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Abstract

In this article, we show that the well-known leading low-temperature correction to the
Heisenberg—Euler Lagrangian in a constant electromagnetic field arising at two loops can
be efficiently extracted from its one-loop zero-temperature analogue. Resorting to the
real-time formalism of equilibrium quantum field theory that explicitly separates out the
zero-temperature contribution from the finite-temperature corrections, the determination
becomes essentially trivial. In essence, it only requires taking derivatives of the Heisenberg—
Euler Lagrangian at one loop and zero temperature for the field strength. As a bonus,
we then effectively dress the low-temperature contribution at two loops by one-particle
reducible tadpole structures. This generates a subset of higher-loop contributions to the
Heisenberg-Euler Lagrangian in the limit of low temperatures. We extract their leading
strong-field behavior at a given loop order, and finally resum these to all loop orders.

Keywords: external-field QED; quantum vacuum; finite-temperature effects

1. Introduction

Quantum electrodynamics (QED) describes the interaction of massive charged Dirac
fermions (electrons and positrons of mass m and charge e) and massless photons. By
definition, vacuum diagrams do not contain any external particle lines. This immediately
implies that the only physical scale inherited by vacuum diagrams in QED is m, and that
these can be organized in a formal power series in the fine structure constant a = €%/ (477)
at the energy scale of the electron mass m, i.e., « = a(m?) ~ 1/137. Throughout this work,
we use the Heaviside-Lorentz System with natural units ¢ = # = kg = 1 and the metric
convention g"” = diag(—1, +1,+1,+1); see [1] for the detailed conventions.

In the presence of a constant external electromagnetic field F*V = const., specified in
terms of the field strength tensor F*¥ = 9# AY(x) — 0" A*(x) with associated gauge potential
AH(x), the charged particle lines in the vacuum diagrams can couple arbitrary even powers
of eFI"V [2—4]. This effectively supplements the theory governing the external electromag-
netic field, that would be linear in the classical vacuum, with nonlinearities which can
be attributed to the quantum vacuum. Such studies were pioneered by Heisenberg and
Euler [2] who explicitly evaluated the leading loop correction ~ a? to classical Maxwell
theory at zero temperature (T = 0) to all orders in eF/V. They presented their result in terms
of a Lagrangian that is now known as the one-loop Heisenberg-Euler effective Lagrangian

E;E)OP [5]. Nowadays the complete expression for Cﬁgmp at T = 01is also known [6,7]. As a
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caveat, we note that beyond one loop there are vacuum diagrams that vanish for structural
reasons in the absence of an external field, but contribute in its presence [7].

Reference [8] emphasized that, on first sight surprisingly, for temperatures T < m
the leading finite-temperature corrections to the Heisenberg—Euler effective Lagrangian
Lyg is not encoded in E;E)Op but stems from EELPOP, implying a two-loop dominance; see
also [9]. Employing the imaginary-time formalism of equilibrium quantum field theory
(QFT), it in particular determined the finite-temperature corrections ~T* and ~T®. Using
properties of the real-time formalism, subsequently we briefly recall the basic argument
why this is the case, and then repeat this exercise in Section 2.1. In Section 2.2 we extend
these considerations to a certain class of higher-loop diagrams and finally conclude in
Section 3.

In the real-time formalism of equilibrium QFT, the tree-level propagators at finite
temperature T naturally decompose into the well-known zero-temperature result and
an additional contribution accounting for the finite-temperature corrections [10,11]. In
momentum space the latter is proportional to 5 (k* + M?) / (ef ks 1) with four-momentum
kit = (k9,k), particle mass M and inverse temperature § = 1/T. Here, the — sign holds for
bosons and the + sign for fermions, as these are governed by Bose-Einstein and Fermi-
Dirac statistics, respectively. From the above scaling it is clear that for massive particles and
sufficiently low temperatures T < M the finite-temperature corrections are exponentially

suppressed by a factor of e =M/T

< 1 relative to the zero-temperature contribution. For
massless particles, such as photons, the situation is different as soft momentum modes
fulfilling |k| < T remain unsuppressed.

In the context of QED vacuum diagrams, this suggests that in the limit of T < m
the leading finite-temperature corrections should arise from diagrams with photon lines.
Clearly, vacuum diagrams that couple external electromagnetic fields and contain photon

{-loop ~

lines scale at least linearly with a. Because of Ly a’~1 the lowest-order finite-

temperature corrections for T < m should thus stem from EZ 1oop

as [1,7,12]

, which can be expressed

21 i1 d% pod
£ = G2 ot | G T K D)
d4k d4K’ aﬁl -loop aEl—loop
+2 / / gy ()00 R e D K) THE K ()

in terms of the one-loop photon polarization tensor H;W P evaluated in the background

1lop

field F'Y = const., derivatives of L and the photon propagator D"" in momentum

space; V() denotes space- tlme Volume ind = 3+ 1 dimensions. See Figure 1 for a

IOOP and the two contributions to Ciﬁ;op in Equation (1).

graphical representation of L
The contribution in the first 11ne of Equation (1) is one-particle irreducible (1PI), and the
one in its second line is one-particle reducible (1PR): the corresponding Feynman diagram

can be split into two by cutting a single line.

1-loop _ 2 loop m
aew- (). OO
where = + § + § §

Figure 1. Diagrammatic representation of the Heisenberg—Euler effective Lagrangian at one and

two loops. The double solid line denotes the Dirac propagator dressed to all orders in eF/" (wiggly
lines ending at crosses). The wiggly lines in the diagrams in the first row represent tree-level photon
propagators—Equation (2).
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We emphasize that because of T/m = 1.69 x 1077(T /1K), the criterion T < m is
fulfilled for a very wide range of temperatures. At the same time, the parametric sup-
pression with powers of T/m < 1 typically renders finite-temperature corrections to
the Heisenberg—Euler Lagrangian extremely small and therefore essentially inaccessible
in experiment. However, for future precision studies of the properties of light emitted
from magnetars producing extremely strong magnetic fields and featuring surface tem-
peratures of the order of 10° K [13], such finite-temperature corrections may ultimately
become relevant.

In Feynman gauge, the tree-level photon propagator in momentum space at finite
temperature can be expressed as [10,11]

DM (k, k') = (2m)*6(k + k') g"¥ ( —+ 2m5(k2)f) : )

kK2 — eﬁm —1

Note that from this expression it is immediately obvious that the contribution in the
second line of Equation (1) corresponding to the 1PR diagram in Figure 1 will not receive
a nonzero finite-temperature correction from the thermalized photon line. In fact, at zero
temperature the 1PR diagram does not vanish precisely because the infrared (IR) divergence
~1/k?* of the photon propagator compensates the factor quadratic in k# multiplying the
delta function d(k) in the numerator [7]. Conversely, the finite temperature contribution in
Equation (2) is manifestly IR-finite. We emphasize that this argument holds for all photon
lines connecting tadpole structures, i.e., any substructures that can be split from a given
vacuum Feynman diagram by cutting a single photon line.

2. Results

To simplify notations, from now on we explicitly split the full constant field effective
Lagrangian as Lyg — Lyg + EIT{E into its zero-temperature limit Lyyp and an associated

¢- loop N LE loop + £f loop,T .

purely thermal part £;. The same splitting £ is adopted at a

given loop order ¢, and for the photon propagator DWW — D’“’ + D”V 'T. The entire field
dependence of Lig and Ly 1 °P can then be encoded in the gauge-invariant Lorentz scalars
F =FyF"/4= (B2 EZ)/Z and G = F,,"F' /4 = —B - E with dual field strength tensor

*F;w = eyvaF‘Do/z [2-4].

2.1. Low-Temperature Correction at Two Loops

In the conventions just introduced, the leading finite temperature correction to the
Heisenberg-Euler effective Lagrangian for T < m is encoded in

2-loop, d*k A4 14 _
™ = i 5 | e | T T K DT K) £ 0@ T),
which we aim to evaluate in the low-temperature limit. To this end, we first recall that the
low-energy limit of the one-loop photon polarization tensor in a constant electromagnetic
field can be readily determined from the one-loop Lagrangian [2,4]

1-loo 1 ot ds o (ecy)(ec—) 1 (ecy)?—(ec)?
Lo = / S C <tanh B 3 > @

HE = gn2 s (ecys)tan(ec_s) 2

by functional differentiation [14]. Here, c+ = (\/ .7-" 24+ G2+ F ) 172 . Its momentum space
representation follows as H1 100p(k K)=—5 A,‘f GE; AV A [dix E;I%EOOP with A¥ (k) denoting
the Fourier transform of AP‘( ), such that
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2
%P (k, k') = —(27)*6(k +K') (kzgw—kykv)%—i—(klf) (kF)y afﬂ
* * 0? * * 02 1-loop
+ (KE)u (K F)u 5z + [(KE)u(kE)y + (KE)u(K'E)] W}EHE .6

Equation (5) provides the exact result for the photon polarization tensor at quadratic
order in k* but inherently neglects corrections scaling at least quartically with k. Its trace
entering Equation (3) is given by

02 02 )

]41/ 1-100p / 4 / 2 i a
ML P (kK') = —(2m) (5(k+k)[k (38f+2gafag fagz

9 > -loo
+ (kF)? (af2+ag2)}£;}g P, (6)

—

where (kF )2 = (kF)f (kF),. In particular, note that (kF)?|,,_ LR = (kx B2+ (kxE)2+

2|k|k - (B x E). Another important observation is the identity

/ dka”L:T2+2"(2n+1)!g(2+2n) for neNp,
0 ePk —1

(27.[)2+2n

= T2+2n (—1)n m BZ+2n ’ (7)

where {(n) is the Riemann zeta function and B,, are Bernoulli numbers.
Upon insertion of the thermal part of Equations (2) and (6) into Equation (3) we obtain

2 -loop, T __ d3k i 92 1-loop 212 |E| V) 5 o9
£ = 5 [ e | (o + 5 ) £ + O(RR) | [ B2+ (B B ®)
with unit momentum vector k = k/ [k|. Using spherical coordinates in momentum space
and performing the integration over k| — k with Equation (7) we finally arrive at

0? 9 1-loo;
s T4 P T2 9
5 u{(aﬂJragz)E +0( )] ©)
where we introduced the energy density of the electromagnetic field in the heat-bath rest
frame U = (B? + E2) /2. Given the structure of Equation (4) depending on F and G only
via c4 and c_, the sum of the second derivatives for 7 and G in Equation (9) can be
alternatively represented as

02 02 1 ( 02 02 ) (10)

o T T a2 \ad TaZ
With this substitution Equation (9) matches the expression given in Equation (30) of [8].
For completeness, we also note that in an external electromagnetic field characterized by
a single direction, such as (anti-)parallel magnetic and electric fields, or purely magnetic
(c; = |B|, c_ = 0) or electric fields (c; = 0, c_ = |E|), we have A +c2 =2U.
Higher-order contributions in T can be systematically determined by utilizing the
photon polarization tensor in generic constant electromagnetic fields beyond the low-
energy limit [15] in Equation (3): As obvious from Equations (7)-(9), the contribution to
the photon polarization tensor in momentum space scaling with the 2nth power of the
transferred momentum k* encodes the finite-temperature correction ~ T2+2". We have
explicitly confirmed that in this way we indeed recover the expression for EE%EOOP’T at O(T®)
of [8].
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Plugging the all-order weak-field expansion of El loop [5,16] into Equation (9) and
using Equation (10), we readily arrive at the following expression,

2 )
2-loop,T s T4 ® k (21’1 — 1)!
L )
HE s 2 nzl kz k)!(2n — 2k)!
2ecy \2(n—k) r2ec_ 2k 6
X [Bz(k+l)82(nfk) - BZkBZ(nJrlfk)} (W> (W) +0O(T°). (11)
Note that the entire field dependence of the lowest-order contribution to Equation (11)
is encoded in U/; the n = 1 term of the double sum yields a factor of ¢ + ¢2 canceling out
its analog in the denominator. On the other hand, upon inserting the exact result for the

imaginary part of El 100p [16,17] into Equation (9), we find

2 o “nm
2-loop, T 4 ,,17-[7
T —_ -
m{Ly "} = 90 ! 2 +02 E sinh(S=n7r)
2 2 &+
me |1 m o o
x {ec_ {2 ec_ cosh(Znr) + sinh(i*nn)]
2 42
ol fond 1 1 ] 1 } 5
— o(T°). (12
* { 2 tanh(Stnm)  SEam|sinh(En) +0(1). (12)
For the purely electric field case (c4 =0, c— = |E|) this expression simplifies to
L Ty 5 o —(1 m i) L S WO (13)
% = ec.\2ec_ nm/ 3 (nm)? ’

which matches the expression obtained in Equation (63) of [8]. In passing, we note that
the explicit determination of the leading finite-temperature correction to Im{[',2 00p T} in
the special cases of either a magnetic-like field (i.e., a field for which ¢ # 0 while c_ = 0)
or a constant crossed field (i.e., orthogonal electric and magnetic fields of the same strength
for which ¢y = c_ = 0) is clearly beyond the scope of our present considerations: the
contribution given in Equation (12) vanishes in both cases. Reference [18] found the leading
finite temperature correction in a constant crossed field to be additionally suppressed by
an exponential factor that is non-perturbative in T /m. A similar behavior is to be expected
for the case of a magnetic-like field.

Moreover, we note that in the special case where G = 0, which encompasses purely
electric and magnetic fields, the derivatives entering Equation (9) have the following closed
form representations [14]

PLEP  1af1 [, 1 1
o .7:71{6 - {@ 0, x) +§1HX+ (T=9(0))x - Z}X}

P L™ 1 “{2@( 1

0= 000 g E|x— g w00+ 3+ 5]} a9

G2 Fnm 2x

Here, we introduced the shorthand notation y = m?/(2e+/2F), with the square root
to be interpreted as VF = /|F|[@(F) —i®(—F)]. Upon addition, these expressions
constitute the closed form representation of Equation (9) in the considered limit; see
also Equation (35) of [8]. Utilizing the series expansions of the derivatives {’'(n,x) =
a{(n, x)/on of the Hurwitz zeta function {(#, x) and the digamma function ¢ () for small
arguments, these expressions allow us to straightforwardly infer the following strong
field expansions
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PLIEP 11 1 yitl ,
= = = — H j+3
a2 ;n{6 5 X +In(27) —1]x — x +;Z(:) LA }
PLip™® _1a 1 Yo 11 2
1 6(3)} PR {(HU@(HZ) C(]+4)} -+3}
A A — —1)/ ] . 1
- {2+ 6 X j;‘ G613 T 6 X (15)

Interestingly, upon addition of these two expressions the logarithmic terms drop out,
such that—aside from the leading contribution for y < 1 scaling as 1/ x—when only one of
the invariants ¢4+ remains finite the strong field expansion of Equation (9) can be expressed
as a power series in x. In the limit of y < 1 we find

2-loop, T A U (eVv2F 2
LT = = T F( o+ 0(x )+O(T)>, (16)

which is in line with Equation (36) of [8].

2.2. A Glimpse on Low-Temperature Corrections from Higher-Loop 1PR Diagrams

Subsequently, we stick to the strong field limit and study low-temperature corrections
to L1 that scale quartic in T < m and are entirely due to the 1PR sector of the theory.
The 1PR (1PI) sector of the theory is formed by the set of all 1PR (1PI) Feynman diagrams
with any number of loops contributing to the Heisenberg-Euler Lagrangian. To be specific,
here we limit ourselves to the study of the class of 1PR diagrams containing Ez loop T 5
a building block. In other words, this amounts to the set of all 1PR diagrams generated

by effectively dressing E OOP T

with generic tadpole structures. After identifying the
dominant diagram in this subset at a given loop order, we resum these to all orders in the
perturbative loop expansion. From the outset, we emphasize that—as opposed to the zero-
temperature limit where the 1PR sector of the theory can be shown to dominate over the 1PI
one [19]—we are not aware of any indication that the 1PR sector to be studied here should
dominate over its 1PI counterpart. In fact, the presence of ¢-loop 1PI diagrams scaling
favorably with the field strength for £ > 2 with respect to the 1PR diagrams generated by

the dressing of L',z wop T

with tadpole structures would immediately imply that the latter
set of diagrams does not even dominate the 1PR sector of the theory in a strong field.

Our motivation for the present considerations is twofold: first, we are convinced
that—aside from being much easier to analyze and tackle than the 1PI sector of the theory,
which will be studied in a separate work—the 1PR sector is of interest in its own right. Sec-
ond, already this allows us to explicitly demonstrate that the finite-temperature correction
~T* to the Heisenberg-Euler Lagrangian receives contributions ~a‘~! from all loop orders
0>2.

For simplicity, in the remainder of this work, we focus on the specific situation where
not only the condition G = 0 holds, but where the electromagnetic field is either purely
magnetic or purely electric in the heat-bath rest frame, i.e., v/2F may be either |B| or —i|E|.
This implies || = | F| and comes with additional simplifications because then, as for Lig
at T = 0, the field dependence of £2 loop T i effectively encoded in F only. In this context

also note the identity F* alf?w (@) —0.

Equations (9) and (15) predict that at O(T*) the nth derivative of £2 loop, T gor V2F
in the strong magnetic/electric field limit characterized by x| < 1 < |.7-" | > (m2 /e)?

scales as
o LI0oP T a | (ev2F)? for 0<n<1
PLygp " gurz o /)i (V2F)" for 0<n< (17)
8(V2]—')” 1 for n>2
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with respect to the coupling e ~ /& and the renormalization group invariant ev/2F. This
behavior of the leading finite-temperature correction to the Heisenberg-Euler Lagrangian
at lowest order in both a low-temperature T < m and a perturbative loop expansion is to be
compared with the behavior of its zero-temperature counterpart E;LPOP . For | F| > (m?/e)?
and G = 0 the derivatives of the latter scale as [5,12]

1-1
anﬁHE""P )2 (e\/ﬁ)z_n ln(e mzzf) for 0<n<2 . 18)
I(V2F)" 1 for n>3

The derivatives in Equations (17) and (18) determine the leading 1PI effective couplings
~T? and ~T* of n tadpole structures in the strong magnetic/electric field limit [20]. In
turn, Equations (17) and (18) allow us to assess the relative importance of different 1PR
diagrams to the Heisenberg—Euler Lagrangian in the strong field limit. A comparison of
Equations (17) and (18) then unveils the following behavior,

(e Z.F)zln_l(e 2]:) for 0<n<1

pigent rgiory [/ 3 :
~ (eV2F InT (& f =2 , (19
e (i)~ @27 G5 e )
or n

which highlights that the leading low-temperature contributions with zero and just one
derivative for v/2F exhibit the minimum suppression relatively to the corresponding
zero-temperature ones in the strong magnetic/electric field limit.

Equation (19) in particular implies that the 1PR diagrams encoding (and effectively
resumming) the leading strong magnetic/electric field behavior of the finite-temperature
correction ~T* for T < m to the Heisenberg-Euler Lagrangian at any fixed loop order

£ > 2 follow from its zero-temperature bubble-chain analogue [19] by replacing E;}EOOP

£2H_LPOP’T in one of its two end loops that are characterized by a single derivative for v/2.F.
The possibility of choosing any of the two end loops should moreover result in an additional
overall factor of two. It is clear from Equation (19) that replacing E;}EOOP — EELPOP’T
in internal loops comes with a stronger suppression in the scaling with v/2F and thus
results in subleading contributions. Correspondingly, all the individual diagrams predicted
to dominate the 1PR sector in the strong magnetic/electric field limit are contained in
the composite Feynman diagram depicted in Figure 2. This diagram clearly receives

contributions ~a‘~! from all loop orders ¢ > 2.

ALhp = MO

where m=’\/\/\/\,+’\/\©\/\,++...

Figure 2. Contribution to the Heisenberg—Euler Lagrangian encoding the leading strong mag-
netic/electric field behavior in the 1PR sector scaling quartically with temperature T < m. Here,
the wiggly line with (without) the label T denotes the purely thermal (zero-temperature) part of the
tree-level photon propagator—Equation (2). For the definition of the double solid line see Figure 1.

Starting from the exact expression for the perturbative loop expansion of the
Heisenberg—Euler Lagrangian in Equation (2.39) of [1], we have explicitly verified that this
contribution to the Heisenberg—Euler effective Lagrangian in a generic constant electromag-
netic field can be cast in the form

https://doi.org/10.3390/particles9020039
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dk d4r’
T _ 4
ALT: = 4 / B / oy (270)*(0
9 £2-100p,T - | . 9 ,Cl loop
x k= (D™ 4+ 0oR) ] (ke k) =K', (20)

with a tree-level photon propagator at zero temperature D*V and the one-loop photon-
. . 1-loop _. . .
polarization tensor I, given in Equation (5).
A comparison of Equation (20) with its zero-field analogue given in Equation (2.159)
of [1] confirms that the former indeed follows from the latter by replacing one of the

1-1 2-loop,
derivatives of L OOP by a derivative of L OOP

and multiplying by 2. This implies
that no new Calculatlons are needed and the expression of Equation (20) in a purely
magnetic/electric field can be inferred by using these replacement rules. Thereby, we
find that the leading contribution to AL in the strong magnetic/electric field limit at

£ > 2 loops is given by

oo F 2F . (-2 _
acieorT = U gu VAT (5 1n(27)) (14 0 (10 ()| 4 0(19), (1)
where 1 = 1/(37) is the coefficient of the QED beta function governing the running of
the fine structure constant at one loop, and v/2F either equals |B| or —i|E|. The overall
sign arises because the ratio ¢/ / F changes sign when switching from a purely magnetic to
a purely electric one. Resumming the leading contributions in Equation (21) as AL, =

Aﬁé loop,T , we arrive at the following all-order expression
=3 & P

sgn(F eV2F 1loopre -
achy = BT e, ol ooP (227 gy In(2/2F) [14 O In " (

540 22f)>] +O(T6) (22)

m

for the strong magnetic/electric field limit of Equation (20), with the one-loop running of
the fine structure given by

a1-100p<#2) — o ) (23)

1—apy 1n(f;—22)

In passing, we note that the all-order expression given in Equation (22) is precisely of
3- loop T
the form of ALY,

replacing one factor of a by al-loop (“ﬁ) This is in line with a phenomenological effective

~ a? in Equation (21): it can effectively be obtained from the latter by

field theory (EFT) viewpoint suggesting that the couplings in a given diagram are to be
evaluated at the relevant energy scales: for the coupling ~ « to the finite temperature T < m
this is the electron mass m, while for the effective coupling to the strong electromagnetic
field (via the tadpole structure) this rather is eV2F.

3. Conclusions

In this article, we revisited the leading low-temperature T < m correction to the
Heisenberg—Euler Lagrangian in a perturbative loop expansion encoded in L'Z 100PS T Re-
sorting to a different formalism than the original work [8] where this correctlon was first
studied, we showed that particularly the determination of the contribution ~T* becomes
essentially trivial. Because it only requires taking derivatives of the one-loop Heisenberg—
Euler Lagrangian E;g)o at zero temperature, it is straightforward to analytically extract the

10p

corresponding low-temperature correction ~T* in any limit for which £z"" can be evalu-

ated explicitly. This in particular also resulted in an exact expression for the imaginary part
of EZ_IOOPS’T at quartic order in T recovering the purely electric field case studied in [8] in

the corresponding limit. Special attention is put on Ez w0opsT at O (T*) in the specific strong
field limit characterized by G = 0 and | F| > (m?/ e) where—in agreement with [8]—a
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scaling ~T*\/2F is found. This is to be contrasted with the scaling ~.F In(ev/2F) of both
E;}EOOP and Eﬁ}EOOP in the zero-temperature limit.

In the next step, we then effectively dressed the two-loop 1PI contribution EEEOP’T
to the Heisenberg-Euler Lagrangian at O(T*) by 1PR tadpole structures. This generates
a subset of higher-loop 1PR contributions to L]} in the low temperature limit ~T*. We
extracted their leading behavior in the strong magnetic/electric field limit at any given
loop order, and finally resum these to all orders. While we are not aware of any indication
that the 1PR sector studied here should dominate over its 1PI counterpart in the strong
field limit, we believe that this is of interest in its own right. In particular, this allowed us to
explicitly demonstrate that the finite-temperature correction ~T* to the Heisenberg-Euler
Lagrangian generically receives contributions ~a‘~! from all loop orders ¢ > 2.

Finally, we note that the very same considerations, of course, can be easily repeated
for scalar QED yielding analogous finite-temperature corrections. For recent progress in
finite-temperature calculations [21] in quantum chromodynamics (QCD) with background
electromagnetic fields, see also [22,23].
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