for typical LWFA experiments with
emittances below tens of pmmrad, the pepper-pot tech-
nique cannot provide accurate measurements of small
emittances. This method works better for larger emittances,
where one can obtain an accurate emittance measurement
by choosing an appropriate hole diameter and pitch.
However, for the smallest emittances on the order of
tens of picometers [66], other techniques, such as
quadrupole scans or the laser grating method, are more
appropriate [36,37]. Since each pepper-pot configuration
can only measure a limited range of values accurately,
different geometries are needed depending on the actual
emittance.
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APPENDIX A: PARTICLE-IN-CELL
SIMULATIONS RESULTS

To validate the approximations in Eq. (6), where the
cross-correlation term in the rms emittance definition was
neglected, particle-in-cell (PIC) simulations were per-
formed using FBPIC [67] with parameters representative
of the experiment. The plasma electron density followed a
third-order super-Gaussian profile with 2.5 mm plateau
and a peak density of 10! cm=3, formed by a gas mixture
of 95% He and 5% N,. The laser pulse had a peak
normalized vector potential of ay = 1.6.

The simulations reproduced an electron energy spectrum
consistent with Fig. 8, confirming ionization-induced
injection. The simulated beam had an average energy of
(72 £ 23) MeV, in good agreement with the experimen-
tally measured mean energy of 73 MeV and energy spread
of 19 MeV. Electron injection occurred later in the plasma,
around 1.8 mm, as the laser was focused ~1.5 mm
upstream of the gas cell entrance, at the start of the density
profile. During propagation, the laser initially defocused
before refocusing within the plasma, where self-focusing
dominated and the ionization-injection threshold (ay ~ 2)
was reached, leading to electron trapping in the wake.

The simulation provides access to various electron beam
parameters as it propagates through the plasma and across
the plasma—vacuum boundary, including the evolution of
the rms quantities (x?), (x"?), and the cross-correlation term
(xx')? at different positions. Figure 9 shows the evolution
of these parameters extracted from the simulation. At the
plasma exit, located at approximately 3 mm, where the
plasma density approaches zero, both the rms emittance
and beam divergence become constant as the beam
propagates into vacuum. Furthermore, at this position,

—— PIC simulation
—— Experiment

0'040 50 60 70 80 90 100 110
Energy (MeV)

FIG. 8. Comparison of electron energy spectra from PIC

simulations and experiment. The simulations used laser and

plasma density parameters matching those in the experiment. The

simulated beam shows an average energy of (72 +23) MeV,

consistent with the experimental value of (73 £19) MeV re-
ported in Ref. [37] for the same laser-plasma accelerator.

the cross-correlation term (xx')? is about 2 orders of
magnitude smaller than (x?)(x?), validating the approxi-
mation used in Eq. (6), where the cross-correlation term
was neglected. This indicates that the beam is effectively at
a waist at the plasma exit. The values of the beam
parameters corresponding beam and Twiss parameters
(a, f, and y) [22] at this plasma-vacuum interface position
are summarized in Table I.

According to the simulations, the rms emittance at the
plasma downramp exit is about 12.69 pm mrad and stays
roughly constant as the beam travels in vacuum. At the
plasma exit, the simulated source size is about ~1.9 pm,
which is consistent with our earlier result of (1.7 £+ 0.2) pm
reported in Ref. [37] for the same setup. The simulated rms
emittance also agrees with our previously reported value of
(13.8 £ 2.8) pm mrad from a similar setup, though that one
was obtained using a different method called laser gra-
ting [37].

APPENDIX B: FITTING PARAMETERS FOR THE
MONTE CARLO SIMULATIONS

In Fig. 1, curves of the form € .. = Q*0* + €2 i
were fitted to the data points from the emittance evaluation
of the Monte Carlo simulations performed for various
pepper-pot masks with two different hole pitch distances. In
this fitting curve, the divergence parameter 6, = 1.85 mrad
is a known quantity determined by the divergence proper-
ties of the beam, €, is the independent (free) variable,
and Q is the fitting parameter that depends on the geometry
parameters previously discussed.

The fitting parameters €, obtained from the curves fitted
between the calculated and input emittance values from the
Geant4 simulations for the two pepper-pot masks with pitch
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FIG. 9. Particle-in-cell simulation result showing the evolution of the (a) rms emittance and (b) rms terms of the electron beam at the
plasma-vacuum interface which is located around 3 mm, where the plasma density goes to zero.

distances of 120 and 150 pm and various hole diameters,
are given in Table II.

For the curves fitted to the data points of the pepper-pot
mask with a 150 um pitch in Figs. 1(b) and 1(c), the fitted

TABLE I.  Electron beam parameters at the plasma exit accord-
ing to our PIC simulations. The first rms term in the geometric
emittance definition from Eq. (6), (x?)(x"?), is about 2 orders of
magnitude larger than the cross-correlation term (xx’)2, showing
that the beam is at a waist at this point.

Beam parameters Value at plasma exit

(x2)(x'%) 161.90 pm*mrad?
(xx')? 0.82 pm’mrad?®
rms divergence 6, 6.75 mrad
rms beam size o, 1.89 pm
€rms.x 12.69 pm mrad
a= —(xx) /€ x —0.0713
p= (x2)/€ms.x 2.802 x 107* m
7= (¥} /€ms.x 3586.78 m~!
TABLE II. Fitting parameters for the curves presented in Fig. 1

for the pepper-pot masks with pitch distances of 120 and 150 pm.
The fitted values of the € parameter are also given for the mask
with a 150 pm pitch and hole diameters of 20 and 50 pm,
evaluated using the convolution (penumbra) method, along with
the corresponding theoretical values. The € parameter obtained
from the penumbra method is in good agreement with the
theoretical value.

Q (pm)
Hole diameter d (pm) A =120 pm A =150 pm
20 3.17 345
30 343 342
40 344 3.32
50 3.89 4.28
20 (penumbra) 0.86
20 (theory) 0.86
50 (penumbra) 2.05
50 (theory) 2.07

Q parameters obtained using the penumbra method, along
with their theoretical values, are also given in Table II.
These results show good agreement between the € values
obtained from the penumbra fitting and the theoretical
constant. Fit errors are within 5% of the fitted value, as
given by the covariance matrix resulting from the curve fit.

[1] W. Wang, K. Feng, L. Ke, C. Yu, Y. Xu, R. Qi, Y. Chen, Z.
Qin, Z. Zhang, M. Fang, J. Liu, K. Jiang, H. Wang, C.
Wang, X. Yang, F. Wu, Y. Leng, J. Liu, R. Li, and Z. Xu,
Free-electron lasing at 27 nanometres based on a laser
wakefield accelerator, Nature (London) 595, 516 (2021).

[2] M. Fuchs, R. Weingartner, A. Popp, Z. Major, S. Becker, J.
Osterhoff, I. Cortrie, B. Zeitler, R. Horlein, G. D. Tsakiris,
U. Schramm, T. P. Rowlands-Rees, S. M. Hooker, D. Habs,
F. Krausz, S. Karsch, and F. Griiner, Laser-driven soft-x-
ray undulator source, Nat. Phys. 5, 826 (2009).

[3] Z. Huang, Y. Ding, and C.B. Schroeder, Compact
x-ray free-electron laser from a laser-plasma accelerator
using a transverse-gradient undulator, Phys. Rev. Lett. 109,
204801 (2012).

[4] A.R. Maier, A. Meseck, S. Reiche, C.B. Schroeder, T.
Seggebrock, and F. Griiner, Demonstration scheme for a
laser-plasma-driven free-electron laser, Phys. Rev. X 2,
031019 (2012).

[5] C.G.R. Geddes, S. Rykovanov, N. H. Matlis, S. Steinke,
J.-L. Vay, E. H. Esarey, B. Ludewigt, K. Nakamura, B.J.
Quiter, C.B. Schroeder, C. Toth, and W.P. Leemans,
Compact quasi-monoenergetic photon sources from la-
ser-plasma accelerators for nuclear detection and charac-
terization, Nucl. Instrum. Methods Phys. Res., Sect. B 350,
116 (2015).

[6] N.D. Powers, I. Ghebregziabher, G. Golovin, C. Liu, S.
Chen, S. Banerjee, J. Zhang, and D. P. Umstadter, Quasi-
monoenergetic and tunable x-rays from a laser-driven
Compton light source, Nat. Photonics 8, 28 (2014).

[71 W. Leemans and E. Esarey, Laser-driven plasma-wave
electron accelerators, Phys. Today 62, no. 3, 44 (2009).

[8] C.B. Schroeder, E. Esarey, C. G. R. Geddes, C. Benedetti,
and W. P. Leemans, Physics considerations for laser-plasma

022801-12


https://doi.org/10.1038/s41586-021-03678-x
https://doi.org/10.1038/nphys1404
https://doi.org/10.1103/PhysRevLett.109.204801
https://doi.org/10.1103/PhysRevLett.109.204801
https://doi.org/10.1103/PhysRevX.2.031019
https://doi.org/10.1103/PhysRevX.2.031019
https://doi.org/10.1016/j.nimb.2015.01.013
https://doi.org/10.1016/j.nimb.2015.01.013
https://doi.org/10.1038/nphoton.2013.314
https://doi.org/10.1063/1.3099645

LIMITATIONS OF EMITTANCE AND SOURCE SIZE ...

PHYS. REV. ACCEL. BEAMS 29, 022801 (2026)

(91

[10]

(11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

(20]

(21]

linear colliders, Phys. Rev. ST Accel. Beams 13, 101301
(2010).

ALEGRO Collaboration, Towards an advanced linear
international collider, arXiv:1901.10370.

R.W. Assmann et al., EuPRAXIA conceptual design
report, Eur. Phys. J. Special Topics 229, 3675 (2020).

E. Prat, P. Dijkstal, M. Aiba, S. Bettoni, P. Craievich, E.
Ferrari, R. Ischebeck, F. Lohl, A. Malyzhenkov, G.L.
Orlandi, S. Reiche, and T. Schietinger, Generation and
characterization of intense ultralow-emittance electron
beams for compact x-ray free-electron lasers, Phys. Rev.
Lett. 123, 234801 (2019).

W.P. Leemans, B. Nagler, A.J. Gonsalves, C. Té6th, K.
Nakamura, C. G.R. Geddes, E. Esarey, C. B. Schroeder,
and S. M. Hooker, GeV electron beams from a centimetre-
scale accelerator, Nat. Phys. 2, 696 (2006).

E. Esarey, C. B. Schroeder, and W. P. Leemans, Physics of
laser-driven plasma-based electron accelerators, Rev. Mod.
Phys. 81, 1229 (2009).

A.J. Gonsalves et al., Petawatt laser guiding and electron
beam acceleration to 8 GeV in a laser-heated capillary
discharge waveguide, Phys. Rev. Lett. 122, 084801 (2019).
A. Picksley, J. Stackhouse, C. Benedetti, K. Nakamura,
H.E. Tsai, R. Li, B. Miao, J. E. Shrock, E. Rockafellow,
H. M. Milchberg, C.B. Schroeder, J. van Tilborg, E.
Esarey, C.G.R. Geddes, and A.J. Gonsalves, Matched
guiding and controlled injection in dark-current-free, 10-
GeV-class, channel-guided laser-plasma accelerators,
Phys. Rev. Lett. 133, 255001 (2024).

P. Chen and J.M. Dawson, The plasma wake field
accelerator, AIP Conf. Proc. 130, 201 (1985).

J. Gotzfried, A. Dopp, M. F. Gilljohann, F. M. Foerster, H.
Ding, S. Schindler, G. Schilling, A. Buck, L. Veisz, and S.
Karsch, Physics of high-charge electron beams in laser-
plasma wakefields, Phys. Rev. X 10, 041015 (2020).

R. Weingartner, S. Raith, A. Popp, S. Chou, J. Wenz, K.
Khrennikov, M. Heigoldt, A.R. Maier, N. Kajumba, M.
Fuchs, B. Zeitler, F. Krausz, S. Karsch, and F. Griiner,
Ultralow emittance electron beams from a laser-wakefield
accelerator, Phys. Rev. ST Accel. Beams 15, 111302 (2012).
S. Kneip, C. McGuffey, J.L. Martins, M. S. Bloom, V.
Chvykov, F. Dollar, R. Fonseca, S. Jolly, G. Kalintchenko,
K. Krushelnick, A. Maksimchuk, S.P.D. Mangles, Z.
Najmudin, C. A.J. Palmer, K. T. Phuoc, W. Schumaker,
L. O. Silva, J. Vieira, V. Yanovsky, and A. G. R. Thomas,
Characterization of transverse beam emittance of electrons
from a laser-plasma wakefield accelerator in the bubble
regime using betatron x-ray radiation, Phys. Rev. ST Accel.
Beams 15, 021302 (2012).

G. Golovin, S. Banerjee, C. Liu, S. Chen, J. Zhang, B.
Zhao, P. Zhang, M. Veale, M. Wilson, P. Seller, and D.
Umstadter, Intrinsic beam emittance of laser-accelerated
electrons measured by x-ray spectroscopic imaging, Sci.
Rep. 6, 24622 (2016).

V. Malka, S. Fritzler, E. Lefebvre, M.-M. Aleonard, F.
Burgy, J.-P. Chambaret, J.-F. Chemin, K. Krushelnick, G.
Malka, S.P.D. Mangles, Z. Najmudin, M. Pittman, J.-P.
Rousseau, J.-N. Scheurer, B. Walton, and A. E. Dangor,
Electron acceleration by a wake field forced by an intense
ultrashort laser pulse, Science 298, 1596 (2002).

(22]

(23]

[24]

(25]

(26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]

(34]

(35]

022801-13

M. Reiser, Theory and Design of Charged Particle Beams,
2nd ed. (Wiley-VCH, Weinheim, 2008), ISBN 978-3-527-
40741-5.

G. G. Manahan, A. F. Habib, P. Scherkl, P. Delinikolas, A.
Beaton, A. Knetsch, O. Karger, G. Wittig, T. Heinemann,
Z.M. Sheng, J.R. Cary, D.L. Bruhwiler, J.B.
Rosenzweig, and B. Hidding, Single-stage plasma-based
correlated energy spread compensation for ultrahigh 6D
brightness electron beams, Nat. Commun. 8, 15705 (2017).
Z. Xiang, C. Yu, Z. Qin, X. Jiao, J. Cheng, Q. Zhou, G.
Axi, J. Jie, Y. Huang, J. Cai, and J. Liu, Ultrahigh-
brightness 50 MeV electron beam generation from laser
wakefield acceleration in a weakly nonlinear regime,
Matter Radiat. Extremes 9, 035201 (2024).

E. Prat and M. Aiba, Four-dimensional transverse beam
matrix measurement using the multiple-quadrupole scan
technique, Phys. Rev. ST Accel. Beams 17, 052801 (2014).
F. Ji, J. G. Navarro, P. Musumeci, D. B. Durham, A. M.
Minor, and D. Filippetto, Knife-edge based measurement
of the 4D transverse phase space of electron beams with
picometer-scale emittance, Phys. Rev. Accel. Beams 22,
082801 (2019).

R. Akre, L. Bentson, P. Emma, and P. Krejcik, A transverse
rf deflecting structure for bunch length and phase space
diagnostics, in Proceedings of the 2001 Particle Accel-
erator Conference, PACS2001 (IEEE, New York, 2001),
pp- 2353-2355.

C. Behrens, F.-J. Decker, Y. Ding, V. A. Dolgashev, J.
Frisch, Z. Huang, P. Krejcik, H. Loos, A. Lutman, T.J.
Maxwell, J. Turner, J. Wang, M.-H. Wang, J. Welch, and J.
Wu, Few-femtosecond time-resolved measurements of
x-ray free-electron lasers, Nat. Commun. 5, 3762 (2014).
V. A. Dolgashev, G. Bowden, Y. Ding, P. Emma, P. Krejcik,
J. Lewandowski, C. Limborg, M. Litos, J. Wang, and D.
Xiang, Design and application of multimegawatt x-band
deflectors for femtosecond electron beam diagnostics, Phys.
Rev. ST Accel. Beams 17, 102801 (2014).

K. Floettmann and V. V. Paramonov, Beam dynamics in
transverse deflecting rf structures, Phys. Rev. ST Accel.
Beams 17, 024001 (2014).

J. Maxson, D. Cesar, G. Calmasini, A. Ody, P. Musumeci,
and D. Alesini, Direct measurement of sub-10 fs relativistic
electron beams with ultralow emittance, Phys. Rev. Lett.
118, 154802 (2017).

J. Tan, W. Fang, D. Tong, Q. Gu, X. Huang, Z. Li, T. Higo,
S. Matsumoto, T. Takatomi, and Z. Zhao, Design, rf
measurement, tuning, and high-power test of an x-band
deflector for Soft X-ray Free Electron Lasers (SXFEL) at
SINAP, Nucl. Instrum. Methods Phys. Res., Sect. A 930,
210 (2019).

B. Marchetti et al., Experimental demonstration of novel
beam characterization using a polarizable x-band trans-
verse deflection structure, Sci. Rep. 11, 3560 (2021).

P. Tenenbaum and T. Shintake, Measurement of small electron-
beam spots, Annu. Rev. Nucl. Part. Sci. 49, 125 (1999).

J. Yan, M. Oroku, Y. Yamaguchi, T. Yamanaka, Y. Kamiya,
T. Suehara, S. Komamiya, T. Okugi, N. Terunuma, T.
Tauchi, S. Araki, and J. Urakawa, Shintake monitor
nanometer beam size measurement and beam tuning, Phys.
Procedia 37, 1989 (2012).


https://doi.org/10.1103/PhysRevSTAB.13.101301
https://doi.org/10.1103/PhysRevSTAB.13.101301
https://arXiv.org/abs/1901.10370
https://doi.org/10.1140/epjst/e2020-000127-8
https://doi.org/10.1103/PhysRevLett.123.234801
https://doi.org/10.1103/PhysRevLett.123.234801
https://doi.org/10.1038/nphys418
https://doi.org/10.1103/RevModPhys.81.1229
https://doi.org/10.1103/RevModPhys.81.1229
https://doi.org/10.1103/PhysRevLett.122.084801
https://doi.org/10.1103/PhysRevLett.133.255001
https://doi.org/10.1063/1.35301
https://doi.org/10.1103/PhysRevX.10.041015
https://doi.org/10.1103/PhysRevSTAB.15.111302
https://doi.org/10.1103/PhysRevSTAB.15.021302
https://doi.org/10.1103/PhysRevSTAB.15.021302
https://doi.org/10.1038/srep24622
https://doi.org/10.1038/srep24622
https://doi.org/10.1126/science.1076782
https://doi.org/10.1038/ncomms15705
https://doi.org/10.1063/5.0189460
https://doi.org/10.1103/PhysRevSTAB.17.052801
https://doi.org/10.1103/PhysRevAccelBeams.22.082801
https://doi.org/10.1103/PhysRevAccelBeams.22.082801
https://doi.org/10.1038/ncomms4762
https://doi.org/10.1103/PhysRevSTAB.17.102801
https://doi.org/10.1103/PhysRevSTAB.17.102801
https://doi.org/10.1103/PhysRevSTAB.17.024001
https://doi.org/10.1103/PhysRevSTAB.17.024001
https://doi.org/10.1103/PhysRevLett.118.154802
https://doi.org/10.1103/PhysRevLett.118.154802
https://doi.org/10.1016/j.nima.2019.03.093
https://doi.org/10.1016/j.nima.2019.03.093
https://doi.org/10.1038/s41598-021-82687-2
https://doi.org/10.1146/annurev.nucl.49.1.125
https://doi.org/10.1016/j.phpro.2012.02.522
https://doi.org/10.1016/j.phpro.2012.02.522

F.C.

SALGADO et al.

PHYS. REV. ACCEL. BEAMS 29, 022801 (2026)

(36]

(37]

(38]

(39]

[40]

[41]

[42]

[43]

[44]

[45]

(46]

A. Seidel, J. Osterhoff, and M. Zepf, Characterizing
ultralow emittance electron beams using structured light
fields, Phys. Rev. Accel. Beams 24, 012803 (2021).

F. C. Salgado, A. Kozan, D. Seipt, D. Hollatz, P. Hilz, M.
Kaluza, A. Sivert, A. Seidel, D. Ullmann, Y. Zhao, and M.
Zepf, All-optical source size and emittance measurements
of laser-accelerated electron beams, Phys. Rev. Accel.
Beams 27, 052803 (2024).

S. Fritzler, E. Lefebvre, V. Malka, F. Burgy, A. E. Dangor,
K. Krushelnick, S.P.D. Mangles, Z. Najmudin, J.-P.
Rousseau, and B. Walton, Emittance measurements of a
laser-wakefield-accelerated electron beam, Phys. Rev. Lett.
92, 165006 (2004).

R.P. Shanks, M. P. Anania, E. Brunetti, S. Cipiccia, B.
Ersfeld, J. G. Gallacher, R. C. Issac, M. R. Islam, G. Vieux,
G.H. Welsh, S.M. Wiggins, D. A. Jaroszynski, D.A.
Jaroszynski, and A. Rousse, Pepper-pot emittance meas-
urement of laser-plasma wakefield accelerated electrons, in
Harnessing Relativistic Plasma Waves as Novel Radiation
Sources from Terahertz to X-Rays and Beyond, SPIE
Proceedings, edited by D. A. Jaroszynski and A. Rousse
(SPIE, 2009), p. 735907, 10.1117/12.820706.

C.M.S. Sears, A. Buck, K. Schmid, J. Mikhailova, F.
Krausz, and L. Veisz, Emittance and divergence of laser
wakefield accelerated electrons, Phys. Rev. ST Accel.
Beams 13, 092803 (2010).

E. Brunetti, R. P. Shanks, G. G. Manahan, M. R. Islam, B.
Ersfeld, M. P. Anania, S. Cipiccia, R. C. Issac, G. Raj, G.
Vieux, G. H. Welsh, S. M. Wiggins, and D. A. Jaroszynski,
Low emittance, high brilliance relativistic electron beams
from a laser-plasma accelerator, Phys. Rev. Lett. 105,
215007 (2010).

G. G. Manahan, E. Brunetti, C. Aniculaesei, M. P. Anania,
S. Cipiccia, M. R. Islam, D. W. Grant, A. Subiel, R.P.
Shanks, R. C. Issac, G. H. Welsh, S. M. Wiggins, and D. A.
Jaroszynski, Characterization of laser-driven single and
double electron bunches with a permanent magnet quadru-
pole triplet and pepper-pot mask, New J. Phys. 16, 103006
(2014).

J. Rosenzweig, N. Barov, S. Hartman, M. Hogan, S. Park,
C. Pellegrini, G. Travish, R. Zhang, P. Davis, G.
Hairapetian, and C. Joshi, Initial measurements of the
UCLA rf photoinjector, Nucl. Instrum. Methods Phys.
Res., Sect. A 341, 379 (1994).

R. Ganter, B. Beutner, S. Binder, H. H. Braun, T. Garvey,
C. Gough, C. Hauri, R. Ischebeck, S. Ivkovic, F. Le
Pimpec, K. Li, M.L. Paraliev, M. Pedrozzi, T.
Schietinger, B. Steffen, A. Trisorio, and A. Wrulich,
Electron beam characterization of a combined diode rf
electron gun, Phys. Rev. ST Accel. Beams 13, 093502
(2010).

S. G. Anderson, J. B. Rosenzweig, G. P. LeSage, and J. K.
Crane, Space-charge effects in high brightness electron
beam emittance measurements, Phys. Rev. ST Accel.
Beams 5, 014201 (2002).

O. Apsimon, B. Williamson, and G. Xia, A numerical
approach to designing a versatile pepper-pot mask for
emittance measurement, Nucl. Instrum. Methods Phys.
Res., Sect. A 943, 162485 (2019).

[47]

(48]

[49]

[50]

[51]

(52]

(53]

(54]
[55]
[56]

(571

(58]

[59]

[60]

[61]

022801-14

K. Abrahamyan, J. Bihr, I. Bohnet, M. Krasilnikov, D.
Lipka, V. Miltchev, A. Oppelt, and F. Stephan, Transverse
emittance measurements at the photo injector test facility at
DESY zeuthen (PITZ), in Proceedings DIPAC, Mainz,
Germany (JACoW, Geneva, Switzerland, 2003), https:/
proceedings.jacow.org/d03/papers/PROCEEDINGS.PDFE.
J.P. Couperus, R. Pausch, A. Ko&hler, O. Zarini, J. M.
Kriamer, M. Garten, A. Huebl, R. Gebhardt, U. Helbig, S.
Bock, K. Zeil, A. Debus, M. Bussmann, U. Schramm, and
A. Irman, Demonstration of a beam loaded nanocoulomb-
class laser wakefield accelerator, Nat. Commun. 8, 487
(2017).

Y.E Li, D.Z. Li, K. Huang, M.Z. Tao, M. H. Li, J.R.
Zhao, Y. Ma, X. Guo, J. G. Wang, M. Chen, N. Hafz, J.
Zhang, and L.M. Chen, Generation of 20 kA electron
beam from a laser wakefield accelerator, Phys. Plasmas 24,
023108 (2017).

M. Migliorati, A. Bacci, C. Benedetti, E. Chiadroni, M.
Ferrario, A. Mostacci, L. Palumbo, A. R. Rossi, L. Serafini,
and P. Antici, Intrinsic normalized emittance growth in
laser-driven electron accelerators, Phys. Rev. ST Accel.
Beams 16, 011302 (2013).

A.G.R. Thomas and D. Seipt, Modeling chromatic emit-
tance growth in staged plasma wakefield acceleration to
1 TeV using nonlinear transfer matrices, Phys. Rev. Accel.
Beams 24, 104602 (2021).

P. Antici, A. Bacci, C. Benedetti, E. Chiadroni, M.
Ferrario, A.R. Rossi, L. Lancia, M. Migliorati, A.
Mostacci, L. Palumbo, and L. Serafini, Laser-driven
electron beamlines generated by coupling laser-plasma
sources with conventional transport systems, J. Appl. Phys.
112, 044902 (2012).

M. Zhang, Emittance formula for slits and pepper-pot
measurement, Report No. Fermilab-TM-1988, 1996,
10.2172/395453.

S. Agostinelli et al., Gean4—A simulation toolkit, Nucl.
Instrum. Methods Phys. Res., Sect. A 506, 250 (2003).
J. Allison et al., Geant4 developments and applications,
IEEE Trans. Nucl. Sci. 53, 270 (2006).

J. Allison et al., Recent developments in Geant4, Nucl.
Instrum. Methods Phys. Res., Sect. A 835, 186 (2016).
G. Poplau, U. vanRienen, B. vanderGeer, and M. deLoos,
Multigrid algorithms for the fast calculation of space-
charge effects in accelerator design, IEEE Trans. Magn. 40,
714 (2004).

L. Young and J. Billen, The particle tracking code
PARMELA, in Proceedings of the 2003 Bipolar/BiCMOS
Circuits and Technology Meeting (IEEE, New York,
2003), pp. 3521-3523, 10.1109/PAC.2003.1289968.

A. Adelmann, P. Calvo, M. Frey, A. Gsell, U. Locans, C.
Metzger-Kraus, N. Neveu, C. Rogers, S. Russell, S. Sheehy,
J. Snuverink, and D. Winklehner, arXiv:1905.06654.

M. Borland, ELEGANT: A flexible SDDS-compliant code
for accelerator simulation, in Proceedings of the 6th
International ~ Computational ~— Accelerator — Physics
Conference (ICAP 2000) (2000), 10.2172/761286.

Y.-W. Chen, R. Kodama, and Z. Nakao, Penumbral
imaging of laser-imploded targets and its blind
reconstruction, IEEE Trans. Nucl. Sci. 45, 992 (1998).


https://doi.org/10.1103/PhysRevAccelBeams.24.012803
https://doi.org/10.1103/PhysRevAccelBeams.27.052803
https://doi.org/10.1103/PhysRevAccelBeams.27.052803
https://doi.org/10.1103/PhysRevLett.92.165006
https://doi.org/10.1103/PhysRevLett.92.165006
https://doi.org/10.1117/12.820706
https://doi.org/10.1103/PhysRevSTAB.13.092803
https://doi.org/10.1103/PhysRevSTAB.13.092803
https://doi.org/10.1103/PhysRevLett.105.215007
https://doi.org/10.1103/PhysRevLett.105.215007
https://doi.org/10.1088/1367-2630/16/10/103006
https://doi.org/10.1088/1367-2630/16/10/103006
https://doi.org/10.1016/0168-9002(94)90387-5
https://doi.org/10.1016/0168-9002(94)90387-5
https://doi.org/10.1103/PhysRevSTAB.13.093502
https://doi.org/10.1103/PhysRevSTAB.13.093502
https://doi.org/10.1103/PhysRevSTAB.5.014201
https://doi.org/10.1103/PhysRevSTAB.5.014201
https://doi.org/10.1016/j.nima.2019.162485
https://doi.org/10.1016/j.nima.2019.162485
https://proceedings.jacow.org/d03/papers/PROCEEDINGS.PDF
https://proceedings.jacow.org/d03/papers/PROCEEDINGS.PDF
https://proceedings.jacow.org/d03/papers/PROCEEDINGS.PDF
https://proceedings.jacow.org/d03/papers/PROCEEDINGS.PDF
https://proceedings.jacow.org/d03/papers/PROCEEDINGS.PDF
https://doi.org/10.1038/s41467-017-00592-7
https://doi.org/10.1038/s41467-017-00592-7
https://doi.org/10.1063/1.4975613
https://doi.org/10.1063/1.4975613
https://doi.org/10.1103/PhysRevSTAB.16.011302
https://doi.org/10.1103/PhysRevSTAB.16.011302
https://doi.org/10.1103/PhysRevAccelBeams.24.104602
https://doi.org/10.1103/PhysRevAccelBeams.24.104602
https://doi.org/10.1063/1.4740456
https://doi.org/10.1063/1.4740456
https://doi.org/10.2172/395453
https://doi.org/10.2172/395453
https://doi.org/10.1016/S0168-9002(03)01368-8
https://doi.org/10.1016/S0168-9002(03)01368-8
https://doi.org/10.1109/TNS.2006.869826
https://doi.org/10.1016/j.nima.2016.06.125
https://doi.org/10.1016/j.nima.2016.06.125
https://doi.org/10.1109/TMAG.2004.825415
https://doi.org/10.1109/TMAG.2004.825415
https://doi.org/10.1109/PAC.2003.1289968
https://arXiv.org/abs/1905.06654
https://doi.org/10.2172/761286
https://doi.org/10.1109/23.682694

LIMITATIONS OF EMITTANCE AND SOURCE SIZE ...

PHYS. REV. ACCEL. BEAMS 29, 022801 (2026)

[62]

[63]

[64]

S.S. Haykin, Blind Deconvolution, Prentice Hall Infor-
mation and System Sciences Series (PTR) (Prentice Hall,
Englewood Cliffs, NJ, 1994), ISBN 978-0-13-087362-0.
N. Delerue, R. Bartolini, G. Doucas, P. Lau, K. Peach, A.
Reichold, R. Senanayake, and D. Urner, Single-shot
emittance measurement of a 508 MeV electron beam using
the pepper-pot method, in Proceedings of the 23rd Particle
Accelerator Conference (JACoW, Geneva, Switzerland,
2009), pp. 3597-3599.

NIST, ESTAR  database,  https://physics.nist.gov/
PhysRefData/Star/Text/ESTAR-u.html (2022) [accessed
November 7, 2022].

[65]

[66]

[67]

022801-15

Oxford Instruments, Marana sCMOS—Andor, https://
andor.oxinst.com/products/scmos-camera-series/marana-
scmos (2022) [accessed November 7, 2022].

B. Hidding, G. Pretzler, J. B. Rosenzweig, T. Konigstein,
D. Schiller, and D. L. Bruhwiler, Ultracold electron bunch
generation via plasma photocathode emission and accel-
eration in a beam-driven plasma blowout, Phys. Rev. Lett.
108, 035001 (2012).

R. Lehe, M. Kirchen, I. A. Andriyash, B. B. Godfrey, and
J.-L. Vay, A spectral, quasi-cylindrical and dispersion-free
particle-in-cell algorithm, Comput. Phys. Commun. 203,
66 (2016).


https://physics.nist.gov/PhysRefData/Star/Text/ESTAR-u.html
https://physics.nist.gov/PhysRefData/Star/Text/ESTAR-u.html
https://physics.nist.gov/PhysRefData/Star/Text/ESTAR-u.html
https://physics.nist.gov/PhysRefData/Star/Text/ESTAR-u.html
https://physics.nist.gov/PhysRefData/Star/Text/ESTAR-u.html
https://andor.oxinst.com/products/scmos-camera-series/marana-scmos
https://andor.oxinst.com/products/scmos-camera-series/marana-scmos
https://andor.oxinst.com/products/scmos-camera-series/marana-scmos
https://andor.oxinst.com/products/scmos-camera-series/marana-scmos
https://andor.oxinst.com/products/scmos-camera-series/marana-scmos
https://doi.org/10.1103/PhysRevLett.108.035001
https://doi.org/10.1103/PhysRevLett.108.035001
https://doi.org/10.1016/j.cpc.2016.02.007
https://doi.org/10.1016/j.cpc.2016.02.007

